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Perfect Crystals and q-deformed Fock Spaces 

M. K a s h i w a r a ,  T .  M i w a ,  J . - U .  H. P e t e r s e n  a n d  C. M.  Y u n g  

A b s t r a c t .  In [S], [KMS] the semi-infinite wedge construction of level 1 Uq(A (1)) Fock spaces and 

their decomposition into the tensor product of an irreducible Uq(A(1))-module and a bosonic Fock 
space were given. Here a general scheme for the wedge construction of q-deformed Fock spaces 
using the theory of perfect crystals is presented. 

Let Uq(fJ) be a quantum affine algebra. Let V be a finite-dimensional U£(g)-module with a 
perfect crystal base of level t. Let Vaf~ ~ V ® C[z, z -1] be the affinization of V, with crystal base 
(Laff, Baff). The wedge space Vaff A Vag is defined as the quotient of V~ff ® Vag by the subspace 
generated by the action of Uq(g)[z ~ ® z b + z b ® z~]a,beZ on v ® v (v an extremal vector). The 
wedge space A T Vaff (r E N) is defined similarly. Normally ordered wedges are defined by using 
the energy function H : /?aft ® Baff --~ Z. Under certain assumptions, it is proved that normally 
ordered wedges form a base of A ~ ~f f .  

A q-deformed Fock space is defined as the inductive limit of A r Vaff as r --~ o0, taken along 
the semi-infinite wedge associated to a ground state sequence. It is proved that normally ordered 
wedges form a base of the Fock space and that the Fock space has the structure of an integrable 
Uq(9)-module. An action of the bosons, which commute with the U£(9)-action, is given on the 
Fock space. It induces the decomposition of the q-deformed Fock space into the tensor product of 
an irreducible Uq(g)-modute and a bosonic Fock space. 

As examples, Fock spaces for types a(2) B~ 1), a(2) D O) and n(2) "'2n~ "~2n-l' ~n-bl  at level 1 and A~ 1) 
at level k are constructed. The commutation relations of the bosons in each of these cases are 
calculated, using two point functions of vertex operators. 
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1. Introduction 

Let g be an affine Lie algebra. The construction of integrable highest weight 
modules for ~ has been studied extensively for more than 15 years, with appli- 
cations to problems in mathematical physics like soliton equations and conformal 
field theories. More recently, a further item was added to the list of interactions 
between representation theory and integrable systems: the link between quan- 
tum affine algebras, Uq(~), and solvable lattice models (see [JM] and references 
therein). 

The link is twofold: (a) the R-matrices, which appear as the Boltzmann weights 
of solvable lattice models, are intertwiners of level 0 Uq(t~)-modules, and (b) the 
irreducible integrable highest weight modules for Uq(l~) appear as the spaces of 
the eigenvectors of the corner transfer matrices. This suggests a construction 
of integrable highest weight modules by means of semi-infinite tensor products 
of level 0 modules. In fact, in the crystal limit, such a construction was given 
for a large class of representations known as the representations with perfect crys- 
tals [KMN1]. 

The idea of using Fock spaces of bosons or fermions goes back to earlier works 
before the above link was found. In fact, the literature is vast. Let us mention 
some of the works that are closely related to the present work. In [LW], [KKLW], 
bosonic Fock spaces were used to construct some level 1 highest weight modules of 
affine Lie algebras using the fact that the actions of the principal Heisenberg subal- 
gebras are irreducible. In [DJKM] the level 1 highest weight modules of g[~ were 
constructed in the fermionic Fock space. By the boson-fermion correspondence one 
has the action of bosons on the Fock space. The action of affirm Lie algebras such 
as ~'l,,, as subalgebras of glow, was then realized as the commutant of bosons of 
degree divisible by n. Likewise, level 1 highest weight modules of other affine Lie 
algebras t~ were constructed by realizing t~ as a subalgebra of t~o~ (see also [JY]) 
o r  g 0 2 ~ .  

Under the influence of quantum groups, several further developments were made 
in this direction. A q-deformed construction of the fermion Fock space was achieved 
in [HI. In [MM], this was connected to the crystal base theory of Kashiwara [K1]. 
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These works and the developments in solvable lattice models led to the semi-infinite 
construction of affine crystals mentioned above. 

Very recently, in [S], Stern gave a semi-infinite construction of the level 1 Fock 
spaces for Uq(g) when tl = ~'[,~. Subsequently, in [KMS], the decomposition of the 
Fock spaces into the level 1 irreducible highest weight modules and the bosonic 
Fock space was given. In the present paper, we give a similar construction of Fock 
spaces and their decomposition, for various cases in the class of representations 
with perfect crystals. The case in [S], [KMS] corresponds to the perfect crystal of 
level 1 for A (1). Here we treat 

level 1 a(2) B(J ), a(2) D 0) r~(2) and level k A~ 1). ~ 2 n ,  ~ 2 n - 1 ,  n , ~n+l 

In order to handle these cases, we not only follow the basic strategy in IS], [KMS], 
but also develop some new machinery, where the R-matrix and crystal bases play 
an important role. 

In the following we recall the basic construction in [KMS] and compare it with 

the newer version developed in this paper, by taking the examples of level l A{ 1) , 
/ =  1,2. 

1.1 The  ke rne l  o f  R -  1 

Let V be a finite-dimensional U£ (g)-module, and I4~ff = VNC[z, z -1 ] its affinization. 
The r-th q-wedge space is given by 

T 

A vt17N , 
where 

r - - 2  

~7®(r-2-0 Nr = z . , w ¢  ® 
i=0 

and the space N is a certain subspace of Vau ® Vau. Namely, the q-wedge space 
is defined as a quotient of the tensor product of Vafr modulo certain relations of 
nearest neighbour type. 

For the level 1 A~ 1) case, the space V is the 2-dimensional representation of 
U;(~ 2), V = Q~.'o ® Qvl. In IS], [KMS], the action of the Hecke algebra generator 
T was given on Vau ® Vau, and the space N was defined by 

N = Ker(T + 1). 

It was also noted that N = U~(s[2) • vo ® vo. In this paper, we define, in general, 

N=U~(g)[z®z,z-l@z-l,z®l+l®z].v®v, (1.1.1) 
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where v is an extremal vector in Vaff (see §3.1 for the definition). For l = 1, any 
z'~vi (n E Z , i =  0,1) is extremal. For l = 2, we take 

V = ~ o  ® @1 • C~v2. 

The extremal vectors are znvo and znv2 (n E Z). For t = 1, in the q = 1 limit, the 
construction gives rise to ordinary wedges with anti-commutation relations 

ZmVi A ZnVj ~- znvj A ZmVi = O. 

For l = 2, this is not the case, e.g. vl A vl 7 ~ 0, even in the q = 1 limit. 
The definition (1.1.1) is appropriate for computational use. For theoretical use, 

we have the equivalent definition 

N = Ker(R - 1). 

Here R is the R-matrix acting on Vaff ® Vafr (strictly speaking, the image of R 
belongs to a certain completion of Vaff ® ~ff ) .  

The R-matrix satisfies the Yang-Baxter equation 

R12R23R12 = R'23R12R23, 

commutes with the Uq(g)-action on Vaff ® Van, satisfies 

R ( z ® l ) = ( l @ z ) n ,  R ( l ® z ) = ( z ® l ) R ,  

and is normalized as 
R(v ® v) = v ® v ,  

where v is an extremal vector. 

1.2. E n e r g y  f u n c t i o n  and  the  n o r m a l  o r d e r i n g  ru l e s  

In [KMS], it was shown that the q-wedge relations give a normal ordering rule of 
products of vectors. Define Um (m E Z) by 

znvi = Ug.n-i. (1.2.1) 

It was shown that the vectors 

umiA-- 'Au .~ .  ( m l < ' " < m r )  

form a base of A r Vafr. 
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To describe the normal ordering rules in the general case, we use the energy 
function 

H : Ba~r ® B~ff ~ g.  

The set Baff is the crystal of ~fr .  For each element b in B~ff, we have a corre- 
sponding vector G(b) in Vag. In this section we use the same symbol for b and G(b): 

e.g. a general element of Bafr for the level 1 A{ 1) case and that of l~fr are denoted 
by znvi. The energy function H is such that 

R(a(bl)  @ a(b2)) = zH(b~®b2)G(bl) ® z-H(b~®b:)G(b2) mod qL(V~) ® L(V~rf), 

where L(Vaff) is the free module generated by g(b) (b E Bafr) over A d=ef { f  E Q(q); 
f is regular at q = 0}. 

For the level 2 AI 1) case, 

Bafr = {zmvi;m E Z , i =  0,1,2} 

and 
H(zmvi ® znvj) = - m  + n + hij 

where the (hij)i,j=o,1,.2 are given by 

j = 0  1 2 

/=0(0 0 0) 
1 1 1 0 . 

2 2 I 0 

We show that the set of vectors 

C(b ) A . . .  ^ 

such that 
U(bi®bi+l) >0 ( i= l , . . . , r - 1 )  (1.2.2) 

is a base of A ~' Vafr. 
The vectors satisfying (1.2.2) are called normally ordered wedges. To show that 

the normally ordered wedges span the q-wedge space, we need to write down the 
basic q-wedge relations explicitly. This part of the work is technically much in- 
volved. We do it case by case. Tile generality in handling examples in this paper 
is narrower than that of [KMN2] because of this limitation. 

In [KMS] the linear independence of the normally ordered wedges is proved by 
reduction to the q = 1 limit. Since the q = 1 result is not known for the general 
case, we prove the linear independence directly by using the Yang-Baxter equation 
for R and the crystal base theory. 



420 M. Kash i wa ra  et al, Selecta Math.  

1.3. Foek representations 

In [KMS] the Fock spaces are constructed by means of an inductive limit of A ~ v,  fr. 

In the case of level 1 A{ 1), we take the sequence (um),,ez as in (1.2.1). The Fock 
space bern is defined as the space spanned by the semi-infinite wedges 

uj,  A u j2 A uja A . . .  

such that jk = m + k - 1 for sufficiently large k. The action of Uq(~'[2) on 5,,~ is 
defined by using the semi-infinite coproduct. It was shown that 5C,,~ is the tensor 
product 

v(,x,,,) ® C[H_ ]. 

Here V(Am) is the irreducible highest weight representation with the highest weight 
Am, where 

A1 i f m = 0 m o d 2 ;  

Am= Ao i f m ~ l m o d 2 ,  

and C[H_ ] is the Fock space of the Heisenberg algebra generated by Bn (n E Z\{0}) 
that acts on F,~ by 

o o  k 
v 

B,~ = E I ® . . . ®  I ®z'~ Q I ® . . .  . 
k = l  

To construct Fock spaces in the general case, we use the construction of attine 
crystals developed in [KMN1]. We assume that V has a perfect crystal B of level 
I. Then we can choose a sequence b,~ in B~fr such that 

(c, = l ,  
o g(b,C~,) = qo(b ,n+ l ) ,  

o o ]:I(bm@b,,t+l) =1 

(see subsection 3.1 for the definition of e(b) and %o(b)). In the case of level 2 A~ 1) , 
we have 

{z ~vj if m is odd; 

b,~ = zk+l-Jv~_j  if m is even, 
(1.3.1) 

for some k E Z and j E {0, 1, 2} independent of m. Then we shall define the Fock 
space S,,~ as a certain quotient of the space spanned by the semi-infinite wedges 

c ( b , )  At(b2) A A . . .  
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such that b,~ = b~,+,,_ 1 for sufficiently large n. In particular, the Fock space contains 
the highest weight vector 

Ira> = G(b;,) A G(b,°+~) A G(b~n+2 ) A ' "  

with the highest weight 

% , , =  { j A I + ( 2 - j ) A o  i f r n i s o d d ;  

( 2 - j ) A I + j A o  i f m i s e v e n .  

The quotient is such that if 

H(b ® b~) < 0 

we require that 
G(b) A Ira> = O. 

Here is a significant difference between level 1 A (1) and other cases. For the former 
if H(b ® b~) < 0 then 

G(b) A a(b°~) A , . . A a(b~n, ) = 0 

for sufficiently large mq But, this is not true in general. The correct statement is 
that for any n we can find m' such that the q-wedge G(b) A G(bm) A . . .  A G(b~n, ) 
is a linear combination of normally ordered wedges whose coefficients are O(q n) at 
q = 0. Therefore we need to impose the separability of the q-adic topology, taking 
the quotient by the closure of {0}. 

It is necessary to check that the action of Uq(g) given by the semi-infinite co- 
product, is well-defined. A careful study of the q-wedges shows that 

-b ° 1>, A( z )(fdlm> = a(f  A + (1.3.2) 

where 

A (°~/2)(fi) = ~ 1 ® . . .  ® 1® fi ® t~ ® ti @ . . . .  

In the case in [KMS], the action of A(°°/2)(fi) on each vector in 9Vm is such that 
only finitely many terms in the sum are different from 0. This is not true in general. 
For example, consider the case k = 1 and j = 1 in (1.3.1). We have fly1 = [2]v2 
([2] = q + q- i )  and tllm> = elm). Therefore we have 

A(°°/2)(fl)(Vl A Vl A vl A'-') ---- q[2](v2 A Vl A Vl A'-') + q[2](vl A v2 A Vl A-'-) 

+ q[2](Vl A Vl A v2 A ' " )  + . . . . . .  . 
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On the other hand, we have 
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vl Av2+q2v2 Avl = 0 ,  

and hence 

A ( ~ / 2 ) ( ] l ) ( v l  A vl A . . . )  = v 2  A v t  A vl A . . . ,  

by summing up 

1 
1 + (_q2) + (_qe)2 + . . . .  l + q  2 

in the q-adic topology. 
In general, based on (1.3.2) we can show the well-definedness of the Uq (g)-action. 

The decomposition of the q-Fock spaces into the irreducible Uq(g)-modules and 

the bosonic Fock space goes the same as the level 1 A (1) ,~ case. We carry out 
the computation of the exact commutation relations of the bosons in each case by 
reducing it to the commutation relations of vertex operators. 

The plan of this paper is as follows. We list the notations in Section 2. We 
define the finite q-wedges in Section 3 and prove that the normally ordered wedges 
form a base. In Section 4, we define the q-Fock space and the actions of Uq(fj) and 
the Heisenberg algebra. We give level 1 examples in Section 5 for which we check 
the conditions assumed in Section 3. We compute the level 1 two point functions 
in Section 6 in order to find the commutation relations of the bosons. Section 7 
is devoted to a higher level example. We add four appendices. In Appendix A 
we prove a proposition on crystal base which is necessary in this paper but was 
not proved in [KMN1]. Appendix B is a proof that the Serre relations follow from 
the integrability of representations. Appendix C is the computation of the two- 

point correlation flmetions of the q-vertex operators in the r)(2) ~n+l  case. In Appendix 

D we consider the q -+ 1 limit for the A (2) 2.,, case and compare it to the result 
in [JY]. 
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2. Preliminary 

2.1. Notations 

In this paper we use the following notations. 

1 if a statement P is true 

5(P) = 0 if P is false. 
g : an affine Lie algebra. 
0 : its Cartan subatgebra with dimension rank(g) + 1. 
I : the index set for simple roots. 

a~ : a simple root E l)* corresponding to i E I. 
hi : a simple coroot E 0 corresponding to i E I. 

We assume that the simple roots and the simple coroots are 
linearly independent. 

W : the Weyl group of g. 
( , ) : a W-invariant non-degenerate bilinear symmetric form on O* 

such that ( a i , a i )  E 2Z>0. 
( , )  : the c o u p l i n g 0 x 0 * - - + C .  

P : a weight lattice C 0". 
Q = ~ i  gai the root lattice. 

Q+ = 4- ~ i  g~_ Oai" 
5 : an element of Q+ such that Z5 = {A E Q; (hi, ~} = 0}. 
c : an element of ~ i  Z>0hi such that Zc = {h E ~-~i Zh/; (h, ai} = 0}. 

We write 
5 = ~ i  aio~i and 
C = ~ i  aVhi" 

Pc~ = p / ~ a .  
cl : P + Pc~. 

We assume for the sake of simplicity 
PcJ -% Horn z(OieiZh~, Z). 

This implies {), E P ;  (hi,),} = 0 for any i E I} = Z6. 
Ai : a fundamental weight in P,  

i.e. an element of P such that (hj, Ai} = 5ij. 
A~ t = cl(Ai), the fundamental weight in Pcl. 

Note that, Ai is determined modulo g6. 
p0 : the level 0 part of P,  i.e. {~ E P : (c,A} = 0}. 
po  : the level 0 part  of Pc}, i.e. cl(P°).  

Uq(~) : the quantized universal enveloping algebra with {qh;h E P*} 
as its Cartan part. 

U~(9) : the quantized universal enveloping algebra with {qh; h E Pal*} 
as its Caftan part. 
Hence ~ ( 9 )  is a subalgebra of ~ ( ~ ) .  

423 
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K = Q(q) .  
We consider Uq(9) and Uq(9) over K. 

A = { f E K ;  f has no pole a t q = 0 } .  
U~(~)z : the Z[q, q-1]-subalgebra of b~(~) generated by the divided powers 

e(~) f~n), ti and { t, i ~ n } "  
Uq(9)~, : the Z[q~ q-1]-subalgebra of Uq(9) generated by 5q(9)z 

and {q: } ( h E  P*). 

The quantized affine algebra Uq(9) is a K-algebra generated by ei, fi (i E I) and 
qh (h E P*) with the commutation relations 

qh = 1 for h = O, 

qh+h' . :  qhqh' for h,h' E P*, 

qheiq-h = q(h'a~)ei and qh f iq-h = q-(h'a~) fi, 

[ei, fj] = 5ij ti - tT~ 1 
qi - qi-l ' 

for i e j c I 
E l  ~,k (£) (--(hl,c~j)--k) (--1) e i eje i = O, 

k 

E ( -  1)k f~k) fj  f~-(h~,a~)-k) = O. 
k 

Here 
(cq ,~i)  (c~i 'c~i ) h" 

q i = q  2 a n d t i = q  

2.2. Coproducts  

There are several coproducts of Uq(g) used in the literature. In this paper, we use 
a coproduct different from the ones used in [DJO], [JM], [gl], [K2], [KMN1]. In 
this subsection, we shall explain the relations among four coproducts: 

{ qh ~.+ qh ® qh 

A+:  e i ~  e i ® t + t i ® e i  (2.2.1) 

f i ~  f i ®  tTl + l ® fi 
{ qh ~+ qh ® qh 

A_ : e i ~  ei®t~ - l + l ® e i  (2.2.2) 

fi~-~ f i ® l + t i ® f i  
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5,+ : 

5,_ : 

{ qh ~_~ qh ® qh 

ei ~-~ ei ® l + t~l ® ei 

f i ~  f ~ ® t i + l ® f i  
qh ~_~ qh ® qh 

ei F-+ ei ® ti + l ® ei 

fi ~-~ fi ® l + t~l ® fi 

(2.2.3) 

(2.2.4) 

Their antipodes are given by 

{ qh ~_~ q-h 

a+ : e~ ~ --t.[lei (2.2.5) 

£ ~ - £ t i  
{ qh ~ q-h 

a_ : ei ~-~ -eit i  (2.2.6) 

fi ~ -t~-lf~ 
qh ~+ q-h 

(t+ : ei ~+ --tiei (2.2.7) 

fi ~ --fit~ 1 

{ qh ~_+ q-h 

5_ : ei ~-~ --eit~ 1 (2.2.8) 

fi ~-~ - t i f i  

For two Uq(9)-rnodules M1 and M2, let us denote by M1 ®+ M2, M1 ®- M2, 
MI-~+M2 and M~-~_M.2 the vector space M1 ®K M2 endowed with the Uq(g)- 
module structure via the coproduct A+, A_, 5,+ and 5,_, respectively. 

We have functorial isomorphisms of Uq(g)-modules 

MI ®+ M2-% M2~_M~ 

M1 ®_ ?¢h-~ M2~+M1 

(2.2.9) 

(2.2.10) 

b y u l ® u 2 ~  u2®ul .  
We have functorial isomorphisms of Uq (9)-modules 

q-('") : M1 ®+ M2-~M1 ®- M2 

q(',') : MI~+2c~Z+M1Q_M2 

(2.2.11) 

(2.2.12) 
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Here q-( '") sends ul ®+ u2 to q-(Wt(Ul)'wt(ue))Ul ®_ u2 and q(',') sends ul-~+u2 
to q(Wt (ul),wt (u2))Ul-~_u2" 

The tensor products ®+ and ~ _  behave well under upper crystal bases and ®_ 
and ~ +  behave well under lower crystal bases. Namely, if (Lj,Bj) is an upper 
crystal base of an integrable Uq(~t)-module Mj (j = 1, 2), then (L1 ®A L2, B1 ® B2) 
is an upper crystal base of M1 ®+M2 and M I ~ - M 2 .  Similarly, if (Lj, Bj) is a lower 
crystal base of Mj,  then (L1 @A L2,B1 ® B.2) is a lower crystal base of M1 ®-  M2 
and MI~+M2.  If we use ®+ or ®_, the tensor product of crystal base is described 
as follows. For two crystals B1, B2 and bl E B1, b2 E B2, 

wt (51 ® b2) = wt (bl) + wt (b2), 

ei(bi ® b2) = max(ci(bl), ei(b2) - (hi, wt (bl))), 

~i(bl ® b~) = max(~i(bl) + (hi ,wt (b2)),~i(b~)), 

( ~bl  @b2 
~i(bl ®b2) = 

bl ®~ib2 

L ( b ,  = 
£b, ® b2 

bl ®fib2 [ 

if ~i(bl) ~ ci(b2), 

if ~i(bl) <ci(b2),  

if qDi(bl) >¢i(b2),  

if ~i(bl) _<ei(b2). 

If we use the other tensor products ~+  or ~ _ ,  we have to exchange the first and 
the second factors in the formulas above. Namely the tensor product of crystals is 
given as 

wt (bl ® b2) = wt (bl) + wt (b2), 

ei (bl ® b2) = max(ei(bl) - (hi, wt (b2)}, ei (b2)), 

(pi(bl @ b2) = max(qDi(bl),tpi(b2) -I- (hi, wt (bl)}), 

f ~b l  ® b2 
ei(bl ® b2) = 

bl ® ~ib2 

]ibx ® b2 
fi(bl @ 52) = bl @ fib2 

if ei(bl) > cpi(b2), 

if ei(bl) _< ¢zi(b2), 
if ei(bl) >_ ~i(b2), 

if ei(bl) < 99i(b2). 

(2.2.13) 

In this article, we mainly use the tensor product ~ +  and lower crystal bases. The 
rule of the tensor product of crystals is therefore by (2.2.13). Note that ®+ is used 
in [DJO], [JM] and ®_ in [K2], [KMN1]. 

3. W e d g e  p r o d u c t s  

3.1 P e r f e c t  c rys t a l  

Let us take an integrable finite-dimensional representation V of U~(g). Let V = 
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®~Epc~V~ be its weight space decomposition. Its affinization is defined by 

V a .  = 

AEP 

where (Vaff)~ = Ycl(,~ ) for ~ E P. Let cl : (V~fr)~ -4 Vcl(~) denote the canonical 
isomorphism. Then Vatr has a natural structure of a Uq(9)-module such that cl : 
Vaff -+ V is U~(g)-linear (see [KMN1]). 

Let z : Vatr -+ VaN be the endomorphism of weight 6 given by 

z . 

Vd(x) - -  Vcl(X+~) 

The endomorphism z is Uq(g)-linear. 
Taldng a section of cl: P -4 Pet, Vafr may be identified with V ® C[z, z -1 ] (see 

section 5.1). 
We assume that 

(P) V has a perfect crystal base (L, B).  

Let us recall its definition in [KMN1]. A crystal base (L, B) is called perfect of 
level l E Z>o if it satisfies the following axioms (P1)-(P3). 

(P1) There is a weight ,~° E pO such that, the weights of V are contained in the 
convex hull of WX ° and that dim Vwxo = 1 for any w in the Weyl group W. 
We call a vector in Vwxo an extremal vector with extremal weight w), °. 

(P2) B ® B is connected. 
(P3) There is a positive integer 1 satisfying the following conditions. 

(i) For every b E B, (c,e(b)) = (c, qo(b)) > l. Here we set 

c(b) = Ec i (b )A~ '  E P~l 
iff l 

~(b) = E " C b ' A  cl w~ J i EP~__, 
iEl 

(3.1.1) 

with the fundamental weights A d E Pal. 

(ii) Set Brain {b E B;(c,e(b)} l} and + ---- =- (Pcl)t = {A E Pcl, (c, A) = 1 and 
(hi, A) > 0 for every i E I}. Then 

+ bijective. ~,qO :Bmin -4 (Pcl)t are 
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Note that (P1) is equivalent to the irreducibility of V (see [CP]). 
Note that the equality (c, e(b)) = (c, ~(b)) in (P3) (i) follows from 

= wt  (b) + c(b) 

and the fact that V is a U~(g)-module of level 0. 

R e m a r k .  The map c(b) ~ ~(b) (b C Bmi.) defines an automorphism of (P+)t. 
In all the examples of perfect crystals that we know, this automorphism is induced 
by a Dynkin diagram automorphism. 

We have constructed Va~ out of V. Similarly we construct the crystal base 
(L~ff, B~g) of Vaff out of (L,B) .  We define similarly el : B~ff -~ B and z : 
Baff --~ Baff. 

We assume further that V has a good base {G(b)}~eB: 
(G) V has a lower global base {a(b))~c,. 

This means that the base {G(b)}beB satisfies the following conditions (of. [K2]). 

(i) O Z[q,q-1]G(b) is a U£(g)z-submodule of V. 
bEB 

(ii) b =- G(b) mod L/qL. 
(iii) eiG(b) = [99i(b)+ 1]iG(~ib) + ~ E~,b,G(b'), 
(iv) fiG(b) = [ei(b) + 1]iG(fib) + 2 F~,b,G(b')" 

In both cases, the sum ranges over b t that belongs to an/-str ing strictly longer than 
that of b (¢:~ ei(b') > ei(b) or pi(b') > ~i(b) respectively for (iii) or (iv)). Moreover 
the coefficients satisfy 

--1 ~ , (b ' )z r -11  (3.1.2) E~, b, C qq~'(b')Z[q]Uq qi [q J 

Ft~,b, e qq;~dv')Z[q] U q-I q~i~(b')Z[q-1 ]. (3.1.3) 

R e m a r k .  The reason why we choose a lower global base is explained in Theo- 
rem 4.2.5 and the remark after Proposition 4.2.8. 

We define the base of V n- by cl(a(b)) = a(cl(b)). We have 
G(znb) = znG(b) for n E Z and b E/?aft. 

3.2. Energy function 

Let H be an energy function (see [KMN1]). Namely H : Bag ® B~fr ~ Z satisfies 

(El )  H(zb1@52) = H ( b l ® 5 2 ) -  1. 
(E2) H(bl ® zb2) = H(bl ® 52) + 1. 
(E3) H is constant on every connected component of the crystal graph BaIT @Baff. 

By (E1-3), H is uniquely determined up to a constant. We normalize H by 

(E4) H (b® b) = 0 for any (or equivalently some) extremal b E Ba~ (i.e. cl (wt (b)) C 
W~°). 
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We know already its existence and uniqueness ([KMN1]). The existence is in fact 
proved by using the R-matrix. Let us explain their relation. There is a Uq(it)-linear 
endomorphism (R-matrix) R of V,~ff ® Vaff such that 

R o (z ® 1) = (1 ® z) o R (3.2.1) 

R o  (1 ®z)  = (z ® 1) o R (3.2.2) 

and normalized by 

R(u ® u) = u ® u for every extremal u C V.aff. (3.2,3) 

Strictly speaking, R is a homomorphism from taft ® Vaff to its completion Vaf~Vaff. 
It is proved in [KMN1] that R sends Laff ® Laff to Laff~Laff and 

R ( a ( b l )  ® C(b2)) 

=_ G(zH(bl®b2)bl) ®G(z-H(bl®b2)b2) mod q L a ~ L a ~  (3.2.4) 

for every bi, b2 E Baff. 

We know that R has finitely many poles. It means that there is a non-zero ~ C 
K[z ® z -1, z -1 ® z] such that ~ R  sends Va~ ® ~ into itself. We assume that the 
denominator ¢ of R satisfies the fbllowing property: 

(D) ¢ C A [ z ® z  -1] and ¢ = l at q = O. 

We take a linear form s : P --+ @ such that s(ai) = 1 for every i E I, and define 

/ : B a f f ~ Z  

by l(b) = s(wt (b)) + c  for some constant c. With a suitable choice of c, l is Z-valued. 
It satisfies 

(i) l(zb) = l(b) + a for any b C Baff. Here a is a positive integer independent of 
b. 

(ii) l(~b) = l(b) + 1 if i C t and b E Baff satisfy ~ib ~ O. 

We assume that it satisfies 

(L) I / H ( b i  ®b2) S 0, then/(bi) _> l(b2). 

3.3. W e d g e  p r o d u c t s  

We define L(Va~ '2) by L~ff®ALa~. Let us set/~ = ¢ ( z ® l ,  l ® z ) R  = R ¢ ( l ® z ,  z®l) .  
Then it is an endomorphism of VaOff 2 and L(Va~ff 2) is stable by/~.  We shall denote 
by the same let ter /~ the endomorphism of L( I /~2) /qL(V~  2) induced by/~.  Then 
by (D) and (3.2.4) we have the equality in L(Va°ff2)/qL(VaOff 2) 

/~(bl ® b2) -- Zg(bl®b2)bl ® z-H(bl®b2)b2 for every bl,b2 C Baff. (3.3.1) 
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Since R 2 = 1, we have 

(/~ - ¢ ( z  ® 1, 1 ® z)) o (_f~ + ~(1 ® z, z ® 1)) = 0. (3.3.2) 

Let us choose an extremal  vector u C Vaff. Then  we define 

N = u , , ( ~ ) [ z ® ~ ,  ~-~' ® z - ' ,  z® 1 + 1 ® 4 ( ~ ® ~ ) .  

This  definition does not  depend on the choice of u, because an ext remal  vector  u 
of weight A satisfies 

(f[n)u) ® ( /~")u) = f~2 '8(u®u) if (hi, A) = n > 0, 

(el")u) ® (®In)u) = e l2~) (ueu)  i f  (hi, A) = - n  < O. 

By  def in i t ion,  we have 

f ( z  ® 1,1 ® z ) N  c N 
(3.3.3) 

for any symmetr ic  Laurent  polynomial  f ( z l ,  z2). 

We make the following postulate.  

(R) For every pair (bl, b2) in Baff with H(bl @ b2) = 0, there exists Cb,,b2 E N 
which has the form 

Cb,,b2 = a(b,)  ® a(b~) - ~ ab~,~, a(b',) ® a(b~). 

Here the sum ranges over (b~, b~) such that 

H(bl ® @ > 0, 

l(b~) <_ Z(bl) < t(b~), 

l(b~) < l (@ < l(bl), 

and the coefficients ab'~,b~ belong to g[q, q- l ] .  

Later  in L e m m a  3.3.2, we see that a~,~,b~ belong to qg[q]. 
Since we have normalized the R-matr ix  by R(u ® u) = u ® u, we have 

it(v) = ¢ ( z  ® 1, 1 ® z)v for every v E N.  (3.3.4) 

Hence /~  sends N to itself. 
We set 

L(N)  = N N L(l/:,~2). 
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Then by (D) and (3.3.4), we have the equality in L(V~2)/qL(Va~ 2) 

/~(b) = b for every b E L(N)/qL(N).  (3.3.s) 

We define the wedge product by 

h = V UN . 

For vl ,v2 E V, let us denote by vl Av2 the element of A 2 Va~ corresponding to vl ®v2. 
We set 

L(A2V~,) = L(Va®ff2)/L(N) C A2Vaff. 

Now we shall study the properties of A2Vafr under conditions (P), (G), (D), 
(L) and (R). We conjecture that (P) and (G) imply the other conditions (D), (L) 
and (R). 

L e m m a  3.3.1. If ~H(b~®b2)>O ab~,b,G(bl)®G(b2) belongs to Ker ( R - ¢ ( z ® l ,  1® 

z)), then all abl,b2 vanish. 

Proof. It is enough to show that for n C Z 

if abe,b2 E q~A for all bl,b2, then abe,b2 E q~+XA. (3.3.6) 

By (D), (3.3.4) and (3.3.1), we obtain the identity in L(Va~2)/qL(V~2), 

E (q-nab~,b2)bt ® b2 = E (q-nab~,b2)zH(bl®b:)bl ® z-H(bl®b2)b2" 
H(bi®b2)>O H(bl®b2)>O 

Since H(zH(bl®b2)bl ® z-H(bl®b2)b2) = -H(bl  ® b2) < O, we obtain the desired 
assertion (3.3.6). [] 

A similar argument leads to the ibllowing result. 

L e m m a  3.3.2. IfH(bl®b2) = 0 andG(bl)@G(b2)- ~ abl,b,G(b~)@G(b~) 
U(b i ®b~)>0 

belongs to N,  then ab,~,b, E qA. 

We shall call a pair (bl, b2) of elements in Baff normally ordered and G(bl)AG(b2) 
a normally ordered wedge if H(bl ® b2) > 0. The axiom (R) may" be considered as 
a rule to write G(bl) A G(b2) as a linear combination of normally ordered wedges 
when H(bi ® b2) = O. In order to treat the case H(bl ® b2) = - c  < 0, we introduce 
an element of N (see (3.3.3)) 

C~,b 2 = (1 ® z -c + z -c ® 1)Cbi,~ob2 

= (1 ® z c + z c ® 1)Cz-~bl,b2. 

(3.3.7) 

Note that H(bl ® zCb2) = H(z-Cbl ® be) = O. 
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L e m m a  3.3.3.  I f  H(bl ® b2) < 0, then C£~,b~. has the form 

a(b~) ® a(<)  - ~ a~,~,a(bl) ® a(b~) 
b~ b' 2 

Here the sum ranges over" (b~, b~) such that 

U(bl ® b;) > H(b~ ® b2), 

l(b2) <_ l(b~) < l(bl) , 

~(b~) < l(b~) <_ I(b~). 

Moreover abl,v, belongs to Z[q]. 

Proof. Assume H(bl ® b2) = - c  < 0. Set 

C'~_~v,,v., = G(z-%1) ® a(b2) - 

Here the sum ranges over 

Then 

E avi,v'2 G(bl) ® G(b~). 
U(V~®b~)>0 

l(b2) ~ l(b~) < l(z-Cbl): 
l(b2) <l(b~) < l(z-Cbl). 

C[)~,v2 = G(bl) ® G(b2) + G(z-Cbl) ® G(zCb2) 

- ~ a<,v,~ (a(bl) ® a(zCb'.,) + a(z~bl) ® a(b;)). 
H(b i ®b;)>O 

The desired properties can be easily checked. [] 

By the repeated use of the proposition above, we obtain the following result. 

C o r o l l a r y  3.3.4.  g H(b~ ®b2) < o then N contains an element Cbl,b~, which has 
the form 

G(bl) ® G(b2) - E abl,b'2 G(bi) ® G(bl)" 
b i ,~" 

Here the sum ranges over (b'l, b~) such that 

H(b~ o b;) > 0, 
I(b2) <_ l(bl) < l(bl),  

t(b2) < t(b;) <_ l(bt). 

and abl,b, ~ E g[q]. 

By Lemma 3.3.1, Cb,,~, is uniquely determined. Note that we shall see 

ab, bi (O) = -a(b] ® b~ = zH(< ®V2)bl ® z-H(bI®b2)b2) 

(see Lemma 3.3.s). 
The following corollary is a consequence of the corollary above and Lemma 3.3.1. 
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L e m m a  3.3.5. L(N) is a free A-module with {Cb~,b2}H(b~®b2)<O as its basis. 

Proposition 3.3.6. 

(i) The normally ordered wedges form a base of A2Vafr. 
(ii) L(A2VafF) is a free A-module with the normally ordered wedges as a base. 

Proof. Lemma 3.3.1 implies the linear independence of the normally ordered wedges 
2 and Corollary 3.3.4 implies that they generate A VaN. 

(ii) follows from (i) and Corollary 3.3.4. [] 

C o r o l l a r y  3.3.7. N = Ker (/~ - ¢(z @ 1, 1 @ z)). 

Proof. We know already that N is contained in Ker (/~ - ¢(z ® 1, 1 @ z)). Since the 

normally ordered wedges are linearly independent in Va°ff2/Ker ( /~ -  ¢(z  ® 1, 1 ® z)) 

®s Ker (/~ 1, 1 z)) is injective. [] by Lemma 3.3.1, h~v~ -~ rift  / - O(z ® ® 

We define for n > 0 

n - 2  

= (v,,$ k ® iv ® b c vS" 
k=O 

and then 
A ' % ~  = V~nl~,-<. 

For Ul, u2 , . . - ,  Un E ]~Zaff, w e  denote by ul Au2 A-..Au,~ the image of ?21 @u 2 0 . - .  @ttn 
in A~Va~. 

There is a Uq ([0-linear homomorphism 

A : A'~V~ff ® AmV~f -~ An+"%~. 

Let us set L ( V ~  n) = L~a~ and let L(A ~ Vafr) be the image of L(Va~ff ~) in A n Vaff. 
We call a sequence (bx, b : , . . . ,  bn) normally ordered if its every consecutive pair is 
normally ordered, i.e. if H(bj ® bj+l) > 0 for j = 1 , . . .  , n - 1. In this case we call 
G(bl) A . . .  A G(bn) a normally ordered wedge. Set 

n--2 

L(N,~) = E L(Vafr)®k ®A L(N) ®A L(Vaff) ®(n-2-k) C L(V~n). 
k=O 

Note that we have not yet seen L(Nn) D Nn C] L(V ®n~ which will follow from aft ) '  
Lemma 3.3.11. In the formulae below, we have to pay attention to a difference 
between modulo qL(Nn) and modulo qL(Va~). 
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L e m m a  3 .3 .8 .  

(i) I f  H(bl @ b2) = 0 then 

(ii) 

(iii) 

G(z%l)  A G(zbbs) =- -G(zbbt)  A G(z%2) rood qL(A2Vaff). 

I f  H(bz @ b2) _< 0 then 

Cb~,b2 -~ bl @ b'2 + 5(H(bl @ b.2) < O)zH(b~®b2)bl ® z-H(b~®b2)b2 

rood 

I f  H(bj ® bj+~) = 0 for j = 1 , . . . ,  n - 1, then for any a E Sn, 

G(z~'bl)AG(za2b.2) A "" A G(za"b,~) 

= sgn(a)G(za~('~bl) A G(z°~t21b2) A ' . - A  G(z~("~b~) 

mod qL(AnVaff). 

Proof. By Lemma 3.3.3, (i) holds for a = b = 0. The general case is obtained 
by operating z a ® z ~ + z b ® z ~ on G(bl) ® G(b2) = O. The other assertions follow 
from (i). [] 

P r o p o s i t i o n  3.3.9.  Let a,c E Z and n E Z>0. Then for bl, . . . ,b,~ E Baff with 
a < l(bj) < c, we have 

a(bl)  ® . . .  @ G(b,~) e EZ[q]G(b~)  @.. .  ® a(b~) + L(Nn) 

where the sum ranges over normally ordered sequences (b~, . . . ,  b',,) with a <_ l(b~) <_ 
c and l(b'l) <_ l(bl). 

Proof. We shall prove this by induction on n and l(bl). By the induction hypothesis 
on n, we may assume that (b2,. . . ,  bn) is normally ordered. If H(bl ® b2) > 0, then 
we are done. Assume that H(bl @ b2) _< 0. Then by Corollary 3.3.4, we can write 

a(bl)  ® G(b2) =-- E ab'~,b,2G(b~) @ G(b~) mod L(N)  
! I 

b 1 ,b  2 

with H(b~ ® b~) > 0 and t(b.2) <_ l(b~) < l(bl) and/(b2) < t(b~) <_ l(bl). Then we 
have 

G(bl) @ a(b2) @.. .  @ a(b.,~) 

=-- E ab'~,b'~ G(b'l) @ G(b~) @ G(b3) @'- -  @ G(b,~) rood L(N,,), 

Since a <_/(b2) _< l(b~) < l(bl), the induction proceeds. [] 

~V., This proposition says in particular that A ~ is generated by the normally 
ordered wedges. In order to see their linear independence, we need the compatibility 
of the relations, which follow from the Yang-Baxter  equation for R. 
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L e m m a  3.3.10. Assume H(bl ® b2) = H(b2 ® b3) = 0. Then for a > b > c, we 
have 

(1 + 5.,b)Czob~,~%2 ® G(zCb3) 

+ (1 + 5b,c)C~%~,~ob2 ® G(z%3) + (1 + 5~,c)Czob,,~b2 ® G(zbb3) 

- (1 + 5b,¢)G(z%t) ® C:bb2,zOb 3 

+ (1 + 5a,c)G(z%l) ® Cz°b~,~°b3 + (1 + 5a,b)G(z%l) ® C~"b2,~%3 

rood qL(N3). 

Proof. We have the Yang-Baxter equation 

R12 O/~23 O R12 = R23 O R12 O /~23" 

Here Rij is the action of/~ on the i , j-th components on Va~ff 3. Set ~b21 = ¢(1 ® z ® 
1, z ® 1 ® 1), etc. Since/~ + ¢(1 ® z, z ® 1) sends L(Va°~ 2) to L(N), Rij + Cji sends 
L(V~ 3) to L(N3). Also we have 

(/~ + ¢(1 ® z, z ® 1))(G(zabl) ® G(z%2)) 

-~ G(zbbl) ® a(zab2) + G(z%l) ® a(zbb2) 
®2 -= (1 + 5a,b)Cz.b,,z%2 mod qL(Vaf r ). 

®2 Since L(N) = N N L(V~f~ ), the above congruence is also true modulo qL(N). Since 
we have 

/~23o/~12 (G(zabl) ® G(zbb2) ® G(zCb3) ) 

- G(zbbl) ® G(zCb2) @ G(z%3) mod qL (Va~ff3), 

etc., we have 

(/~12 + ¢2,) o/~23 o [~12(G(z%l) ® G(zbb2) ® G(z%3)) 

= ([t12 + ¢.,.1)(a(z%1) ® a(z%2) ® a(z%3)) 
- (1 + 5b,c)C~%~,z%._ @ G(zab3) mod qL(N3), 

and similarly 

(R23 -[- ~/223) o R,2 (G(zabl) ~ G(zbb2) ~ G(zCb3)) 

= (1 + 5a,c)G(zbbl) ® Czob2,zc~3 mod qL(iN~). 
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They imply 

R,.~ o R23 o ~ ( a ( z % )  o a ( z % )  o c ( z % ) )  

-- (1 + ~,~)Cz,,~ ,=~2 ® G(z%3) 

- ¢.~1[~ o R,~(a(z%)  o a(~%) o a ( z % ) )  

- ( 1  + 5b,~)C~,-_ob2 ® a(z~b3) - (1 + 5a,c)¢21a(z%) ® C.b~,zob~ 

-~- 1/)21~/~32J~12 (G(zabl) @ G(zbb2) @ G(zCb3)) 

=- (1 + ~b,c)C.bb~,=cb2 ® G(z%3) - (1 + ga,c)G(zt'bl) ® C~°b2,~3 

+ (1 + 6a,v)C..ob,,=%~ ® G(Sb3) 

- ~/~21~/~32~b31G(z°bl) ® G(zbb2) ® G(z%3). 

Here =- is taken modulo qL(N3). Similarly we have 

/~2a o/~t2 o R23(a(z%l)  ® a(zbb.2) ® G(zCb3)) 

(1 + 5a,b)a(zCbl) ® Cz°b2,z%~ - (1 -t- 5a c)C'z~b~,z~b,_ ® a(zbb3) 

+ (1 + 5b,c)G(z%t) ® Cz~,~b3 - ~b32~b31~b21G(zabl) ® G(zbb2) ® G(z%3). 

Comparing these two identities, we obtain the desired result. [] 

L e I n m a  3.3.11.  The Q-vector space L(N,~)/qL(Nn) is generated by G(bl) ® . . .  ® 
G(bi-1)®Cb~,b~+~ ®G(bi+2 ) ® "  .®G(b,~) where (bl . . . .  , b.n) ranges over the elements 
in Ba~}r such that (hi+l , . . . ,  b,~) is normally ordered and H(bi ® bi+l) <_ O. 

Pro@ L(Nr~) is generated by G(bx) ® . . .  ® G(bi-~) ® Cb~,~+~ ® G(bi+2) ® ""  ® 
G(b,,). Here H(bi®bi+l) <_ 0 but (h i+ l , . . . ,  b,~) is not necessarily normally ordered. 
We shall prove that such a vector can be written as a Q-linear combination of 
vectors satisfying the conditions as in the lemma, by induction on n and descending 
induction on i. Arguing by induction on n, we may assume i = 1. Write bk = za@k 
with H({)~ ® {)k+l) = 0. Then a~ _> a~. By Lemma 3.3.8 (iii), we may assume that 
aa < a4 < -." < an. If a2 < a3, there is nothing to prove. Assume a~ > a3. Then 
the preceding lemma implies 

_= (1 + 5a~,~,a)C=o~,5,,=o~,~ ® G(z~ ' t '~ )  - (1 + 5a,,~a)C:o,~,,,=o~K o ® C(z~'~b3) 
a2- + (1 + ~a2,a~)C;(z~'t,1) ® C:o~_~,:o~ + (1 + ,~°l,~,~)C(z b~) ® C~o,&,~o~,~ 

+ (1 + 5a,,a,)C(za~l),) ® Czalb2,Za2b 3 mod qL(N3). 

Note that aa is the smallest among ( a l , . . . , a , , ) .  After tensoring G(z~@4) ® . . .  ® 
G(z""{~,,), the first two terms (:an be written in the desired form by Lemma 3.3.8 
(iii), and the last three terms can be written in the desired form by the hypothesis 
of induction on i. [] 
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T h e o r e m  3.3.12.  The normally ordered wedges form a base of A n 

Proof. The normally ordered wedges generate A n Vaff by Proposition 3.3.9. We 
shall show that any linear combination of normally ordered tensors in Nn vanishes. 
Let C be such a linear combination. Since ('lk qkL(N~) C ~k qkL(An Vaff) = 0, it. 
is enough to show that C E L(N~,) implies C E qL(Nn). By the preceding lemma, 
we can write 

n--1 
C = ~ ~ ai(b,,...,b,.,) C(bl)®...®a(bi-,)®Cb,,~,,+, 

i=1 (bl ,,..,b,~)EK~ 
® a(b~+2) ® . . .  ® a(b,,) mod qL(Nn). 

Here the coefficients ai(bl,...,b,,) belong to Q and (h i+ l , . . . ,  bn) is normally or- 
dered for ( b l , . . . ,  bn)E Ki. In order to show the vanishing of ai(bl,..., bn), let us 
calculate C modulo qL(V~n). 

n--1 

C =- ~ ~_~ ai(b,,...,b,~) b 1 ® . . . ® b i _  1 ®Cbl,b,+, ® b i + 2 ® ' " ® b n  
i=1 (bl,...,b~)eKi 

mod qn(Va~'). 

Since Lemma 3.3.8 (ii) implies 

Cb~,b~+l -- bi ® bi+l -t- 5(H(bi ® bi+l) < O)zH(b~®b~+l)bi ® z-H(b'®b~+l)bi+l, 

we have 

n - 1  

C -- ~ ~ ai(bl,... ,bn) bl ® ' " ® b i - 1  
i=1 (bl,...,b~)EKi 

® (bi ® bi+l -t- (~(H(bi ® bi+ l )  < O)zH(b'®b'+l)bi ® z-H(bi®bi+l)bi+l) 

® bi+2 ®""  ® b~ m o d  qL(Vaeff'). (3.3.8) 

We shall show ai(bl,... ,b~) = 0 by the descending induction on i. Assume that 
a~,(bl,. . .  ,bn) = 0 for k > i. Note that H(bi ® bi+l) <_ O, and H(zH(b~®b'+l)bi ® 
z-H(b~®bi+l)bi+t) > 0 when H(bi ® bi+l) < 0. We also note that (bi,... ,bn) is not 
normally ordered for ( b l , . . . ,  b~) E I(i but it is normally ordered for ( b l , . . . ,  bn) E 
K~ with k < i. By these observations, for (bl,...,b,,) E Ki, the coefficient of 
bl ®beG-. .®b~ on the right hand side of (3.3.8) is ai(bl,.. . ,  bn) and bl ®b2®. • -®bn 
does not appear in C. Hence ai(bt,...,  bn) must vanish. [] 
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C o r o l l a r y  3.3.13. L ( i n V a f f  ) is a free A-module with the normally ordered wedges 
as a base. 

In fact, tile normally ordered wedges generate L(A~Vaff) by Proposition 3.3.9 
and are linearly independent by the theorem above. 

Let B(A ~ V~ff) be tile set of normally ordered sequences. Let us regard 
B ( A  '~ Vafr) as a subset of B ~ .  Since it is invariant by ei and ]~, we can endow 
B(A ~ Vaff) with the structure of crystal induced by B ~  ~. We regard B(A '~ V~) as 
a basis of L(A n Vaf~) /qL( i  ~ l/aff). Then we have 

P r o p o s i t i o n  3.3.14. (L(A '* Vafr), B(A '~ Van')) is a crystal base of A n Vafr. 

The following lemma follows immediately from (3.3.3). 

L e m m a  3.3.15. Let f ( z l , . . . ,  z,,) be a symmetr ic  Laurent polynomial. Then f (z® 
1 ® . . .  ® 1,1 ® z ® 1 ® . . .  ® 1 , . . . ,  1 ® . . .  ® 1 ® z) induces an endomorphism of 

4. Fock space  

4.1.  G r o u n d  state  s e q u e n c e  

In this section we shall introduce a q-deformed Fock space in a similar way to the 

A~)-case ([KMS]). 
We continue the discussion on the perfect crystal B of level l. Let us take a 

sequence {b~.~}mez in Baff such that 

C o ( ,  = l, 
o b o 

=  (re+l) 
o and H ( b ~  ® bin+t) = 1. 

We call (.-. , b °_ l ,  b~, b~,... ) a ground state sequence, if we give one of b~,, then 
the other members of a ground state sequence are uniquely determined. Since B is 
a finite set, there exists a positive integer N and an integer e such that 

b°k+N = zCb°k for every k. (4.1.1) 

Take weights Am E P of level l satisfying 

and 

o )~m = wt (bin) + Am+l 

 (bm) = cl(Am) = o o 

o Set v m = G(b~)  C Vaff. 



Vol. 2 (t996) Perfect Crystals and q-deformed Fock Spaces 439 

4.2. D e f i n i t i o n  o f  Fock  s p a c e  

For m C Z, let us define first a (fake) q-deformed Fock space ~ m  as the inductive 

limit (k -+ oc) of Ak-mVaff, where Ak-mVaff -+ Ak+l-mVaff is given by u ~-~ u A 
v~. Intuitively ~m is the subspace of A°°Vaff generated by the vectors of the form 
umAum+l A-.-  with Uk = V~ for k >> m. Similarly we define L(Ym)  as the inductive 

O V o . , ,  limit of L(Ak-mVaff).  We define the vacuum vector Im) = v m A m+l A E -fire. 
Then any vector can be written as v A [m + r) for some positive integer r and 

O O ~ 0 v C ArVaff. Note that v A I m + r )  = 0 i f a n d o n l y i f v A v m +  r A . . - A v m +  s 
for some s > r. Then we introduce the true (q-deformed' Fock space by 

= rm/( A eL(y,,,)). 
n>O 

Let L(~'m) C ~-m be the image of L(,Tm), and [m/ the linage of Ira>. We have the 
homomorphism 

For a normally ordered sequence (bin, b~+t ,  • • • ) in Baff such that bk = b~ for k >> 
m, we call G(bm) A G(bm+l) A "'" E JT'm a normally ordered wedge. 

T h e o r e m  4.2.1.  The normally ordered wedges form a base of ~m. 

In order to prove this theorem, we need some preparations. 

L e m m a  4.2.2.  Ill(b) > l(b~,,), then H(b® b~°~,+l) <_ O. 

Proof. If l(b) >> 0, then the assertion holds. Let us prove it by descending induction 
on l(b). Assume that there is i C I such that ~i(b ® b~,+l) = (~ib) ® b°,+l # 0. 
Then l(b) < l(~ib) and hence H(b ® b~,+l ) = H (~ib ® b°+l) < 0 by the hypothesis 

b ° of induction. Hence we may assume that there is no such i. Then ei(b) <_ ~ i (m+l )  
a o for any i, and hence b = z b m for some a E Z. Since l(b) >/(b in)  , we have a > 0. 

Therefore H(b ® b°~+l) = 1 - a _ 0. [] 

P r o p o s i t i o n  4.2.3.  Assume H(b®b°,) <_ O. Then for every n we can f indml  >_ m 
such that 

0 0 
G(b) A vm A . . .  A vm, ~ q~L(A"-"+2t~). 

Proof. We shall prove this by induction on n and H ( b ® b°n). Set H ( b ® b ° )  = - c  
and 

° 
G(b) Av m = a(bl,b2)G(bl) A G(b2). 

Here the sum ranges over normally ordered pairs (bl, b2) such that 

l(b°,) <_ l(bl) < l(b), 

l(b~n ) < l(b2) <_ l(b). (4.2.1) 



440 M. Kashiwara et al. Selecta Math. 

bO By the preceding temma H(b2 ® m+l) --( 0. Lemma 3.3.8 (i) implies 

a(bl,b2) - -c~(c < 0 and (bl,b2) = (z-Cb, zCb~n)) mod qA. 

We have 

o E ° G(b) A v m A "." A v ° = a(bl ,b2)G(bl A G(b2) A Vm+ 1A ' ' '  A v ° 77~ t ?/77-1 ' 

Since l(b2) > l(b~),  we have G(b2) A v~+j. A .. A v77~1 ~ q~-~L(AV~). Hence 
a(b~, b2)G(bl) A G(b2) A v°m+l A .. • A ~°,~ belongs to qnL(AV~ ) except c < 0 and 

(b, ,  b2) = (z-% ~%), 
Assume that c < 0 and (bl, b2) = ( z - % ,  z~b°).  Then we have 0 > H(zCb ° ® 

b°,+l) = 1 - c > H ( b ®  b°) .  Hence a(bz, b2)G(bx) A G(be) A v,°,~+x A.. .  Av, °, belongs 

to q'*L(A "*~ -m+eVaff) by the hypothesis of induction on H(b ® b~n ). 5 

R e m a r k .  Assume that c in (4.1.1) is positive (or equivalently, l (b~) tends to in- 
finity as m tends to infinity). Then H(b®bm)  < 0 implies G(b) A v m A.  . . A v ~  = 0 
for ml  >> m. In fact by the same argument as above we have G ( b ) A v ~ A . . . A v ° ~  C 

l o l(b') <_ l(b). E~, A"*~-'~+*v~r A O(b') where b' satisfies (b,,~) < 
Note that, under the condition of the proposition, G(b) A v~, A v,~,+l A . . .  A v~ = 0 

for k >> m is false in general. 
A similar argument, shows the following dual statement. 

P r o p o s i t i o n  4.2.4.  Assume H(b°~®b) <_ O. Then for every n we can find ral <_ m 
such that 

v ~  A . . .  A v,?~ A G(b) E q'~L(A"*-'*~+2V~). 
As an immediate consequence of Proposition 4.2.3, we obtain the following re- 

sult. 

T h e o r e m  4.2.5.  For any vector b E Baff such that H(b  ® b~) <_ O, we have the 
equality in J::m 

G(b) A[m}  = O. 

Proof of Theorem 4.2. t .  Any vector in ~,,~ can be written in the form v AIrn + r} 
with v E ArVaff. We may assume that v is a normally ordered wedge 

a(b,~) A . . - A  G(bm+~-l) .  

If H(bm+r-x  ® b~+r) > 0, then v A ] m  + r} is a normally ordered wedge and 
otherwise v A Im + r} = 0 by Proposition 4.2.3. 

The linear independence follows immediately from the corresponding statement 
for the wedge space (Corollary 3.3.13). [] 

By a similar argument,  we have 
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Proposition 4.2.6. L(iTm) is a free A-submodule of iT,, generated by the normally 
ordered wedges. 

Proposition 4.2.7'. 

N qnL(-ffm) = E Ar-'Vafr A G(b) AIm + r) 
n>0 H(b®b°m+,.)<O 

= ~ h " - '  V;.." A a(b) A Im  + r) . 
l(b)>l(b~ 1) +r -  

Proof. The first equality follows from Theorems 4.2.1 and 4.2.5 and the last follows 
from Lemma 4.2.2 and (4.2.1). [] 

As a corollary of Theorem 4.2.5 we have the following result concerning vertex 
operators. 

Proposition 4.2.8. Let V(Am) be the irreducible Uq(g)-module with highest wei- 
ght Am and u~ m its highest weight vector. Let ~ : Va~ ® V(Am) --+ V(Xm-1) be 
an intertwiner. Then for any vector b E B ~  such that H(b ® b~) <_ O, ~(G(b) ® 
u~m) = 0. 

Proof. As proved in [DJO], the intertwiner is unique up to a constant. As seen in 
the next two subsections, ~,,~ has a Uq(t~)-module structure and contains V(Am) as a 
direct summand. By this embedding, the highest vector u~m of V(Am) corresponds 
to Im). Therefore q, is given as the composition: 

V a ~ ® V ( A m ) ~  Va~®f,~-+i~m_l--+ V(Am-1). 

Now the result follows from Theorem 4.2.5. 

R e m a r k .  It is known (see e.g. [DJO]) that ~(v ® u ~ )  = 0 for v C (Vafr)~,,_l-A,, 

such that v E ~ i e ~  +(hi'~ .... 1}Vaf~" On the other hand, by the property of the 

lower global base ([K2D, G(b) belongs to E i  e~+(h"~"-l)Va~ if and only if ~zi(b) > 
(hi, Am-l) for some i. Therefore, ~2(G(b) ® u ~ )  = 0 for b E (Baff):~.,_,-~m other 
than b~_ 1 . 

This observation shows that we have to take a lower global base in order to have 
Theorem 4.2.5. Theorem 4.2.5, as well as Proposition 4.2.8, does not hold for an 
arbitrary choice of base other than the lower global base. In the course of our 
construction of the Fock space, we have not used explicitly the property of the 
lower global base. This is hidden in postulate (R). This postulate fails for an 
arbitrary choice of base. 
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4 . 3 .  Uq(~t ) -module  s t r u c t u r e  o n  t h e  F o c k  s p a c e  

Let  us define the act ion of Uq(ft) on br, n. We define first the act ion of the Ca r t an  
p a r t  of Uq(l~) by assigning weights. We set  wt (Ira)) = .~,~ and wt (v A I m  + r))  = 
wt  (v) + wt (fro + r}) for v E A~/afr.  This  defines the weight decomposi t ion  of the 
Fock space.  

Let  B(gCm) denote the set of normal ly  ordered sequences (bin, bin+l,. . .  ) in Batr 
such tha t  bk = b~. tbr k >> m.  Then  it has a crystal  s t ruc ture  as in [KMN1]. More- 
over B( t 'm)  m a y  be considered as a base  of L(Fm)/qL(2Fm) by Propos i t ion  4.2.6. 
We wri te  bm A bm+l A - . -  for (bin, b in+ l , . . .  ). 

P r o p o s i t i o n  4 . 3 . 1 .  

(i) ch (bcm) = ch ( V ( ~ m ) )  l - [k>0(1 - e - k ~ )  -1  • 
(ii) The weights of ~m appear as weights of V(,\m).  In particular, any weight p 

of f m  satisfies s(#) <_ s(Am) (see the end of§3.2 for s : P -+ Q). Moreover', 
s(p) = s (£m)  implies p = ;~m. 

(iii) For any # E P,  dim(Ym)t~ < oo. 
-no  lm + ifO n (iv) (~m)~. , - ,~ ,  = KG(f~ bin)A 1) < < (hi,/~m), 

0 otherwise. 
(v) I f  b E B ~  satisfies wt (b) = wt (b~,,) - nai,  then a(b) A Ira + 1) = 0 unless 

0 < n < (hi, ~m) and b = fi-nbm 
(vi) Any highest weight element of B(~,,~) has the form zamt'°,,, ,^,za"+~°~,+l A" • " 

with a,~ <_ am+l  _< " "  and ak = 0 for k >> m.  
(vii) For bm A bm+~ A ' "  E B(bcm), bm= b~ implies bk = b°k for any k > m. 

Pro@ By Propos i t ion  4.6.4 in [KMN1] (see also Appendix A), we have 

ch (V(~,,~)) = e x''~ ~ e  z~>-''(wt(b')-wt(b:)) 

where the sum ranges  over the family B0 of sequences bin, bin+l,. . ,  in B~f~ such 
tha t  bn = b~ for n >> ra and H(bn ® bn+l) = 1 for any n _> m.  On the other  hand,  
we have 

-- b °  ch (Ym) = e ~'° ~ e ~'~>'''~w~ (bo~-w~ ( o~ 

where the sum ranges  over the family B of normal ly  ordered bin, bin+l, .  • • such that; 
b,~ = b.,°~ for n >> m.  We have 

B = { (z -~"bm,z-a '~+lb ,~+l , . . . ) ;  

(b,~, b i n + l , . . - )  E BO, a,,~ _> a,,~+l _> --" and a~ = 0 for n >> m}.  

To ob ta in  (i), it is enough to r emark  tha t  z has weight & 
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The assertions (ii)-(vi) follow from (i) and Theorem 4.2.5. The assertion (vii) 
follows from (vi) and 

a m  o f i ( z  b m A z ~m+~b~+ 1A  . ..  ) z "~ ¢ b ° : J i m  A Z am+l b~n+l A - "  

[] 

Now we shall define the action of ei and fi on ~'m. 
Taking {qnL( .Tm)}n as a neighborhood system of 0, 5urn is endowed with a so- 

called q-adic topology. Since An q n L ( ~ m )  = 0 by construction, the q-adic topology 
is separated. Since we use K = Q(q) as a base field, 5Vm is not complete with respect 
to this topology. For any # E P, the completion of (~'m), is Q((q)) ®K ($'m),. 

O P r o p o s i t i o n  4.3.2. For any vectors urn ,u rn+ l , ' "  E Vafr such that Uk = v k 
for  k >:> m, 

and 

E t ' ~ l ( U m  A ' "  A U k - l )  A e i u k  Auk+l A- . .  
k > m  

um A . . .  A Uk_l A f iuk  A t i (uk+l A . . -  ) 
k>m 

(4.3.1) 

(4.3.2) 

converge in the q-adic topology to elements  of ~((q)) ®K 5rm. 

Proof. First note that (eiv~) A Ik + 1) = 0 because Ak + ai is not a weight of 9vk. 
Hence, only finitely many terms survive in (4.3.1). 

In order to prove the convergence of (4.3.2), we may assume that Uk = V~ 
for every k >_ m. Then 

o V o V o (h~:,Ak+a). o V o o Vm A " " A k _ l  A f i  k A t i ( v ~ + l  A " " ) = qi 'vm A " . .  A k _ l  A f i V k  A lk  + l ). 

Since (hi, Ak+l) takes only finitely many values, it is enough to show that v°, A 
. . .  A v~_ 1 A f~v~ A Ik + 1} converges in the q-adic topology. This follows from the 
following lemma. [] 

L e m m a  4.3.3. Let  C be an endomorphism of  the K - v e c t o r  space Vaff of  weight 
# ~ O. A s s u m e  that C z  = z C .  Then for  any m ,  v ~  A . . .  A V~._I A Cv~ A Ik "~" 1> 
converges to 0 in the q-adic topology when k tends to infinity. 

Proof. Write 

= ek, a(bk, ) 
12 

Take N and c as in (4.1.1). Then we have also the periodicity bk+g,v -= zCbk,v 
and Ok+N, v : Ckw. Hence ck,, is bounded with respect to the q-adic topology. 
Therefore it is enough to show that v,°~ A-..  Ave_ 1 AG(bk ,v )A  Ik + 1) converges to 0. 
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By Propos i t ion  4.3.1 (vi), ( b ~ , . . . ,  b~. 1, bk,,,, b ~ + l , . . .  ) is not  normal ly  ordered.  I t  
means  tha t  ei ther H(bk , ,  ® b~.+l ) _< 0 or H(b°k_l ® bk,,) <_ O. If H(bk , ,  ® b~.+l) _< 0 
then G(bk, , )  A Ik + 1> vanishes.  If  H(b°k_l ® bk,,) _< 0, then v °m_s A " '"  V °k_l A 

G(bk, , )  A Ik + 1) converges to 0 when s tends to infinity by Propos i t ion  4.2.4. By 
shift ing the indices, v,~z A - . .  A V;_ 1 A G(bk, , )  A Ik + 1) converges to 0. [2] 

Let  us set  

film> = fiv°~ A tdm + 1> + v~, A fiv~,+l A tdm + 2> + . - -  (4.3.3 

Then  it is an element  of Q((q)) ®/4 brm- 

L e m m a  4 .3 .4 .  film> belongs to iPm. 

Pro@ Let us take c and N as in (4.1.1). We define the i somorph ism ¢m 

-Pro --~ ~ 'm+N by ttm A Itm-I- 1 A " '" ~-~ zCu,~ A zCum+l A " " .  Then  f i lm)  sat- 
isfies the recurrence  relat ion 

° A ° A o f i lm> - v,,~ v,,~+l ... A v,,~+N_~ A ¢,,, (f i lm)') 

= f i ( v  °,  A v,;,+ 1 A " "  A V°,+N_I) A t d m  + N} 6 $,,. 

Hence the result  follows f rom the following lemma.  [3 

L e m m a  4 .3 .5 .  For # C P \ { l m } ,  the endomorphism 4 ( ~ m ) ,  given by w ~ w -  
o o o A ¢m(W) is an isomorphism. v m A Vm+ 1 A • • • A Vm+N_ 1 

O Proof. I t  is enough to show its injectivity. We show that  w = v~' n A Vm+ 1 A .- .  A 
0 Vm+N_ 1 A ~m(w)  implies w = 0. 

For bm A bm+l A - ' -  E B($ :m) , ,  (b,~,_l,b .... b i n + l , . . . )  is not  normal ly  ordered 
by Propos i t ion  4.3.1 (vii), and hence H(b,~_~ ® b, 0 < O. Propos i t ion  4.2.4 implies 
that  vm_kN ° A" • • A V°m-t A G ( b m ) A G ( b m + I ) A " "  belongs to qL(JCm-kg)  for k >> 0. 
Shifting the indices, we conclude tha t  

v,°~ A " "  A V ° ~ + k N _ I  A Cm+(k-1)N""" Cm+Ng)m (G(bm) A G(bm+l) A ' "  ) 

belongs to qL(~:,~) for k >> 0. Therefore  the homolnorph i sm 

° • ° A ~ O , , , + ( , ~ : - I ) N  ¢,.+N¢.~(w) C : w ~ v m A • • A V m + k N _  1 , 

sends L(SCm)~ to qL(5~:,,~)l, for k >> 0. 
ph ism i d ( ~ - ) , , - C .  

Now we define 

This  shows the inject ivi ty of the endomor-  
[] 

edv A lm + r>)  = e iv  A i m  + ,% 

fi(v AIm + r)) = Av A tdm + r) + v A f i lm  + r)  (4.3.4) 
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for v E ArV~ei. Then ei and f i  are well-defined homomorphisms from ~,~ to $'m- 
They satisfy 

ei(v A u) = eiv A u + t~lv  A e~u 

f~(v A u) =/~v A t~u + v A / ~  (4.3.5) 

for v E A"Vaff and u E ~m+~. In order to see that they define endomorphisms of 
9rm, we need to show the following proposition (see Proposition 4.2.7). 

Assume that b E Baef satisfies l(b) > l(b~). Then we have Proposit ion 4.3.6. 
the equalities in :T,,. 

e~ (a(b) A I'~ + V)) = 0, (4.3.6) 

f i (a (b )  A l'~ + U)  = 0. (4.3.7) 

The first equality (4.3.6) follows from the fact that wt (b) + ai  + )~m+l is not a 
weight of ~m (following Proposition 4.3.1 (ii)). 

Let us prove (4.3.7). First note that the same consideration on the weight implies 
that 

if l(b) > l(b~) and wt (b) ¢ wt (b~) + ai,  then (4.3.7) holds. (4.3.8) 

Hence in order to prove (4.3.7), we may assume that 

O wt (b) = wt (b,~) + ai.  (4.3.9) 

S u b l e m m a  4.3.7. Under the condition (4.3.9), we can write 

a(b) A v~+ 1 A . . .  A v ° = .. m+r u + E a(bo, .,br)a(bo) A . . .  A a(br).  (4.3.10) 

Here u satisfies f i (uA  t m +  r + 1)) = 0, the coefficients a(bo, . . . ,  br) belong to qrA, 
and the sum ranges over (b0, . . . ,  br) such that 

{ wt (bj) = wt (m+j )  for 0 <_ j < r 
b ° (4.3.11) 

w t ( m + r ) + a i  f o r j = r  

Proof. We shall prove this by induction on r. Assuming (4.3.10) for r, let us 
prove (4.3.10) for r + 1. Since H(br ® b°+~+l) _< 0 by Lemma 4.2.2, we can write 

G(br) A V°+r+l = E ab,,b,,G(b') A G(b').  (4.3.12) 
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Here (b t, b") ranges over normally ordered pairs such that 

l(b°,~+r+l) 

l(b~,~+r+l) 

SelectaMath. 

< l(b') < t(b,),  

< l(b") <_ l(b,). (4.3.13) 

If wt (b") ¢ w t  (b;~+r+l) -}- oLi, then we have G(b") A]rn + r + 2} = 0 and f i (G(b")  A 
I m +  r + 2}) = 0 by (4.3.13) and (4.3.8). Theretbre f d a ( b 0 ) / \ ' '  .AG(b~_I)AG(b ' )A  
a(b")/x t m +  r + 2)) = 0. If wt (b") = wt (b~+~+l) + ai,  then wt (b') = wt (b~,~+~). 
Moreover Lemma 3.3.8 (i) implies ab,,b,, C qA. Thus the induction proceeds. [] 

We resume the proof of Proposition 4.3.6. We have 

f i(G(b) A tm + 1}) = E a ( b ° ' " " b r )  

(a(bo) A . . .  A C(b~) A f / I ra + r + 1) 

+ a(bo) A . . .  A C(bj_l) A f a(bj)/\ 
O<_j<_'r 

t ia (b j+l )  A. . .  A t ia(br)  A ti]m + r + 1)). 

There is a constant s such that f iLa~ C q~L~ff, and f i lm  + r + 1) is bounded with 
respect to the q-adic topology. Moreover, tiG(bj+ l ) A . . . A tiG(br ) A t i tm + r + 1) = 
q~h"Xm+J+~}+25(J<r) G(bj+l) A . . .  A G(br) A ] m  -t- r -}- 1} and (h.i,)~m--kj) is bounded 
from below. Hence there is a constant d independent of r such that 

f i (G(b)  A l m  + ~ )  E qr+dL(~m) for every r. 

This implies the equality (4.3.7) in 9r:m. This completes the proof of Proposi- 
tion 4.3.6. 

Thus we have defined the action of ei and fi on f:,~. 
commutation relations between them. 

Proposition 4.3.8. On Fm we have 

[ei, f j] = 5ij(ti - tr,l ) / (qi - q:(1). 

Now we shall show the 

(4.3.14) 

Proof. First note that (4.3.5) implies 

[ei, f j](v A u) = [el, f j]v A t ju  + t~-lv A [ei, f j]u. (4.3.15) 

for v G A"Varf and u G ~m+,.. Hence, it is enough to prove that the equality (4.3.14) 
holds when it is applied to the vacuum vector. If i ~ j then [e~, fj]]m) = 0 because 
-~m + ai  - o~j is not a weight of 5cm. 
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Now we shall show [ei, fi] = {ti}i. Here {x}i = (x - x -1) / (q i  - q~l).  
Since [ei, fi]lm} has weight +~,n, there is cm e K such that [ei, fi]lm) = Cmlm). 

Then by (4.3.15), we have 
?do - - i  o [ei, fi]tm) = [ei, fi] , ,  A t i tm + 1) + t i v m A [ei, fi]lm + 1) 

' (h"~=+~)[(hi, Am A,,+,)]i +q~"~":+: -~=)c ,~+l) lm) .  ---- ~qi 

Hence we have a recurrence relation 

Solving this, there is a constant a E K such that 

e m =  [(hi, ),m)]i + qi-<h"~")a for every m. (4.3.16) 

Namely we have [ei, k]( tm))  = ({ti}i + atr, 1)lm). Hence for v E A~Vaf~ 

[ei, f~](v A In,, + r))  = [ei, fi]v A t d m  + r) + tj~v A [el, fi]lm + r) 

= {ti}iv A t~lm + r) + t~l"v A ({ti}i + atT1)l m + r) 

= ({ti}i + at~l) (v  A I m  +r) ) .  

Thus we obtain 
[el, fi] -- {ti}~ + at~ 1. (4.3.17) 

Let us show the vanishing of a. 
By induction on n we can see the following commutaion relation 

" r " r k - - l , r  - - v  t 
_(n)~(n) .(n--k) (n--k) l l ,=ot~qi i l i +  aq~t~ 1) (4.3.18) 
q ~i = Ji el [k],i! 

k=0 

Setting c = (hi, Am), we have f~c+l)lrrt ) = 0 by Proposition 4.3.1 (iv). Hence 

c+1 t+-c 
l -L=0( [c -  ~]i + aqi )ira). 

[c + 1]i! 
$ Therefore there is an integer s such that a = -q i  [s],. Then the commutation 

relation (4.3.17) can be rewritten as 

Hence ei, qi-~fi and q[Sti form Uq(M2). Then the representation theory of Uq(s[2) 
and Proposition 4.3.1 (iv) implies s = 0. In fact, the string containing the weight 
of Ira) (with respect to q ~ t i )  is {c - s - 2n; 0 < n < c}, and hence the symmetry 
of a string under tile simple reflection implies c - s -- - ( - c  - s). [] 

Thus the actions of el and fi satisfy the commutation relations. By Proposi- 
tion 4.3.1 (ii), for any i E I and It C P,  it + n a i  is a weight of Ym only for a finitely 
many integers n. Therefore 9rm is integrable over the Uq(M2)i = {ei, f i , t i ,  t~l) .  
This implies the Serre relations (see Appendix B). 

Thus we obtain 
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P r o p o s i t i o n  4.3.9.  9v,~ has the structure of an integrable Uq(g)-module. 

By Proposition 4.3.1 (i), 5Cm is a direct stun of V(Am -k(f) 's .  This decomposition 
is studied in the next subsection through bosons. 

Note that 

is Uq(s)-linear. 

L e m m a  4.3.10.  

A : A~G~ ® f .~+, .  -~ 7,,, 

f}k) lm) = G(]kbO ) A t m  + 1). 

Proof. If k > (hi, Am), then the both side vanish. Assume that 0 < k < (hi, Am}. 
By Proposition 4.3.1 (iv), there is c C K such that 

f~k) tm) -k o = ~ a ( £  bM A Im + 1). 

We have 

On the other hand, by the repeated use of (iii) in (G), we have 

V m + . . . .  

i 

Here, • • • is a linear combination of global bases other than v,°~, which is annihilated 
after being wedged with Irn + 1) by Proposition 4.3.1 (v). Hence we have 

(el k) -k o = G(f~ bin) ) AIm + 1) 

= G A I ' ,  + 1) 
k i 

Comparing these two identities, we obtain c = 1. Z] 

Let ~ z  m be the Z[q, q-1]-submodule of ~r,~ generated by the normally ordered 
wedges. Then ~z, is a module over Uq(9)z by Lemma 4.3.10. Hence by specializing 
at q = 1, we obtain a Fock representation of U(g). However, the action of the 
bosons o n  a~F m introduced in the next subsection may have a pole at q = 1 and it 
cannot be specialized at q = 1 in a na:/ve way. 

4.4. T h e  ac t i on  o f  B o s o n s  

We shall define the action of the bosons B~, (n # O) on )~m. 
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P r o p o s i t i o n  4.4.1.  For n # 0 and any Um,Um+1,"" C Va~ such that uk = v~ 
for k >> m, 

(znum A ~tm+l A urn+2 A • " • ) 

-~- (Um A Z"ZUm+l A un.~+ 2 A - . .  ) 
(4.4.1) 

+ (urn A urn+, A z~um+2 A ' " )  

converges in the q-adic topology. 

Pro@ Reducing to the case uk = v~ for every k _> m, apply Lemma 4.3.3. 

L e m m a  4.4.2.  znv,°n AIrn + 1) + V°m A z ~vm+ 1 °  AIrn + 2) + . . .  belongs to j z  

The proof is similar to the one for Lemrna 4.3.4. 

By these lemmas and Lemma 3.3.15, (4.4.1) defines a homomorphism from Ym 
to :~m. Since L ( f m )  is stable by the correspondence (4.4.1), it induces an en- 
domorphism of f ro ,  We denote it by B,~. It is clear that B~ is a 5~(g)-linear 
endomorphism of ~,n with weight nS. 

By the definition, we have 

Bn(v A u) = znv A u + v A B,,(u) for v C Vaff and u C fro-  (4.4.2) 

P r o p o s i t i o n  4.4.3.  There is % E K (independent of m)  such that 

[Bn, B,~,] = ($n+n',O'Yn. 

Proof. (4.4.2) implies 

[B,,, A = v A [Bn, Bn,]  

Since [Bn, B,~,]lm) has weight Am + (n + n') a and hence it must vanish when n + n'  > 
0. Therefore [Bn, Bn,] = 0 in this case. 

Assume n + n'  < 0. Write [Bn, B,~,]lm ) as a linear combination of normally 
ordered wedges: 

[Bn: Sn, llm) = E cvO(bl,v) A . . . . 
v 

Then bl,v # b~,. Take N and c as in (4.1.1). Then we have 

[Bn, Bn,]Im + jar> = E c'G(zJCbl,~) A . . .  . 
12 

We have also H(bm+jN_ 1 ® zaCbl#) = H(b,°,_l ® bl,~) <<_ O. Hence by Proposi- 
tion 4.2.4, v~°,~ A---  A v~+jN_ 1 A G(zJCbl,,) A Im+ j N  + 1) converges to 0 when j 
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tends to  infinity. Hence 

[Bn, Bn,]lm} -~- v°z A . . .  A Vm+jN-1 A [Bn, Bn,] lm + j N }  

Z o o zJCbl,v = c,v,,~ A . . .  A V,,~+ON_ 1 A G( ) A . . .  
12 

converges to 0. Therefore  [Bn, Bn,]lm) must  vanish. 
Now assume tha t  n + n '  = 0. Since [Bn, B-n]]m)  has the same weight as Im), 

there is 3'm,n such tha t  [Bn, B-,~]Im} = "ym,,dm}. Since 

[Bn, B_~] lm  ) = vmO A [Bn, B-~] lrn  + 1) = %,+,,nv,~° A I m  + 1) = ffm+,,n]m}, 

7m,n does not  depend on m.  Write  % for % , , , .  Now we have [Bn, B_n](v  A Ira)) = 

v A l B . ,  u-dt- ) = A o 

Now we shall show tha t  % does not  vanish.  

L e m m a  4 .4 .4 .  Let  n be a positive integer. 

(i)  ~ ° ik 1} 0. Z V k A  + = 

(ii) VmO A V°,rtq-I A " ' "  A V;_ 1 A z--nvk° Atk  + 1} = 0 for  k >_ m + n. 
(iii) '~ ° -- .  ° 1) 0 for  m z v m A V~z+l  A A Vk_ 1 A z - n  o V k A l k +  =- < k < m + n .  

Here -- is modulo qL(JCm). 

Proof. (i) follows f rom T h e o r e m  4.2.5. In order to prove the other s ta tements ,  wri te 
bk = z-%°k.  Then  H(bk ® bk+l) = 0. We have 

o o o --no 
v m A V m +  1 A • • • A V k _ I A Z  V k ~- 

z m b m  A z l + m b m + l  A . .  • A z k - l b k _ l  A z k - n b k .  

Since m <_ k - n < k - 1, it is zero modulo  qL(At~fr  ) by L e m m a  a.3.8 (iii). 
T h e  proof  of (iii) is s imilar  to tha t  of (ii). We have 

n o o - -  Iz o o 

Z V m A V ° ~ + I  A " ' "  A Vk_ 1 A A Vk+ 1 Z V k A ' " A V ~ + r n  =- 

z n + m b m  A z m + l b m + l  A z k - l b k - 1  A z k - n b k  A z k + l b k + l  A • " • A z n + m b n + m  . 

Then  it is zero modulo  qL(AVa~f ) again by L e m m a  3.3.8 (iii). 

P r o p o s i t i o n  4 .4 .5 .  For n ¢ O, % ¢ K has no pole at q = 0 and % ( 0 )  = n. 

Proof. We m a y  assume n > 0. Noting that  B+,~ sends L(JZm) to itself, let us 
calculate the c o m m u t a t o r  modulo  qL(J:m). We have [B,~, B_,~]]m} = BnB_,~[m}.  
By L e m m a  4.4.4 (ii), we have 

Z - - r t  o B - , d m )  = - ~  o 1} o A A I m  + 2) + . . -  z v m Alm + + v m Vm+l 
Z o o o --77, o =- v m A v r a + l A . . . A v k _  1 A z  v k A [ k + l ) .  

m < _ k < m + n  
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Here - is taken modulo q L ( Y m ) .  Hence we have by Lemma 4.4.4 (i) and (iii) 

B n B - n t m )  

z o , o  . o o  V m A v m +  1 A " ' A  "'" A V k _  t V k = z v jA  ° A A t k + l  ) 
m<_k<rn+n m<_j<k 

+ Ira) 

Eo o o - n o v o  >) 
+ v m A Urn-t-1 A • • - A Vk_ 1 A A k+l z v k A . . .  A A 1 z vj I J+  

/ 
j > k  
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Let H be the Heisenberg algebra generated by {Bn}neZ\{o} with the defining 
relations [Bin Bn,]  = 5~+n',07n- Then H acts on the Fock space -Pro commuting 
with the action of U~ (ft). Let Q[H_] be the Fock space for H. Namely, Q[H_] is 
the H-module generated by the vacuum vector 1 with the defining relation B,~ 1 = 0 
for n > 0. Since Im) is annihilated by tile ei and the B~ with n > 0, we have an 
injective U~(g) ® H-linear homomorphism 

~m: V()~m) ® Q[H_] -+ ~.~ (4.4.3) 

sending ux , ,  ® 1 to Ira). Comparing their characters (see Proposition 4.3.1 (i)), we 
obtain 

T h e o r e m  4.4.6. ~m: V ( ) ~ m ) ® Q [ H _ ]  -+ ~m is an i s o m o r p h i s m .  

4.5. Ver tex  ope ra to r  

Similarly to the ,z(i),n case in [KMS], the intertwiner 

v ® u ~ - +  v A u  (v ~ V~ec,u ~ 5r, n+l), 

induced by the wedge product is related with vertex operators. Let us describe it 
briefly. The proof is similar to [KMS]. 

Take an intertwiner 

and normalize it by 

(cf. Appendix A). 

om : Vaa ® V(~m+l) -~ V(~m) 

I o 

(4.5.1) 

[] 
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Let 
~m : V(,~m) ® Q[H-]-Z+S,~ 

be the isomorphism in (4.4.3). We define 

fYm: Vafr ® V(Am+,) ® Q[H_] -~ V(~m) ® Q[H_] 

by requiring the commutativity of the following diagram 

Vaff @ V(/~m-t-1) ® Q [ H _ ]  " ~ .... Vaff ® ~ m - b i  
id @t,,~+l 

We shall write the intertwiners in the form of generating functions. 
ducing an indeterminate w (of weight 5), we set for v E Vafr 

v(~) = Z ~ , ~ v ® ~  -,~ , 

~ ( ~ ) ( ~ ,  ® ~) = ~.~(v(~) ® ~) 

am(~)(~  ® ~) = aM~(w)  ® ~) 

a L ( ~ ) ( v  ® ~) = a',,~(~(~) ® ~) 

= E 'I'm(z'*v®u)w-'~' 
77. 

7~ 

Here u E V(Am+I), ~2,,~+1 or V(/~m-l-1) ® Q[H_]. 
We define the vertex operator for the bosons by 

O(w) = exp %~ ] exp 

T h e o r e m  4.5.1. gt~(w) = ~5,~(w) ® O(w). 

BnW-n / - Tn/ 

(4.5.2) 

Namely, intro- 

(4.5.3) 

As a corollary of this theorem, we have the relations of the two-point functions 
of the vertex operators and % as in [KMS]. 

Set 
~v (~)(,,~) = ¢.~(w)(v ® ~) 

for u E f,~+l- For v,v' E Van', we define (~_l(wl)~5~'~(w~)) to be the coefficient 
of u:~m_ ~ in Ov,_l(wl)O2~'~(w.2)uxm+~ E V(A,~_l). We introduce functions by 

O J v , v , ( W 2 / W l )  ~- (~'rt - -  ]IV(Wl) A v ' (w2)  A tTTt, -l- 1) (4.5.4) 

Cv,v' (w2/wO = (q~.-I (wl)e2~' (w2)} (4.5.5) 

and 
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O(W2/Wi) = exp - E 
/ 7~ n>0 

Here for u • 5~m_l, ( m -  l tu means the coefficient of I r n -  1) in u. 
theorem above implies 

P r o p o s i t i o n  4.5.2. For v,v '  • Vaff, we have 

oa~,~, (w2 /wl  ) = ¢~,~, (w.2 /w~ )O(w2 /wa ). (4.5.8) 

This formula will be used later to calculate %~. 

Then the 

5. E x a m p l e s  o f  level  1 Fock spaces  

In this section we give some examples of the theory developed in the earlier sections. 
The case of level 1 type A (1) described in [S,KMS] is first reviewed in the perfect 

crystal language. Then we present results for types A (2), R(1) 4(2) D (1) and 

D(2) at level 1, corresponding to the perfect crystals of [KMN1] Table 2. n + l  

5.1. Pre l iminar ies  

Define [m, n] := {i • Z I m < i < n}. We label the simple roots by I = [0, n]. We 
choose 0 • I so that Wd is generated by {si}ici\{o} and ao = 1. 

We take fundamental weights {Ai}iei such that 

a~ = ~ ( h j ,  a~)ij + 5~,05 
jE1 

Let so : pO __+ p0 be a section of cl : po __+ Pc~ such that 

"0("°) c Z Z Q(a A,-a:Ao). 
i~,\{o} ic*\{o} 

Then we have 

f 80(~) 
s0(~ + c l (~i ) )  = 

so(:~) 

We regard V as a subspace of Vaff by 
is identified with Q[z,z -1] ® V. With 
Q[z,z - l ]  ® V is given by 

ei(a ® v) = z&"a ®eiv,  

£(a  ® v) = z-~i,"a ® •v. 

+ ai for i E I \ {0), 

+ a o - 5  ibr i = 0. 

V D V~ -~ (~fr)so(~) C Vaff. Then Vaff 
this identification, the action of Uq(~) on 
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Similarly we identify B as a subset of B~fr. 
In the examples that we treat in this paper, the action of Uq(g) on the lower 

global base of ~/at~ (respectively V) is completely determined by its crystal structure 
as we have 

eiG(b) = [1 + ~i(b)]iG(~ib), 

fiG(b) = [1 + ei(b)]iG(~b), (5.1.1) 

qhG(b) = q(h,wt (~)) G(b), 

f o r b e B a f f  ( b c B ) , i C I a n d h e P *  (hEPc~). 

5 . 2 .  L e v e l  1 A (1) 

5.2.1. Cartan datum. The Dynkin diagram for AI~ ) (n > 1) is 

For a ( 1 )  ~n w e  h a v e  

0 1 - - 2  

n 3 

I 
n - 1 . . . . .  4 

iCI 

iCI 

= 2 (i e I ) .  

5.2.2. Perfect crystal. Let J := [0, n]. Let V be the (n + 1)-dimensional rT'rA (1)~ ~ q  \ n j -  

module with the level 1 perfect crystal B : =  {bi}iEJ and crystal graph: 

bo 

°l 
bt~ 

1 ~ bl 2 * b'2 

t3 

I n--3 

The elements of B have the following weights 

wt (bi) = Ai+I - Ai (i C J). 



Vol. 2 (1996) Perfect Crystals and q-deformed Fock Spaces 455 

Let  vj := G(bj) (j E J). The  act ion of rr'lA (1)~ ,,q~ ,~ j on vj E V obeys (5.1.1). 

5.2.3. Energy function. The  energy function H takes the following values on B ® B 

1 for i > j ,  
H ( b ~ N b j ) =  0 f o r i _ < j .  

Wri te  H ( i , j )  for H(bi N bj) ( i , j  E J). 
The  Coxeter  number  of A (t),~ is h = n + 1 = dim V. We take 1 : B ~  ~ Z to be 

l(zmbj) = mh - j (m E Z , j  e J). 

The  funct ions H and 1 satisfy condit ion (L) (see end of §3.2). The  m a p  l gives a 
to ta l  order ing of /?af t .  

5.2.4. Wedge relations. We have 

N := Uq(A!~))[z ® z , z  -1 ® z - l , z  ® 1 + 1 ® z]'vo ® Vo C l~ee ® Vafr. 

T h e  following elements  are  contained in Uq(A~ )) " Vo ® Vo C N: 

Ci,i = vi ® vi (i E J), 

Ci,j  ----- Vi @ z--H(i'J)vj 

+ qz-H(i'J)vj ® vi (( i , j )  E j2 \ {(k, k )}kea)  • 

P r o p o s i t i o n  5 .2 .1 .  Identify Ci,j with Cb~,z-H(,j)% . Then {zm®zm'Ci,j  }mcX;Ljcj 
with the function 1 satisfies condition (R) of subsection 3.3. 

5.2.5. Fock space. For rr ra(1) ,~ q ~ - n  ) we have 

Brain = / ? ,  

(Pc+l)1 = {ACI}iEI, 

with 
=  (bj) = A j+l,nod h (j  E d) .  

Since H(bj ® bj-1) = 1 (j  E [1, n]) and H(bo ® zbn) = 1 there is a unique ground 
s ta te  sequence given as follows: every m E Z fixes uniquely a E Z and j E J such 
tha t  m = ah - j, then 

b~ = zabj (m E Z) ,  

cl(Am) = Aj+l  mod h (7/'/, E Z) .  

Wi th  v,~ = G(b~,),  the vacuum vector  of  5V,,~, is then given by 

O o O 
I m ) = v  m A v m +  1 A v m +  2A . . . . . .  

with highest  weight  )'m. 



456 

5.3. Leve l  1 "~2n 

M. Kashiwara et al. Selecta Math. 

5.3. i .  Car tan  datum.  

0 ~ 1  

For ~(2) ~*2n we h&ve 

The Dynkin diagram for A~27! (n > 1) is 

2 (n - 2) (n - 1) ~ ~ .  

5 = a 0 + L 2 o q ,  
i=1 

n-1 / 
c =  ( E 2 h i  +h, , ,  

\ i=0  / 

8 for i = 0, 

( a i , a i ) =  4 f o r i E [ 1 , n - 1 ] ,  

2 for i = n. 

5.3.2. Per fec t  crystal. Let J := [ -n ,n ]  and let V be the (2n + 1)-dimensional 
, (2)  U~(A2,~ )-module with the level 1 perfect crystal B := {bi}~j  and crystal graph: 

bl ~ --,- b2 2 . . . . . . .  n -2  , h,~-i ~-~ ,- b,~ 

I in 
o bi~ ~ 

The elements of B have the following weights 

wt (bl) = ~,_~k = (1 + 5i,~)Ai - Ai-1 
k = i  

wt (bo) = O, 

wt  ( b - d  = - wt  (hi) 

(i e [1, n]) ,  

(i e [1, n]) .  

rT, (4(2) Let vj := G(b~) ( j  E J ) .  The action of ~q~'~2n) on vj  E V obeys (5.1.1). 
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5.3.3. Energy function. Define the following ordering of o r 

l > - 2 > - . . . > - n > - O > - - n > - l - n > - . . . > - - 1 .  

The energy function H takes the following values on B ® B 

1 for ( i , j )  • {(i ' , j ' )  • j2 l i, _< j , }U {(0,0)}, 
H(bi N bj) = 0 for (i , j)  • {(i ' , j ' )  • j2 I i' >- j ' }  U {(k,k)}kej\{o}.  

Write H(i,  j)  for H(bi ® bj) (i, j • J). 

The Coxeter number of A ~  is h = 2n + 1 = dim V. We take l : Bafr -+ Z to be 

h m + n + t - j  for j • [1,n], 

l(zmbj) = hm for j = 0, 

h r n - ( n + l + j )  f o r j • [ - n , - 1 ] .  

The functions H and l satisfy condition (L) (see end of §3.2). The map l gives a 
total ordering of Baa'. 

5.3.4. Wedge relations. In Van" ® VafF we have 

N := U q ( A ~ ) [ z ® z , z  - t  N z - t , z  ® 1+ l ® z ] . v l  NVl.  

(2) The following elements are contained in Uq(A2, ~ ) • vl ® vl C N: 

Ci,i = vi ® vi (i • J \ {0}), 

Ci,- i  "~ vi @ z - g ( i ' - i ) V - i  or- q2vi+l N z - g ( i ' - i ) v - i - 1  

q- q2z -H( i , - i ) y_ i_ l  @ Vi+l 

+ q4z-H(i ' -Ov-i  ® vi (i • J \ {-1 ,0 ,  n}),  

Ci,j = vi ® z-H(i'J)vj 

+ qO'z-H(i'Y)vj ® vi ((i , j)  • j'z \ {(k, k), (k , - -k)}keJ) ,  

Co,o = vo ® z- lvo  + q212]v-,-~ ® z-lv,~ 

+ q2[2]z-lVn ® V-n + q'2z-lvo ® vo, 

C,~,-~ = Vn ® V-,~ + qVO ® VO + q4v-n ® Vn, 

C-l ,1  ---~ v-1 ® z - l v l  -1- q 4 z - l v l  @ v - i .  

Notice that each Ci,j has Vi®z-H(i'J)?2j as its first term and a term in z-H{i'J)vj®vi . 
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Define the following elements in N. 

for ( i , j )  e {(k,-k)}ke[,, ,q, 

G,j := E{=l(-q2)~-kd_k,~ for ( i , j )  e {(-k,k)}k~[,,n], 

Co 0 - q2121c_,  for (i, j )  = (0, 0). 

Explicitly for ( i , j )  E {(k , -k )}ke j ,  we have 

Cj,- j  = vj @ v - j  + q4v-j @ vj + q(-q2)'~-Jvo ® vo 

- ( 1 -  q4) ~ (_q2)k-Jv_ k ®Vk (j e [1,n]), 
k = j + l  

C-j , j  : v_j @ z - l v j  "Jc q4z- lv j  @ v- j  

j-1 
- (1 - q4) E ( _ q 2 ) j - k z - I v k  ®V_k (j e [1,n]), 

k = l  

Co,o = vo ® z - l vo  + q2z-lvo ® Vo 
7:t 

+ q2121( 1 _ q4) E ( _ q ' 2 ) n - k Z - l V k  ® v-k .  
k = l  

P r o p o s i t i o n  5.3.1. Identify Ci,j with C~,:-mc~tbj. Then {zm®zra'Ci,j }meZ;i,jeJ 
with the function 1 satisfies condition (R) of subsection 3.3, 

5.3.5. Fock space. We have Bmin : {bo} and (P+)a = {AC~} • Since H(bo, bo) = 1 
we have a unique ground state sequence (up to an overall shift by z k (k C Z)): 
b~ = bo and ~,~ = An (m E Z). Therefore the vacuum vector of the Fock space 
Ym is 

Ira} := vo A vo A vo A vo A . . . . . .  (m C Z). 

We set wt (Ira)) = An. 
As an illustration of the use of the q-adic topology, let us check Proposition 4.3.8 

t~ - t~  I 
on Ira): i.e. that [ei, fi].lm> = ~ . ' m ; .  The case i C I \ { n }  is trivial. For enlm>, 

consider first vn Alm + 1> = (-q2)J(vo)/'J A v,~ Alm + j + 1> (j ~ N). As j ~ oo, 
the vector vanishes by the q-adic topology on bvm. Hence 

CA) 

en" tin> = E ( v o )  Aj A (en" vo) A Im  + j + 1> 
j=O 

o o  

= [21E(vo) Aj A v,~ AIm + j + I> 
j = 0  

----0. 
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For fn we have 

Cx2 

f .  " Ira) = E ( v o )  ^i A ( A  " Vo) A tnlm + j + 1} 
j=0 

= q[2] E ( v o )  Aj A v _  n A ITn --l- j -}- 1} 
j=0 
c~ 

= q[2] ~_~(-q2)Jv_n A Im + 1) 
j=0 

= q[2](1 + q2)-lV_,~ AIm + 1) 
= v_,~ A Lm + 1). 

Then since 
en" fn"  I m) = en .'v_,~ A t m +  1) 

= vo A Im + 1) 

= Im),  

and [(hn, An)In = 1, this completes the check. 

5.4.  L e v e l  1 B (U 

459 

5.4.1. Cartan datum. The Dynkin diagram for B (1) (n _> 3) is 

o 2 3 - -  (n  - 2) 

! 
t 

(n  - 1) ~ n 

For B} 1) we have 
n 

5 = a o + a l  + E 2 a i ,  
i=2 

c = ho + hl + 2hi + hn, 
k i = 2  

( a i , a i ) =  { 42 fori=n.f°riE[0'n-1]' 

5.4.2 Perfect crystal. Let J := [-n,n]  and let V be the (2n + 1)-dimensional 
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U~(B}~l))-module with the level 1 perfect crystal B := {bi}ieJ and crystal  graph: 

b2 .2, ba a . . . . . . .  '~-~ bn-1 "::~ b,~ 

bl b-1 bo 

o',,,/1 b 
" ~ n - 2  n - i  

The  elements of B have the following weights 

1l 

wt (bi) = Z c~k = (1 + 5,i,n)Ai - Ai-1 - 5i,2Ao 
k = i  

wt (bo) = O, 

w t  (b_~) = - w t  (b~) 

(i • [1, n]), 

(i • [1, ~ ] ) .  

T; ,  ( B ( 1 )  ' , Let, vj : =  G(bj) (j • J). Tile action of , ,qt n j on vj • V obeys (5.1.1). 

5.4.3. Energy function. Define the following ordering of J 

l>-2>-.,.>-n~0>-n>-l-n>-...>--l. 

The energy function H takes the following values on B ® B 

H ( b i ® b j ) =  { 

2 for (i,j) = ( - 1 , 1 ) ,  

t for (i , j)  • { ( i ' , j ' )  • J2 \ { ( - 1 , 1 ) }  l i ' - <  j ' }  U {(0,0)},  

0 for (i,j) • {(i ' , j ' )  • j2 ]i' >- j '}  U {(k,k)}kej\{o}.  

Write H(i , j )  for H(bi ® bj) (i , j  • J). 
The  Coxeter  number  of B}~ ) is h = 2n = dim V - 1. We take l to be 

I 
bm + n + 1 - j 

l(z'%j) = hm 

h m -  (n + 1 + j) 

for j • [1,,~], 

f o r j  = 0 ,  

for j • [ - ~ , - 1 ] .  
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The functions H and I satisfy condition (L). Note that l(zmbl) = l(zm+lb_l) (m E 
Z), so the map l gives a partial ordering of Bag. 

5.~.4. Wedge relations. We have 

N : =  ~Jq(B(nl))[z ® z, Z - 1  ® Z--l,Z ® 1 + 1 ® z ] .v l  ® vl C ~ ® Vaff. 

The following elements are contained in Uq(B(n I)) " V  1 ® V 1 C N: 

C i , i  ~ vi 

Ci,-i : Vi 
+ 

+ 

~Yi,j = Vi 
+ 

Co,o ~ Co 

® vi (i C J \  {0}), 

@ z--H(i'-i)v_i • q2vi+l ® z-H(i'-i)v_i_l 

q2z--H(i'--i)v_i_l ® Vi+l 

q4z-H(i'-i)v-i @ Vi 

@ z-H(i'J)vj 

q2 z-H(i'J)vj ® Vi 

® z - lvo  + q2[2]v-n ® z - l vn  

( i C J \ { - 1 , O , n } ) ,  

((i, j) e j2 \ {(k, k), ( k , - k ) } ~ j ) ,  

+ q2[2]z-lvn ® v-n  -1- q2z-lvo ® vo, 

Cn,-n = Vn ® V--n + qVO ® VO + q4V--n ® Vn, 

C-1,1 -~ v - i  ® z-2vl -{- q2 z - l v - 2  ® z- iv2  

+ q2z-lv2 ® z-iv-2 + q4z-2vl ® v-1. 

Each Ci,j has vi ® z--H(i'J)vj as its first term and a term i n  z-H(i'J)vj @ Vi. 

Define the following elements in N. 

Ci,j :--~ { J 2 j - k -  Ek=2(-q ) C-k,k 
do,o -- q212]C-~,~ 
5-1,1 - q'2(z-1 ® z-1)C2,-2 

for ( i , j )  e j2  \ {(k,-k)}kcj,  
for ( i , j )  e {(k,--k)}kE[1,n]: 
for ( i , j ) e  {(-k,k)}ke[2,~], 
for ( i , j )  = (0,0), 
for ( i , j )  = ( -1 ,  1). 

Explicitly for (i, j )  E { ( k , - k ) } k c j ,  we have 
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Cj,_j  : vj @ v_j  -t- q4v_j @ yj q- q(--q~)n-Jvo @ vo 

- (1 - q4) E (--q'2)k-Jv-*" ® Va: 
k=j+ l 

C_j , j  : v_ j  @ z - t v j  Jr- q 4 z - l v j  ® v_j  

j -1  
- (1 - q4) E ( _ q 2 ) j - ~ z - , v k  ® v-k  

k=2 

-- ( - -q2 ) j - - l ( z - l v l  @ V--1 -1-V-1 @ z - l v l )  

Co,o = vo ® z - l vo  + q2z-lvo ® Vo 
n 

+ q212]( 1 _ q4) E ( _ q ' 2 ) n - t : z - l v k  ® V-t: 
k=2 

+ q'212](-q2)'*-l(z-lv1 ® v-1 + v - i  ® z- iv1) ,  

C - 1 , 1  : v - 1  @ z - 2 v l  "F q4z-2Vl @ V-1 

+ q(--q2) '*-lz- lvo ® vo - (1 - q4) E ( _ q 2 ) k - X z - l v _ k  ® Vk. 
k=2 

(j e [1, 

(j e [2, n]), 

P r o p o s i t i o n 5 . 4 . 1 .  Ident i fyCi j  w i thC b. .-m~.J bj. Then r z ' n~zm C" "~ " ' 
with the function 1 satisfies condition (R) of subsection 3.3. 

5.¢.5. Fock space. For Uq(B!~ )) we have 

Brain = {bl, b0, b- l} ,  
(P+) I  c . c l  . c l  ~,ch 

-~ ~A l ~ / t n , A 0  j', 

with 

e ( b l ) = a ~  l, c(bo)=A,Cl l, c ( b - 1 ) = A ~  l, 

~o(bl) = A~ l, 99(bo) = A,Cl ~, ~ (b - l )  = A~ I. 

Since H(bo ® bo) = 1, H(bl N zb_l) = 1 and H(zb_l  ® bl) = 1, there are two ground 
state sequences (up to overall shifts by z ~ (k E Z)): 
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and 
bl for m C 2Z, 

b~, = zb-1 for m C 2Z + 1, 

A~ - T6 for m C 2Z, 

A,~ = A0 --=---.m~15 for m C 2Z + 1. 

The vacuum vectors are respectively 

I m } : = v o A v o A v o A v o A  . . . . . .  

with wt (Ira)) = Am and 

f v l /~  z v _ l  A vl A . . . . . .  

zv_] A Vl A ZV--1 A . . . . . .  

(m ~ Z), 

for m E 2Z, 

for m E 2 Z +  1, 

with wt (Ira)) = A1 - ~ a  (m:  even), Ao - m~. 1 ~5 (m:  odd). 

5.5. Level  1 A~_:L 

0 P 2  

f 
1 

For n(2) we have "*2n-1 

5.5.1 Caf tan  datum. The Dynkin diagram for n(2) (n > 3) is ~12n-- 1 

3 - -  ( n -  2) ( n -  1) ~ n 

c~--h°-~hl q- ( ~ 2 h i )  

2 for i E [ 0 , n -  1], 

( a i , a i ) =  4 f o r i = n .  

5.5.2. Perfect  crystal. Let J := [ - n , - 1 ]  U [1,n]. Let V be the (2n)-dimensional 

U~(A~_l)-module with the level 1 perfect crystal B := {bi}iej and crystal graph: 

b2 2. b3 a . . . . . . . . .  n-~ bn-1 n-1 b,~ 

bl b-1 ~. 

o',,/1 
b-2 .~. b-3 "-5- . . . . . . .  bl-,~ • b -n  n--2 n--I 
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The elements of B have the following weights 

w t ( b i ) = a n / 2 +  E a k = A i - A i - l - 5 i , 2 A 0  ( i e [ 1 , n ] ) ,  
ke[i,n-ll 

wt (b-i) = - wt (hi) (i e [1, n]). 

*/A(2) Let vj := G(bj) (j E J), The action of U~,.e~,_lj on vj E V obeys (5.1.1). 

5.5.3. Energy ]unction. Define the ibllowing ordering of J 

l ~ 2 > - . . . ~ - n ~ - - n ~  1 - n ~ - - . . . ~ - - 1 .  

The energy function H takes the following values on B ® B 

2 for (i,j) = ( -1 ,1 ) ,  

H(bi®bj )=  1 for (i,j) e { ( i ' , j ' ) •  j 2 \ { ( _ 1 , 1 ) }  t i ' - ~ J ' } ,  

0 for (i,j) • { ( i ' , j ' ) •  J'~ l i '  ~ j ' } U { ( k , k ) } k e j .  

Write H(i,j)  for H(bi ®bj) (i,j • J). 
The Coxeter number of ~(2) i s h = 2 n - l = d i m V - 1 .  We t a k e l t o b e  ~2n--1 

{hm+n - j  f o r j • [ 1 , n ] ,  
l(zmbJ) = h m -  (n + l + j) t b r j • [ - n , - 1 ] .  

The functions H and 1 satisfy condition (L). Note that l(zmbl) = l(zm+lb_x) (m • 
Z), so 1 gives a partiM ordering of Baff. 

5.5.g. Wedge relations. We have 

(2) 
N : :  Uq(A2n_I)[Z@Z,Z -1 @ Z--I,z @ 1 + 1 ® Z ] ' V  1 ®Vl  C Va, ff @ V, ag. 

The following elements are contained in U /A (2) q~ '~-1)  .vl  ®vl  C N: 

C'/,i = vi ® vi (i ¢ J) ,  

Ci,- i  "~ vi @ z - H ( i ' - i ) v - i  q- qvi+l ® Z-H(i'-'OV-i-1 

-k qz-H(i ' - i )v- i--1 @ Vi+l 

-~ q2 z--H(i'-i)V--i @ Vi 

Ci,j : vi @ z-H(i 'J)vj  

-I- qz--H(i'J)vj @ Vi 

d n , - n  : Vn @ V--n "Jr q2v--n @ Vn~ 

C-1,1 = v -1  ® z -2v l  -[- qz-lv-2 ® z-iv2 

-t- q z - l v2  @ z--lv--2 -I- q2z--2Vl @ V--1. 

(i ¢ J \  

((i,j) C J~ \ {(k,k), (k , -k)}kEj) ,  
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Each Ci,j has vi ® z--H(i'J)vj as its first term and 
Define the following elements in N. 

for 

~-~k=i (--q ) k--i dk,--k for 
Ci,j := Ejk:2(_q)j_t~d_k,k for 

5--1,1 -- q(z -1 ® z-1)C2 -2 for 

Explicitly for ( i , j )  C {(k,--k)}kej,  we have 

C j , _ j  -~ v j  @ ~)_j -~- q2v_j ® vj 

- ( l - q 2 )  ~ (_q)k - jv_  k ® v k  
k=j-l-1 

C - j , j  : v - j  @ z - - l v j  -~ q 2 z - l v j  @ V_j  

j--1 
-- (1 -- q2) ~ ( _ q / - k z - l v k  ® V-k  

k=2 

- - ( - - q ) j - - I ( z - - l v l  ® V _  1 ~-V-- 1 ® Z- - Iv l )  

C-1 ,1  : v - 1  @ z - 2 v l  -J- q2 z - 2 v l  @ v - 1  

n 

- (1 - q~) E ( - - q ) k - l z - l v _ k  ® Z-lVk. 
k=2 

a term in z-H(i'J)vj @ V i. 

( i , j )  e J~ \ {(k , -k )}ke j ,  

(i , j)  e {(k,-k)}~e[1,,~], 

( i , ;)  e {(-k,k)}k~i~,~l ,  

(i , j)  = (-1,1) .  

(j e [1, n]), 

(j e [2, n]), 

£ Z ra ~C-~ Z m C 1 P r o p o s i t i o n  5.5.1. Identify Ci,j with Cb,,~-,,,~)b~. Then ~ ~ " i,j j,~ez;i,jeJ 
with the function l satisfies condition (R) of subsection 3.3. 

5.5.5. Fock space. For (2) Uq(A2n_l) we have 

Bmin = {bl, b-1 }, 

(P,~)~ = {a~ ~, A~}, 

with 

¢(bl) = A~) 1, e(b-1) = A~ l, 

~(bl) = A~ 1, ~(b-1) = A~)'. 

Since H(bl ® zb-1) = 1 and H(zb-1 ® bl) = 1 there is one ground state sequence: 

bl for m C 2Z, 

b~, = zb_l f o r m E 2 Z + l ,  

{A1 - ~ 5  for m ~ 2Z, 

A m =  A0 ~ 5  f o r m E 2 Z + l .  
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The  vacuum vector  of jr is 

Vl A zv_~ A Vl A . . . . . .  for m C 2Z, 
Irn) := 

zv-1 AVl A ZV_l A . . . . . .  for m E 2 Z +  1, 

with wt (Ira)) = A1 - ~5 (m: even), Ao - ,,z~.~ i (~ (Tn,: odd). 

5.6. Level 1 D 0) 

5.6.t. Caftan datum. 

......... 2 

1 

F o r / 9  (1) n we have  

The  Dynkin  d i ag ram for D}~ ) (n _> 4) is 

3 ( .~ - 3 )  - -  ( ~  - 2 )  n 

( n  - 1 )  

n-- 2 / 

c =  ho + th + ( E  2hi + hn-1 + hn, 
\ i = 2  / 

a i , a i )  = 2 (i e I ) .  

5.6.2. 
U~(D}~))-module with the level 1 perfect  crystal  B := {b{}{ez and crystal  graph:  

Perfect crystal. Let  J :=  I - n , - 1 ]  U [1,n]. Let  V be the (2n)-dimensional  

The  elements  of B have the following weights 

/ n - 2  \ 

= Ai - A i - 1  -b 3 i , n - l A n  - (~i,2Ao 

wt (b-i) = - wt  (bi) 

(i e [1,n]), 

(i e [1,,~1). 

b2 2 b3 3 . . . . . . . .  n-~ b,,_2 ~ bn-1 

bl b-1 b,, b_,~ 

. . . . . . . .  b2-n ~ bl-,~ b - 2  q'2 b - 3  3 n - 3  n--2 
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TT'~n (i) 1I (5.1.1). Let vj := G(bj) (j E J). The action of ~q~-n ) on vj E obeys 

5.6.3. Energy function. Define the following ordering of J 

l > - 2 > - . . . > - n > - n > - l - n > . . . > - - 1 .  

The energy function H takes the fbllowing values on B ® B 

2 i f ' ( i , j )  = ( - 1 , 1 ) ,  

H ( b i ® b j ) =  1 i f ( i , j )  e { ( i ' , j ' ) e g 2 \ { ( - 1 , 1 ) } l i ' - < j ' } U { ( n , - n ) } ,  

0 if" ( i , j )  e {( i ' , j ' )  e j2 \ { ( n , - n ) }  l i' >- j '}  U { (k ,k ) }ke j .  

Write g ( i , j )  for H(b.i ® by) ( i , j  E J). 
The Co×eter number of D (1) is h = n + 1 = dim V - 2. We take 1 to be 

{hm+n - j  f o r j E [ 1 , n ] ,  

l(z '%j) = h m -  (n + j)  f o r j e [ - n , - 1 ] .  

The functions H and t satisfy condition (L). Note that t(zmbi) = l(z'~+ib_l) and 
l(zmbn) = l(zmb_,~) (m E Z), so l gives a partial ordering of Baff. 

5.6.4. Wedge relations. We have 

N := Uq(D~i))[z®z,z  -* @ z - i , z  ® 1 + l ® z ] . v l  ®vl  C V;fr ® Va,. 

The following elements are contained in Uq(D~z 1)) .Vl ® vi C N: 

Ci,i = vi @ vi (i E J), 

Ci,-i  = vi ® z -H( i ' - i )v - i  jr qvi+l ® z -H( i ' - i )y - i -1  

+ qz--H(i'-i)v--i--1 ® Vi+l 

+ q 2 z - U ( i ' - i ) V _ i  ® V i (i E J \ { - 1 , n } ) ,  

Oi,j = vi ® z-H(i'J)vj 

Jr qz-H(i'J)vj @ Vi (( i , j )  E j2  \ {(k, k), (k , - -k)}kea) ,  

Cn,-n ~ Vn ® z--lV--n Jr qVl--n ® z--lVn--1 

Jr qz--lVn--1 @ Vl-n Jr q2z--lv-n ® Vn~ 

C'--1,1 = V--i ® Z--2Vl Jr qz--iv--2 ® Z--iV2 

Jr qz--iv2 ® Z-iV--2 Jr q2z-2vi ® V--i. 

Each 0i, j  has vi ® z-H(i'J)vj as its first term and a term in z-Z(i 'J)vj  ® Vi. 
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Define the following elements in N. 

d ,j 

En --1/ ",k-i~ k:i ~-q) O k,-k 
J Ci,j := ~k=2(--q)J-kO-k,k 

C,~,- ~ - q C l  - , ~ , , ~ -  i 

0--1 ,1  --  q(z -1 ® Z - 1 ) C 2 , - 2  

j) E {(k,-k)}kcJ,  we have 

@ V_j + q2y_j @ Vj 

"n--1 
- (1  - q2) E (--q)t:-Jv-k ®'v'c 

k = j + l  

- ( -q)n-J(vn  ® v - n  + v-n  ®vn) 

C_j,j  : ~3_j @ z - l v j  -l- q2z--lvj @ V--j 

j--i 
- ( i  - ® 

k=2 

Explicitly for ( i ,  

Cj , - j  : vj 

for (i , j)  6 j'2 \ {(k , -k)}kcj ,  

for ( i , j )  6 {(k,-k)}ke[<n-1], 

tbr (i , j)  e {(-k,  k)}ke[2,,q, 

for (i, j)  = (n,--n),  

for ( i , j )  = (-1,  1). 

(j 6 [1,n]), 

_ ( - q ) J - l ( z - l v l  ® V _  1 "[-V_ 1 @ z - - l v l )  

Cn,-n m Vn ® z - l v - , n  + q 2 z - l v - n  @ V,n 

n-- 1 
- -  ( t  --  q2) E ( _ _ q ) n - k z - l v k  @ V-k 

k=2 

- ( -q )n - t ( z - Iv l  ®v-1 +v-1  @ z - - l v l )  

C - 1 , 1  --- v - 1  @ z -2v l  q- q2 z -2vl  ® v- i 
n--i 

--  (1 -- q2) E ( _ _ q ) k - l z - l v _ k  @ z - l v k  
k=2 

_ (_q) '~- l ( z - lvn  ® z-lv_~, + z - l v_ , ,  ® z- lv , , ) .  

(j e [2, 

P r o p o s i t i o n  5.6.1. Identify Ci,j with Cb~,:-H(, j)~j. Then {zm®zm'Ci,j},~cz;<jEj 
with the function 1 satisfies condition (R) of subsection 3.3. 

5.6.5. Fock space. For Uq(D}~ )) we have 

Brain = {bl, b-l,  b~, b_~}, 
(P+)I /Ac l  Acl el el : 1.~'1 , ~ 0  ,A~_I,An}, 
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~ ( b , )  = Aa ~, 

e (b-1)  = A ci 

~(b~)  = A~,~, 

e ( b - n )  ci 

(p(bl) = A~ I, 

(fl(b-1) = A~) l, 

~(b,~) = A d N--i, 

~ ( b _ n )  = A~ ~ 

Since H ( b l  ® z b - 1 )  = 1, H ( z b _ l  ® b l )  = 1, H ( b n ® b - n )  = 1 and H ( b _ ~ N b ~ )  = 1, 

there are two ground state sequences: 

bl for m E 2Z, 

b~ = zb-1  f o r m E 2 Z + l ,  

A1 - ~5  for m E 2Z, 

Am= A0 m-15 f o r m E 2 Z + l ,  

and 
bn for m C 2Z, 

b,~= b_~ f o r m C 2 Z + l ,  

Am= { An-1 f o r m C 2 Z ,  
An for m E 2Z + 1. 

The vacuum vector of 5:,~ are respectively 

Vl A ZV-1 A vl A . . . . . .  for m C 2Z, 
Ira) :--  

ZV--1 A Vt A z v - 1  A . . . . . .  for m C 2Z + 1, 

with wt (Im)) = A1 -- ~ (5  ( m  : even), Ao - m-12 6 (m : odd), and 

vn A V-n  A vn A . . . . . .  for m C 2Z, 
I-~) :---- 

V-n  A Vn A V-n  A . . . . . .  fbr m E 2Z + 1, 

with wt (Im)) = A n _  1 (m:  even), A,, (m:  odd). 

5.7 .  L e v e l  I r)(2) ~ n +  1 

5.7.1. Cartan datum.  

0 ~ 1  

The Dynkin diagram for r)(2) (n > 4) is ~ n + l  

2 - -  ( n  - 2)  ....... ( n  - 1) ~ n 
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For 19(2) ~ ' n + l  w e  h&ve 

¢~=  E O Z i ~  
iEI  

c= ho + ( E  2h,i} + h,~, 
\ i = 1  / 

2 tbr i • {0, n}, 

( ~ , a ~ )  = 4 for i • I \ {0,.,}. 

5.7.2. Perfect crystal. Let J := [-n,n] U {¢}. Let V be the (2n + 2)-dimensional 

U~(D}i~l)-module with the level 1 perfect crystal B := {b~}~cj and crystal graph: 

bl 1 *- b2 2 , . . . . . .  n--2 ,. b n - I  n - I  *. bn 

o t 
be bo 

°l 1 
b-1~--7 - -b- '2  " "2 . . . . . .  ~ b l - r ~  ~ b - , ~  

The elements of B have the following weights 

wt (b~) = E a k  = (1 + (~i,,~)A~ - (1 + (~i,1)Ai-1 
k=i  

wt (bo) = 0 

wt (b,) = 0 

wt (b_d = - wt (b~) 

(i • [1, ~]) 

(i • [1, n]). 

Let vj : :  G(bj) (j C J). Tile action of fr'rr)(2) ~ q ~ n + l J  on ?2j E V obeys (5.1.1). 
Let Jo := J \  {¢}- Let Vo denote that subspace of V spanned by {vj}jej, .  Then, 

Vaff decomposes into two Uq (D}:~l)-modules: 

v ~  = (Vo o C[z ~ , z -~] + , ,  o zC[z 2 , ~-~]) 

o (vo ® zC[z ~, ~-~] + v ,  @ c[z  2, z-S]) .  

5.7.3. Energy function. Define the following ordering of J 

l ~ - 2 > - . . . > - n > - O ~ - n > - l - n > - - . . > - - l > - ¢ .  (5.7.1) 
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The energy function H takes the following values on B ® B 

2 for ( i , j ) e  {(i ' , j ' )  e Jo 2 l i ' - ~ j ' } U  {(0, 0), (¢, ¢)}, 
g ( b ~ ® b j ) =  1 f o r ( i , j )  E { ( k , ¢ ) , ( ¢ , k ) e J e l k e J \ { ¢ } } ,  

0 for ( i , j )  e {(i ' , j ')  e J~ ]i' ~ - j ' }U{(k ,k )}keg\{o ,¢} .  

Write Y ( i , j )  for H(bi ® bj) ( i , j  e J). 

The Coxeter number of ~n+l n(2) is h = n + 1 = ½ dim V. We take l to be 

{ h m + n + l - j  for j e [1,n], 
l(zmbj) = h m  for j e {0, ¢}, 

h m - ( n + l + j )  for j e [-n,  -1] .  

Tim functions H and l satisfy condition (L). Note that l(zmbo) = l(z'~b¢) and 
l(z'r~bi) = l(zm+lbi_h) (m E N and i E [1, n]), so 1 gives a partial ordering of Bart. 
(1 gives a total ordering of each of the crystals of the two irreducible submodules.) 

5.7.4. Wedge relations. In V~fr ® Va~ we have 

rr ( r) (2) N := _ ~ , ~ + l ) [ z Q z , z  -1 ® z - l , z  ® 1 +  1® z] . v l  ®vi .  

The following elements are contained in Uq(D~:~l)[z ® z, z -1 ® z-1] . vx ® v1 C N: 

= ® (i e J \ {0, ¢}), 

Ci,- i  = vi @ z - H ( i ' - i ) v - i  n t- q2vi+l ® z - H ( i ' - i ) v - i - 1  

+ q 2 z - H ( i ' - i ) v - i - 1  @ Vi+l 

+ q 4 z - H ( i ' - i ) v - i  ® vi (i C J \ { -1 ,  O, ~, n}), 

Ci,j = vi ® z-II( i 'J)vj  + q2 z-H(i 'J)v j  @ vi 

( ( i , j )  e j2  \ {(k,k), (k , -k)}kcJ) ,  

Co,o = vo ® z-2vo + q212]v-~ ® z-2v~ 

+ q2[2]z-~vn ® v-n  + q2z-2vo ® Vo, 

C.,~,-~ = Vn ® v-n  + qvo ® Vo + q4v-n ® vn, 

C-1,1 = u-1 @ z - 2 v l  2i- q z - l v ¢  ® z - l v ¢  2~ q4z-2v l  @ v_ I , 

C¢,¢ = v¢ ® z-2v¢ + q212]z-1vl ® z - l v _ l  

+ q212]z-lv_1 ® z- iv1  + q2z-2v¢ ® v¢. 
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Notice that each Ci,j h a s  Vi@Z-H(i'J)vj as its first term and a term in  z-H(i ' j)f j  @Vi. 
Define the following elements in N. 

Ci,j for (i , j)  e j2 \ {(k , -k)}ked ,  

E n  , ' ) xk - i  d k=ii--q-) ~:,-k for (i,j) e {(k,-k)}ke[1,,~], 

C~j := J , Ek=l(--q2)5--kd_k,k for (i,j) e {(-k,k)}ke[1,,,], 

Co,o -q212]C-,,,,,~ for (i,j) = (0, 0), 

C ¢ , ¢ - q 2 [ 2 ] ( z - X ® z - i ) C l _ ~  tbr ( i , j ) = ( ¢ , ¢ ) .  

Explicitly for (i , j)  e {(k,--k)}ked U {¢}, we have 

Cj _j : vj @ v_j -1- q4v_j @ vj -t- q(-q2)n-Jvo @ vo 
'tl 

- (1 - q4) E (--q2)k-iv-k ®vk (j 6 [1,n]), 
k = j + l  

C_j,j = v_j ® z-2vj  ~- q4z-2vj @ v_j --1- q ( -q2) j - l  z-lvc) ® z - l v ¢  

j - t  
-(1 - q 4 ) Z ( _ q ' 2 ) j - ~ z - 2 v ~  ® "v_~: (j e [1,n]), 

k = l  

Co,o = vo ® z-~vo + q2z--2vo ® vo + q[2](-q2)'~z-Zv¢ ® z - l v¢  

--  [21(1 -- (t 4 ) E ( - - q 2 ) n + l - k  z-2Vk @ "O--k, 
k= l  

C ¢ , ¢  = v¢  ® z-2v¢ + q2z-2v¢ ® v¢ + q[2](-q2)~'z-lvo ® z - lvo  

-- [2](1 -- q4) E ( _ q 2 ) j z - l v _ j  ® z - l v j .  
k = l  

P r o p o s i t i o n  5.7.1. Identify Ci,j with Cb ,z - , , , j  v~ Then {~ @Z "Ci,j}mCZ;*,3EJ 
with the function t satisfies condition (R) of subsection 3.3. 

5.7.5. Fock space. For (2) Uq(Dn+l) we have 

Brain = {b0, b¢}, 

with 

c(bo) = A,c~, c(6~) = A;', 

~(bo) = A,~ l, ~(b¢) = A~ 1. 
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Since H(bo ® z-lbo) = 1 and H(b¢ ® z-lb¢) = 1, there are two ground state 
sequences (see also the remark at the end of §6.6): 

b°m = z-mbo (m G Z), 

cl( m) = An e Z), 

and 

b,~ = z-robe (m E Z), 

cl(£m) = A0 (m E Z). 

The vacuum vectors of :Pro are respectively 

Ira) := z-mvo A z- '~-lvo A z-'n-2vo A . . . . . .  (m E Z), 

with wt (Ira}) = A~, and 

Ira) := z- '~v¢ A z - m - l y e  A z-m-2v¢ A . . . . . .  (m E Z), 

with wt (]m)) = Ao. 

6. Level  1 two point  funct ions 

In this section we calculate the boson commutation relations using the decompo- 
sition of the Fock space vertex operator into a product of a Uq(g)-vertex operator 

and a bosonic vertex operator (Theorem 4.5.1), for level 1 a(2) B (1) a(2) D(1) 
" ~ 2 n '  n ' ~*2n--1, 

and r)(2) The two point functions of the level 1 Uq(g)-vertex operators that we ~ n + l "  

use are due to Date and Okado [DO] (except for type r)(2) which is given in *'*n+l 
Appendix C). 

6.1. S u m m a r y  

a V In the following table we list the dual Coxeter number h v : =  EiEI i ,  P := 
= a(1) A(2) B O) a(2) and q(~ .... °)/(2av) and ~ : =  (--)r-lp hv for g X(~ r) of types ..n , 2n, ,~ , "~2n-1 

D(1). 
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h v 

P 

A~ 1) 

n + l  

qn+l 

A(2) B!I)  
27), 

2n + 1 2n - 1 
q2 q'~ 

_q2(2,+1) q2(2,~-1) 

A(2) D(1) 
2n--1 n 

2n 2n - 2 
q q 

_q2n  q2n-  2 

P r o p o s i t i o n  6.1.1 [KMS]. For A(n 1) at level 1, we have 

~/m ~ ~t  1 - q2m' 

See [KMS] §2 for the proof. 

Let g X~ r) be of type A (2) B!~ ), a(2) D}~ ). = 2n' "*2n--1 or Let Ig} be one of the vac- 
uum vectors of the Uq (t~)-Fock modules described in the previous section. For each 
type, direct calculations of B m "  B_,,,~ - I~} for small m, suggest the following re- 
sult. 

= ~ 4 (2), B}~ ) 4 (2) D (1)1 at level 1, we have T h e o r e m  6.1.2.  For 9 X~( ) ~ t* 2n  , "  2 n - - l ,  n t 

1 + ~"~ 
7 m  : r n  l _ p 2 m .  

In this section we prove this theorem case-by-case using Proposition 4.5.2. We 

also give a corresponding result for level 1 r)U) 
~ n + l  " 

For this boson commutation relation, the boson two point function (4.5.7) is 

(w2/wl ; ~2)°° (p2~w2/wl;~2)°~ (6.1.1) 
o(~.~/~1) = (p~2/~ l ;~)~(~w~/w~;~' )~"  

Let us introduce the operator Z(t ,  d) E End (Eaf~ ® Va~) defined by 

Z( t ,  d) : :  z t ® Z d- t  + 6(2t > d)z d- t  ® z t - 5(2t < d)z t ® z d- t  (t, d 6 Z). 

Note that Z( t ,  d) is a symmetric Laurent polynomial in z ® 1 and 1 ® z, so we have 

L e m m a  6.1.3.  Z( t ,  d ) .  N C iN (t, d C Z) .  

6.2. T y p e  zl(2) 

Recall we have Am = An and b~ = b0 (m C Z). So the level 1 intertwiner maps 

¢,,~ : v ~  o V(A~) ~ V(A,) (m ~ Z). 
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From [DO], (up to a factor  of a constant  power in w 2 / w l )  we have in our  nota- 
t ion (4.5.5) 

Define 

Cvo,vo(W2/Wl) = (1 - ph"+lW2/Wl)  

(p 2h v + 2 w2 / wl  ; p 2h v ) ~ ( -  p 3h v w2 / wl  ; p 2h v ) ~ 
X (_phv +2w2/w~ ; p.~h~ )~ (p2hv w2/~; p~.hv )~ 

g j ( t ) : = ( m - - l t z t v j A z - t v _ j A I m + l )  ( j e J ; t e Z ) .  

Note that  go(0) = 1, g_j(O) = 0 (j E [1,n]) and gj(t)  = 0 (j E J; t E Z<o). 

P r o p o s i t i o n  6 .2 .1 .  go(t) satisfies the following recurrence relation 

go(t) - (p2 _ ph v )go(t -- 1) -- phV +2 go(t -- 2) = 

~_ ~ h V + l  5 (~t,0 -- (1 + phV+l)(~t,1 /J t,2. (6.2.1) 

The  proof  for n > 1 goes as follows (the exceptional case n = 1 is similar). 

n 
2 n- -k  go( l )  + q'2go(O) + q212](1 - q4) ~--~.(_q ) gt:(O) + go(O) = O. 

k = l  

From Ck,-k (k E [1, n]) we get 

gk(O)+q(--q2)'~-kgo(O) = O. 

Combining these two relations, we get 

g 0 ( 1 ) + ( 1  - q4 + q4n+2+q4~+4)go(O)=O ' 

which is (6.2.1) with t = 1. 
The  recurrence  relation in the general case (t E N) comes from 

At  = ( Z ( t ,  1) - - p h V + l z ( t  -- 1, 1 ) ) .  Co,o 

+ [ 2 ] ( 1  - -  p2)(_p)n+l E ( (_p)-J z( t  _ 1,0)" Cj,_j 
jml 

- ( - p / z ( t  - 1,1). c_j,j). 

Proof. 
First  note  that  any element in N ,  that  is generated by C j _ j  (j  E J) ,  gives rise to a 
linear relat ion of some gk(t) (k C J ,  t C Z). For example (z ® 1 + 1 ® z) .  C0,o gives 
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Let A~ denote the image of A t  in V~fr A V~fr. We have: 

(m-  lJA['AJm + 1) = 

9o(t)  - (p hv+' -P)9o( t  - 1) -phV+290(t -- 2) 
n 

+[2](1  - p2 ){  _ (gj(t - 1) - ( - - p ) h V + l g j ( t  -- 2)) 

j = l  

n 
n +  1 --j 2 

+ E ( - p )  ( g j ( t - 1 )  + p g _ j ( t - 1 ) )  
j = l  

h v ( - p )  - ( - p )  . 
- q -~-_ p~ go ( t  - 1) 

- (1 - p2)p,~+l E ( _ ) j [ j  _ 1]pg_j( t  - 1) 
j = l  

- E ( - p )  ' ' + l + j  ( g _ j ( t -  1 ) +  p 2 g j ( t -  2)) 
j = l  

' t l  

- (1 - p:~)p h v + '  E ( - ) " - J [ n  - j ] pg j ( t  - 2 ) } +  
j = l  

+ 5(2t  > 1)9o(1 - t) - 5(2t  < 1)g0(t ) 

- p  h v + l ( 5 ( 2 t  > 3)90(2 - t) - 5(2t < 3)g0( t -  1)) = 0. 

All terms in 9k (k E J \ {0}) cancel and the proposition follows. [] 

The two point function of Fock intertwiners (4.5.4) is given by 

Corollary 6.2.2. 
(1 - W2/Wl  )(1 -- ph V + l w 2 / w ,  ) 

wv,,,v,,(w2/wl) = ( 1 - p 2 w ~ / w l ) ( 1  + phV W 2 / W l )  " 

Proof.  Note that co~,,,~,,(w) = ~ t c N  wtgo( t )  • Multiplying both sides of (6.2.1) by 
w t (w := w2/wl) and summing over non-negative t we get 

(1 - (p2 _ ph v )w  -- p hv +2 W 2) E w t g0 (t) = 1 -- (1 + p hv + 1)W + p hv +1W 2 ' 

tEN 

from which the result follows. 

Hence 

COvo,vo(w21wl) 

in agreement with (6.1.1). 

hV+2 2h v . 2h v ( -p  w2/wl;p )oo( 2/ 1,p )oo 
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6.3. T y p e  B(n 1) 
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Recall that we have two ground state sequences (~ = 0, 1) 

J" b~ for m E 2Z, 
b° 

z~b_~ f o r m • 2 Z + l ,  

and 

(1 - s)A~ + a(A1 - m~) for m • 2Z, 2 
Am= (1 ~)A,~+~(Ao m - l ~  f o r m • 2 g + l .  2 ] 

Prom [DO], (up to a factor of a constant power in w2/wx) we have in our 
notation (4.5.5) 

Cva_~,v,°. (w2/wl) = (1 + phV+lw.~/wt) ~'° 

(P 2hv +2W2/Wl ;P 2by )cx~ (P 3hv W2/Wl ;P 2hv )oo 
X 

(ph  ~ + 2 w, 2 / w ~ ; p2h  È ) ~  (p2 h È w :  / w l  ; p 2h ~ )oo " 

By a diagram automorphisrn, it is sufficient just to consider the case when m is 
even. Let m • 2Z. Define 

g j ( t ) : = ( m - l l z t + % j A z - t v _ j A I m + l )  ( j E J ; t E Z ) .  

Note that g_~(0) = 1, g_j(-~c) = 0 (j C [1,n]) and gj(t) = 0 (j E J; t C 7/,<0). 

P r o p o s i t i o n  6.3.1. g_~(t) satisfies the following recurrence relation 

h V g _ ~ ( t ) _ ( p 2 _ p  )g_~( t - -1 ) - -ph~+2g_~( t - -2 )=  

~t,0 (1 x _hv+l~x x _hV+lx 
_ _ u ~ , O p  J u t , 1  - -  u ~ , o p  o t , 2 .  (6.3.1) 

Pro@ The proof is like the proof of Proposition 6.2.1 for type ~(2) but using 

At :=(Z(t ,  1 + to) +pl+hV~,°Z(t + ~ - 1, 1 + ~))Co,o 
n 

"4-[2]Z(t - 1, ~;) ( ( -p )nC1 ,_  1 -4- (1 - p 2 ) E ( _ p ) n + l - J C j _ j )  
j=2 

'It 

+ [2]p -hv~ ' l  ((1 - p2)Z(t + ~; - 1, 1 + ~) E ( - p ) n + J - l C _ j , j  
j-----2 

+ (-p)~Z(t  + ~,2 + s)C-l ,1) .  

The two point function of Fock intertwiners (4.5.4) is given by 

[] 
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Corollary 6.3.2. Let  m E 27.. 

o o 
?Jm - -  I ~Vm 

M. Kashiwara et at. 

(1 - w2/w l ) (1  +p-hV+l~"~2/~i it°" ~,. 
(1 - p2w2/wl ) (1  - p hv w 2 / w l )  

Proof. 
by w t (w :=  w2/w~) and summing over non-negative t we get 

Selecta Math. 

Note that  wv:~_~,vo (w) = ~ter~ w t g - s ( t )  • Multiplying both sides of (6.3.1) 

( 1 -  - - 

f rom which the result  tbllows. 

tEN 
1 (l ~" h v + i ~ "  " b Y + l " " 2  

- -  - -  O ~ , o p  ) w  - -  O a , O p  w , 

2h v', (W2/Wl;p2hV)o c (phV+2w2/wl;P )oo 

(p2w2 / w 1 ; p2h v ) ~  (ph ~ w2 / w l  ; p2h ~ )oo ' 

_ m~ for m E 2:g, 

and Am = Ao for m E 2 ~ +  1. 

Hence 

( w 2 / w l )  

¢v0~_1 ,v:~ (W2/Wl) 

in agreement  with (6.1.1). 

6 .4 .  T y p e  A(2) "~2n--1 

Recall that  we have 

bl for m C 2Z, 

b~°7~ = zb_l  f o r m E 2 Z + l ,  

[] 

From [DO], (up to a factor  of a constant  power in w 2 / w l )  we have in our 

notat ion (4.5.5). 

(q 2h v +2w2/wl ; q 2hv )c¢ ( - q  ah v w2 /w l  ; q 2h v )oo 

Ova -1,vX, (w2/wa ) : (__qh v +2w2/w 1; q2h v)e~(q 2hvw2/wl ;q  2h•)oo'" 

By a d iagram au tomorphism it is sufficient just  to consider the case when m is 
even. Let m C 2Z. Define 

gj( t )  := (m - l lz*+lvj A z - tv_ . j  A tm + l) (j e J ; t  e Z) .  

Note that  g - l ( 0 )  = 1 and gj(t)  = 0 (j C J; t C Z<0). 
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P r o p o s i t i o n  6 . 4 . 1 .  g- l ( t )  satisfies the following recurrence relation 

h v g - l ( t )  - (q'2 _ q ) g - l ( t -  11 - qhV+2g_l( t - -  2) = 5t,o -- 5 t j .  

Proof. The proof is like the proof of Proposition 6.2.1, but using 

.At := Z( t ,  1)(z ® z )C- l ,1  
n 

+ Z( t ,  21(1 - q 2 ) E ( _ q ) J - t C _ j , j  
j=2 

n 

- Z ( t  - 1, 1)q hv (C1,-1 + (1 - q2) E ( _ q ) t - j c j _ j ) .  
j=2 

The two point function of Fock intertwiners (4.5.4) is given by 

C o r o l l a r y  6.4.2.  Let m C 2Z. 

,,o (w2/w,)= (1 - w 2 / w l )  
h v • (1 - q2w21w,)(1  + q w21wl )  

Proof. 
by w t (w : =  w2/wl) and summing over non-negative t we get 

( 1 - ( q  2 - - q a V ) w - - q h V + : w 2 )  E w k g _ l ( t ) =  I - w ,  
tEN 

from which the result follows. 

Hence 

479 

71 

(w2/w ) 

in agreement with (6.1.11. 

6.5. T y p e  D! 1) 

Recall that we have two ground state sequences (~ = 0, 1) 

{bnS~,o+ls~,~ for m E 2Z, 

b °  = z'Cb,~,o_1~,~ for m C 2Z + 1, 

[] 

( -  q h v +2w2/wl  ; q 2h v ) o~ ( w2 / wl  ; q 2h v ) oo 
(q2w2/wl; q2hV) (--qhVw:/wl; q2hV) ' 

Note that wv&,_l,v~,, (w) = ~-~teN wt g - i  (t). Multiplying both sides of (6.4.11 
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F rom [DO], (up to a factor  of a constant  power  in w 2 / w l )  we have in our 
nota t ion  (4.5.5) 

(q2hV +2w2/Wl ; q 2hv )ec (q 3by W2/Wl ; q 2by )ec 
¢ ~ 0  ,~o (w2/w,) = ( q h ~ + ~ / ~ ;  q~,~)~(q~,,~ w~/~; q~)o~ 

By d iag ram au tomorph i sms ,  it is sufficient just  to consider the case when ~c = 0 
and m is odd.  Let  n = 0 and m E 22; + 1. Define 

g j ( t ) : = ( m - l [ z t v j A z - t v _ j A [ m + l )  ( j C J ; t C Z ) .  

Note that  g,,(O) = 1, g_ j (0)  = 0 (j e [1,n]) and gj( t )  = 0 (j • J ;  t • Z<0). 

P r o p o s i t i o n  6 .5 .1 .  g~(t) satisfies the following recurrence relation 

g~(t) - (q'2 _ qhV )gn( t _ 1) -- qhV +2 gn(t  -- 2) = (ft,O -- ~t,1. 

Pro@ The  proof  is like the proof  of  Propos i t ion  6.2.1, bu t  using 

At  : =  Z(t ,  1)Cn,-n - q hv Z( t  - 1, 1)C_,~,,~ 
n - -  1 

+ z ( t  - I, o ) ( ( -q ) '~ - ' c~  _, + ( t -  q~)~,(-qy'-Jcj_j) 
j =2  

_ ( _ q ) n - 1  (Z(t - -  1 , 0 ) ( Z  @ z ) C - I , ,  

n.- 1 

+ (1 - q2)Z( t  - 1, 1) ~ ( - q ) j - i C _ j , j ) .  

E] 

f rom which tile result  follows. 

Hence 

¢,,=_,,~:, (w.,/wi) 
in agreement  with (6.1.1). 

(q hv +2w'2/wl; q 2hv )oo (w2 /w i  ; q 2h ~ )o~ 

(q2 w'2/wt ; q 2by )¢x; (q hv w'2/wl ; q 2by )oc ' 

E] 

The  two point  funct ion of Fock intertwiners (4.5.4) is given by 

C o r o l l a r y  6 .5 .2 .  Let m E 2Z + 1. 

(1 - w2/wl )  
wv:<_,,vo (w21wl) = (1 -- q 2 w 2 t w l ) ( 1  -- qhV W2 I W l  ) " 

Proof. Note tha t  wv~m_,,~,(w ) = ~ t e N  wtg,~(t)" Multiplying both  sides of (6.5.1) 

by w t (w := w 2 / w l )  and summing  over non-negat ive t we get 

(e -- (q2 -- qhV )w -- qhV +2w2) Z wk g,,(t) = l - - W ,  

tcN 
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6.6. T y p e  r)(2) ~nq-1 

This type is somewhat special because of the fact that Vaff is not irreducible. The 
dual Coxeter number is h v = 2n. We define p = q2 and ~2 = ph". 

Recall that we have two ground state sequences (a = 0, ¢) 

b~ = z-mb,~. 

By a diagram automorphism, it is sufficient just to consider one of the two cases 
t~ E {0, ¢}. We choose ~ = 0. 

The boson commutator %~ = [B,~, B-m] is given as ibllows: 

Proposition 6.6.1. 

(*+C*) for m C 2Z, 
7,,~ = m o - 2 v  .... ~my (6.6.1) 

m f o r m E 2 Z + l .  

This corresponds to the following boson two point function 

)~ (p  { w ,{ )~  (6.6.2) O ( w ) = ( 1 - w ) ( { 4 w 2 ;  4 2 2 2. 4 
(~2 w 2; 44) ~ (p2,w 2; ~4 ) ~o 

From Appendix C we have 

L e m m a  6.6.2.  Let w = w2/wl.  
{¢6W2. ~:4'~ /_2e4W2 

¢~,-.,vo,~-m~o(w2/wl) (1 +-~2w~'  vs , s  ,oo,p g ;~4)oo 

It is sufficient just to consider the case m = 0. Define 

gj(t) := ( - l l z t+ lv j  A z - t v _ j  A 11) (j E J; t C Z). 

Note that g0(0) = 1, g_j(O) = 0 (j e [1,n]) and gj(t) = 0 (j C J; t e Z<0). 

Proposition 6.6.3.  go(t) satisfies the following recurrence relation 

go(t) - (p2 + ~2)9o( t _ 2) + p2{2go(t - 4) = 

(~t,0 -- 5t,1 -k p~25t,2 -- p{25t,a. (6.6.3) 

Pro@ The proof is like the proof of Proposition 6.2.1, but using 

At := (Z(t,  1)(z ® z) + phY+lZ(t - 1, 3))C0,0 

+ Z(t  - 1, 1)[2](-q(-p)~(z ® z)C¢,¢ 
n 

~"~{_p '~n+l- j  C .  .~ + (1 - p2) Z_.~ J a,-~J 
j = l  

2 n+j - z ( t  - 1, 3)[2](1 - p ) ~ ( - p )  C_j , j .  
j = l  

The two point function of Fock intertwiners (4.5.4) is given by 

[] 
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Corol lary  6.6 .4 .  

= 
(1 --  W2/Wl)(1 +p{2(W2/Wl)2) 

(1 - p2(w2Iwl )2) (1  - p(w21wl)~)" 

Proof. Note that W=v,,,vo(W) = ~ t c N  wtgo(t) ' Multiplying both sides of (6.6.3) by 
w e (w := w 2 / w l )  and summing over non-negative t we get 

(1 - (p2 + ~2)w~ _ p2~2w4 ) Z wk9°( t )  = 1 - w + p~2w2 - p(2wa, 

tEN 

from which the result follows. 

~°=~''°(*~) = (6.6.2), which proves Proposition 6.6.1. Finally we have ¢_.v~,,,oT~b5 

R e m a r k .  It is possible to work in an irreducible component of Vafr, say Yae~ en = 

I7o ® C[z 2 , z -2] + v¢ ® zC[z 2 , z-2]. On V2~ en ® V2~ ~'~ the energy function takes 
only even values. The condition H ( b ~  @ b,°+]) = 1 for a ground state sequence 

b o { , ,~}mcz should then be replaced by H(b~,~ ® b ° = ,~+1) 2 for all m E Z. 
The ground state sequence in Be~ en is given by b,~ = b0 for all m C Z. The 

Fock two-point function can be shown to be given by 

(1 - w2)(1 +p~2w2)  

where w = w l / w 2 .  Comparing with Lemma 6.6.2, we find that %~ is now given by 
the same formula as in Theorem 6.1.2 

1 + ~-2m 
7m = m 1 _ p2m' 

7. H i g h e r  level  e x a m p l e :  level  k A~ 1) 

7.1. Caf tan  d a t u m  

I = (0, 1}. The Dynkin diagram for A~ 1) is 

0 1 

We have 
(~ = O~ 0 ~ O q ,  

c = ho + hi, 

= 2 (i e I ) .  



\Iol. 2 (1996) Perfect  Crys ta l s  and  q-deformed Fock Spaces 483 

7.2. Pe r f ec t  c rys t a l  

Fix k E Z>o. Let J := [0, k]. Let V be the (k + 1)-dimensional Uq(A~l))-module 
with the level k perfect crystal B : =  {bj}jE g and crystal graph: 

1 1 1 1 
bo ~ o  bl , o " b2 . o " . . . .  " 0 * bk. 

The elements of B have the following weights 

wt (bj) = (k/2 - j)c~l 

= (k - 2j)(A~ - h0) (j E J). 

Let vj := G(bj) (j E J). The action of U~(A[ 1)) on vj E V obeys (5.1.1). 

7.3. E n e r g y  func t i on  

The energy function H has the following values on B ® B 

H(bi ® bj) = m i n ( i , k - j )  ( i , j  E J). 

Write H ( i , j )  for H(bi ® bj) ( i , j  E J). 

The Coxeter number of A~ 1) is h = 2. We take 

l(zmbj) = 2 m -  j (m E Z , j  E J). 

H and l satisfy condition (L). Note that l(zmbj) = l(zm+lbj+2) (m E Z and j E 
[0, k - 2]), so l gives a partial ordering of Ban for k > 1. 

7.4. q -b inomia l s  

Define the q-binomial coefficient [m]  (m,n  E Z) by 

- l ] . . . [ m -  n + 1] [ ; : ]_ -  . . . .  ,j  >o>0 
0 : otherwise. 

We will often write sums involving q-binomial coefficients as sums over all integers. 
The advantage is that we can then freely change variables without worrying about 
the range of summation. The following result is widely used in the sequel: 

L e m m a  7.4.1. 

(i) For any r / E C(q) and n E Z>o, we have 
n - -  I 

jEZ i=0 

(ii) The sum in (i) vanishes if ~1 = qm with rn an integer lying in the range 
[ - n  + 1, n - 112. Here [a, a + 2b]2 means {a + 2i; 0 < i < b}. 
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7 .5 .  W e d g e  r e l a t i o n s  

Define the vectors C<j C N ( i , j  C J )  by 

{ ( z®z) - i e (Of}  j ) (vo®vo)  : i + j < k ,  
Ci'J ~- e (k'-i) ~:(k-j} [v @ v ~ 

1 JO [ k kj : i + j > k .  
Explicitly, we have 

Ei ' , j ' ,a ,b  q(k-j ')(i '-b)+(k.,-i ')a z -av i ,  @ z -bv j ,  

C~, j=  
~i,,j,,a,b qi'(k-J'-b)+j'a [~:-- i'] [ k -  j ' ]  a b z--avi' @ z - b v j '  

The  summat ion  in bo th  cases is over i ' , j '  C J and a, b > 0 with 

il + f = i + j ,  

a + b = H( i , j ) .  

Selecta Math.  

: i' + j '  < k 

: i' + j / >  k. 

(7.5.1) 

with tim bijections 

B m i  n ---- B ,  

(PS)k { j A i l +  ( k  • ci  = - j ) A  1 } j eJ ,  

with 

e(bj) = ( k -  j)A~ l + j A ~  l, 

~(bj) = jA~ I + (k - j)A~ 1. 

Fix a C J and let a '  = k - a. We have H(z-e(k-2)b~ ® z-e(k-2)-'+lb~,) = 
H(b~ ® b~,) - t~, + 1 = 1. H(z-e(k-2)-~+lb~, ® z-(e+l)(k-2)b~) = 1 and so the 
following is a ground state sequence (~ E g )  

b~e_ 1 = z-e(~-2)b~ ' 
(7.6.1) 

b.°ze = z-e(~-~)-'~+l b,e , 

J" t~Ao + to'A1 : if m is odd,  
cl(,.~m) 

~;'Ao + ~;A1 : if m is even. 

With  "v~° = G(b~), the vacuum vector of Y,,z is 
o o o Irn) = v  m A v m +  1A vm+ ~ A . . . . . .  

with weight ~ .>  

7 .6 .  F o c k  s p a c e  

We have 

P r o p o s i t i o n  7 .5 .1 .  Identify Ci,j with Cb~,=-HU,J)b~. Then { z m @ z m ' C i , j } m e Z ; i , j E J  
with the function I satisfies condition (R) of subsection 3.3. 
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7.7. T w o  p o i n t  f u n c t i o n s  

A priori 7n = [B,~, B_~] may depend on the choice of ~. However, we find that it 
is independent of n. 

T h e o r e m  7.7.1.  
1 - q4n 

"~n ---- n- 1 _ q2n _ q4n + q2(k+l)n " 

The theorem follows by applying Proposition 4.5.2 to Proposition 7.7.2 and 
Corollary 7.7.4 below. 

From [IIJMNT] we have 

P r o p o s i t i o n  7.7.2.  

¢ ~ _ 1 , ~ ( ~ )  = (q4w;q4)o c E (qk+2w)P 
pmO 

where w = w 2 / w l .  

Without loss of generality, we can choose e = 0. Define 

g.(t) : :  ( - l l z tv~ A z - t + l - n v n ,  A I+l) (t e Z ; j  e J).  

Note that g , ( t )  = 5t,o for t E Z_<o by Theorem 4.2.5. 

P r o p o s i t i o n  7.7.3.  g~(t) satisfies the following recurrence relation 

= 0 (7.7.1) 

C o r o l l a r y  7.7.4.  

~ . o l , v ~ ( w )  = 

where  w = w 2 / w l .  

Proof. We h~ve 

[;][;] (1 - w) (qk+2w)p 

j~z kWl / 
(7.7.2) 
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Multiply both sides of (7.7.1) by w t and sum over all t > 0. After relabelling of t 
and using (7.7.2) we obtain 

a)vO ,vg(W ) ~ (--qk+lw)a = (1 -- W ) ~  (qk+2W)t ~' 
- t " 

c~EZ t=O 

(7.7.3) 

From Lemma 7.4.1 (i) we have 

k 

~EZ j = l  

thereby proving the result. 

Only Proposition 7.7.3 remains to be proved. 

[] 

7.8. P r o o f  of  r e c u r r e n c e  r e l a t ion  

Let Z ( t ,  d) be the operator defined in §6.1: 

Z ( t ,  d) = z t ® z d - t  + 5(2t  > d)z  d - t  ® z t - 5(2t < d)z  t ® z d - t  (t, d E Z). 

For t E Z, define 

iEJ 
7EZ 

We split the proof into three parts. Define 

Z(1) ( t , d )  = z t ® z d - t ,  

Z (~ ) ( t , d )  = - z t  ® z d - t S ( 2 t  < d), 

Z(3 ) ( t , d )  = za-~ ® z th (2 t  > d). 

(7.8.1) 

Then Z ( t , d )  = Z (1 ) ( t , d )  + Z (2 ) ( t , d )  + Z (3 ) ( t , d ) .  Define A~ i) (i E {1,2,3}) by 
replacing Z by Z (i) in the definition of At. Then At = A~ 1) + A~ 2) + A~ 3). We will 

deal with each A~ i) separately. Note that ,41/) • N (i E {1, 2,3}), only At E N. 

7.8.1. A I  1). From (7.5.1) we obtain 

J " ib b 
jEJ 
bEZ 
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Subst i tu t ing  into (7.8) and per forming  a change of variable b --+ '7 + k - i - a ,  
followed by i --+ i + '7 we obta in  

AI 1): Z: 
jEJ 

+ - i -  7 (--q~'+l)k-i-~-'Yq~'y+kc~+(i-J+'~')(k-J) [i ~/'7] [kt~_ .y ] 

(7 .8 .2)  

Let  us now argue  tha t  only the j = k - ~ te rms  contr ibute  in the above sum. Recall  
tha t  our  convent ion for q-binomial  coefficients implicit ly defines for us the upper  

and  lower limits of s u m m a t i o n  in formulae like ,41 I) . For instance,  the const ra in ts  
on i are 

m a x  (0, j - a )  < i < min  (k - a,  k - c~). (7 .8 .3)  

Le t  us a s sume  first tha t  j < k - t~ - 1. The  s t ra tegy  is to recast  the sum over i 
in (7.8.2), more  specifically, 

i + 7  - i  - ' 7  I j =  [ J / ] ~ ( _ q k - j - ~ - l ) [ i  / ] [k  _.),  ] [ k k ~ j a ]  (7.8.4) 

into a fo rm such tha t  L e m m a  7.4.1 applies.  Consider  the case j ~ a _< ~, so 
tha t  according to (7.8,3) we have 0 < i < k - ~. By  manipu la t ing  the q-binomial  
coefficients we obta in  

[k - j]![j]! 
b = [k - - z ] ! b ] !  

(7 .8 .5)  

Now t rea t  the p roduc t  of the last  two q-binomial  coefficients in Ij together  with 

(--qk-j-~-l) i as a po lynomia l  in qi; the powers  of qi which appea r  can be seen to 
lie in the range  [k - ~ - 1 - 2j, k - ~ - 112. In fact ,  due to the a s sumpt ion  on j 
the range  is [1 - k + ~, k - ~; - 112. Therefore  Ij is a finite sum of sums for which 
L e m m a  7.4.1 (ii) applies and thus vanishes.  

For the other  three  remaining  cases (a) j ,  ~ _< c~, (b) j ,  ~ > (~ and (c) j > c~ _ 
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we use, respectively,  the identities for Ij: 

k -  ct 

I j =  [k_a]~c~-Z_~-~![~]! E - i j - a + ' 7  
i = 0  

- i - ' 7  

[k - j]![j]! k-~ (--qk-J-'~-l) i 
[ j  - ~ + '7]![~ - q ! [ k  - ~ - j + ~q! 

x i - j + a  "7 c ~ - ' 7  

I t =  ~ (_q~:-~-~-i i - j + ~  ~- '7  " 
i=j-er 

In each case Ij vanishes by applicat ion of L e m m a  7.4.1 (ii). 
We have proved  that  the sum over j < k - ~c in (7.8.2) vanishes.  The  sum over 

j > k - ~ vanishes for similar  reasons.  Keeping only the j = k - ~ t e rm  we arr ive 
at 

Ap ) = ~ (-q)~-~-~ q~+~ ±~_~ ;-%~: o ~-~+~-~+%, (7.8.6) 
% a C Z  

where I k - ,  is given by (7.8.4). Once again, we have the const ra in t  (7.8.3) and have 
to treaZ the fore" cases separately.  We consider in detail  only the case k - a < c~ < a, 
using the form (7.8.5) for I a - ~ .  The  other three cases are similar.  We proceed  as 
before but  now find that  the powers of qi lie in the range [ - 1  - k + a, - 1  + k - a]2. 
By  L e m m a  7.4.1 (ii) only the t e rm whose power of qi is - 1  - k + a survives.  In 
other  words,  

It:_~. = E ( - q - t )  / /¢ - -  /~ . . . . . .  i [ k - ~ ' , - a + ' 7 ] !  x 

i = 0  
[~ - - y ] !  

( _ ) k - ~ - ~ + - ,  
X (q_ q-1)k-~" 

Applying L e m m a  7.4.1 (i) and simplifying we tind 

Subst i tu t ing into (7.8.6) we obta in  

(7.8.7) 
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We now note the identity 

Z.., ~-q x) ~t., BEZ 
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k 
II(1--q2ix) =E(--qk+lx)C~ [~] ~ 
i=1 ~EZ 

which follows from the ubiquitous Lemma 7.4.1, to perform the 7-sum in (7.8.7) 
with the result 

a-EZ 

7.8.2. AI 2). The only difference between A~ 1) and A~ 2) is that the latter has a 
negative sign and an additional constraint 

i < 7 - 2 t + k - ~ ; +  l (7.8.8) 

on the sum (denoted by prime) due to the definition of Z(2): 

= ' + - i  - 7  

j c J  7 

x [ J ] [ k-J ] k-~-ct (7.8.9) 

Furthermore we are now interested in dropping terms that  annihilate the vacuum. 
Using Theorem 3.5 this means that we require 

H (z-t+a-m(k-2)-n+lbj ® z-(m+l)(k-2)b~)  

= t -  a + n -  k + 1 + m i n ( j , k -  n) > O. (7.8.10) 

Let us assume first that j > k - n. From (7.8.10) we need a - t < 0. Now from 
the last q-binomial in (7.8.9) and (7.8.8) we have 

j < _ i + a <  ( a - t ) + ( 7 - t ) + k - n + l .  (7.8.11) 

Thus we have k - n  < j  < 7 - t + k - n + l  and s o T - t  > 0. But this means 
7 > t > a which contradicts the requirement 7 -< a coming from the third q- 
binomial in (7.8.9). 
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Next  assume that  j < k - n. From (7.8.10) we now need j _> k - ~ + c~ - t and 
thus a - t < 0. But  again we have (7.8.11), and so 

j <_ (c~- t) + (~ / - t )  + k - ~  < (3`-  t) + k - ~ .  

Thus  we have k - t~ + a - t <_ j < 7 - t + k - ~ and so ct < 3` which again contradicts  
3` < c~. Hence we must  have 

j = k - ~:. (7.8.12) 

According to (7.8.10) we need a - t < 0. But  again (7.8.11) is required, which 
leads to 0 <_ (a  - t) + (7 - t) < 7 - t. Theretbre a < t < 3` which together with 
3` _< a f rom the third q-binomial in (7.8.9) makes manda to ry  

a = 3' = t. (7.8.13) 

This means that, (7.8.8) can be rephrased as i < - t  + k - ~,. But  f rom the last 
q-binomial in (7.8.9), together with (7,8.12) and (7.8.13) we must  have also 

i = - t  + k - a. (7.8.14) 

Subst i tut ing (7.8.12), (7.8.13) and (7.8.14) into (7.8.9) we arrive at 

7.8.3. A~ 3). One argues in the same way that  

= t - 1  t - 1  v ~ ® z - ~ + l v k - ~ + . . . .  

A2 Let A~ denote the image of At in Va~.. Adding the three parts  together,  the relation 
( - l I A r "  A 11) = 0 gives us Proposi t ion 7.7.3. 

Appendix A. Perfect crystal 

Let V be an integrable finite-dimensional U~ (tl)-module with a perfect crystal  base 
(L, B) of  level t. We assume that  it has a lower global base (i.e. satisfies (G)). 
In  [KMN1], we proved that  the "semi-infinite tensor product"  B ® B N . . .  is iso- 
morphic  to the crystal  base B()~) of the highest irreducible module,  provided that  
the rank of  tl is greater than 2. In this appendix,  we prove tile same statement  
for any rank. In [KMN1], the proof  is combinatorial ,  and here it is by the use 
of a vertex operator.  Let us take a ground state sequence ( . . .  , b,~, b~,~+l,...) in 
Ball. Set v~ = G(b~). For an integral dominant  weight ,~, we denote by V(,~) the 
irreducible Uq (g)-module with highest weight ~ and highest weight vector ux, and 
by (L()0,  B()~)) its crystal  base. 
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P ropos i t i on  A.1. B ® B(A,~) ~ B(Am_I). 

This proposition implies the following result. 

Proposit ion A.2. 

B(Am) ~ {(bm,bm+l,'" "); bk E B~ff,H(bk ® bk+l) = 1 for any k > m 

and bk = b°k for k >> m}. 

The following lemma is proved in [DJ0]. 

L e m m a  A.3. Horn uq(~)(Vaff ® V(Am), Y(%m-1)) = I4. 

Let ¢ : Vaff ® V()~m) -+ V()~m-1) be a Uq(0)-linear homomorphism. We 
normalize it by 

~ ( v ~ _ l  ® u~m) = u~ ..... 1. 

Then the following lemma is also proved in [DJO] in the dual form. 

L e m m a  A.4. ~(Laff @A L(km)) C L(Am-1). 

Let ~ :  (LaffQAL(Am))/q(LaffQAL(Am)) -'+ L(A,~-I)/qL(Am-1) be the induced 
homomorphism. 

The following two lemmas are easily proved. 

L e m m a  A.5. Let A¢j be an integrable Uq(o)-module, and ( L j , B j )  a crystal base 
of Mj for j = 1, 2. Let ~b : M1 --+ M2 be a Uq(9)-linear homomorphism sending 
L1 to L2. Let ~b : L1/qL1 --+ Le/qL2 be the induced homomorphism. Set J~ = 
{b C Bl{~(b) E B2}. Then [~ has a crystal structure such that L : [~ --+ B1 and 
"~ : J~ --+ B2 are strict morphism o/crystals. 

Here a strict morphism means a morphism commuting with ~i and ]i. 

L e m m a  A.6. Let A be a dominant integral weight. Let B be a semi-regular crystal 
(i.e. ¢,~(b) = max{n • Z>o{~b ~ O} and ~i(b) = max{n • Z>o{f~b ~ 0}). We 
assume further that B is connected. 

(i) If ¢ : B(;~) ~ B is a strict morphism such that ¢(B(A)) C B,  then ¢ is 
an isomorphism. 

(ii) If  ~b : B --+ B(A) is a strict morphism such that ¢(B) C B()~), then ¢ is 
an isomorphism. 

Let B' be the connected component of Baff ® B(Am) containing b°~_l ® u~,.. 
Then • sends B' to B(Am-1), Hence B t is a subcrystal of Ba~ ® B(Am), and 
Lemma A.5 implies B' ~ Bafr ®B(Am) and B' -+ B(Am-1) are strict morphisms. 
Moreover any b • B' is not mapped to 0 by the morphism B' ~ B(Am-1). Hence 
by Lemma A.6, B' is isomorphic to B(Am-1). Hence we obtain a strict morphism 
B(Am-1) --+ Baff ® B(Am). Composing it with Ban -+ B, we obtain a strict 
morphism B(Am-1) --+ B ® B(Am). 

The following lemma is proved in [KMNt]. 
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Lemma A.7. B ® B(Am) is connected. 

Thus B(Am-1) -+ B ® B(Am) is an isomorphism by Lemma A.6. 

Selecta Math. 

Appendix B. Serre relations 

Let Uq(ft) be the algebra associated to a symmetrizable Kac-Moody algebra with 
the same generators and the defining relations as the quantized universal enveloping 
algebra except the Serre relations. Let Uq(~l)i be its subalgebra generated by el, fi  
and t~. kl. In this appendix, we prove the following proposition. 

P r o p o s i t i o n  B.1.  Let M be a Uq(fl)-module. Assume that M is an integrable 
Uq(9)i-module for every i. Then the action of Uq(9) on M satisfies the Serr'e 
relations. 

Hence M has the structure of a Uq (tl)-module. 
Let M and N be integrable U~l(g)i-modules. We endow the structure of Uq(g)i- 

module Oll Hom (M, N) such that Hom (M, N) ® M -+ N is Uq(9)i-tinear. Namely 
for x C Uq(fl)i with A(x) = ~x(1)  ® x(2), x acts on ¢ E H o m ( M , N )  by 
x(1)¢a(z(2)).  

Recall that an element ~ of Horn (M, N) is called locally Uq(9)i-finite, if it is 
contained in an integrable Uq(tt)i-submodule. 

L e m m a  B.2.  Let M and N be integrable Uq(fl)i-rnodules. Assume that a weight 
vector' '~ E Horn (~4, N )  satisfies 

f,~+xlb i r = 0 for some n >_ O. 

Then ~ is locally Uq(g)i-finite. 

Proof. Assume t i~  = q~'~'~. It is enough to show 

e~b = 0. (B.1) 

Here s = max(n - m + 1,0). In order to see this, we may assume that M is finite- 
dimensional. Replacing N with tile Uv(g)i-module generated by ~b(M), we may 
assume that N is also finite-dimensional. Hence Hom (M, N) is finite-dimensional 
and hence integrable. In this case it is a well-known fact that n+l f i  ¢ = 0 im- 
plies (B.1). [] 

Proof of Proposition B.I . .  Let ad : gq(9) + End(gq(l~)) be a Uq(g)-module 
structure on Uq(9) such that the multiplication U,~(g) ® M --+ M is Uq(tt)q-tinear. 
We have 

ad (ti)(a) = t ia t [  1 (B.2) 

ad (ei)(a) = eia - t~-~ atiei (B.3) 

ad (f/)(a) = [f/, a]t~ -1 (B.4) 
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for a e Uq(g). Let X : Uq(g) --+ End(M) be the homomorphism given by the 
Uq(g)-module structure on M. Let i ~ j. Since [fi,ej] = O, f i X ( e j )  = 0. Since 
X ( e j )  has weight (hi, aj} with respect to Uq(g)i, the preceding lemma implies 

e x(e ) = o, (B.5) 

where b = 1 - (hi, a j ) .  On the other hand 

e x(e ) = X(ad (e )ej) 

= X _l)kq~k(b_k) b b--k.-k k 
k i ei r i ej( t iei)  

This along with (B.5) gives the Serre relation 

I:l ) b--k k X (-1) k e i eje i = O. 
i 

By applying the automorphism ei ~+ fi ,  fi  ~+ ei qh ~_} q -h (h  E P*) of Uq(g), 
we obtain the other Serre relations 

X (_1) k b f~ fJ i = 0 .  
k i 

Appendix  C. Two-point  funct ion for r)(~) ~ n + l  

In this appendix we will sketch the calculation for level 1 n(2) of the two-point 
function ~ ( z l / z 2 )  A w = (An[(I)A: -(z2)(I)i:Vl(zl)lA,~}, for the intertwiner a~lw (z) :  
V(A) ~ V(#)  ® Vz, by solving the corresponding q-KZ equation it must satisfy. 
The corresponding calculations for the other cases in this paper have been done 
in [IIJMNT] and [DO]. For the theoretical background the appendix in [IIJMNT] 
should be consulted. To conform with their conventions, we will use here the upper 
global base and corresponding coproduct A+, in contrast to the main text of this 
paper. 

Recall the total order ;,- on the index set J defined in (5.7.1). Extend the natural 
definition of minus on J \ {¢} to all of J by defining - ¢  = ¢. Let 
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~ = j ,  ---~ = 2n + 1 - j ,  

= .,, ~ = 2n. 

j = l , . . . , n  

Denote, as usual, by Ejk the matr ix acting oil {vj}jea as Ejkvi = 5kivj. The 
R-matr ix R(z) with normalization R(z)vl ® vl = Vz ® vl is then given by 

--  q 2 ( 1 - z 2 )  E Eii ® Ejj R(z) = E Eii ® Eii+ t l - - ~ - 4 ~  
i#o,¢ i ¢ j , - j  

!l_ _-~ q 4 ) 
q-(l_q'~zz2)( E za'~EijeEjiq-z2 E 

i e  j , i ¢  - j i?.- j,i=fi-- j 

+ E alj(z)Eij ® E- i , - j  

where 

1 : i f i = ¢ o r j = ¢ ,  

ai j  = 0 : otherwise, 
(1 - -  Z 2 ) ( q  4 - -  ~ 2 Z 2 )  -I- 5i,-i(1 - q2)(q2 + z2)(1 _ ~2z2 ) : i = j ,  

aij(z) = (1 -q4){z~'J(z2 - 1)sij(-q2)J-7+~i,-j(1 - {~z2)} : i > j ,  

(1 - q4)z2{{2z-a;i(z2 - 1)sij(-q2) j- i  + 5i,-j(1 - ~2z2)} : i -~ j ,  

and 

Sio = - [~sgn (~ )  

1 
sic = ~-~sgn(~) 

S0¢ = S¢0 = --1,  

(i ¢ ¢), 

(i ¢ 0), 

Soj = -[2]sgn(j)  (j ¢ ¢), 

scj = [2]sgn(j) (j 7~ 0), 

sij = sgn(i) sgn(j)(i,j # O, ¢). 

Also we have ~2 = q4n. The expression for R(z) is given in [J] in a different basis. 
V* Let  { j }jeJ be the canonical dual basis of the upper global base. The following 

isomorphism of Uq(g)-modules 

c : v~-,~ > ( 4 ) * "  

vj ~ sgn(j)  (-q2)J-lv*_j 

vo ~ - ~ ( - q 2 ) ~ - l v ~  

1 ~ - 

(j e J/{O, ¢}) 
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gives rise to crossing-symmetry for the R-matrix 

(R- l (z) )  t' ~- j~(z)(C ® 1)n(z~-l)(C ® 1)- ' ,  

with 

495 

(C.1) 

fl(z)---=q-4 ( l - - z2 ) (  1 - q  -4n+4z2) 
d - q - ~ ( ~ - _  q--~z~). (6.2) 

The image R + (z,/z2) = 7r~5 t ® 7r~42 (7~') of the modified universal R-matrix TC also 
satisfies (C.1) with z = zl/z2 and ~(z) = 1. Therefore we have 

R+(z) _- q-2 (q4z2; ~4)60(~2z2; ~4)2(q-4~4z2; ~4)°e R(Z). 
(Z2; ~4)c<~(q-4~2Z2; ~4)oo (q4~2Z2 ; ~4)oc (~4Z2; ~4)e~ 

The two-point function satisfies the q-KZ equation 

qi(q'2(hV +k)z) = R+(q'2(hV +t')z)(q -¢ ® 1)~(z), (C.3) 

where k = 1 is the level and ¢ = 2A,C~ 1 + 2p eL and, as a consequence, also 

(7r~51 ® ~%)A'(e~)(h"i~)+lq2(z) = 0, wt ~(z) = 0. (C.4) 

It can be shown that 

w(z) =(1 + ~ q ~ ) v 0  @ ~0 + q[2](-q~)'~+ ® v+ 

- q ~(-q~) '~-~(v~ ® ~_~ + z2q~-~v_~ ® ~ )  (6.s) 
i = 1  

solves (6.4) and satisfies 

2 (1 - q4~2z2)(1 - ~4z2) , 2~2 
-R(q2~2z)(q-¢ ® 1)w(z) = q ( ~ _ q ~ - - q 4 ~ ) w ( q  ¢ z). (C.6) 

Letting k~(z) = ¢(z)w(z) and substituting (C.6) into (C.3) one gets a scalar q- 
difference equation for ¢(z) which can be solved to obtain the final result 

• (z) : (q4~4z2; ~4)°°(~6z2; ~4)c~ w(z). (6.7) 
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A p p e n d i x  D.  T h e  l imit  q -+ 1 for the (')) Uq(A2, ~) Fock  s p a c e  

In this appendix we will show how to recover the known classical (i.e. at q = 1) Fock 

~(2) at level 1. This involves reduction of the Fock space C- space "~'c'lass for t? = "~2~ 
defined for generic q by means of an invariant inner product on )r. To facilitate the 
discussion we shall make a transcription from the semi-infinite wedge description 
of 5 v to one involving Young diagrams or, synonymously, partitions (the so-called 
"combinatorial description"). 

Define the following subspace of Vaff: 

= o v )  o <}(v_l, . . .  (D.1) 

In any normally ordered pure wedge in Jr it is clear that only bases in I~ + appear  as 
components. Recall the single-valued flmction 1 on Bag in (5.3.3). To the normally 
ordered pure wedge u = G(ul)  A G(u2) A . . .  A G(u~,) A vo A Vo A . - .  let us associate 
the sequence Y(u)  = [ - / ( U l ) , - l ( u 2 ) , . . . , - t ( u k ) , O ,  0 , . . . ] ,  whose tail of zeros we 
shall ignore. Now, -1 takes non-negative values on V~.. Also, the sequence Y(u)  is 
non-increasing because of the normal-ordering rules. Furthermore, the only integers 
allowed to repeat  belong to hN, where h = 2n + 1, because of the rule vi A vi = 0 
if i # 0. Thereby we have the identification 

5 ~-- Q(q)(Y>Y~DPh, (D.2) 

where DP~: is the set of Young diagrams whose rows are allowed to repeat  only if 
their length is 0 rood k. In this notation, D P ~  is the set of Young diagrams with 
no repeating rows, i.e., the set of Distinct Partitions. 

The action of Uq(g) on 9 r can be transcribed to the Young diagram setting. 
The generators ti act diagonally, of course, while fi (respectively ei) act by adding 
(removing) one box in the following manner. Let the Young diagram Y be denoted 
by [Yl, . . .  ,Ym]. I:~r y 6 Z>o, let c~y(y) denote tile number of occurences of y in 
Y. Define the functions/3i for i = 0, 1 , . . .  , 'n by 

:i:4 : y C hZ ± n 

/3o (y) = 0 : otherwise 

:i:2 : y c h Z q : n + ( i - 1 )  

/~(y) = ~=2 : y C hZ T n =t= i 

0 : otherwise 

12  : y 6 h Z T = l  

/3,~(y) = 0 : otherwise 

(i = 1 , . . .  ,n  - 1) 
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Then the action of Uq(9) on Y is given explicitly by 

f , ,  . Y = 

ti • Y = qEi ~;(yJ)+&,- y 

f i "  Y :  E qEj>kZ,(YJ)[yl , . . . ,yk+l , . . . ,y , ,~]  (i ¢ n) 
Yk EhN+n-l-i 
yk--lCyk+l 

E qEj>kZ,,(vs)+l [Yl,... ,Yk + 1,. . .  ,Ym] 
ykChN-1 

yk--17£yk+t 

+ Z + 1 ,  .. , m3 
ykEhN 

yk.- l ~kyk-F l ,yk 

+5(ym ¢ 1)[y~,... ,ym, 1] 

e i 'Y - "~  E q-~J<k/5":(YJ)[Yl,... , y k - - 1 , . . .  ,gin] ( i / n )  
9kEhN+n+l:t:i 

yk+l¢gk--1 

E q- E~<~e,~(yj) [Yl,..-,Yk -- 1 , . . .  ,y,,~] 
Yk E hN+ 1 

Yk+l@Yk --1 

q- E q--~j<k'n(yj)--i  (1__ (__q2)O~g(yk)) [Y l , ' ' '  , Y k -  1 , . . .  ,Ym]. 
ykEhN 

e n - Y =  

Note that all Young diagrams appearing on the right-hand side belong to DPh. In 
other words, the corresponding pure wedges are already normally ordered. The 
factors (1 - (_q2)~r(yk)) come from normal ordering and summing up Young dia- 
grams which arise when Y has repeated rows. Note also that the vacuum vector is 
the empty Young diagram 0 and f~ • 0 = [1]. This combinatorial description is in 

the same spirit as that for Uq(AI** )) given in [MM]. 
Let us now introduce an inner product ( , ) on F. We shall require that the 

normally ordered pure wedges, or equivalently Young diagrams in DPh, form an 
orthogonal basis with respect to ( , ) .  We shall also require that with respect to ( , )  
the adjoints of the generators satisfy 

• :  -= qi ei ti, 

e~ = qi f i  t -1 i 

t~ = ti. 

These conditions are natural for a Uq(9)-module V because then on the module 
V ® V with induced inner product given by (vl ® v2, ul ® u2) = (Vl, Ul) (v2, u2) we 
have A(fi) t = qiA(e i )A( t i ) ,  etc. Using the explicit description of the Uq(g) action 
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on 5c one can show that  the squared norm of an arb i t rary  Young d iagram Y in DPh 
is given by 

[IYII2 = (Y 'Y)  = 1~ I I  (1 - (_q2)i ) .  (D.3) 
yEhZ>o i=1 

From calculations for small k we conjecture that  the boson operators satisfy 

Bi_k = Ba:. 

As at the end of  §4.3, we denote by 5CQ the Q[q, q-1]-vector  space generated 
by the pure wedges. Set ~-1 = ~ Q / ( q  - 1)~ -Q. Then  the act ion of Uq(9) on F 
induces an act ion of Uq(It) on 5rl. The inner product  ( , ) on 9 induces a Q- 
valued inner p roduc t  on 5cl, which we also denote by ( , ) .  The adjoint  of operators  

in 9 is then given by e~ = fi ,  f/t = ei and h,~ = hi. Define the subspace 5co = 
{u C 5cl : (u, Yl)  = 0}. The  reduced Fock space )r,-~d = 5ci/5c0 is a U(~t)-module. 
From (D.3) we note that  9Co is the Q-span of Young diagrams with some repeated 
rows. I t  follows that  -~'red is the Q-span of Young diagrams in DPoo. This is 
isomorphic  to the well-known classical Fock space Y~:I~s~ -~ Q~xk]k~r~,.,,,~ [KKLW], 
[DJKM]. In tact, the action of the generators on 5cred and at q = 1 reduces to a 
known classical action [JY]. Fhr thermore  we recover the known decomposi t ion of 
Jr-class ~- Q[xk]kEN,,,~.,\hN®Q[xhk]kd%.N as a U(~)®Q[I t_] -modu le .  Here we identify 
bosons Xhk "~ B - k  for k C Nodd. The even boson comnmtators  7k for k E N~,,en 
have a pole at q = 1. After appropriately rescaling we find that  such B_~: act  as 0 

on  5cred at q = 1. 
In mos t  of the cases considered in this paper,  the boson commuta to r  7k has a 

pole at q = 1 for some k. We take this to indicate that  similar Fock space reductions 
to the one considered in this Appendix are necessary to recover any known classical 
Fock spaces. 
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