FINITE-DIMENSIONAL REPRESENTATIONS OF QUANTUM
AFFINE ALGEBRAS

TATSUYA AKASAKA AND MASAKI KASHIWARA

ABSTRACT. We present a conjecture on the irreducibility of the tensor prod-
ucts of fundamental representations of quantized affine algebras. This con-
jecture implies in particular that the irreducibility of the tensor products
of fundamental representations is completely described by the poles of R-

matrices. The conjecture is proved in the cases of type ASB) and C,(Ll).

0. INTRODUCTION

In this paper we study finite-dimensional representations of quantum affine
algebras. It is known that any finite-dimensional irreducible representation
is isomorphic to the irreducible subquotient of a tensor product ®,V (w;,)a,
containing the highest weight (Drinfeld [7], Chari-Pressley [2]). Here V (w;) is
the fundamental representation corresponding to the fundamental weight w;
and a, are spectral parameters. Moreover {(w;,;a,)}, is uniquely determined
up to permutation. This gives a parameterization of the isomorphic classes of
finite-dimensional irreducible representations.

However it is not known for example what is the character of those irreducible
representations except the complete result for A{" ([2]) and some other results
due to Chari-Pressley ([2, 3, 4]). We have even not known when ®V (w;,)a,
itself is irreducible.

In this paper we propose a conjecture on the irreducibility of ®,V (w;,)a,
and prove this conjecture for A and C).

For z,y € C(q), let us denote x < y if x/y does not have a pole at ¢ = 0.
We denote by u; the highest weight vector of V(w;).

Conjecture 1.

(1) Ifa; <--- <apn, then V(w; ), @ -+ @ V(wiy)ay 18 generated by u;, ®
- ®ugy as a Uj(g)-module.

(2) Ifay >--- > ay, then any non-zero Uy (g)-submodule of V(zw;,)e, ® -+ ®
V(@iy )ay contains u;, ® -« @ u;,,.

Here Uy (g) is the quantum affine algebra without derivation (see §1.1).

This conjecture implies in particular the following consequences.
1
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Claim 1. If ay < ao, then the normalized R-matrix
Rzgr(:p, y) : V(wi)e @ V(w;)y = V(wj)y @ V(w;:)s
does not have a pole at (z,y) = (a1, az).
Here R}"(,y) is so normalized that it sends u; ® u; to u; ® ;.
Claim 2. V(w;, )a, ® -+ - @ V(wiy )ay 15 irreducible if and only if the R-matriz
Ri% (@) s V(@i )e @ V(wi, )y = Viws,)y © V(wi, )

Tyl

does not have a pole at (x,y) = (a,,a,) for any 1 <wv, p < N (v # p).

Claim 3. Assume that R} (x,y) has no pole at (z,y) = (av,a,) for any
1 < p < v < N. Then the submodule generated by u; ® --- ® u;, s an
irreducible submodule of V(wi,)a, ® -+ @ V(wiy)ay- Conversely, any finite-
dimensional irreducible integrable module is obtained in this way.

Claim 4. If M and M’ are irreducible finite-dimensional integrable U, (g)-
modules, then M @ M is an irreducible U,(g)-module except for finitely many
z.

The plan of the paper is as follows. In §1, we fix notations and explain the
results used later. We announce non published results but they can be directly
checked for the A and C(V cases. In §2, we announce the main conjecture
and discuss its consequences. In §3, we reduce the main conjecture to another
auxiliary conjecture, which will be proved in the case AW and C(V in §4. In
the appendix, we shall calculate the explicit form of the normalized R-matrices
and the universal R-matrices between fundamental representations of A(Y) and
o,

The authors are grateful to K. Takemura for his helpful comments on this
work.

1. NOTATIONS

1.1. Quantized affine algebras. Let (a;;); jer be a generalized Cartan matrix
of affine type. We choose a Q-vector space t of dimension §/+1 and simple roots
a; € t* and simple coroots h; € t such that (h;, a;) = a;;. We assume further
that «; and h; are linearly independent. Set Q = Y, Za; and Q¥ = X, Zh;. Let
d = > a;a; be the smallest positive imaginary root and let ¢ = Y a/h; € QY
be the center. Set tf), = t*/Q¢ and let cl : t* — ¢} be the projection. We set
t0 ={\ et (c,\) =0} and t = cl(¢*7).
We take a non-degenerate symmetric bilinear form (-,-) on t* such that

2(067;, )\)

ar A) = (v, ;)

for any 7 € I and \ € t*.
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We normalize it by
(1.1) (¢, \) = (6,\) for any X € t".

We identify sometimes t and t* by this symmetric form.

Let us take a (weight) lattice P C t* such that o; € P and h; € P* for every
i € 1. We assume further that P contains A; satistying (h;, A;) = d;; and that
PNQ6 =75 Weset Py = PJ/Z5 C t), PP = {\ € P;{(c,\) =0} C t,
and PJ = cl(PY) C t. Note that the dual lattice of @V coincides with
Pu = ®ic1Zel(A;).

Let v be the smallest positive integer such that

(1.2) Y(i,;)/2 € Z for any i € I.

Then the quantized affine algebra U,(g) is the algebra over k = Q(q'/7) gener-
ated by the symbols e;, fi(i € I) and q(h) (h € v~1P*) satisfying the following
defining relations.

(1) g(h) =1 for h=0.

(2) q(h1)q(h2) = q(h1 + hy) for hy, hy € v~ P*.
(3) For any i € [ and h € y~1P*,

g(h)eq(h)™ = ¢™*e; and
g(h) fig(h)™ = ¢ e
ti—t;t ai)/2 (i )
(4) [es, fi] = 6ij — fori,j € I. Here ¢; = ¢'®*)/2 and t; = q(*5hy).

qi — 4;
(5) (Serre relations) For i # j,

b b

> (—DfefPesel’™ = 30 (-DF P £ =0,

k=0 k=0

Here b =1 — (h;, ;) and

el = ek /[K];! £ = fER
Kl = (a¥ —¢7") /(¢ —q "), [kl =[] [K; .

We denote by U;(g) the subalgebra of U,(g) generated by e;, f; (i € I) and
a(h) (h € 11Q").

In this paper we consider only U/(g). A U;(g)-module M is called inte-
grable if M has the weight decomposition M = @ ep, My where My = {u €
M; q(h)u = ¢""Mu}, and if M is U,(g);-locally finite (i.e. dim U,(g);u < oo for
every u € M) for every i € I. Here U,(g); is the subalgebra generated by e;,
fi; and t;.
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We use the coproduct A of U,(g) given by

(1.3) Aq(h)) = aq(h)®q(h),
(1.4) Ale) = eti'+1®e;,
(1.5) Alfi) = fivl+t® f;,

so that the lower crystal bases behave well under the corresponding tensor
products ([12]).

1.2. Finite-dimensional representations. Let W C Aut(t*) be the Weyl
group, and let [ : W — Z be the length function. Since ¢ is invariant by W,
we have the group homomorphism cly : W — Aut (). Let Wy C Aut(ty) be
the image of W by cly. Then W, is a finite group. Let us take ig € I such that
We is generated by clo(s;) (i € Iy = I\ {i0}) and that a;, = 1. Such an i is
unique up to Dynkin diagram automorphism. Hereafter we write 0 instead of
ip. We have («y, o) = 2.

Let us denote by Wy the subgroup of W generated by s; (i € Iy = I\ {0}).
Then W, is isomorphic to W,. The kernel of W — W, is the commutative
group {H€):€ € QN QYL Here Qu = cl(Q) = Sy Zel(ay) and QY =
cl(QY) = Yier, Zel(h;) and ¢(€) is the automorphism of t* given by

HOM) =2+ 0.0)e — (€15 - £ 5 x5

for ¢ € t* such that cl(¢') = €.
The following lemma is well-known.

Lemma 1.1. Let £ € QqN QY and w € Wy.
(i) If & is dominant (with respect to Iy), then we have
l(w o t(€)) = l(w) + (t(£))-

(i1)  If & is reqular and dominant, then we have

[(t(€) o w) = 1(t(£)) — l(w).

Let us choose i; such that W is generated by cly(s;) (i € I\ {i1}) and that
ai, = 1. For any z € k\ {0}, let ¥(2) be the automorphism of Uy (g) given by

D(z)(e) = e,
V(i) = 2,
b(2)(a(h) = q(n).
For a U (g)-module M, let M, be the U/(g)-module with M as its underlying
k-vector space and with Uy (g) v U,(g) — End (M) as the action of U;(g).

Then M +— M, is a functor satisfying (M ® N), =2 M, ® N,. This definition
extends to the case z € K \ {0} for a field extension K D k.
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If M is a finite-dimensional integrable U, (g)-module, then the weights of M
are contained in PJ.

1.3. Fundamental representations. We set w; = cl(A; — a/Ag) for i € I,.
Then (;)er, forms a basis of PJ. We call w; a fundamental weight (of level
0).

For i € Iy, there exists an irreducible integrable U/(g)-module V (w;) satis-
fying the following properties.

(1) The weights of V(w;) are contained in the convex hull of W w;.

(2) dim V(w;)em, = 1.

(3) For any u € Wyw; C PJ, we can associate a non-zero vector u, of
weight p such that

Us,;p

fi«hi,u»uu if <hza M> Z 07
e(_<hi’“))uﬂ if (hi, )y <O0.

(2

Then V(w;) is unique up to an isomorphism. Moreover V(w;) has a global
crystal base. We call V(w;) a fundamental representation. Then V (w;) has a
non-degenerate symmetric bilinear form (-, -) such that ‘e; = f; and ‘q(h) =
q(h). Hence the duality is given as follows. Let wy be the longest element of
Wo. Then for i € I there exists i* € I such that

Wix = —WoW;j.

(Remark that i — ¢* with 0* = 0 gives a Dynkin diagram automorphism.)
Then the right dual of V(w;) is V(w;«), with the duality morphisms:

(1.6) k— V(wy)y @ V(w;) and  V(w;) @ V(w )y = k

with p* = (=1)%"9¢®%  Here p and p¥ are defined by: (h;,p) = 1 and
(p¥, ;) =1 for every i € I. Usually (p,0) = > ;c;a’ is called the dual Coxeter
number and (p¥,0) = ;s a; the Coxeter number.

Let m; be a positive integer such that

We have m; = (a;, «;)/2 in the case where g is the dual of an untwisted affine
algebra, and m; = 1 in the other cases.

Then for z, 2/ € K*, we have
(1.7) V(w;i), =2 V(w;), if and only if 2™ = /™,

Hence we set

V(w; 2™) = V(w;), .

The following theorem is announced by Drinfeld ([7]) in Yangian case, and

its proof is given by Chari-Pressley ([3, 4]).
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Theorem 1.2. Let K D k be an algebraically closed field and let M be an
irreducible finite-dimensional Ué(g)K—module. Then there exist i1,... iy € Iy
and zi,...zy € K\ {0} such that M is isomorphic to a unique irreducible
subquotient of V(wi,;21) @ -+ @ V(wiy; 2n) containing the weight S0 w;, .
Moreover, {(i1;21),...,(in;2n)} is unique up to permutations.

Definition 1.3. We call V(w;,;2,) a component of M.

1.4. Extremal vectors. We say that a crystal B over U, (g) is a reqular crystal
if, for any J g I, B is isomorphic to the crystal associated with an integrable

Uy(gs)-module. Here U,(g,) is the subalgebra of U (g) generated by e;, f; and
t; (¢ € J). This condition is equivalent to saying that the same assertion holds
for any J % I with two elements (see [15, Proposition 2.4.4]).

By [14], the Weyl group W acts on any regular crystal. This action S is
given by

~' iy W 1 iawt Z
. FlRest Oy e wt (b)) > 0
e MOt (hy (b)) < 0.

)

A vector b of a regular crystal B is called i-extremal if &;b = 0 or f;b=0. We
call b an extremal vector if S,,b is i-extremal for any w € W and 7 € [.

Lemma 1.4. For any \, p € £ in the same W-orbit, we can find iy, ... ,ix
€ I such that

B=Siy e Si A

(igs Sip_y -5y A) >0 foranyl <k <N.
Proof. 1t is enough to prove the statement above for a regular integral anti-
dominant (with respect to Iy) weight A and the dominant weight 1 € WA. We

may assume further A € Qq N QY. Let wy be the longest element of Wj.
By Lemma 1.1, we have

1XN) = U(t(=A)

= l(wp) + L(t(=N)wo)

= I wo) + L(wot(N)).
Take a reduced expression wot(A) = s;, -+ 8;,. Then for 1 < k < N we have
L(E(N)siy -+ si,) = L(t(N)) — k and hence t(\)s;, - -+ S;,_,ax is a negative root.
Since it is equal to s;, -+ S;,_ap — (A, Sy -+ S5, _,ax)0 and s, -+ s, 1S a
positive root, we conclude

(A, Siy -+ 84y ) > 0.

On the other hand we have the equality s;, - - s, A = wet(A)A = we in .
Hence it is equal to u. U
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For a regular crystal B, b € B and ¢ € I, let us denote by €;"**D the i-highest
weight vector in the ¢-string containing . Namely we have

gmaxp — =ity

Lemma 1.5. Let B be a finite reqular crystal with level 0 (with weight in PY).

(1) For b € B, there are iy,--- iy € I such that &3 ---el*b is an ex-
tremal vector.
(2) Any vector in the W -orbit of an extremal vector b of B is written in the

smax smax
Jorm el ... b,

Proof. Let us set [y = {&7™ - &}*b; iy,--- ,iy € [}, F = U Fi. Replacing
b with &' € F with maximal (wt(b'), wt(b')), we may assume from the beginning
that (wt(b'), wt(b')) < (wt(b), wt(d)) for any &' € F. Since (wt(V'), wt(b')) >
(wt(b), wt(b)), we have (wt(d'), wt(V')) = (wt(b),wt(d)) for any ¥’ € F, and
hence any b’ € F' is i-extremal for every ¢ € I. Moreover the weight of ' is in
the We-orbit of wt(b). Then for any weight u of F" and i such that (h;, ) <0,
S, sends injectively F), to Fy,,. Hence §(F),) < #(Fs,,), and Lemma 1.4 asserts
that they must be equal. Therefore S; : F,, — Fj,, is bijective. This shows

that F' is stable by all Ss,. Thus we have (1) and (2). O

Lemma 1.6. Let By and By be two finite reqular crystals. Let by and by be
vectors in By and Bs, respectively.

(1) If by and by are extremal vectors and if their weights are in the same
Weyl chamber, then by ® by is extremal.

(2) Conversely if by ® by is extremal, then by and by are extremal vectors
and theiwr weights are in the same Weyl chamber.

Proof. (1) is obvious because S,,(b; ® bs) = S,b1 ® S,,be under this condition.

We shall prove (2). Since &% .- 0% (b; @ by) = &7 --- &by @ by for
some b, € Bs, the preceding lemma implies that b; is extremal. Similarly
by is extremal. It remains to prove that wt(b;) and wt(be) are in the same
Weyl chamber. Let us show first that wt(b; ® by) and wt(by) are in the same
Weyl chamber. We may assume without loss of generality that wt(b; ® by) is
dominant (with respect to Iy). Then €;(b; ® by) = 0 for every i € Iy. Hence
é;by = 0. Hence wt(by) is dominant. Hence wt(b; ® by) and wt(b;) are in the
same Weyl chamber. Similarly wt(b; ® bs) and wt(by) are in the same Weyl
chamber. Thus wt(b;) and wt(by) are in the same Weyl chamber. O

Definition 1.7. We say that a finite regular crystal B is simple if B satisfies
(1) There exists A € PJ such that the weights of B are in the convex hull
of Wcl)\.
(2) 4(By) = L.
(3) The weight of any extremal vector is in WyA.
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Proposition 1.8. The crystal graph of the fundamental representations is sim-
ple.

The proof will be given elsewhere. However we can easily check this for the
AN and OV cases.

Lemma 1.9. A simple crystal B is connected.

Proof. In fact, any vector is connected with an extremal vector by Lemma
1.5. U

Lemma 1.10. The tensor product of simple crystals is also simple.
Proof. This immediately follows from Lemma 1.6. U

Proposition 1.11. Let M be a finite-dimensional integrable U; (g)-module with
a crystal base (L, B). Assume the following conditions.

(1.8) B is connected.

(1.9) There exists a weight A € PY such that dim(M,) = 1.

Then M is 1rreducible.

Proof. We shall show first that M) generates M. Set N = U,(g)M) and
N = (LN N)/(¢qLNN) C L/qL. Then N is invariant by é; and f;. Hence
N contains B, and Nakayama’s lemma asserts that N = M. By duality, any
non-zero submodule of M contains M. Therefore M is irreducible. O

Corollary 1.12. A finite-dimensional Ué(g)—module with a simple crystal base
15 irreducible.

Corollary 1.13. Foriy,... ,ix € Iy, V(w;,) @ -+ & V(w;,, ) is irreducible.
We define similarly an extremal vector of an integrable U, (g)-module.

Definition 1.14. Let v be a weight vector of an integrable U} (g)-module. We
call v extremal if the weights of U/(g)v are contained in the convex hull of
Wwt(v).

When the weight of v is of level 0 and dominant (with respect to Iy), v is
extremal if and only if wt(U;(g)v) C wt(v) + Xies, Z<ocl(a;). In this case, we
call v a dominant extremal vector.

Since the following proposition is not used in this paper, the proof will be
given elsewhere.

Proposition 1.15. Let v be a weight vector of an integrable U](g)-module.
The following two conditions are equivalent.

(1) v is an extremal vector.

(2) We can associate a vector v, of weight wwt(v) to each w € W satisfying
the following properties:
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(a) vy, =v if w=ce,
(b) Ifi € I and w € W satisfy (h;,wwt(v)) > 0, then e;v, = 0 and

Py = fBRED),

(c) If i € I and w € W satisfy (h;,wwt(v)) < 0, then fiv, = 0 and
Ve = e'_(<hi’th(U)))Uw.
The implication (1)=(2) is obvious.
Let us denote by U, (b) the subalgebra of U, (g) generated by ¢; and e; (i € I).

Proposition 1.16. Let M be a finite-dimensional integrable Uy (g)-module.
Then any U, (b)-submodule of M is a U;(g)-submodule.

Proof. Let N be a U (b)-submodule. For any pair of weights A and ;1 conjugate
by W, there exist 4y,...,4 such that my = —(h;,,S;,_, -+~ sy A) > 0 and
p = 54 -5, A by Lemma 1.4. Then e} ---¢]" sends injectively Ny to N,.
Hence we have dim N, < dim /V,. Thus we obtain dim Ny = dim /V,. Then
the proposition follows from the following lemma. ([l

Lemma 1.17. Let M be a finite-dimensional integrable U,(sly)-module and let
N be a vector subspace of M stable by e and t. If dim Ny = dim Ny for any
A (s is the simple reflection), then N is a U,(sly)-submodule.

Proof. Any u € Ny can be written

with ev, = 0. Here n ranges over {n € Zso;n + (h, \) > 0}.

Let us prove U,(sl2)v, C N by the descending induction on ¢ = (h,\).
We have eu = 32,[1 + ¢+ n]f"VYv,. Hence the induction hypothesis implies
U,(sly)v, C N for n > 0. Hence we may assume that eu = 0, and then
¢ > 0. The surjectivity of e : N,y — N, implies the existence of w € Ny
such that u = e@w. Then fw = 0 and U,(sly)u = U,(sly)w is generated by
{e"w;n >0} C N. O

Lemma 1.18. Let My and Ms be finite-dimensional Ué(g)—modules and let vy
and vy be non-zero weight vectors of My and Msy. If vy ®vq 1s extremal, then vy
and vy are extremal and their weights are in the same Weyl chamber (in tY).

Proof. We may assume that wt(v; ® vy) is dominant. Then for any P € U'(b),
we have

P(vy ®vg) = v ® Pug + -+ .
Hence the weights of U, (b)v, is contained in wt(vy) + Q-. Since U;(b)vy =
U, (g)va by Prop 1.16, vy is an extremal vector with a dominant weight. Similary
S0 is 5. O
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2. CONJECTURE

We denote U,-o C((1#/*)) by k and U,-o C[[*/*]] by A. Hence k is an
algebraically closed field and A is a local ring. For a, b € k* = k\ {0}, we
write a < b if a/b € A.

For i € I, let u; denote the dominant extremal vector of V (w;).

Conjecture 1. Let iy, ... ,7 be elements of Iy and ay, . .. , a; non-zero elements
of k.

(1) Ifa; <--- <athen V(w;, )e ®: - -QV (w;, )y is generated by u;, ®- - -@uy,
as a U/(g)g-module.

(2) Ifay >--- > a, then any non-zero U (g)z-submodule of V(cw;, )s, ®@ -+ ®
V(wi,)q, contains u;, & --- & u;,.

Note that (1) and (2) are dual statements and therefore they are equivalent.
One can compare (1) to the case of Verma modules and (2) to the case of the
dual of Verma modules.

Let us discuss several consequences of this conjecture.

For i,5 € Iy, there is an intertwiner

(2.1) R (x,y)  V(wi)e @ V(w;)y = Viw;)y @ V(wi)s

We normalize this such that R sends u; ® u; to u; ® u;. Then we regard it as a
rational function in (z,y). Since it is homogeneous, its pole locus has the form
y/x = constant. We call it the normalized R-matriz. By Corollary 1.13 such
an Ri7"(z,y) is unique,

Corollary 2.1. If a1 < ay, the normalized R-matriz R} (z,y) does not have
a pole at (z,y) = (ay,as).

Proof. Suppose that R}'S"(z,y) has a pole at (z,y) = (a1,az). Let R’ be the
non-zero U (g)-linear map V(w@;)a, ® V(j)ay — V(@j)ay ® V(w;)a, obtained
after cancelling the poles of R}%"(z,y). Then R'(u; ®u;) = 0, and hence Im(R’)
does not have weight w; + w;. On the other hand, Conjecture 1 (2) implies
that Im(R’) contains u; ® u;, which is a contradiction. Hence R}Y*(w,y) has no
pole at (aq, as). O

Corollary 2.2. Let K be a field extension of k, and i1, ... ,i; € Iy, a1,... ,a; €
K* =K\ {0}.

(1)  Assume that R}%; (x,y) does not have a pole at (z,y) = (ay,a,) for 1 <
v<p<l. Then V(wi,)a, ® -+ Q@ V(wy)q is generated by u;y @ --- @ u;, as a
U, (g) x-module.

(2)  Assume that R} (x,y) does not have a pole at (z,y) = (av,a,) for 1 <
p < v < 1. Then any non-zero U,(g) -submodule of V(w;,)a; @ - -+ @ V(@i ),
contains u;; @ -+ @ u;,.
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Proof. We may assume that K is generated by aq,... ,a; over k. Since k is an
algebraically closed field with infinite transcendental dimension over k, there
exists an embedding K — k. Hence we may assume K = k.

Since the proof of (2) is similar, we shall only prove (1). We prove (1) by
induction on the number of pairs (v, ) with v < p and a, £ a,, which we
denote by n. If n = 0, the assertion follows immediately from Conjecture 1.
If n > 0, take v such that a, £ a,,;. Hence a,,1 < a,. Then Corollary 2.1
implies that R}°r ; (z,y) does not have a pole at (z,y) = (ay41,a,). Since

R . (z,y) does not have a pole at (z,y) = (a,, a,41) by the assumption,

Rr.lor (al/7 aV+1) : V<wiu)au ® V(wiu+l>au+1 — V(wiu+l)av+l ® v<wiu)au

(2% ,iy+1

and

R (al/-l-lv aV) : V(wiu+1)au+1 & V(wiu)au — V<wiu)au ® V(wiu+1)au+1

741/+1ail/
are inverse of each other. Hence we can reduce the original case to the case
where v and v + 1 are exchanged, in which n is smaller than the original one
by 1. Hence the induction proceeds. 0

Assume the condition (1) in the preceding Corollary 2.2. Let R be the
intertwiner

R: V(wil)al K- V(wiz)az — V(wiz)az - V(wil)al

nor

sending u;, ® - ®u;, to u; ®- - ®@u;,, obtained as the product of R} (a.,a,)
with 1 <v<pu<L

Corollary 2.3. Under the condition (1) in Corollary 2.2, Im(R) is irreducible.

Note that the condition (1) is satisfied if K = k and a; < --- < @, and
hence we can apply the corollary.

Proof. By Corollary 2.2 (1), Im(R) is generated by the dominant extremal
vector u;, @ - - - ® u;,. Since any submodule of Im(R) contains the same vector
by Corollary 2.2 (2), Im(R) is irreducible. O

In fact, Im(R) is absolutely irreducible. Let us recall that, for a (not nec-
essarily algebraically closed) field K containing k, a U;(g)x-module M finite-
dimensional over K is called absolutely irreducible if the following equivalent
conditions are satisfied.

(1) For some algebraically closed field K’ containing K, K’ ®f M is an irre-
ducible U;(g)x-module.

(2) For any algebraically closed field K’ containing K, K’ ® M is an irre-
ducible U;(g) x-module.

(3) M is irreducible and End y (), (M) = K. We denote by m the maximal
ideal U,,~q ¢"/"C][¢*/™]] of A.
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Corollary 2.4. Fora € kX, y/x = a is a pole of R (w,y) if and only ifa € m
and V(w;) @ V(w;), is reducible.

Proof. By Corollary 2.1, if y/x = a is a pole of Ri?*(z,y), then a € m. By a
similar argument to Corollary 2.1, the irreducibility of V (w;) ® V' (w;), implies
that y/x = a is not a pole of R} (z,y). Now assume that y/z = a € m is
not a pole of R} (x,y). Since R} (a,1) is well defined, Rj*(1,a) is invertible.
Hence V(w;) ® V(w,), is irreducible by Corollary 2.3. O
Corollary 2.5. Let K be an algebraically closed field containing k. If M and
M’ are irreducible finite-dimensional integrable U;(g) x-modules, then M @ M
15 an 1rreducible U,;(g)K—module except finitely many z € K.

Proof. Let M (resp. M') be the irreducible subquotient of V(w;, ), ® -+ ®
V(wi, )a,, (resp. V(wifl)afl ® -+ ® V(wy ,)a,,) such that Ry (x,y) (resp.
Ry (z,y)) does not have a pole at (z,y) = (a,,a,) (vesp. (z,y) = (a,,a,))
for 1 <v<pu<m(resp. 1 <v < p <m'). Then Corollary 2.3 implies that
M is isomorphic to the image of the R-matrix

R:V—W,
where V = V(@ )o, ® -+ @ V(w;,,)a,, and W = V(w;, ), @ -+ @ V(w;, )a,-

Similarly M’ is isomorphic to the image of

R V' — W',
Where V/ = V(wlﬁ)ai ® . ®V(wzl ,)a’ , and W/ == V(wz’ /)a’ , ® : ®V(wz'1)a/1
If z is generic , R}, (7,y) does not have a pole at (z,y) = (a,,z2a,,) and
R)*, (z,y) does not have a pole at (z,y) = (2a;/,a,). Hence the R-matrix
W@ W, — W, ®W is an isomorphism. Hence the image of the composition

~

Veov B wew s wew
is isomorphic to M ® M. and it is irreducible by Corollary 2.3. U

Hence the intertwiner M ® M. — M. ® M is unique up to constant.
We give a conjecture on the poles of the R-matrices.

nor

Conjecture 2. For i,j € Iy, the pole of the normalized R-matrix R} (x,y)

has the form y/x = £¢" for n € v7'Z with 0 < n < (6, p) except DY (where

7 is defined in (1.2)). In the DY case the third root of unity appears in the
coefficients.

As seen in the appendix, this is true for A% and C(V.
We can also ask if the following statements are true.
(2.2) R (z,y) has only a simple pole.
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(2.3) If (z,y) = (a,b) is a pole of R}*(x,y), then the kernel of R} (b, a) :

V(w;)y @ V(w;)e = V(w;)e @ V(w;j)p is irreducible.

3. REDUCTION OF THE CONJECTURE

In this section we shall prove that Conjecture 1 follows from Conjecture 3
below. Let m = {J,,~¢ ¢"/"C[[¢"/"]] be the maximal ideal of A.

Conjecture 3. For every ¢ € Iy, there exist N € N, by,--- , by, ¢1,... ,cNy €
m\{0}, s1,...,8n, t1,...,txy € o, an irreducible finite-dimensional U, (g)-
module W, and a U (g)z-linear map ¢, : V(w;) @V (@, )b, — V(@1 ), @ Wy
for p with 1 < p < N, satisfying the following conditions. Define Fy =
D¢t V(mi)e (recall that —w;- is the lowest weight vector of V(w;)) and
F,={v € Falpu(v®us,) =0} for 0 <p < N.

(2)  pu(Fu1®us,) C V(@ )e, @ w.

(3)  V(ws,)s, is not isomorphic to V(wy,)e,-

(4)  V(ws,)s, is not a component of W, (see Definition 1.3).

Here u,, and w, are dominant extremal vectors of V(wsu)bﬂ and W, respec-
tively.

Let us show that Conjecture 3 implies Conjecture 1 (2).
For ay,... ,a, € k*, let P(aq,... ,a,) denote the following statement.

P(ay,... ,a,): For indeterminates z1, ... ,z;, any dominant extremal vector of
the Ul (8)7(y ... 2 -module V(@) )o, @+ @V (@;,)a, @ V(i) ), @ -+ @
V(w@i,)a, is a constant multiple of uj, ® -+ @ u;, @ us; @ - -+ @ u,,,.

Assuming Conjecture 3, we shall prove the following lemma.
Lemma 3.1. Ifay, ... ,a, € k* satisfya; > --- > a,, then P(ay, ... ,a,) holds.

Since any non-zero finite-dimensional module contains a dominant extremal
vector, this lemma implies Conjecture 1 (2). We shall prove this lemma by
induction on p. First assume p > 1. Then P(ay,...,a,-1) holds by the hy-
pothesis of induction. Set K = k(zy,... ,7;). Let z be another indeterminate.
By the existence of R-matrix, V(wj, )z @ -+ @ V(@) @ V(Wi )e ® -+ @
V(w@i,_1)ay1 @V (@i, ). is isomorphic to V(w@;, )z, ® - @V (@),)0, @V (w5, ) ®
V(@i )ay ® - @V(@i,_, )a,_,- Hence P(ay, ... ,a,_y) implies that a dominant
extremal vector of the U} (g) k (»)-module V(ww;, )z, @ - @V (@), )2, @V (i) )ay @
@ V(@i )y, ® V(wi,), is a constant multiple of uj ® -+ ® uj, ® u;; ®
-+-®u;,. Then it follows that a dominant extremal vector of U (g)x-module
V(@) )a, @@V (@0))a, @V (Ti) )y @+ - @V (i1 ), @V (@05,) is & constant
multiple of uj, ® -+ - @ uj; @u;, ® -+ @y, except for finitely many z € k. This
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means that P(aj,...,a, 1,2) holds except finitely many z € k. Arguing by
induction on the order of the zero of a,, we may assume from the beginning

(3.1) P(ay, ... ,a,_1,z) holds for any z € ma, \ {0}.

Let v be a dominant extremal vector of U, (g)x-module V(wj ), ® -+ ®
V(wj)z, @ V(@iy)ay ® -+ ® V(@i )a,- We shall prove that v is a constant
multiple of uj ® -+ @ uj @ us, @ -+ @ U,

We have ¢ : V(w;,) @ V(w; ), — k with y = (=1)®#")g®) by (1.6). Set
V' =V(@))a, @ @V (@j,)a, @V (@i )ay @~ @V (w@i,_, )a,_,- Then we have
a morphism

idV/ ® (SOO)ap : V/ ® V(Wip)ap ® V(wip*)apy — V/.
Lemma 3.2. We have (idy: ® (¢g)a,)(v ® u;,«) = 0.

Proof. Assume that w = (idy’ ® (¢0)a,)(v ® ¢;,<) # 0. Then w is a dominant
extremal vector of V'. Hence w is equal to uj, ® -+ - @ uj, @ uj, ® - - @ u;,_, up

to a constant multiple by P(ay, ... ,a,-1). Therefore Theorem 1.2 implies that
V (@i, *)a,y is isomorphic to one of V (@), )ays - - -, V(T5)ays VI(@iy)ars - VI(@iy_y )ay_s-
This is a contradiction since y € ¢A. O

Since Fy = {w € V(w;,); po(w & u;,«) = 0}, we have v € V' @ (Fp)a,. Now
we shall show v € V' ® (F},),, by induction on p. Applying Conjecture 3 with
i = ip, we have U (g)-linear maps ¢, : V(@;,) @ V(w@s, )b, — V(@ )e, @ W,
for 1 < p < N satisfying the conditions (1) — (4) in Conjecture 3. Then this
induces a homomorphism

idy @ (Pu)a, 1 V' @ V(@i )a, ® V(ws, )aps, — V' @V (wy,)
Suppose that v € V' ® (F,_1)a,, which is the case when p = 1.

ApCu ® (WH)% :

Lemma 3.3. We have (idy: ® (¢)a,) (v ® ug,) = 0.

Proof. The proof is similar to the one of the preceding lemma. Suppose that
w = (idy ® (Yu)a,)(v ® u,,) is not zero. Write w as v” ® w, in virtue of the
condition (2) in Conjecture 3, where v" is a non-zero vector of V' ® V (@, )a,c,-
Since v ®u, is extremal, so is v” ®@w,,. Hence v” is a dominant extremal vector
by Lemma 1.18. Since a,c, € ma,, the property P(as,... ,a,_1,a,c,) holds
by (3.1), and hence v” is a nonzero scalar multiple of u;, ® -+ ® u;, ® w;; ®
- ®uj, @ uy,. Then Theorem 1.2 implies that V(wy, )q,s, is isomorphic to

one of V(@ )ars - -V (@j)a, V(Tir)ars > V(i1 )ay_r» V(@ )ape, OF to a
component of (W,),,. It, however, is not the case because of the conditions
(3), (4) in Conjecture 3 and a,b, € ma,,. O

By this we have v € V' ® (F),),,- Applying this process successively, we
obtain v € V' ® (Fi),,. Hence we have v € V' ® u;, by the condition (1) in
Conjecture 3. Write v as v’ ® u;,, where v’ is a nonzero vector of V’. Lemma
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1.18 implies that v’ is dominant and extremal. Therefore v’ is a nonzero scalar
multiple of uj, ® -+ @ uy, @ uy, @ -+ @u;,_, by the induction hypothesis on p.
We have deduced the p case from the p — 1 case.

It remains to prove p = 0 case, which follows from the following lemma.

Lemma 3.4. Any dominant extremal vector of the U/ (8)g(z,,... z)-module V(@ )z, @

- @ V(wy,)z, 15 a constant multiple of u;, ® - -+ @ ;. Here xy, ... ,x; are in-
determinates.
Proof. 1t is enough to prove the assertion with z; = --- = 2, = 1. Let V

denote V(w;,) ® --- ® V(w;,). By Corollary 1.13, V is irreducible. Suppose
now that V' has a dominant extremal vector v that is not a constant multiple of
Uiy, ® -+ @u;,. Then Uj(g)v does not contain u;, ® - - - @ u;, since wt(Uy (g)v) C
wt(v) + Yier, Z<ocl(a;), which is a contradiction. O

Thus we have proved

Proposition 3.5. Conjecture 3 implies Conjecture 1.

4. PrROOF OF CONJECTURE 3 FOR AV anD OV
In this section, we shall prove the following theorem.

Theorem 4.1. Conjecture 3 holds if g is AQ or C(V.

4.1. Afll_)l Case. For the fundamental representations of U, (gln), see Appendix
B.1. We identify crystal bases of the fundamental representations with the
corresponding global bases.

Let us prove Conjecture 3.

Since the ¢ = n — 1 case can be reduced to the case i = 1 by the Dynkin
diagram automorphism, we assume 1 < ¢ < n—1. Set N = 4. For 1 <
pw <N =i take s, = u, t, = i+1, b, = (—q)" " ¢, = —¢q, W, =
V(wp-1)(—qyi-n+1 and define ; , : V(w;) @ V(@) (—gyi-nt2 — V(@ig1)—g @ W),
as the composition (see Lemma B.1):

(4.1)

V(wi)®(i1,ufl)<,q)i—u+2

V(w,) X V(wu)(,q)z‘—u-ﬂ V(wz) X V(wl)(,q)iﬂ & WM
J/(pi,l)q@)wu
V(@is1)-q @ Wy
Then it is easy to check that Conjecture 3 holds with

F, = @ (..o, apgr, .., a;).

p<ay41<-a;<n
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4.2. C\V Case. For the fundamental representations of U, ;(Cfll)), see Appendix

C.1.
For1 <i< n, let pi - V(wl) & V(wl)(_qs)i+1 — V(wiﬂ)_qs be (pi,l)—qs‘ Let
Pn 2 Vi(wn) @ V(@) (gnts = V(wp_1)—q, be the composition

V(@) @ V(w1)(—g,)n+3
in_111®V(W1)(_q3)n+3J

V(tn—1)—qs®tr
V(@nt)=ge @ V(@1)(quion ® V(1) (gra — =,
Here tr is given in (C.1).

Forl1 <:<n-1set N =1 Forl < pu < N =1, wesets, = pu,
ty=1+1,b, = (—q) ", c, = —qs and W, = V(w,_1)(—g,)i—s+1. We define
Qip: V(w) @ V(wy)(—gpyi-nt2 — V(w@is1)—q, ® W), as the composition:

V(@n-1)-q.-

(4.2)

V(wi)®(i17u—1)(_qs)ifn+2

V(wl) ® V<wu)(—qs)i*“+2 ? V(wz) & V(wl)(_qs)iﬂ X W#

Jm@Wu

V(®it1)—g ® Wi
Note that b,, ¢, € ¢;A.
For i = n,set N = n. For 1 < pu < n, wesets, =pu,t, =n-—1,
by = (—q)" "™, ¢, = —¢s and W, = V(w,_1)(—g)n—n+s. We define ¢,
Vi(wn) @ V(@) (—gyn-nts — V(wig1)—q, ® W, as the composition ;

(4.3)

V(wn)®(il7u—1)<7qs)n—u+4

V(wn) @ V(@) (—geyn-+s V(@) @ V(wr)(—g)nts @ W,

lpn@)wu

V<wn*1)*(Is ® W:U"

Note that b,, ¢, € ¢;A.
Then we have

Fy={veV(wm)ipveG(j)) =0 forl<j<u}
Then Conjecture 3 easily follows from the following lemma.
Lemma 4.2. Fix 1 <i<n. Then
(4.4) {veV(wm) |pveG(y) =0 foralll <j<i}=EkG(,...,1).

Proof. Let E be the left-hand-side of (4.4). Then E is invariant by ey for any
k € Iy. Let us prove E\ = 0 by induction on the weight A\ # w;. We can
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easily check the assertion when A = w; — o, since V(w;)\ = kfiu;. If a weight
A of V(w;) is not w; — «;, then A + oy # w; for any k € Iy. Therefore any
v € F) satisfies eyv = 0 for all k£ € I by the induction hypothesis. This implies
v =0. ]

APPENDIX A. UNIVERSAL R-MATRIX

In this appendix we shall calculate the normalized and universal R-matrices
of U/(g) for the fundamental representations following a variant of the recipe

of Frenkel-Reshetikhin [8] in the A%, and C(!) cases.

Let us choose the following universal R-matrix. Let us take a base P, of
U/f(g) and Q, of U, (g) dual to each other with respect a suitable coupling
between U/ (g) and U (g). Then for U;(g)-modules M and N define

(A1) i (u @ v) = ¢S Py @ Quu,

so that R{fy gives a U/(g)-linear homomorphism from M ® N to N @ M
provided the infinite sum has a meaning. If M and N are finite-dimensional
integrable modules, then R}{;}]"VZ converges in the z-adic topology. The existence
of the universal R-matrix for (M, N) is proved by [6] (see also [18]). For a scalar

a, the composition
(RyX)a: My @ N, 2 (M®N), = (N® M), = M,®N,

is equal to RR}I;’NG, and we sometimes confuse them.

For irreducible U (g)-modules M and N, let us denote by Rjfy(z) the R
matrix M ® N, — N, ® M normalized by R\ (2)(u®v) = v ®@u for dominant
extremal vectors u (resp. v) of M (resp. N). Let dyn(2) be a denomina-
tor of R (z). Namely c(z) € k[z,27"] is divisible by dyn(2) if and only
if c(2)R}P\(2) has no poles. Then dyy(2) is uniquely determined modulo
k[z,z7'*. Here k[z,27']* is the set of invertible elements of k[z, z~!]. Hence

(A.2) klz,2 11" ={cz™n €Z, c€k\{0}}.

Since the intertwiner from M ® N, to N, ® M is unique up to a constant
multiple by Corollary 2.5, we can write

(A.3) M (2) = ann (2) Ry (2).
If A and p are the dominant extremal weight of M and N respectively, we have
(A.4) apn(z) € ¢ (1 + 2E[[2]]).

For i,j € Iy, we denote R (z) = “‘/n(;i)v(wj)(z), R (2) = By {mv(my) (2);
a;j(2) = av(@)V(w;) (2) and dij(2) = dv () v () (2)-



18 TATSUYA AKASAKA AND MASAKI KASHIWARA

For a finite-dimensional U (g)-module M, let M* be the left dual of M and
*M the right dual of M. Hence we have

M oM —2s k E——s M® M*
Me*M —2 k k——s *M @ M.
We have
(A.5) M*™ = Mq72(5,p) and "M = Mq2<5,p).
We have

Vi(w)" 2 V(wi )y and “V(w;) =2 V(we)ps,
where p* = (—1)&P")glor),

Let a + @ be the ring automorphism of U (g) given by g = gL (e)” = ey,
(fi)~ = fi, a(h)™ = q(=h). For a Uj(g)-module M, let M~ be the U,(g)-
module whose underlying vector space is M with the new action U/(g) —
Us(g) — End(M). Then (M ® N)~ 2 N~ ®@ M~ and V(w;)~ = V().
Hence we have

(A.6) dji(z) = dij(z71)” modk[z, 27 1]*.
The conjecture 2 implies
(A.7) dji(2) = dij(z) modk[z, 271",

Proposition A.1. For irreducible finite-dimensional integrable U, (g)-modules
V and W, we have

de(Z)
dW,*V(Z_l)
Proof. For a U (g)-linear homomorphism ¢ : V@W, — W, ®V, we shall define
TV(p) : Wy @*V — *V @ W; as the composition

W, @V 2V vy oy oW, @V L2V vy oW, eV @tV
*VRW,tr *V®WZ‘

(A.8) ayw(2)avw(z) mod k[z, 271",

The correspondence ¢ — TV(¢) gives an isomorphism
(A9)  Hom(V oW, W, V) s Hom(W, ® *V,*V @ W,).

If we consider them as modules over k[z,z7!], then Hom(V @ W,, W, ® V)
is generated by dyw (2) RSy, (2), and Hom(W, ® *V,*V ® W) is generated by
dwv (27 )Ry (271). Hence we have

TV(hwHRvw()) = v (E)RW- () mod [|[, 1777
Then the result follows from Ryt (27") = (RN} (2))" and a well known
result 7V(RYY (1)) = (RE5 (1)) (see [8]). m
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This proposition implies

_ d; i(2)
A.10 aii(2)ap(pF12) = —222  modklz, 271%.
(A.10) 3(2)ai;(p*2) G (e ) [2,27]
Applying (A.8) with *V instead of V| we have
d-
(A.11) asyw(2)asyvw(z) = L(Zjl mod k[z, z71]*.
dyey(z71)
Using (A.5) we obtain the g-difference equation
avw(2) dyw (2)dwv (> 7) .
A12 = mod k[z, z7]*.
( ) ayw(q20r)z) dwv (27 ) d-vw (2) | |
Write

dji(z) = H(z —z,) and d;(2) = H(z — Y.

v v

Then by (A.6), we have
dij(z) = H(Z — 7,7 ') and di j(2) = H(z -7,

v v

Then using (A.4), we can solve the g-difference equation (A.12),

oo I (P02 D) e (0T 2 D) oo
(Al?)) aU(Z) :q( " J) ( . k2 ) (*27 . *2) :
[T (2,2;p*2) oo (P70 2, P*?)

Here p* = (=1)07¢%) and (2; q)o = [I32(1 — ¢"2).
We are going to determine d;;(z) and a;;(z) in the Aﬁ}_)l and C(V cases.

Remark . We can see easily

(A.14) dye e (2) = deyor (2) = dy (2).
Hence

(A.15) aysw+(2) = aryw(2) = ayw(2),
and

(A.16) di j+(2) = dij(2).

APPENDIX B. Af}_)l CASE

(1)
1 .

n—

We shall review the fundamental representations and R-matrices for A
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B.1. Fundamental representations. The root data of g = AW are as fol-

n—1
lows.
1=1{0,1,...,n—1}
2 ifi=j

(i, ) = {_5(1» =j+1mod n)—d§(i=j— 1mod n) otherwise
d=ap+ - +a,1,

c=ho+--+hn1,

(6,p) = (3,p7) =n.

Here for the statement P, we define §(P) = 1 or —1 according that P is true
or false.
Hence by (1.6) the duality morphisms are given by

k= V(i) gr @ V(w) and V(wi) @ V(wu i) gn — k-

By [16], the vectors of the crystal base By, of the fundamental representation
V(wg) (1 <k <n—1)are labeled by the subsets of Z/nZ = {1,... ,n} with
exactly k elements. For 0 <i <n —1and K C Z/nZ, we have

5 (K) = {(()K\{iJrl})U{i} ft;;vlvife}( and i ¢ K.
fi(K) = {éK\{i})U{i+1} ifi€ K andi+1¢ K,
otherwise.

In the case of the fundamental representations of U] (sL,), all the weights are
extremal. Therefore we have e;G(b) = G(é;b) and f;G(b) = G(f:b) for every b
in the crystal base. Here G(b) is the corresponding global base. Hence we can
and do identify its crystal bases with the corresponding global bases.

We have

tzK — q5(i€K)75(i+1€K)K )
We present a lemma that is easily verified by calculation.

Lemma B.1. For j,k > 0 such that j + k < n, there exist following non-zero
U, (sl,)-linear homomorphisms.
(1) i = V(i) — V(@) (g @ V(wk)(—g)—
given by
x(M) = > (=PI e K.

gJ=j, i K=k
M=JUK, JNK=0

Here (J, K) =t{(v,pu) € J X K; v > u}.
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(2) i+ V(@) g+ @ V(@k)(~gps —> V(@j4x)
given by
—q)*YENJUK) if JNK =10
pj,k:(J®K):{( A ) ¥

if JNK # 0.
Here V(wy) and V(w,) are understood to be the trivial representation.
B.2. R-matrices. We shall recall the result of Date-Okado [5].
Proposition B.2 ([5]). For k,l € I

min(k,l,n—k,n—1)

(B.1) dpi(2) = I = (o>,

v=1
The universal R-matrices can be easily obtained by (A.13) and (B.1).
Proposition B.3 ([5]). For k,l € Iy ={1,... ,n — 1}, we have

() = qmin(k,l)—kl/n((_Q>|k_llz; *)oo ((=0)*" 112 ")
" () 2 @) (—g)2 12 1)y

ApPENDIX C. O CASE

C.1. Fundamental representations. The Dynkin diagram of C(! is

0 1 2 n—1 n
O —— O R O e e e e e O P— O
—2¢e1 €1 — €9 €9 — €3 €n_1 — En 2,

goen

q if 1 <7<n,
b = ap+2(ar+ - 1) + ap,
¢ = ho+hi+-+hy,
(6,p) = n+1,
Y,0) = 2n,

q ifit=0o0rn
% = 1/2

w; = Ai_AO:€1+"'+€i-
We set ¢, = ¢*/2. Hence by (1.6) the duality morphisms are given by
(C1) k= V(@) 200 @V(m) and V(m) © V(@) 2o — k.

We review the crystal base (Lg, By) of the fundamental representation V' (wy,)
(1<k<n)of Ué(C,(Ll)). Recall that V(wy) is as a U,(C,,)-module isomorphic
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to the k-th fundamental representation of U,(C,,). Hence by [17], By, is labeled
by

{(m)F | my < <mp,my €{1,...,n, n,..., 1},
i+ (k—7+1)<m; if my=m; (i<j)},
where the ordering on {1,... ,n, @,...,1} is defined by
(C.2) I<---<n=<n<--<1

On B the actions of fl and €; with 0 < 7 < n are defined as follows. As for
i # 0, write i and ¢ +1 as +, i + 1 and 7 as —, and others as 0. Then first
ignore 0 and next ignore +—. Then f;b is obtained by replacing the leftmost
+ with — and €;b is obtained by replacing the rightmost — with +.

Lemma C.1. Ifb is of the form (1, ay,... ;ar_1), then éb = (ay,... ,ar_1, 1).
Otherwise égb = 0. 3

If b is of the form (ay,... a5, 1), then fob = (1, ay,... ,ax_1). Otherwise
fob=0.

Proof. Tt is easy to check that By is a regular crystal with this definition of €
and fo. Set J ={1,2,... ,n— 1} C I. Then By decomposes, as a crystal over
g; ~ A, _1, into irreducible components with multiplicity 1. Hence there is a
unique way to draw O-arrows on the crystal By over C,. U

The following proposition can be checked by a direct calculation.

Proposition C.2. For pu,v with p + v < n, there exist following non-zero
UL (CDV)-linear maps:

b 2 V(@) — V(@) (—qr @ V(@) (=g
Puv - v(“u)(qu)*” ® V(wl/)(—qs)“ — V(wu+l/)'

C.2. Normalized R-matrices. Let us calculate R-matrices between a fun-
damental representation and the vector representation of U, é(C,(Ll)). First recall
that we have the following decomposition as U,(C},)-modules;

(C.3) V(o) @ V(wy) = V(wg + w1) @ V(wgsr) &V (wg—1).

Here V (wy) is understood to be the trivial representation and V (w,1) to be 0.
Therefore the R-matrix R} (x,y) : V(wy).®V (w1)y — V(w1), @V (wy,), can
be written as Rpi"(z,y) = Py, 4w @71(y/2) Py, ©72(y/2) P, where Py
is a U, (Cy,)-linear projection from V(wy) ® V(w) to V(w) in V(wy) @ V (wy,)
with w = wy + w1, W1 Or WE_1.

Let u; and «} (i = 0, 1, 2) be highest-weight vectors in the U,(C),)-modules
V(wy) @ V(w) and V(w;) ® V(wy) with highest weights g + wy (i = 0),



FINITE-DIMENSIONAL REPRESENTATIONS OF QUANTUM AFFINE ALGEBRAS 23

w1 (1 = 1), wr_1 (i = 2). Remark that if & = n we ignore w1, ui, u)
and y1(y/x). We set Q1 = fofi- - facifaufoc1- fogr and Q2 = fofi -+ fr1.
Then Q;u; is proportional to uy because its weight is wy + w;. Let us first
determine v, assuming that k # n.

The following lemma is by direct calculation and we leave it to the reader.
In the statement G“%) means the lower global base (cf. [12, 13]).

Lemma C.3. Let b be an element of V(wy) ® V (wy) which is a tensor product
of two lower global bases of V(wy) and V(w1) and has the weight wy1. Then
Q1b # 0 if and only if b = by := G (1,... k) @ GV (k +1) or b = by :=
GUow) (2, ... k+1)@ G (1). Moreover Q1b1 = ¢ 'y~ ug and Q1by = 1 uy,
where we set ug = GU(1,... k) ® Glow)(1).

Lemma C.4. If we write uy = by + > 4, apb, where b runs over the set of
tensor products of two lower global bases, then ay, = (—qs)*.

Proof. There are relations

A
e(GUW(1 i1, k1) @ GUW (G 4 1)
A
—q, G, i kD) @G () =0 for 1 <i < k.
It follows that ay, = (—qs). O

By these lemmas we have Qu; = (¢; 'y 4 (—qs) 27 ug in V() @V (w1).
Similarly we obtain the following two lemmas.

Lemma C.5. Let b be an element of V(wy) @ V (wy) which is a tensor product
of two lower global bases of V(wy) and V(wy,) and has the weight wyy1. Then
Q1b # 0 if and only if b = b, := G (1) @ Gl (2,... |k +1) orb =1V, :=
GU) (k4+1)@GUw) (1, ... k). Moreover Qb = q7 'z~ uly and Qb = y~'u,
where we set ufy = G (1) @ GUw)(1,... k).

Lemma C.6. If we write v} = b] + Ybrvr apb, where b runs over the set of
tensor products of two lower global bases, then ay, = (—qs)".

By these lemmas we have in V() @ V (wy)

(C.4) Quuy = (¢ 'a™ " + (—qs)"y " )uy.

Therefore we have
- (_QS)k+1y
C5h _ v\ I
(©5) T A
Next let us determine 7,. For brevity, we assume that k # 1 in the following
four lemmas, and G(*?) means the lower global base (cf. [13]).
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Lemma C.7. Let b be an element of V(wy) @ V(wy) which is a tensor prod-
uct of two upper global bases of V(wy) and V(wy) and has the weight wy_.

Then Qob # 0 if and only if b = by == GUP(1,... k) @ GM)(k) or b =

by = GW(2,...  k k) @ GE)(1). Moreover Qsby = g7y~ ug and Quby =
qs$_1[2]1UO, where we set uy = G(“p)(L k) ® G(up)(l)'

This lemma is by direct calculation and we leave it to the reader.

Lemma C.8. If we write uy = bg + > 4, apb, where b runs over the set of
tensor products of two upper global bases, then ay, = —(—qs)*" **1/[2]5_1.

Proof. There are relations.

e(GUP(1,...  k—1, i) ® GU)(7)
—q, G (1, k=1, i+ 1) @G (1) =0 fori=Fk,...,n—1,

en(GUP)(1, ... k-1, n) @ G (m)
—2G") (1, ... k-1, n) @ G (m)) =0,

(G, k=1, i+1) @G (i+1)
—q¢.G(1,... k=1, ) @G () =0 fori=k,...,n—1,

er1([21 G (1, k=1, n) @ G (m)
_QSG(up)(la ce 7k - 17 n) ® G(up)<ﬁ)) = 07

e (GUP(1,. .. PR k)@ GUP (i +1)
—q,G"P(1,. .. Gk, B @G (i)=0 fori=1,... k-2
It follows that ay, = —(—qs)*" "1 /[2]p_1. O
By these lemmas we have in V(@) ® V()
(C.6) Qauz = (g7 'y~ + (—as)" 22 up.
Similarly we obtain the following two lemmas for V(w;) @ V (wy).

Lemma C.9. Let b be an element of V (w1) @ V (wy) which is a tensor product
of two upper global bases of V(wy) and V(wy) and has the weight wy_y. Then
Q2b # 0 if and only if b = by == G (1) @ G (2,... |k, k) or b = b, :=
G (k) @ GUP)(1,... k). Moreover Quby = g o [2]1ul and Qo) = y~tu,
where we set ufy = G (1) @ GMP(1,... k).

Lemma C.10. If we write u}, = b + 2 bp, aub, where b run over the set of
tensor products of two upper global bases, then ay, = (—qs)*""*?[2]5_1.
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By these lemmas we have in V() ® V(o)

(C.7) Qouty = (g, 7"+ (—qs)® "y N (g5 + ¢; Hug.

Therefore up to a multiple of an element of k£ we have

x ( qS)2n7k+3y
C.8 = )
(C.8) V2 y — (—qs)2n 3y

It is easy to check that this expression for v, still holds even if £ = 1. So we
obtain the following result.

Theorem C.11. The normalized R-matrix is given by

1 — (_qs>k+lz 1 — (_qs)2n—k+3z
Z — (_QS)k+1 Pwk-H Z — <_QS)2nik+3 Tk
w(2) = if1<k<n,

1- (_QS)n+3Z .
T (g VRS

Pwk-Hm +

Pwk +w +

Hence we have

(C.9)

o (—ag V) (5 — (—q.)2nt3—k i n
dip(2) = dii(2) = {i - ((—qqiv)z;; =) ! ii llf i ]:L.< |

We give the explicit form of R-matrix for the vector representation.

Proposition C.12. For by, by € B(w;) we have

Rreor b ®b — 1— 2\ ,(ba=<b1) o -1 _
i (2) (01 ® by) ( qS)ZZ b1®bg—|—q(272)b2®b1 if b # ba, by.
Z—q; ar
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For1l <a<n we have

R (2)(a © @) — 1—615 0®a +Z( @)A1 ok

T A @) (e )
_Z <_(<JZ)2—H q>< i“@iilﬁii Tons 5(_2 q_z>1<)z(z—_<—(;sq>32:>> e
T e e o
RY'(2)(@®a) = — Z;l (_((Jz)iz_q;t_(l(:qig)lgi;) Dok
*fff%igilgﬁii%G®G‘Z£tj?;%;:£f$5%)“gk

The general d;; with 4,7 # 1 will be calculated at the end of this section
with the aid of the universal R-matrices.

C.3. Universal R-matrices. We shall calculate the universal R-matrices. By
(A.13) and (C.9), we have

{k—=1}{2n+1—-k}{2n+3 + k}{4n+5 — k}
{k+1}H{2n+3—k}{2n+ 1+ k}{4n+3 -k}

(C.10) a1x(2) = ag1(2) = ¢s
Here we employed the notation

(C.11) {m} = ((—a:)"2 4" oo -
Now we shall calculate ag(z) for | < k. Consider the commutative diagram
(C.12)
Vi(wk) @ V(wi-1)(—g0)-12 @ V(1) (—gp)i-12 . V(o) @ V(w).
|
V(@10 a1 © V(1) @ V(@) s |
g

V(- 1) Y V(wl) —gs)i-12 ® V(o) T> V(w), @ V(wg) .
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Here
@D V(wk) @ (Pro11)z YV = (pio11). @ V(ww),
}clr;lvl(( qs ) Z) X V(w1)(_qs)zf1z,
V(@i-1) (g1 @ RV ((—g0)' ™ '2) and h = Rjj™ (2).
We have

pl_171(G(1... ,l— 1) ®G(l)) = G(l, ,l),
()G, k) G() = GI)eG(,... k).

Chasing the vector G(1,... ,k)®G(1,... ,I=1)®@G(I) of V(@) @V (wi-1)(—gq,)-1:®
V(@1)(—g,)-1, in the diagram C.11, we obtain the recurrence relation

ap(2) = a1 ((=¢5) " 2) a1 ((—=g5)'2).
Solving this, and noticing ax; = a;,, we obtain the following result.
Proposition C.13. For k,l € Iy ={1,... ,n}, we have

aia(2) = gt yWek=13{2n+2 -k -0 {2n+2+k+1H{dn+4 - [k -]}
M . (k+{n+2—k+0{2n+2+k—1}{dn+4—k—1}

Here we used the notation {m} = ((—gs)™z; ¢i" )

C.4. Denominators of normalized R-matrices. In this subsection we shall
prove

Proposition C.14. For 1 < k,l <n, we have

(C.13)
min(k,l,n—k,n—1) ' min(k,1) |
dr(2) = H (z — (—q8)|k—l|+21) H (2 — (_qs)2n+2—k—l+2z) ‘
=1 i=1

This is already proved in the case [ = 1. The case k = [ = n is proved in
[16, Proposition 4.2.6]. We shall prove this proposition by reduction to those
cases. Let Dy;(z) be the right hand side of (C.12).

By (A.6), we may assume that & > [. First let us show that di(z) is a
multiple of Dy(2). In order to see this, by using Corollary 2.4, it is enough to
show that V(wy) ® V(w;), is reducible for any root a of Dy(z). For 1 <i <
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n — k,l, we have
V(o) @ V(@) (g, k142
V(wk)®(ii,l—i)(qs)k—l+2il
V(@) @ V(@) (g ets @ VI(@1—i) (g, et
(pki)(_qs)i®V(wz_i><_qs)k_z+il
V(@) (—q0)i @ V(@) (gayp-tes

Here V(wy) is understood to be the trivial representation. Then one can
easily see that the composition is not zero but u; ® u; is sent to zero. Hence
V(wk) ® V(@) (_g,)k-1+2 is reducible. Similarly for 1 <4 <1, let us consider

V(@) @ V(@) (g, 2nre-k-tsi
iki,i®(iz‘,zi)(qs)2n+2kz+2zl
V(@k=i)(—q0)1 ® V(i) (—gpyik @ V(i) (—gp)znta-rri @ V(Wi—i) (g, )en+a—t-tts
V(wk—i)(qsﬂ®tr®v(wl—i)(—qs>2n+2—k—l+iJ
V(Wk—i)(—gs) @ V(W1—s) (=g, )2nta—r—iri

In this case also, the composition is not zero but u; ® wu; is sent to zero. Hence
V(wg) ® V(wz)(_qs)2n+2fkfl+2i is reducible.
By (A.10), we have

i (2) ap((—gs)""z) = dkl((—cflgil;;l?z—l) mod k[z, 2~ ']
Hence we obtain
(C.14) dri(2) = Dri(2)vm(2)
for a polynomial vy (z) satisfying
(C.15) Vr(2) = Y ((—qs)*" 227 mod k[z, 271,

Now we shall use the following lemma.

Lemma C.15. Let V', V", 'V and W be irreducible U,(g)-modules. Assume
that there is a surjective morphism V' @ V" — V. Then
dmv/(Z)dWV//(Z)aW7v(Z) dvl7w(2)dvuyw(2)av7w(2)
and
dW’V(Z)aW’V/(Z)CLWV//(Z> dV?W(Z)aV/’W(Z)aV//’V[/<Z)

are in k[z,271].
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Proof. In a commutative diagram
WV eV — WV,
R’(z)®VZ”J
VIieW eV, R(Z)l
VZ/®R"(Z)J(
VeV eW — V.o W,

if R'(z) and R"(z) do not have poles, then so is R(z). To see the first as-
sertion, it is enough to apply this to R'(z) = dwv/(2)Ripy.(2), R'(z) =
dw,vr(2) Ry (2) and

_ dwv(2)dwyr (2)awy (2) Hnor

= w(2)
dmv(Z)amV/(Z)aW7V//(Z)

The second assertion can be proved similarly. 0
We shall prove ¥y(z) = 1 mod k[z, 27 1]*.

Case k+1 < n. We prove this by the induction on [. If [ = 1, it is
already proved. If [ > 1 then applying the lemma above to V(@;_1)(_4,)-1 ®
V(@1)(—gy-1 — V(@), we have

drg1((=qs)'2) dra((=g5)'"'2) ara(2)
di1(2) aki-1((—qs)™12) ar1((—qs)'"'2)

R(z)

€ klz, 27

Since
Dii1((—qs)7'2) dra((—qs)'™12) ari(2)
Dyi(2) apg-1((—gs)'2) ara1((—gs)'2)
Yr—1(2) = 1 implies ¢y (z) = 1.

Case k£ +1 > n We shall first reduce the assertion to the k = n case. For
k < n consider a surjection

=1,

V(wk_f_l)(_qs)fl X V(wl)(_qs)zm—l—k — V(wk)
given by the composition
V(wk+1)(,qs)—1 & V(W1)(,qs)2n+17k — V(wk) X V('wl)(,qs)—l—k X V(’W1)(,qs)2n+17k

We have

Diy11((=¢5)2) dia((=g5)* " "2) an(2) = o (—gy)trh,

Dii(2) ar1((—gs)2) arg((—gs)">'2)
Hence ¢g41,(2) = 1 implies that ¢y (2) is a divisor of z — (—¢,)™™**=*=!. Then
(C.14) implies that 13(z) = 1. Hence, the descending induction on k reduces
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the problem to the k = n case.
We have

Dia-1((=5)"'2) dia((—g5)""2) ara(2)
Dia(2) ara-1((—¢s)7"2) ara((—qs)"~"2)
Hence by the similar argument to k + 1 < n case, ¢x;_1(2) = 1 implies that

Y (2) is a divisor of z — (—g,)*""?7**!. Hence if | # k = n then we can reduce
the [ case to the [ — 1 case. This completes the proof of Proposition C.14.

2n+2—k+l1

=z—(-¢)
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