Characters of irreducible modules with
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ABSTRACT. We shall derive Kazhdan-Lusztig type character formula for the
irreducible modules with arbitrary non-critical highest weights over affine Lie
algebras from the rational case by using the translation functor, the Enright
functor and Bernstein’s unpublished argument.

1. Introduction

The aim of this paper is to give a character formula for the irreducible modules
with arbitrary non-critical highest weights over affine Lie algebras.

Let us first recall the history of the corresponding problem for finite-dimensional
semisimple Lie algebras. In [16] Kazhdan-Lusztig proposed a conjecture describing
the characters of the irreducible modules with integral highest weights over finite-
dimensional semisimple Lie algebras in terms of Kazhdan-Lusztig polynomials. This
conjecture was proved by Beilinson-Bernstein [1] and Brylinski-Kashiwara [2] inde-
pendently using D-modules on the flag manifolds. Later its generalization to ratio-
nal highest weights was obtained by combining an unpublished result of Beilinson-
Bernstein and a result in Lusztig [19]. Finally, Bernstein proved the character
formula of the irreducible modules with arbitrary highest weights by reducing it
to the rational highest weight case with the help of the translation functor and a
certain deformation argument (unpublished).

As for affine Lie algebras, we know already descriptions of the characters of
the irreducible modules with rational non-critical highest weights by Kashiwara-
Tanisaki [14], [15] (see Kashiwara (-Tanisaki) [11], [12], Kashiwara-Tanisaki [13],
and Casian [3], [4] for the integral case). In this paper we shall derive the character
formula for arbitrary non-critical highest weights over affine Lie algebras from the
rational non-critical case by using the translation functor, the Enright functor and
Bernstein’s argument,.

Let us describe our results more precisely. Let g be a finite-dimensional semisim-
ple or affine Lie algebra over the complex number field C with Cartan subalgebra
h. Let {ai}icr be the set of simple roots, and let W be the Weyl group. For a
real root a we denote by s, € W the corresponding reflection. Fix a W-invariant
non-degenerate symmetric bilinear form ( , ) on h*. Set &V = 2a/(a, @) for a real
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root a. Fix p € h* satisfying (o), p) = 1 for any 7 € I, and define a shifted action
of W on h* by
wol=w(A+p)—p forany X € h*.

When g is affine, we denote by d the positive imaginary root such that any imaginary
root is an integral multiple of §.

For A € h* we denote by AT()\) the set of positive real roots a satisfying
(@Y, X + p) € Z, and by II(\) the set of @ € At ()\) satisfying s (AT(\) \ {a}) =
A*(X) \ {a}. Then the subgroup W(A) of W generated by {s,; @ € AT(\)} is a
Coxeter group with the canonical generator system {s,; a € II(\)}. We denote
the Bruhat ordering and the length function of W(X) by > and £ : W(X) = Z>o
respectively. For y,w € W(\) we denote by P?;\,w(q) € Z[q] the corresponding
Kazhdan-Lusztig polynomial (see Kazhdan-Lusztig [16]), and by Q;’w(q) € Zlq]
the inverse Kazhdan-Lusztig polynomial defined by

Y (F1)HWNEQR (OP).(¢) = 8. for any z,2 € W(N).
z<3y<iz
We denote by Wy (A) the subgroup of W () generated by {so; a € AT, (aV,A+p) =
0}.

For A € b* let M(\) (resp. L()\)) be the Verma module (resp. irreducible
module) with highest weight \. We denote the characters of M (A) and L(\) by
ch(M (X)) and ch(L())) respectively. The aim of this paper is to give a description
of ch(L(A)) for any A € h* (satisfying (5, A + p) # 0 when g is affine).

Set

C— h* when g is finite-dimensional semisimple,
|l {Aeb*; (6, +p) #0} when g is affine,
Ct={reC; (aV,A+p) >0 for any a € AT(A\)},
C-={\eC; (a’,A+p) <0 for any a € AT(N)}.
Let A € C. Then Wy()\) is a finite group, and we have (W (A)oA)N(CTUC™) # 0.
(see §2 below). Moreover, for any w € W () there exists a unique z € wWy(\) such
that its length £, (z) is the largest (resp. smallest) among the elements of wWy(A).

We call it the longest (resp. shortest) element of wWy ().
Our main result is the following.

THEOREM 1.1. Let g be a finite-dimensional semisimple or affine Lie algebra.
(i) Let A € C*T. For any w € W(X) which is the longest element of wWo(\) we

have
ch(LwoX) = Y (-1)HW-HMIQE (1)ch(M(yoN)).
W(A)dy>rw
(ii) Let A € C~. For any w € W () which is the shortest element of wWy(\) we
have
ch(LiwoX) = Y  (=1)HE=HOPY (1) ch(M(yoN)).
W(A)sy<iw

We would like to thank J. Bernstein for informing us of his unpublished result
together with its proof.



CHARACTERS OF IRREDUCIBLE MODULES 3

2. Integral root systems

Since the finite-dimensional case is similar and simpler, we assume in the sequel
that g is affine. Let g be an affine Lie algebra over the complex number field C.
Let f be the Cartan subalgebra, and let {a;}ier C b* and {h;}ser C b be the set of
simple roots and the set of simple coroots respectively. We assume that {a;}icr and
{hi}ier are linearly independent and dimb = |I| + 1. We denote by A (resp. Are,
Aim, AT, A7) the set of roots (resp. real roots, imaginary roots, positive roots,
negative roots). Set Af@ = A N AT, Affn = Aim N A%, There exists a unique
§ € Al satisfying A = Z5¢6. Let ¢ € Y, ; Zsoh; be the central element of g
such that Z c={h € }_,.; Zh;; (h,a;) = 0 for any i € I'}. Here, (, ):hxbh* = C
denotes the canonical paring. We set

(2.1) Q= ZZai and Qt = ZZzoai.
iel iel

We fix a Z-lattice P of h* satisfying
(2.2) a; € P, (h;,P)CZ,
(2.3) there exists some A € P such that (hj,A\) = d;; for j € I
for any i € I. Set
(2.4) Pt ={\€e P; {hj,\) >0 for any i € I},
(2.5) hp=Qez P Ch,
(2.6) hr =R®z P C bh*.

We further fix a non-degenerate symmetric bilinear form (, ) : hg x hg = Q
satisfying

(2.7) (hi, A) = 2(\, ;) /(ai, ;) for any i € T and X € by
normalized by

(2.8) {c,A) = (6,) for any A € b,

Then we have

(2.9) (,@)/2=1/3,1/2,1,20r 3 for any a € A.

Its scalar extension to h* is also denoted by (, ) : h* x h* = C.
For a € A, we set

(2.10) o’ =2a/(a,a) € by,
and define s, € GL(h*) by
(2.11) s5a(A) = A= (¥, N)a for any ) € h*.

The subgroup W of GL(h*) generated by {s,; @ € AL} is called the Weyl group.
It is a Coxeter group with a canonical generator system {sq, ;i € I'}. We denote
its length function by £: W — Z>.

Fix p € P satisfying (o), p) = 1 for any i € I, and define a shifted action of W
on h* by

(2.12) wol=w(A+p)—p forany X € h*.

For a subset T" of h* we denote by CI' (resp. R, QI') the vector subspace of
h* over C (resp. R, Q) spanned by T'.
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Set
(2.13) E=RA, ={X€bg; (6,)) =0}, E, = E/RJ,

and let cl : E — Eg denote the projection. The restriction ( , ) : Ex E — R of
(, ) : bk x bt = Ris positive semi-definite with radical Ré. Thus it induces a
positive definite symmetric bilinear form ( , ) : Eq x Eq = R. Set Ag = cl(Age)-
Then A is a (not necessarily reduced) finite root system in FE.

For each v € Ay there exists some 4 € A, and r, € Zx, satisfying

(2.14) d (V) NAe = {§+nr,d;n €L},
(2.15) ANy NAL = {5 +nryd; n € o},
(2.16) d () NAL ={F+nr,d;n €L}
Thus we have

(2.17) Are ={§+nr,d;v € Aa,n € Z},
(2.18) AL ={§+nryd;v € Aua,n € Z>o},
(2.19) A, ={¥+nryd;v € Aa,n € Zco}.

We have Zr, = ZNZ(v,7)/2.

We call a subset Ay of AL a subsystem of A if 5,8 € Ay for any o, 8 € Ay
(see Kashiwara-Tanisaki [15] and Moody-Pianzola [20]). For a subsystem A; of
AL we set

(2.20) A = ATNA,

(2.21) I = {a € Af; so(AT \ {a}) C AT},
(2.22) Wi = (sa; a € Ay),

(2.23) S1 = {sa; a €1 }.

We call the elements of Al (resp. Ay, II;) positive roots (resp. negative roots,
simple roots) for A;, and W; the Weyl group for A;. The group W; is a Coxeter
group with a canonical generator system S;, and its length function ¢ : Wy = Z>¢
is given by £; (w) = |[wA} N AT |. We have

(2.24) (a, ) <0 for any a, 8 € 1Ty such that a #
(see [15]).

LEMMA 2.1. The following conditions for a subsystem Ay of Ay are all equiv-
alent to each other.
(i) |A1] < oo,
(11) |W1| < 00,
(iii) CA; F 4,
(iv) QA; F4.

Proor. It is well-known that (i) and (ii) are equivalent, and they are also
equivalent to the condition that the restriction (, ) |RA; xRA; of (, ) : ExXE - R
is positive definite. Thus the conditions (i) and (ii) are equivalent to RA; F 4. This
condition is equivalent to (iii) and (iv) because A; U {6} C hg, C bi. O

LEMMA 2.2. Let Ay be a subsystem of Are and let I, be the set of simple roots
for Ar. If QA1 36, then we have § € 3 .y, Q0.
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PROOF. Let II; be a minimal subset of IIy such that QIIs > 6. Write § =
Y act, Cat With ¢o € Q. Let Iz = {a € Iz; ¢, > 0}, and set v = > aet; Calt =
o+ EﬁEHQ\H3(_CB)B' By (2.24) we have

0<(rmM =Y, D cal-cp)(ap) <0,

aclly ,BEHQ\Hs

and hence v € Q0. If v = 0, then we have § = Zﬂem\m cgfB € Qcoll; C
> ic1 Q<o;. This is a contradiction. Thus § € Qy C QII3. By the minimality of
Iy we have Iy = I3, and hence we have 6 € ) o, Qsoa C >~ e, Q0. O

LEMMA 2.3. Let IT; be the set of simple roots for a subsystem Ay of Are. Then
we have |II;| < oo.

PRrOOF. Let = be the equivalence relation on II; generated by
aaﬂ € Hla(a7ﬁ) 750 = ar ﬂ:

and let {II, , ; a € A} denote the set of equivalence classes with respect to ~.

For a € A set V, = RIl; ,. Then cl(V,) for a € A are all non-zero and mutually
orthogonal with respect to the natural positive definite symmetric bilinear form on
E,. Hence A is a finite set. Thus it is sufficient to show that II; , is a finite set for
each a € A.

If V, # 4, then (, )|V, x V, is positive definite, and hence A, NV} is a finite
subsystem of A,e. Thus II; , is a finite set.

Assume that V, 3 §. By Lemma 2.2 there exists a finite subset II5 , of II; 4
such that d = Zaenm Co0 With ¢, € Q9. Since

0=1(4,8) = Z cola, B) for any € II1 4 \ Il 4,
a€llz o
(2.24) implies (a,8) = 0 for any a € I, and g € I; , \ I ,. Since II; , is an
equivalence class with respect to =, we obtain II; , = Il ,. Therefore, II; , is a
finite set. 0

For a subset J of I set

(2.25) Ay=AnN Z Zo.

icJ
If J is a proper subset of I, then A is a finite subsystem with {a;; i € J} as the
set, of simple roots.

LEMMA 2.4. For any finite subsystem Ay of A there exist w € W and a proper
subset J of I such that wA; C Ay.

PROOF. Set V = RA;. By Lemma 2.1 we have V' F §. Since (, )|V x V is
positive definite, V' N A, is a finite subsystem of A, containing A;. Hence we can
assume A; = V N Ay from the beginning.

Set V4 = {u € bg; (V,u) = 0}. Since § € V, (4, 1) is not identically zero on
p € VL. Similarly (o, p) (o € A \ A;) is not identically zero on u € V1. Since
AL \ A; is a countable set, there exists some A € V1 such that (6,\) > 0 and
(a,A) # 0 for any a € Aye \ Ar. Then we have Ay = {a € Aye; (a,A) = 0}
Since (4, A) > 0, there exist only finitely many a € Af such that (a,\) < 0 by
(2.18). Hence there exists some w € W such that (a,wA) > 0 for any a € A} by
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[9, Proposition 3.2]. Then we obtain wA; = {a € Aye; (a,wA) = 0} = Ay with
J={ieI; (a;,wA) =0}. Since |Ay| =|A1] < 00, we have J # I. O

For A € h* set
(2.26) A) ={a € Awe; (@¥, A+ p) € Z},
(2.27) Ag(AN) = {a € Are; (@¥, A+ p) =0}
They are subsystems of A... We denote the set of positive roots, the set of negative
roots, the set of simple roots and the Weyl group for A(X) by A+t()\), A=(X), II())

and W()) respectively. We denote those for Ag(A) by Ad()), Ay (A), o()) and
Wo(A). The length function for W(X) is denoted by £x : W(A) = Z>o.

LEMMA 2.5. For A € b* such that A(X\) # 0, the following conditions are
equivalent.

() 1A < oo.
(i) (6,A+p) ¢ Q.
PROOF. (i)=(ii). Assume (J,A + p) € Q and A(N\) # 0. Take a € A()\). By
(2.14) there exists some r € Zxg such that a + Zrd C Are. For n € Z we have
((a+nrd)Y, X+ p) = (@, XA + p) + 2n7(8, A + p)/ (e, ),
and hence we have a+nrd € A()) for any n € Z satisfying 2nr (3, \+p)/(a, ) € Z.
Thus |[A(N)| = oo.
(ii)=(i). Assume |A(A)| = co. By Lemma 2.1 we have QA(X) 3 . Then we have
GA+p € Y, QaY, +pCQ

aEA(N)

Set
(2.28) C={XAeb™; (6, \+p) #0}.
LEMMA 2.6. For any A € C we have |Ag(N)| < o0.

PROOF. Since (6, + p) # 0, (2.14) implies |cI™*(y) N Ag(A)| < 1 for any
v € Aq. Thus we have |Ag(A)| < |Aa| < 00. O

In the sequel, we use the following proposition on the existence of rational points
of a subset defined by linear inequalities. Since the proof is elementary, we do not
give the proof.

PROPOSITION 2.7. Let Vg be a finite-dimensional Q-vector space and set Vg =
R®q Vg and V = C®q Vo. Let X be a subset of Vg and {Ya}aca be a family
of mon-empty finite subsets of V5. Let By (z € X) and Cy, (a € A, y € Y,) be
rational numbers. Set

Q={ e V;{z,\) =B, foranyze X},

Q' ={N€Q; for any a € A, there exists y € Y, such that {y,\) ¢ Cy .Z}.

(i) If A is a finite set and Q' # 0, then Q' NVy # 0.
(ii) If A is a countable set and Q' # 0, then Q' NV # 0. Moreover if z € Vy is

not contained in the vector subspace QX , then there exists A € Q' N Vi such
that {z,\) > 1.
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LEMMA 2.8. For any XA € C we have Wo(A) = {w € W;wo X = A}.

PROOF. Set Wy = {w € W; wo X = A}. Tt is sufficient to show that the group
Wi is generated by the reflections contained in it. Set

Q' ={peC;wopu=pforany we Wy, wopu# pforany we W\ Wi}

Since Q' contains A Proposition 2.7 (ii) implies that Q N b contain a point g such
that (8, 4+ p) > 0. Thus replacing A with such a p, we may assume that A € CNhj
and (6,A + p) > 0. Then the assertion follows from [9, Proposition 3.2] and [9,
Proposition 5.8]. O

By a standard argument we have the following.
LEMMA 2.9. Set
h*F ={xeb*; (@Y, A+ p) >0 for any a € AT(N\)},
h*= ={xeb*; (¥, A+ p) <0 for any a € AT(N)}.

Then for any A € b*, [(W(X) o A\) Nh*E| < 1. Moreover, |(W(X) o X) Nh*+| =1
(resp. |(W(X)oX)Nb*~| = 1) if and only if there exist only finitely many a € AT ()
satisfying (aV, A+ p) < 0 (resp. (a¥, X+ p) > 0).

Set
(2.29) Ct={xeC; (a”,\+p) >0 for any a € AT(N)},
(2.30) C~={reC; (@’ A +p) <0 for any a € A*(N)}.

LEMMA 2.10. Assume X € C satisfies A(X) # 0.
(i) If (5,A+p) ¢ Q, then we have |(W(A) o A)NCT|=|(W(A)oA)NC™| =1.
(i) If (6, \+p) € Qso, then we have W (X)oXN)NCH| =1 and |(W(X)oA)NC™| =
0.
(iii) If (8, \+p) € Qeo, then we have |(W(X)oA)NCT| = 0 and (W (A)oN)NC~| =
1.
PrOOF. (i) If (0,\ + p) ¢ Q, then we have |AT()\)| < oo by Lemma 2.5. Hence
we have [(W(A) o A)NCH| = |(W()) o X)NC~| =1 by Lemma 2.9.
(i) Assume (3, A + p) € Qsq. Set
A ={aeAT(N); (@, A+ p) >0},
Ay ={ae A*(N); (¥, A +p) <0},
Az ={a€ AT(N); (@’ A +p) <O}
For each v € A, there exist only finitely many a € cl™!(y)N AL satisfying (¥, A+
p) € Z<o by (2.15). Since |Ag| < 0o, we obtain |Az| < co. Thus we have |Ay| <

|As] < co. On the other hand we have |AT(\)| = oo by Lemma 2.5, and hence
|A1] = |AT(X) \ A3] = co. Thus we obtain the desired result by Lemma 2.9.

The assertion (iii) follows from (ii) by replacing A with —A — 2p. O
COROLLARY 2.11. For any A € C we have (W(A) o A) N (CTUC™) # 0.

LEMMA 2.12. Let A € C.

(i) If QA(A) > 4, then there exists some p € C N hg such that (6, u + p) =
(6, A+ p), Ap) = AN) and (@, +p) = (¥, A+ p) for any a € A()N).
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(i) If QA(X) # 0, then there exists some p € C N by such that (6, u+ p) > 0,
A(p) = AN and (¥, p+ p) = (@Y, A+ p) for any a € A(N).
PROOF. Set
Q={pebh; (@, p+p) =", A+p) forany a € AN},
V={peQ; (@, u+p) ¢Z forany a € Are \ A(N)}.
Then Q' contains A.

(i) By the definition of © we have

(2.31) (v, +p) = (v, A+ p) forany v € QA(X) and pu € Q.
In particular, we have
(2.32) G, p+p)=(0,A+p) €Q forany p €

by QA(X) 3 6. Thus Q C C. Hence it is sufficient to show Q' N hg # 0.
Set
Aap = {y € Aa; ™' (v) N AN = 0} Ac2 = Aa \ Aai1-

Let p € Q. (2.14) and the assumption QA(X) 3 & imply cl ™' (Ag2) NAre C QA(N).
Hence (a,pu+p) = (@¥,A+p) ¢ Z for any a € ¢l *(Aa2) N (Are \ A())). Thus
we have p € Q' if and only if (a¥,pu+ p) ¢ Z for any @ € A Ncl™ (Aq,1). By
(2.14) and (2.32), this condition is equivalent to

2ry (6, A + p)

A u+p) ¢ Z+ R0

Z for any v € Aq,i.

Thus we obtain
Q' ={peQ; 3 ,u+p) ¢q¢2Z forany v € Aar},

where {g,; v € A 1} is a set of positive rational numbers. Then Q' contains A,
and Proposition 2.7 (i) implies that Q' N hg # 0.

(ii) This follows immediately from Proposition 2.7 (ii). O

LEMMA 2.13. For any A\ € CY UC™, there exist w € W and a proper subset J
of I such that wAT(\) C AT and wAe(N) = Ay.

PROOF. By replacing A with —2p — X if necessary, we may assume A € CT
from the beginning. Let us first show that there exists some p € C N by such that
(G, +p) >0, A(p) = A(X) and (@Y, pu+ p) = (@Y, A+ p) for any a € A(N). If
QA()) 3 4, then we have (4, A+ p) > 0 by Lemma 2.2, and Lemma 2.12 (i) implies
the existence of such a p. If QA(X) # §, then Lemma 2.12 (ii) implies the existence
of such a p.

By (2.18) there exist only finitely many a € A such that (a¥,u + p) < 0.
Thus there exists some w € W such that (aV,w o u+ p) > 0 for any a € A, by
[9, Proposition 3.2]. We may assume that £(w) = min{l(z); z € wWy(u)}. Then
we have w(Ag (1)) C At by [15, Proposition 2.2.11]. For a@ € A*(p) \ Ag(p) =
AT (A)\ Ag(X) we have

(wa”,wop+p) = (a",p+p) = (@, A+ p) >0,
and hence wa € A*. Thus we obtain wA™()\) C AT. Moreover, we have

’LUA()()\) = wAO(,u) = Ao(w o p,) = AJ
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with J = {i € I;(a),wopu+ p) = 0}. Then J is a proper subset of I by
|[Ao(N)| < oo. O

3. Translation functor

In this section we shall give some properties of the translation functor (see also
Deodhar-Gabber-Kac [6], and Kumar [18]).
For a Lie algebra a over C we denote its enveloping algebra by U(a) and the
category of a-modules by M(a).
For an h-module M and p € h* we set
(3.1) M, ={m e M; hm = (h,u)m for any h € h}.
An element p of h* is called a weight of M if M,, # 0. For an h-module M satisfying
(3.2) M = @ M, with dim M, < oo for any p € ¥,
nep*
we define its character ch(M) by the formal sum
(3.3) ch(M) = ) dim M, e*.
neh*
We denote by O the full subcategory of M(g) consisting of M € Ob(M(g)) satisfying
(3.2) and
for any £ € h* there exist only finitely many u € £ + Q% such that
M, #0.
For a € A let g, denote the root space corresponding to «, and set
(3.5) nt = @ Oos n = @ go and b=hont.
a€eAT aEA-
For A € h* define a g-module M (), called the Verma module with highest
weight A, by
(3.6) M) = U(g) ®up) Cr
where Cy = Cl, is the one-dimensional b-module given by hly = A(h)1, for h € b

and nt1, = 0. We denote its unique irreducible quotient by L(}).
We have

(3.4)

er

[laen+(l —ema)dimea”
Moreover, M ()) and L()) are objects of Q for any A € h*. For M € Ob(Q) and
A € h* we denote by [M : L(A)] the multiplicity of L(A) in M (see [9, §9.6]).

The following result due to Kac-Kazhdan [10] is fundamental in the study of
highest weight modules.

(3.7) ch(M(N) =

PROPOSITION 3.1. Let A, u € h*. Then the following conditions are equivalent.
(1) The multiplicity [M (X\) : L(u)] is non-zero.
(ii) There exists an injective homomorphism M (u) — M()).
(iii) There exist a sequence of positive roots {Br}._,, a sequence of positive in-
tegers {nx },._, and a sequence of weights {\},_, such that \g =X\, Ny = p
and Ay = Ag—1 — ng B, 2(,319, Ak—1 + p) = nk(ﬂk,ﬁk) fork=1,... 1L
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For a subset D of h* we denote by Q{D} the full subcategory of O consisting
of M € Ob(0) satisfying [M : L(u)] = 0 for any p € h* \ D. For A € C (see (2.28)
for the notation) we set Q[A] = Q{W(X) o A\}. We have obviously L(X) € Ob(Q[A])
for any A € C.

By Proposition 3.1 we have the following.

PROPOSITION 3.2. For any A € C we have M ()\) € Ob(Q[A]).
Define an equivalence relation ~ on C by
(3.8) A~p <= peW(A)o
By Kumar [17] we have the following.
PROPOSITION 3.3. Any M € Ob(Q{C}) is uniquely decomposed as
M= P M, M) € Ob@Q).
AeC/~
For A € C let
(3.9 Py : O{C} — Q[N
be the projection functor given by Py(M) = M[A].

LEMMA 3.4. Let \,u € C, v € b*, x € W satisfy u — A = zv. Then we have
M ® L(v) € Ob(Q{C}) for any M € Ob(Q[\)).

PROOF. It is easily seen that M ® L(v) € Ob(Q). Hence it is sufficient to show
that if L(£) appears as a subquotient of M ® L(v), then we have (6,& + p) # 0.

We may assume that M = L(w o ) for w € W (). The central element ¢ of g
acts on L(n) via the multiplication of the scalar {c,n) = (d,7n) for any n € h*. For
w € W(A) we have (§,w o \) = (J,A) by the W-invariance of §, and hence ¢ acts
on L(w o A) via the multiplication of (4, A). Therefore we have cu = (0, A + v)u for
any u € M ® L(v). If L(§) appears as a subquotient of M ® L(v), then we have
(6,&) = (6, \ + v), and hence

(0, E+p) =0 A+v+p) =0, A+zv+p) =(0,u+p) #0.

O
For A, u € C satisfying
(3.10) pu—AeWPTt,
we define a functor
(3.11) T, : O\ — O[y]

by Tlf‘(M) = P,(M®L(v)), where v is a unique element of P* such that uy—\ € Ww.
It is obviously an exact functor.

The proofs of Lemma, 3.5, Proposition 3.6 and Proposition 3.8 below are similar
to those for finite-dimensional semisimple Lie algebras given in Jantzen [8]. We
reproduce it here for the sake of completeness.

LEMMA 3.5. Assume that we have either \,u € C* or \,u € C~ and that
uw— X € Wv for v e PY. Denote by T the set of weights of L(v). Then for any
w € W(X) satisfying wopu— X €T we have w € Wo(A\)Wo(u).
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PROOF. By the assumption we have A(X) = A(p) and W(A\) = W(u). Assume
that there exists some w € W(X) \ Wo(X\)Wo () satisfying w o u — A € I'. We may
assume that its length £, (w) is the smallest among such elements. Set £ = wou—\ €
.

Since w is the shortest element of wWy(u), [15, Proposition 2.2.11] implies

(3.12) wAF (1) C AT(N).
Since w is the shortest element of Wy (A)w,
(3.13) w PAF(A) C AT(N).

By w # 1 there exists some a € AT ()) satisfying £y (sqw) < £x(w). Then we
have w™la € A~()\). Hence we have a € AT(\) \ A ()) by (3.13). If wla €
Ao(p), then we have —wla € Af (1) Nw™tA~(A). This contradicts (3.12). Thus
we obtain w™la € A~ () \ Ag (1) Set

m=(a",X+p), n=—(wa,p+p)=—(a", w(u+p)).

By a € AT(A\)\Af (\) and w™ta € A= (u)\ Ay (1) we have m,n € Zsoif \,u € CT
and m,n € Z ¢ if A, u € C~. Now we have

SaWo pi — A = sqw(p + p) —w(p+p) +§ =& +na,

saf =€~ (a’,a=¢— (@' wp+p) — (@, A+ p)a=E+ (m+n)a.
Since £ and s,& = £+ (m+n)a are elements of T', we have sqwopu— A = €£+na €T
By 4r(sqw) < €x(w) we obtain s,w € Wo(A)Wo(u) by the minimality of £)(w).
Hence we have sqw oy — X € Wo(A)(p — A) C Wr. It follows that £ + na is an

extremal weight of L(v). This contradicts £, £ + (m +n)a € T, and m,n € Zsq or
m,n € Z<o. [l

PROPOSITION 3.6. Let A\, € C such that p — X € WP and Ag(\) C Ao(u).
Assume that we have either \,u € C* or A\, u € C~. Then we have T)‘(M(wO)\)) =
M(w o p) for any w € W()).

PROOF. Take z € W and v € P such that u — A\ = zv. Let I' be the set of
weights of L(v). Since
(3.14)

M(woX) ® L(v) = U(g) ®u(s) (Cwor ® L(v)) = U(n") &c (Cuwor ® L(v)),
we have

ch(M(woA)® L(v ZdlmL v)e ch(M(w o A+ £)).
ger

This implies

ch(T}(M(woN)) = > dimL(v)e ch(P,(M(w o X +£)))

fer

- 3 dim L(v)¢ ch((M(w o A + £))).

EET, woA+EEW ()op

Assume that woA+¢ = yopu for £ € T and y € W()). Then we have wlyou—\ =
w~ ¢ €T, and hence w=ty € Wo(\)Wo (1) = Wo(u) by Lemma 3.5. Thus we have

E=w(p—A) =wrv and wod+&=wo(A+zv)=wopu.
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Hence we obtain ch(T (M (woX))) = ch(M (wop)). In particular, there exists some
v e (M(wol)®L(V))you \ {0} such that ntv = 0. By (3.14), M(w o X\) ® L(v)
is a free U(n~)-module. Thus the morphism U(n™) - M(w o \) ® L(v) given by
u — w is injective. It follows that Tlf‘(M (wo X)) contains M (wou) as a submodule.
Hence we have T (M (wo X)) = M (w o p). O

COROLLARY 3.7. Let A\,u € C such that p — X € WPT and Ag(\) C Ag(p)-
Assume that we have either A\,u € Ct or \,u € C~. For M € Ob(Q[\]) let us write

(3.15) chM = > aych(M(wol)
weW (X)

with integers a,,. Then we have

chTH(M)= > auch(M(wop)).
weEW (A)

PrOOF. If A € C7, then M has finite length. Therefore we can reduce the
assertion to the case where M = M(y o \) with y € W(A). Then the assertion
follows from the preceding proposition.

Assume now X\ € Ct. It is enough to show

(3.16) dim(T}(M))e = Y @y dim(M(w o p)e)
weW ()

for any £ € h*. Let Wt(M) be the set of weights of M. We set by = {\ —
Y icr Mity; yon; > N}. Since w o A = X implies w o y = p by Lemma 2.8, we may
assume w ranges over W(A)/Wy(A) in (3.15). If Wt(M) C b} for a sufficiently
large N, then a,, # 0 implies that Ix(w) is sufficiently large. Hence the both sides
of (3.16) vanish. Fixing such an N we shall argue by the descending induction on
m such that Wt(M) \ % C b%,. Let wo XA (w € W(A)) be a highest weight of M.
Then there is an exact sequence

0— M = MwoXN)®™ - M — My — 0,

where Wt (M) does not contain woA (k = 1,2). Hence by the induction hypothesis,
(3.16) holds for M;. Arguing by the induction on the cardinality of Wt(M) \ by,
(3.16) holds for M. Since Tlf‘(M (wol)) = M(wopu) by the preceding proposition,
(3.16) holds for M (wo p). Then (3.16) holds for M because T} is an exact functor.

|

PROPOSITION 3.8. Let A, p1 € C such that p — X € WPt and Ag(\) C Ao(p).
Let w € W(A).

(i) If A\ u€Ct, then we have

TaEwo ) = { Lo Tu(AT00\ AT € A0V,

(il) If \,u € C~, then we have

TA(L(w o \)) :{ Ltwop) Z;;feﬁi?) VAZ (V) € A,
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PROOF. Since T} is an exact functor, T;}(L(w o X)) is a quotient of T} (M (w o
A)) = M(w o u). By restricting the non-degenerate contravariant form on L(w o
A) ® L(v) we obtain a non-degenerate contravariant form on Tj}(L(w o X)). Thus
we have either T} (L(w o A)) = L(w o ) or T)}(L(w o X)) = 0.

Assume w(AF (1) \ AF (V) ¢ A=()) in the case \,p € C* and w(AF (k) \
AF(N)) ¢ A*T(X) in the case A\, u € C~. Then there exists @ € A()) such that
wa € AT(N), (@¥,A+p) >0, and (aV,u+p) =0. Set § = wa € A*T(A). Then we
have (8Y,wo X+ p) >0 and (B8Y,wou+ p) = 0. By Proposition 3.1 we have exact
sequences

0— M(spwold) > M(woA) - L—0,
L — LwoX) = 0.

By applying the exact functor Tﬁ\’ we obtain exact sequences
0— M(sgwop) = M(wop) —>le‘(L) — 0,
T2 (L) = T)(L(w o X)) = 0.

Since M (sgw o p) = M (w o p) is an isomorphism, we have T} (L(w o X)) = 0.
Next assume w(Ad () \ A (A)) € A~(}) in the case A\, u € CT and w(AF () \
Af (X)) € A*()) in the case A\, u € C~. Then we have

wa € A~()) for any a € A()) satisfying (aV, A+ p) > 0 and

(3.17) om0

Let M be the maximal proper submodule of M (wo ). By applying Tﬁ\ to the exact
sequence
0> M-—>MwolA) = Lwol) =0,

we obtain an exact sequence
A A
0— T (M) = M(wou) — T, (L(wo X)) — 0.

Thus it is sufficient to show [T}(M) : L(w o )] = 0. Hence we have only to prove
[T)(L(z 0 A)) : L(w o p)] = 0 for any z € W(X) satisfying [M : L(z o A)] # 0.
By Proposition 3.1 there exists some 8 € A*(\) such that (8Y,w(\A + p)) > 0
and [M(sgwo A) : L(z o A)] # 0. For such a 3, Tl;\(L(z o A)) is a subquotient of
T} (M(spw o X)) = M(sgw o p). Therefore it is sufficient to show [M(sgw o p) :
L(wop)] = 0for any 8 € AT()) such that (8Y,w(A+p)) > 0. Set @ = w=1 3. Then
we have a € A()), wa € At()) and (a¥, A + p) > 0. Since a € A*()\) according
to A, u € C*, we have (¥, + p) > 0. Hence (3.17) implies (BY,w(u + p)) =
(@Y,pp+ p) > 0. Thus we obtain [M (sgw o u) : L(w o )] = 0. O

PROPOSITION 3.9. Let A1, A2 € C such that A1 — X2 € P and Ag(A1) = Ao(A2).
Assume that we have either A1, o € C* or M, 2 € C™. Let w € W()\1), and write

A@wor)= ¥ aych(Myo))
YEW (A1)/Wo (A1)
with ay € Z. Then we have

ch(L(w o A2)) = Z ay ch(M(y o X2)).
YyeEW(A1)/Wo(A1)
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ProoF. Note that A(/\l) = A(/\Q), W()\l) = W()\Q) and WO()\I) = Wo(/\Q)

Casel. A,\ €CT.

By Lemma 2.13 there exist z € W and a proper subset J of I such that
AT () € At and 271 Ag(A\x) = Ay for k = 1 (and hence also for k = 2). Take
& € Pt osuch that (a),&) =0 for i € J and (o) ,&1) € Zsg for i € I\ J. Set
=& +2 YA —A2), p= X +2& = Ay + 2&2. Then we have

(@), &) = (af ;27 (A1 — X2)) = (za) , A1 + p) — (za), Xa 4+ p) =0 fori e J,
(a}’,&)=(az\~/,§1)+(az\/,$*1()\1—)\2)) forieI\J,
(67/J/+p) = (67 )‘1 + p) + Zmi(ai7§1)7

iel
where § = )7, ; mia;. By taking (o, &) for i € I'\ J sufficiently large, we may
assume that & € PT and (6, u + p) # 0. Moreover, we have

(@, u+p) = (@Y, M +p) + (z7 1Y, &) >0

for any o € AT (u) = AT (A1), and hence we have u € CT and A¢(p) = Ag(A1) =
Ag(A2).

Thus Proposition 3.8 implies T (L(w o A\;)) = L(w o p) for any w € W ()
and k = 1,2. The assertion then follows from Corollary 3.7.

Case2. A, 2 €C.

The proof is similar to the one for the case 1. Take x € W and a proper
subset J of I such that z7*AT(\;) C AT and 271 Ag(\) = Ay for k = 1,2. Take
& € PT such that (a),&) =0 for i € J and (o) ,&1) € Zso for i € I\ J. Set
L =& —z7 (M — X)), =X\ —2& = Ao — z&s. By taking (o), &) fori e I\ J
sufficiently large, we have u € C~, & € P+ and Ag(u) = Ag(Ax) for k = 1,2. Thus
Proposition 3.8 implies T} (L(wo u)) = L(w o \;) for any w € W(A;) and k = 1,2.
Hence we obtain the desired result by Corollary 3.7. O

PROPOSITION 3.10. Assume that A\, p € CT (resp. A\, u € C™) satisfy

(3.18) p—XeP,  Ag(\) =0.
Assume that w € W () is the longest (resp. shortest) element of wWo (). Write
(3.19) ch(Lwo X)) = D aych(M(yo)d)  witha, € Z.

yEW(A)

Then we have

(3.20) ch(L(wop) = Y aych(M(yop)).
yeEW(X)

PROOF. Let us prove first the case where A\, u € C*. We first prove the following
statement.
Let v € C*. For any N € Z- there exists some # € CT such that
(3.21) v —wv e P, Ag(7) = Ao(v), (¥, 7+ p) > N for any a € At (v) \ Ag(v),
and (6,7 + p) — (6,v + p) € Z>n.
By Lemma 2.13 there exist z € W and a proper subset J of I such that zA*(v) C

At and zAg(v) = Aj. Take £ € Pt such that (o),§) =0fori € J and (o), €) >0
fori e I'\J. Set # = v+ *£. Then we have (aV,7 + p) = (a",v + p) + (zaV, &)
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for any a € A(X) and (6,7 + p) = (6,v + p) + (4,€). Hence by taking (o, &) > 0
for i € I'\ J sufficiently large, we obtain (3.21).

Assume that p € Ct. Let N € Z~o. By (3.21) there exists i € C* such that
fi—p € P, Ao(it) = Ao(p), (aV,fi+p) > N for any a € A% (u) \ Ag(p), and
(0,ft+ p) — (0,4 + p) € Z>n. By Lemma 2.13 there exist © € W and a proper
subset J of I such that zAY(i) = zA*(u) C AT and $A¢() = vAo() = Ay.
Let w; be the longest element of W,;. Take v € P* such that (a),v) > 0 for any

je€J,and set A= ji —z 'wyv. Then we have

(3.22) ji—\€WPT.

Since (6, A+ p) = (6,2 + p) — (6,v), we have
(3.23) (6X+p)#0

when N is sufficiently large. For any a € AT (1) we have (aV,A + p) = (¥, +
p) — (wyzaV,v). ¥ a € Af(i) = Af(u), then we have (aV,fi + p) = 0 and
wyra € —AF, and hence (¥, X+ p) € Zso. If @ € AT(@) \ Af (i), then we
have (aV, X + p) € Zso when N is sufficiently large. Since II(7i) = II(u) is a finite
set, we have (a¥,A+ p) > 0 for any a € II(ji) for a sufficiently large N. By
AT() C 3 pen(a) L>oo we have

(3.24) (@Y, X+ p) € Zsy for any a € At (i) = AT(N)

when N is sufficiently large.

Take N satisfying (3.23), (3.24). Then we have A € Ct and X satisfies the
condition (3.18) for A\. By Proposition 3.9 the integers a, in (3.19) do not depend
on the choice of A. Hence (3.19) holds for X. Since w is the longest element of
wWo (1) = wWo (i) we have wA{ (i) C A~, and Proposition 3.8 implies T‘t;\(L(w °
\)) = L(w o ji). Then Corollary 3.7 implies

(Lwop)= Y. aych(M(yo ).
yeEW(X)

The desired result follows then from Proposition 3.9.

As the assertion in the case g € C~ is proved similarly, we shall only give a
sketch. By Proposition 3.9 and an analogue of (3.21) we may assume that (o, u+p)
for @ € At (u)\Ao(p) and (8, u+ p) are sufficiently small. Take z € W and a proper
subset J of I satisfying zA+(u) C AT and 2A¢(u) = Ay. Take v € Pt such that
(o ,v) > 0 for any j € J, and set X =p—2z 1v. Then we have A € C~ and X
satisfies the condition (3.18) for X\. Hence we can take X as A by Proposition 3.9.
Then we have T} (L(w o A)) = L(w o u) by Proposition 3.8. Hence we obtain the
desired result by Corollary 3.7. O

4. Enright functor

We recall certain properties of the Enright functor which will be used later (see
Enright [7], Deodhar [5], Kashiwara-Tanisaki [15, §2.4]).

For i € I define a subalgebra g; of g by g; = h ® g0, Dg—0,;- Takee; € gy, fi €
9—q; such that [e;, fi] = h;. For a € C we denote by M(g;,a) the full subcategory
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of M(g;) consisting of M € Ob(M(g;)) satisfying

(4.1) M= M,

nEh*
(4.2) dim M, = 0 unless (h;, u) = a modZ,
(4.3) dim Cle;]m < oo for any m € M.

For p € h* let M;(u) be the Verma module for g; with highest weight u. We fix a
highest weight vector m,, of M;(u).

LEMMA 4.1. Assume a ¢ Z. For M € Ob(M(g;,a)) set N = @, M ®
M;(u), where

M ={m € M,; e;m = 0}.
Define a linear map ¢ : N — M by
o(m ® ffm,) = ffm form € Mji and k € Z>o.
Then @ is an isomorphism of g;-modules.

PRrROOF. By the definition of the Verma module ¢ is obviously a homomorphism
of g;-modules.

Let us show that ¢ is surjective. It is sufficient to show that My C Im(yp)
for any £ € h*. Let m € M, satisfying efm = 0. We show by induction on n

that m € > .2, f’“ngrka The case n = 0 is trivial. Assume n > 0. Since
—1 i
el "(e;m) =0, we have e;m € > oo fF M56+(k+1)a

By a ¢ 7Z the linear map fk+1M§el+(k+1)a f §+(k+1)a

Hence there exists some u € Ek o fk+1M§eji-(k+1)a such that e;u = e;m. Then we
have

by the hypothesis of induction.

(n — e;n) is bijective.

o0 o0
mo=(m—u)+u€ ME + 3 FME e, = D M
k=0 k=0

Next let us show that ¢ is injective. Assume Ker(y) # 0. By a ¢ Z the Verma
module M;(p) is irreducible unless M;¢ = 0. Thus there exist subspaces N(u) of
M for p € h* such that Ker(p) = @,y N (1) ® Mi(p). Hence there exists some
m € M\ {0} such that m ® M;(u) C Ker(p). Then we have m = p(m®@m,,) = 0.
This is a contradiction. Thus we have Ker(y) = 0. O

We denote by F' : M(g) — M(g;) the forgetful functor. For a € C let M; (g, a)
be the full subcategory of M(g) consisting of M € Ob(M(g)) satisfying F(M) €
Ob(M(g; a)).

For a € C define a left U(g)-module U (g) f*+* by

a+Z __ 12 a—n
(4.4) Ule) [t = imUle) ",
where U(g) f{~™ is a rank one free U(g)-module generated by the element f~™ and
the homomorphism U(g) f# ™ — U(g)f# ™ ' is given by f* "~ fif* " '. Then

we have a natural U (g)-bimodule structure on U(g) f*™% whose right U(g)-module
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structure is given by
— (a+m
+mp _ k +m—k
e =3 () @ty
k=0

for any m € Z and any P € U(g).

Note that the U(g)-bimodule U(g) f*** depends only on (a mod Z) € C/Z.
For M € Ob(M;(g,a)) we set

(4.5)

(4.6) Si(a)(M) = {m € U(g) {{*” ®u(g) M ; dim Cle;]m < oo}.
It defines a left exact functor
(47) S’l (a) : MI’Z (ga a) — MI’Z (ga _a)a

called the Enright functor corresponding to .
By the morphism of U(g)-bimodules

(4.8) U(g) = U@F " @u U@ (L= f70®f7)
we obtain a canonical morphism of functors (see [15, §2.4])
(49) ldML (g,0) — SZ(_a) o Sz(a)

By [15, §2.4] we have the following result.

PROPOSITION 4.2. Let A € b*, and set a = (h;, A).
(1) If a ¢ Zwo, then we have S;(a)(M(N)) ~ M(s; 0 A).
(ii) If a ¢ Z, then the canonical morphism M(A) — Si(—a) o Si(a)(M(N)) in-
duced by (4.9) is an isomorphism.

We can similarly define a U (g;)-bimodule U (g;)f**%, and the Enright functor
S(a) : M(g;,a) = M(g;, —a) for g; is given by

S(a)(M) ={m € U(gi)f{“LZ ®Qu(g:) M ; dim Cle;Jm < oo}

for any M € Ob(M(g;, a)). Then we have FoS;(a) = S(a)oF by U(g;) f*+* ®ui(g:)
U(g) ~ U(g) 7.
PROPOSITION 4.3. Assume that a ¢ Z.
(i) The functor S;(a) : M;(g,a) = M; (g, —a) gives an equivalence of categories,

and its inverse is given by S;(—a).
(ii) For X € b* such that (h;,\) = a mod Z, we have

Si(a)(M(X)) ~ M(s;0 ),  Si(a)(L(A) = L(sio A).

PROOF. (i) We have to show that the canonical morphisms idyy, (g,4) = Si(—a)o
Si(a) and idyg (g,—q) = Si(a) 0 Si(—a) are isomorphisms. By the symmetry we have
only to show that idy, (4,4) — Si(—a)oS;(a) is an isomorphism. Let us show that the
canonical morphism M — S;(—a)oS;(a)(M) is bijective for any M € Ob(M; (g,a)).
By F o Si(—a) o Si(a)(M) = S(—a) o S(a) o F(M) it is sufficient to show that the
canonical morphism N — S(—a) o S(a)(N) is bijective for any N € Ob(M(g;,a)).
This follows from Proposition 4.2 for g; and Lemma, 4.1.

(if) We have S;(a)(M (X)) ~ M(s; o A) by Proposition 4.2. By (i) S;(a)(L(A))
is the unique irreducible quotient of S;(a)(M (X)) ~ M(s; o A). Thus we have
Si(a)(L(X)) = L(s;j 0 A). O
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5. Proof of main theorem

In this section we shall give a proof of Theorem 1.1. We shall use different
arguments according to whether QA()) 3 § or not. Assume A € CtUC~.

Casel. QA()) 4.

In this case the following argument is completely similar to Bernstein’s proof
of the corresponding result for finite-dimensional semisimple Lie algebras.

Set

(5.1) Q) ={pebh™; (@’,p) =(a¥,)) forany a € AN},

(5.2) AN ={peQ); (a¥,u) ¢ Z forany a € A\ AN}

Then we have

(5.3) W(p) D W(A) and Wo(p) D Wy () for any p € Q(A),

(5.4) W(p) = W(A) and Wo(u) = Wo () for any p € Q'(N),

(5.5) wopu—you=wo—yo\forany u € QN), w,y € W(A),

(5.6) (6, u) = (0, A) for any pu € Q(N).

For any p € Q'(A) and w € W(\)/Wy(A) we can write uniquely

(5.7 ch(Lwom)= > awylp)ch(M(yon)  with awy(u) € Z
weW (X)/Wo(X)

by Proposition 3.1 and (5.4).

PROPOSITION 5.1. For any w,y € W(A)/Wy(A) the function a.,,(u) defined
in (5.7) is a constant function on Q'(X).

PRrOOF. For p € Q'(N\) and w € W(A)/Wp(\) we have

ch(Lwop)e™ = 3 ay,(u) ch(M(yop))e ™"
wEW (X)/Wo(A)
= 3 awy(werrror ch(M(0)
weEW (X)) /Wo(\)
=( 3 auy(W)er> ) ch(M(0)).
wEW(N)/Wo ()

Thus for w € W(A)/Wo(A\) and p, p' € Q'(X) we have @y y(1) = Gy y(p') for any
y € W(X)/Wo(X) if and only if ch(L(w o p))e~%°* = ch(L(w o i'))e~*°#". The last
condition is equivalent to dim L(w o f1)you—¢ = dim L(w o p')yopr —¢ for any & € Q.
Fix w € W()\)/Wo()\) and € € QT, and consider the function

(5.8) F() = dim L(w 0 ) yop—e

on (). We have only to show that F is constant on Q'(\).

By a consideration on the contravariant forms on Verma modules we see that
F is a constructible function on Q()\). In particular, it is constant on a non-empty
Zariski open subset U of Q(A). Let m be the value of F on U. We have to show
F(p) =m for any g € Q'(A). Let p € Q'(X). By Proposition 3.9 a,,, is a constant
function on

Z={peQN;p -pe P}
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for any y € W(X)/Wo()). Thus we see by the above argument that F' is constant
on Z. Assume for the moment that

(5.9) Z is a Zariski dense subset of Q(X).

Since ZNU # B, we have F(u') = m for some p' € Z. Since F is a constant function
on Z, we have F(v) = m for any v € Z. In particular, we obtain F(u) = m.
It remains to show (5.9). Set

V={¢eph*; (a,£) =0 for any a € A(N)},
Vo=bhpnV,
Ve=PNnV.

We have Q(A) = u+V and Z = u+V7. By the definition of V' the natural morphism
C®q Vg — V is an isomorphism. Since Vg is a Q-subspace of hy = Q ®z P we
have Vg ~ Q ®z Vz. Hence V7 is a Z-lattice of V. It follows that Z = p+ V7 is a
Zariski dense subset of Q(A) = p+ V. O

Theorem 1.1 is already known to hold for A € b such that Ag(A) = @ and {w o
A = A} = {1} by Kashiwara-Tanisaki [14], [15], and hence for any A € by by
Lemma 2.8 and Proposition 3.10. On the other hand, Q'(A)Nhg, # @ by Lemma 2.12.
Thus the proof of Theorem 1.1 is completed in the case QA(X) > § by virtue of
Proposition 5.1.

Case2. QA()N) 3 4.

By Lemma 2.3 A(])) is a finite set. Thus by Lemma 2.4 there exist z € W and
a proper subset J of I such that zA(X) C A;. We may assume that its length
£(x) is the smallest among the elements z € W satisfying zA(\) C A;. Choose a
reduced expression T = 8, *--8a,, Of z. Then we have

i

(5.10) (s 8ai,, " "8ai, O+ p) §Z foranyk=1,...,r.
Indeed, if (oz};,sa,.,chl ***8a;, © A+ p) € Z, then we have 8 = sa, ---sa,,, @i, €

A(X), and hence
TAN) = 285A(N) = 84, S, S, o 8q; A(N).

This contradicts the minimality of £(z).

Set A' = z o A. Then we have zA(X) = A(XN), £A¢(A) = Ag(XN') by the defini-
tion, and zII(\) = TI(\') by [15, Lemma 2.2.2]. In particular, w — zwz ! induces
an isomorphism W (\) — W ()') of Coxeter groups. Moreover, by Proposition 4.3
the functor S = S, (a1) o --- 0 S, (a,) with ax = (hs, Si,y, --- S, © A) induces a
category equivalence M (g, (hi, AY) — M; (g, (hi, A')) and we have S(M(w o \)) =
M(zwz=t o X), S(L(w o )\)) = L(zwz~' o \'). Thus the proof of Theorem 1.1 in
the case QA(X) # 0 is reduced to the case where A(\) C Ay for a proper subset J
of 1.

Set

L=be (P o) nf= P 6 7= P 00 ps=Lond

a€EAy acA+\A; a€A+\Aj

Note that we have dim [; < oo since J is a proper subset of I. For u € h* let My(u)
be the Verma module for [; with highest weight p and let Lj(u) be its irreducible
quotient. We can regard them as pj-modules with trivial actions of nJJF. By the
definition we have U(g) ®u(p,) Ms(1) = M(u) for any p € h*. Hence Theorem 1.1
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in the case QA(\) F § follows from the character formula for the irreducible highest
weight modules over finite-dimensional semisimple Lie algebras, which is already
known (see the comments at the end), and the following result.

LEMMA 5.2. For any X € C satisfying A(X) C Ay we have U(g)®u(p,)Ls(N) =
L()).

PROOF. Set M = U(g)®u(p,)Ls(N). It is a highest weight module with highest
weight A. Set M™" = {m € M; ntm = 0}. It is sufficient to show M™" NMy_¢=0
for any £ € QT \ {0}. Assume that M N My_¢ # {0} for some & € QT \ {0}.
By A(A) C Ay and Proposition 3.1 we have { € > A, Za. Hence under the
isomorphism M ~ U(n}) ®c L;(\) we have My_¢ = 1® Lj(A)a—¢. It follows that
Lj(A)a—enN Ly(A\)* N £ {0}. This contradicts the irreducibility of Ly(\). O

The proof of Theorem 1.1 is complete in the case QA(X) 4.

We finally give comments on the proof of the character formula for the ir-
reducible highest weight modules over finite-dimensional semisimple Lie algebras
which we have used in our proof in Case 2. The unpublished result in the rational
highest weight case due to Beilinson-Bernstein (in particular, the part relating some
twisted D-modules with the twisted intersection cohomology groups of the Schu-
bert varieties) is recovered as a special case of the result in Kashiwara-Tanisaki [14]
(and also of the result in Kashiwara-Tanisaki [15]). The proof of Bernstein’s result
reducing the general case to the rational highest weight case is exactly the same as
the one presented in this section in the case QA(A) 3 4.
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