Characters of irreducible modules with non-critical highest weights over affine Lie algebras

Masaki Kashiwara and Toshiyuki Tanisaki

Abstract. We shall derive Kazhdan-Lusztig type character formula for the irreducible modules with arbitrary non-critical highest weights over affine Lie algebras from the rational case by using the translation functor, the Enright functor and Bernstein’s unpublished argument.

1. Introduction

The aim of this paper is to give a character formula for the irreducible modules with arbitrary non-critical highest weights over affine Lie algebras.

Let us first recall the history of the corresponding problem for finite-dimensional semisimple Lie algebras. In [16] Kazhdan-Lusztig proposed a conjecture describing the characters of the irreducible modules with integral highest weights over finitedimensional semisimple Lie algebras in terms of Kazhdan-Lusztig polynomials. This conjecture was proved by Beilinson-Bernstein [1] and Brylinski-Kashiwara [2] independently using D-modules on the flag manifolds. Later its generalization to rational highest weights was obtained by combining an unpublished result of Beilinson- Bernstein and a result in Lusztig [19]. Finally, Bernstein proved the character formula of the irreducible modules with arbitrary highest weights by reducing it to the rational highest weight case with the help of the translation functor and a certain deformation argument (unpublished).

As for affine Lie algebras, we know already descriptions of the characters of the irreducible modules with rational non-critical highest weights by Kashiwara- Tanisaki [14], [15] (see Kashiwara (-Tanisaki) [11], [12], Kashiwara-Tanisaki [13], and Casian [3], [4] for the integral case). In this paper we shall derive the character formula for arbitrary non-critical highest weights over affine Lie algebras from the rational non-critical case by using the translation functor, the Enright functor and Bernstein’s argument.

Let us describe our results more precisely. Let g be a finite-dimensional semisimple or affine Lie algebra over the complex number field C with Cartan subalgebra h. Let {α_i}_{i∈I} be the set of simple roots, and let W be the Weyl group. For a real root α we denote by s_α ∈ W the corresponding reflection. Fix a W -invariant non-degenerate symmetric bilinear form ( , ) on h^∗. Set α^∨ = 2α/(α, α) for a real

1991 Mathematics Subject Classification. 17B67.

Key words and phrases. affine Lie algebra, highest weight module. 1

root α. Fix ρ ∈ h^∗ satisfying (α^∨_i , ρ) = 1 for any i ∈ I, and define a shifted action of W on h^∗ by w ∘ λ = w(λ + ρ) − ρ for any λ ∈ h^∗.

When g is affine, we denote by δ the positive imaginary root such that any imaginary root is an integral multiple of δ.

For λ ∈ h^∗ we denote by Δ^+(λ) the set of positive real roots α satisfying (α^∨, λ + ρ) ∈ Z, and by Π(λ) the set of α ∈ Δ^+(λ) satisfying s_α(Δ^+(λ) \ {α}) = Δ^+(λ) \ {α}. Then the subgroup W (λ) of W generated by {s_α ; α ∈ Δ^+(λ)} is a Coxeter group with the canonical generator system {s_α ; α ∈ Π(λ)}. We denote the Bruhat ordering and the length function of W (λ) by ≥_λ and ℓ_λ : W (λ) → Z_{≥0} respectively. For y, w ∈ W (λ) we denote by P^λ_{y,w}(q) ∈ Z[q] the corresponding Kazhdan-Lusztig polynomial (see Kazhdan-Lusztig [16]), and by Q^λ_{y,w}(q) ∈ Z[q] the inverse Kazhdan-Lusztig polynomial defined by ∑ x≤_λy≤_λz (−1)^{ℓλ(y)−ℓλ(x)}Q^λ_{x,y}(q)P^λ_{y,z} (q) = δ_{x,z} for any x, z ∈ W (λ). We denote by W_0(λ) the subgroup of W (λ) generated by {s_α ; α ∈ Δ^+, (α^∨, λ+ρ) = 0}. For λ ∈ h^∗ let M(λ) (resp. L(λ)) be the Verma module (resp. irreducible module) with highest weight λ. We denote the characters of M(λ) and L(λ) by ch(M(λ)) and ch(L(λ)) respectively. The aim of this paper is to give a description of ch(L(λ)) for any λ ∈ h^∗ (satisfying (δ, λ + ρ) ≠ 0 when g is affine). Set

C = { h^∗ when g is finite-dimensional semisimple, {λ ∈ h^∗ ; (δ, λ + ρ) ≠ 0} when g is affine, C^+ = {λ ∈ C ; (α^∨, λ + ρ) ≥ 0 for any α ∈ Δ^+(λ)},

C^− = {λ ∈ C ; (α^∨, λ + ρ) ≤ 0 for any α ∈ Δ^+(λ)}.

Let λ ∈ C. Then W_0(λ) is a finite group, and we have (W (λ)∘λ)∩(C^+ ∪C^−) ≠ ∅. (see §2 below). Moreover, for any w ∈ W (λ) there exists a unique x ∈ wW_0(λ) such that its length ℓ_λ(x) is the largest (resp. smallest) among the elements of wW_0(λ). We call it the longest (resp. shortest) element of wW_0(λ).

Our main result is the following.

Theorem 1.1. Let g be a finite-dimensional semisimple or affine Lie algebra. (i) Let λ ∈ C^+. For any w ∈ W (λ) which is the longest element of wW_0(λ) we have

ch(L(w ∘ λ)) = ∑ W (λ)∋y≥_λw (−1)^{ℓλ(y)−ℓλ(w)}Q^λ_{w,y}(1) ch(M(y ∘ λ)). (ii) Let λ ∈ C^−. For any w ∈ W (λ) which is the shortest element of wW_0(λ) we have

ch(L(w ∘ λ)) = ∑ W (λ)∋y≤_λ w (−1)^{ℓλ(w)−ℓλ(y)}P^λ_{y,w}(1) ch(M(y ∘ λ)). We would like to thank J. Bernstein for informing us of his unpublished result together with its proof.

2. Integral root systems Since the finite-dimensional case is similar and simpler, we assume in the sequel that g is affine. Let g be an affine Lie algebra over the complex number field C . Let h be the Cartan subalgebra, and let {α_i}_{i∈I} ⊂ h^∗ and {h_i}_{i∈I} ⊂ h be the set of simple roots and the set of simple coroots respectively. We assume that {α_i}_{i∈I} and {h_i}_{i∈I} are linearly independent and dim h = |I| + 1. We denote by Δ (resp. Δ_{re}, Δ_{im}, Δ^+, Δ^−) the set of roots (resp. real roots, imaginary roots, positive roots, negative roots). Set Δ^±_{re} = Δ_{re} ∩ Δ^±, Δ^±_{im} = Δ_{im} ∩ Δ^±. There exists a unique δ ∈ Δ^+_{im} satisfying Δ^+_{im} = Z_{>0}δ. Let c ∈ ∑ i∈I Z_{>0}h_i be the central element of g such that Z c = {h ∈ ∑ i∈I Zh_i ; ⟨h, α_i⟩ = 0 for any i ∈ I}. Here, ⟨ , ⟩ : h × h^∗ → C denotes the canonical paring. We set Q = ∑ i∈I Zα_i and Q^+ = ∑ i∈I Z_{≥0}α_i. (2.1)

We fix a Z-lattice P of h^∗ satisfying α_i ∈ P, ⟨h_i, P ⟩ ⊂ Z, (2.2) there exists some λ ∈ P such that ⟨h_j , λ⟩ = δ_{ij} for j ∈ I

(2.3) for any i ∈ I. Set P^+ = {λ ∈ P ; ⟨h_i, λ⟩ ≥ 0 for any i ∈ I}, (2.4) h^∗_Q = Q ⊗_ZP ⊂ h^∗,

(2.5) h^∗_R = R ⊗_ZP ⊂ h^∗.

(2.6) We further fix a non-degenerate symmetric bilinear form ( , ) : h^∗_Q × h^∗_Q → Q satisfying ⟨h_i, λ⟩ = 2(λ, α_i)/(α_i, α_i) for any i ∈ I and λ ∈ h^∗_Q

(2.7) normalized by ⟨c, λ⟩ = (δ, λ) for any λ ∈ h^∗_Q.

(2.8) Then we have (α, α)/2 = 1/3, 1/2, 1, 2 or 3 for any α ∈ Δ_{re}.

(2.9) Its scalar extension to h^∗ is also denoted by ( , ) : h^∗ × h^∗ → C .

For α ∈ Δ_{re} we set α^∨ = 2α/(α, α) ∈ h^∗_Q, (2.10) and define s_α ∈ GL(h^∗) by s_α(λ) = λ − (α^∨, λ)α for any λ ∈ h^∗.

(2.11) The subgroup W of GL(h^∗) generated by {s_α ; α ∈ Δ_{re}} is called the Weyl group. It is a Coxeter group with a canonical generator system {s_{αi} ; i ∈ I}. We denote its length function by ℓ : W → Z_{≥0}.

Fix ρ ∈ P satisfying (α^∨_i , ρ) = 1 for any i ∈ I, and define a shifted action of W on h^∗ by w ∘ λ = w(λ + ρ) − ρ for any λ ∈ h^∗.

(2.12)

For a subset Γ of h^∗ we denote by C Γ (resp. RΓ, QΓ) the vector subspace of h^∗ over C (resp. R, Q) spanned by Γ.

Set E = RΔ_{re} = {λ ∈ h^∗_R ; (δ, λ) = 0}, E_{cl} = E/Rδ,

(2.13) and let cl : E → E_{cl} denote the projection. The restriction ( , ) : E × E → R of ( , ) : h^∗_R × h^∗_R → R is positive semi-definite with radical Rδ. Thus it induces a positive definite symmetric bilinear form ( , ) : E_{cl} × E_{cl} → R. Set Δ_{cl} = cl(Δ_{re}). Then Δ_{cl} is a (not necessarily reduced) finite root system in E_{cl}.

For each γ ∈ Δ_{cl} there exists some γ̃ ∈ Δ_{re} and r_γ ∈ Z_{>0} satisfying cl^{−1}(γ) ∩ Δ_{re} = {γ̃ + nr_γ δ ; n ∈ Z},

(2.14) cl^{−1}(γ) ∩ Δ^+_{re} = {γ̃ + nr_γ δ ; n ∈ Z_{≥0}},

(2.15) cl^{−1}(γ) ∩ Δ^−_{re} = {γ̃ + nr_γ δ ; n ∈ Z_{<0}}.

(2.16) Thus we have Δ_{re} = {γ̃ + nr_γ δ ; γ ∈ Δ_{cl}, n ∈ Z},

(2.17) Δ^+_{re} = {γ̃ + nr_γ δ ; γ ∈ Δ_{cl}, n ∈ Z_{≥0}},

(2.18) Δ^−_{re} = {γ̃ + nr_γ δ ; γ ∈ Δ_{cl}, n ∈ Z_{<0}}.

(2.19) We have Zr_γ = Z ∩ Z(γ, γ)/2.

We call a subset Δ_1 of Δ_{re} a subsystem of Δ_{re} if s_αβ ∈ Δ_1 for any α, β ∈ Δ_1 (see Kashiwara-Tanisaki [15] and Moody-Pianzola [20]). For a subsystem Δ_1 of Δ_{re} we set Δ^±_1 = Δ^± ∩ Δ_1,

(2.20) Π_1 = {α ∈ Δ^+_1 ; s_α(Δ^+_1 \ {α}) ⊂ Δ^+_1 },

(2.21) W_1 = ⟨s_α ; α ∈ Δ_1⟩,

(2.22) S_1 = {s_α ; α ∈ Π_1}.

(2.23) We call the elements of Δ^+_1 (resp. Δ^−_1 , Π_1) positive roots (resp. negative roots, simple roots) for Δ_1, and W_1 the Weyl group for Δ_1. The group W_1 is a Coxeter group with a canonical generator system S_1, and its length function ℓ_1 : W_1 → Z_{≥0} is given by ℓ_1(w) = |wΔ^+_1 ∩ Δ^−_1 |. We have (α, β) ≤ 0 for any α, β ∈ Π_1 such that α ≠ β

(2.24) (see [15]).

Lemma 2.1. The following conditions for a subsystem Δ_1 of Δ_{re} are all equivalent to each other.

(i) |Δ_1| < ∞, (ii) |W_1| < ∞, (iii) C Δ_1 ∌ δ, (iv) QΔ_1 ∌ δ.

Proof. It is well-known that (i) and (ii) are equivalent, and they are also equivalent to the condition that the restriction ( , ) | RΔ_1 ×RΔ_1 of ( , ) : E×E → R is positive definite. Thus the conditions (i) and (ii) are equivalent to RΔ_1 ∌ δ. This condition is equivalent to (iii) and (iv) because Δ_1 ∪ {δ} ⊂ h^∗_Q ⊂ h^∗_R.

Lemma 2.2. Let Δ_1 be a subsystem of Δ_{re} and let Π_1 be the set of simple roots for Δ_1. If QΔ_1 ∋ δ, then we have δ ∈ ∑ α∈Π_1 Q≥0 α.

Proof. Let Π_2 be a minimal subset of Π_1 such that QΠ_2 ∋ δ. Write δ = ∑ α∈Π_2 cαα with cα ∈ Q. Let Π3 = {α ∈ Π2 ; cα > 0}, and set γ = ∑ α∈Π_3 cαα = δ + ∑ β∈Π_2\Π_3 (−cβ )β. By (2.24) we have 0 ≤ (γ, γ) = ∑ α∈Π_3 ∑ β∈Π_2\Π_3 c_α(−c_β )(α, β) ≤ 0, and hence γ ∈ Qδ. If γ = 0, then we have δ = ∑ β∈Π_2\Π_3 cβ β ∈ Q≤0 Π1 ⊂ ∑ i∈I Q_{≤0} α_i. This is a contradiction. Thus δ ∈ Qγ ⊂ QΠ_3 . By the minimality of Π_2 we have Π_2 = Π_3, and hence we have δ ∈ ∑ α∈Π_2 Q>0 α ⊂ ∑ α∈Π_1 Q≥0 α. Lemma 2.3. Let Π_1 be the set of simple roots for a subsystem Δ_1 of Δ_{re}. Then we have |Π_1| < ∞.

Proof. Let ≈ be the equivalence relation on Π_1 generated by α, β ∈ Π_1, (α, β) ≠ 0 =⇒ α ≈ β, and let {Π_{1,a} ; a ∈ A} denote the set of equivalence classes with respect to ≈.

For a ∈ A set V_a = RΠ_{1,a} . Then cl(V_a) for a ∈ A are all non-zero and mutually orthogonal with respect to the natural positive definite symmetric bilinear form on E_{cl}. Hence A is a finite set. Thus it is sufficient to show that Π_{1,a} is a finite set for each a ∈ A.

If V_a ∌ δ, then ( , )|V_a × V_a is positive definite, and hence Δ_{re} ∩ V_a is a finite subsystem of Δ_{re}. Thus Π_{1,a} is a finite set.

Assume that V_a ∋ δ. By Lemma 2.2 there exists a finite subset Π_{2,a} of Π_{1,a} such that δ = ∑ α∈Π_{2,a} cαα with cα ∈ Q>0 . Since 0 = (δ, β) = ∑ α∈Π_{2,a} c_α(α, β) for any β ∈ Π_{1,a} \ Π_{2,a},

(2.24) implies (α, β) = 0 for any α ∈ Π_{2,a} and β ∈ Π_{1,a} \ Π_{2,a}. Since Π_{1,a} is an equivalence class with respect to ≈, we obtain Π_{1,a} = Π_{2,a}. Therefore, Π_{1,a} is a finite set.

For a subset J of I set

Δ_J = Δ ∩ ∑ i∈J Zα_i. (2.25)

If J is a proper subset of I, then Δ_J is a finite subsystem with {α_i ; i ∈ J} as the set of simple roots.

Lemma 2.4. For any finite subsystem Δ_1 of Δ there exist w ∈ W and a proper subset J of I such that wΔ_1 ⊂ Δ_J .

Proof. Set V = RΔ_1 . By Lemma 2.1 we have V ∌ δ. Since ( , )|V × V is positive definite, V ∩ Δ_{re} is a finite subsystem of Δ_{re} containing Δ_1. Hence we can assume Δ_1 = V ∩ Δ_{re} from the beginning.

Set V^⊥ = {μ ∈ h^∗_R; (V, μ) = 0}. Since δ ∉ V , (δ, μ) is not identically zero on μ ∈ V^⊥. Similarly (α, μ) (α ∈ Δ_{re} \ Δ_1) is not identically zero on μ ∈ V^⊥. Since Δ_{re} \ Δ_1 is a countable set, there exists some λ ∈ V^⊥ such that (δ, λ) > 0 and (α, λ) ≠ 0 for any α ∈ Δ_{re} \ Δ_1. Then we have Δ_1 = {α ∈ Δ_{re} ; (α, λ) = 0}. Since (δ, λ) > 0, there exist only finitely many α ∈ Δ^+_{re} such that (α, λ) < 0 by (2.18). Hence there exists some w ∈ W such that (α, wλ) ≥ 0 for any α ∈ Δ^+_{re} by

[9, Proposition 3.2]. Then we obtain wΔ_1 = {α ∈ Δ_{re} ; (α, wλ) = 0} = Δ_J with J = {i ∈ I ; (α_i, wλ) = 0}. Since |Δ_J | = |Δ_1| < ∞, we have J ≠ I.

For λ ∈ h^∗ set Δ(λ) = {α ∈ Δ_{re} ; (α^∨, λ + ρ) ∈ Z},

(2.26) Δ_0(λ) = {α ∈ Δ_{re} ; (α^∨, λ + ρ) = 0}.

(2.27) They are subsystems of Δ_{re}. We denote the set of positive roots, the set of negative roots, the set of simple roots and the Weyl group for Δ(λ) by Δ^+(λ), Δ^−(λ), Π(λ) and W (λ) respectively. We denote those for Δ_0(λ) by Δ^+_0 (λ), Δ^−_0 (λ), Π_0(λ) and W_0(λ). The length function for W (λ) is denoted by ℓ_λ : W (λ) → Z_{≥0}.

Lemma 2.5. For λ ∈ h^∗ such that Δ(λ) ≠ ∅, the following conditions are equivalent. (i) |Δ(λ)| < ∞. (ii) (δ, λ + ρ) /∈ Q. Proof. (i)⇒(ii). Assume (δ, λ + ρ) ∈ Q and Δ(λ) ≠ ∅. Take α ∈ Δ(λ). By (2.14) there exists some r ∈ Z_{>0} such that α + Zrδ ⊂ Δ_{re}. For n ∈ Z we have ((α + nrδ)^∨, λ + ρ) = (α^∨, λ + ρ) + 2nr(δ, λ + ρ)/(α, α), and hence we have α+nrδ ∈ Δ(λ) for any n ∈ Z satisfying 2nr(δ, λ+ρ)/(α, α) ∈ Z. Thus |Δ(λ)| = ∞.

(ii)⇒(i). Assume |Δ(λ)| = ∞. By Lemma 2.1 we have QΔ(λ) ∋ δ. Then we have (δ, λ + ρ) ∈ ∑ α∈Δ(λ) Q(α^∨ , λ + ρ) ⊂ Q.

Set C = {λ ∈ h^∗ ; (δ, λ + ρ) ≠ 0}. (2.28)

Lemma 2.6. For any λ ∈ C we have |Δ_0(λ)| < ∞.

Proof. Since (δ, λ + ρ) ≠ 0, (2.14) implies |cl^{−1}(γ) ∩ Δ_0(λ)| ≤ 1 for any γ ∈ Δ_{cl}. Thus we have |Δ_0(λ)| ≤ |Δ_{cl}| < ∞.

In the sequel, we use the following proposition on the existence of rational points of a subset defined by linear inequalities. Since the proof is elementary, we do not give the proof.

Proposition 2.7. Let V_Q be a finite-dimensional Q-vector space and set V_R = R ⊗_Q V_Q and V = C ⊗_Q V_Q. Let X be a subset of V^∗_Q and {Y_a}_{a∈A} be a family of non-empty finite subsets of V^∗_Q . Let B_x (x ∈ X) and C_{y,a} (a ∈ A, y ∈ Y_a) be rational numbers. Set Ω = {λ ∈ V ; ⟨x, λ⟩ = B_x for any x ∈ X}, Ω^′ = {λ ∈ Ω ; for any a ∈ A, there exists y ∈ Y_a such that ⟨y, λ⟩ /∈ C_{y,a}Z}. (i) If A is a finite set and Ω^′ ≠ ∅, then Ω^′ ∩ V_Q ≠ ∅.

(ii) If A is a countable set and Ω^′ ≠ ∅, then Ω^′ ∩ V_R ≠ ∅. Moreover if z ∈ V^∗_Q is not contained in the vector subspace QX, then there exists λ ∈ Ω^′ ∩ V_R such that ⟨z, λ⟩ > 1.

Lemma 2.8. For any λ ∈ C we have W_0(λ) = {w ∈ W ; w ∘ λ = λ}. Proof. Set W_1 = {w ∈ W ; w ∘ λ = λ}. It is sufficient to show that the group W_1 is generated by the reflections contained in it. Set

Ω^′ = {μ ∈ C ; w ∘ μ = μ for any w ∈ W_1, w ∘ μ ≠ μ for any w ∈ W \ W_1}. Since Ω^′ contains λ Proposition 2.7 (ii) implies that Ω ∩ h^∗_R contain a point μ such that (δ, μ + ρ) > 0. Thus replacing λ with such a μ, we may assume that λ ∈ C ∩ h^∗_R and (δ, λ + ρ) > 0. Then the assertion follows from [9, Proposition 3.2] and [9, Proposition 5.8].

By a standard argument we have the following.

Lemma 2.9. Set

h^{∗+} = {λ ∈ h^∗ ; (α^∨, λ + ρ) ≥ 0 for any α ∈ Δ^+(λ)}, h^{∗−} = {λ ∈ h^∗ ; (α^∨, λ + ρ) ≤ 0 for any α ∈ Δ^+(λ)}.

Then for any λ ∈ h^∗, |(W (λ) ∘ λ) ∩ h^{∗±}| ≤ 1. Moreover, |(W (λ) ∘ λ) ∩ h^{∗+}| = 1 (resp. |(W (λ)∘λ)∩h^{∗−} | = 1) if and only if there exist only finitely many α ∈ Δ^+(λ) satisfying (α^∨, λ + ρ) < 0 (resp. (α^∨, λ + ρ) > 0). Set C^+ = {λ ∈ C ; (α^∨, λ + ρ) ≥ 0 for any α ∈ Δ^+(λ)},

(2.29) C^− = {λ ∈ C ; (α^∨, λ + ρ) ≤ 0 for any α ∈ Δ^+(λ)}.

(2.30)

Lemma 2.10. Assume λ ∈ C satisfies Δ(λ) ≠ ∅.

(i) If (δ, λ + ρ) /∈ Q, then we have |(W (λ) ∘ λ) ∩ C^+| = |(W (λ) ∘ λ) ∩ C^−| = 1. (ii) If (δ, λ+ρ) ∈ Q_{>0} , then we have |(W (λ)∘λ)∩C^+ | = 1 and |(W (λ)∘λ)∩C^− | = 0. (iii) If (δ, λ+ρ) ∈ Q_{<0} , then we have |(W (λ)∘λ)∩C^+ | = 0 and |(W (λ)∘λ)∩C^− | = 1. Proof. (i) If (δ, λ + ρ) /∈ Q, then we have |Δ^+(λ)| < ∞ by Lemma 2.5. Hence we have |(W (λ) ∘ λ) ∩ C^+| = |(W (λ) ∘ λ) ∩ C^−| = 1 by Lemma 2.9. (ii) Assume (δ, λ + ρ) ∈ Q_{>0} . Set Δ_1 = {α ∈ Δ^+(λ) ; (α^∨, λ + ρ) > 0}, Δ_2 = {α ∈ Δ^+(λ) ; (α^∨, λ + ρ) < 0}, Δ_3 = {α ∈ Δ^+(λ) ; (α^∨, λ + ρ) ≤ 0}.

For each γ ∈ Δ_{cl} there exist only finitely many α ∈ cl^{−1}(γ)∩Δ^+_{re} satisfying (α^∨, λ+ ρ) ∈ Z_{≤0} by (2.15). Since |Δ_{cl}| < ∞, we obtain |Δ_3| < ∞. Thus we have |Δ_2| ≤ |Δ_3| < ∞. On the other hand we have |Δ^+(λ)| = ∞ by Lemma 2.5, and hence |Δ_1| = |Δ^+(λ) \ Δ_3| = ∞. Thus we obtain the desired result by Lemma 2.9. The assertion (iii) follows from (ii) by replacing λ with −λ − 2ρ.

Corollary 2.11. For any λ ∈ C we have (W (λ) ∘ λ) ∩ (C^+ ∪ C^−) ≠ ∅. Lemma 2.12. Let λ ∈ C.

(i) If QΔ(λ) ∋ δ, then there exists some μ ∈ C ∩ h^∗_Q such that (δ, μ + ρ) = (δ, λ + ρ), Δ(μ) = Δ(λ) and (α^∨, μ + ρ) = (α^∨, λ + ρ) for any α ∈ Δ(λ).

(ii) If QΔ(λ) ∌ δ, then there exists some μ ∈ C ∩ h^∗_R such that (δ, μ + ρ) > 0, Δ(μ) = Δ(λ) and (α^∨, μ + ρ) = (α^∨, λ + ρ) for any α ∈ Δ(λ).

Proof. Set

Ω = {μ ∈ h^∗ ; (α^∨, μ + ρ) = (α^∨, λ + ρ) for any α ∈ Δ(λ)}, Ω^′ = {μ ∈ Ω ; (α^∨, μ + ρ) /∈ Z for any α ∈ Δ_{re} \ Δ(λ)}.

Then Ω^′ contains λ.

(i) By the definition of Ω we have (γ, μ + ρ) = (γ, λ + ρ) for any γ ∈ QΔ(λ) and μ ∈ Ω.

(2.31) In particular, we have (δ, μ + ρ) = (δ, λ + ρ) ∈ Q for any μ ∈ Ω

(2.32) by QΔ(λ) ∋ δ. Thus Ω ⊂ C. Hence it is sufficient to show Ω^′ ∩ h^∗_Q ≠ ∅. Set Δ_{cl,1} = {γ ∈ Δ_{cl} ; cl^{−1}(γ) ∩ Δ(λ) = ∅}. Δ_{cl,2} = Δ_{cl} \ Δ_{cl,1}.

Let μ ∈ Ω. (2.14) and the assumption QΔ(λ) ∋ δ imply cl^{−1}(Δ_{cl,2})∩Δ_{re} ⊂ QΔ(λ). Hence (α^∨, μ + ρ) = (α^∨, λ + ρ) /∈ Z for any α ∈ cl^{−1}(Δ_{cl,2}) ∩ (Δ_{re} \ Δ(λ)). Thus we have μ ∈ Ω^′ if and only if (α^∨, μ + ρ) /∈ Z for any α ∈ Δ_{re} ∩ cl^{−1}(Δ_{cl,1}). By (2.14) and (2.32), this condition is equivalent to (γ̃^∨, μ + ρ) /∈ Z + 2r_γ (δ, λ + ρ) (γ, γ) Z for any γ ∈ Δ_{cl,1}.

Thus we obtain Ω^′ = {μ ∈ Ω ; (γ̃^∨, μ + ρ) /∈ q_γ Z for any γ ∈ Δ_{cl,1}}, where {q_γ ; γ ∈ Δ_{cl,1}} is a set of positive rational numbers. Then Ω^′ contains λ, and Proposition 2.7 (i) implies that Ω^′ ∩ h^∗_Q ≠ ∅. (ii) This follows immediately from Proposition 2.7 (ii).

Lemma 2.13. For any λ ∈ C^+ ∪ C^−, there exist w ∈ W and a proper subset J of I such that wΔ^+(λ) ⊂ Δ^+ and wΔ_0(λ) = Δ_J .

Proof. By replacing λ with −2ρ − λ if necessary, we may assume λ ∈ C^+ from the beginning. Let us first show that there exists some μ ∈ C ∩ h^∗_R such that (δ, μ + ρ) > 0, Δ(μ) = Δ(λ) and (α^∨, μ + ρ) = (α^∨, λ + ρ) for any α ∈ Δ(λ). If QΔ(λ) ∋ δ, then we have (δ, λ + ρ) > 0 by Lemma 2.2, and Lemma 2.12 (i) implies the existence of such a μ. If QΔ(λ) ∌ δ, then Lemma 2.12 (ii) implies the existence of such a μ.

By (2.18) there exist only finitely many α ∈ Δ^+_{re} such that (α^∨, μ + ρ) < 0. Thus there exists some w ∈ W such that (α^∨, w ∘ μ + ρ) ≥ 0 for any α ∈ Δ^+_{re} by [9, Proposition 3.2]. We may assume that ℓ(w) = min{ℓ(x) ; x ∈ wW_0(μ)}. Then we have w(Δ^+_0 (μ)) ⊂ Δ^+ by [15, Proposition 2.2.11]. For α ∈ Δ^+(μ) \ Δ_0(μ) = Δ^+(λ) \ Δ_0(λ) we have (wα^∨, w ∘ μ + ρ) = (α^∨, μ + ρ) = (α^∨, λ + ρ) > 0, and hence wα ∈ Δ^+. Thus we obtain wΔ^+(λ) ⊂ Δ^+. Moreover, we have wΔ_0(λ) = wΔ_0(μ) = Δ_0(w ∘ μ) = Δ_J with J = {i ∈ I ; (α^∨_i , w ∘ μ + ρ) = 0}. Then J is a proper subset of I by |Δ_0(λ)| < ∞.

3. Translation functor In this section we shall give some properties of the translation functor (see also Deodhar-Gabber-Kac [6], and Kumar [18]).

For a Lie algebra a over C we denote its enveloping algebra by U(a) and the category of a-modules by M (a).

For an h-module M and μ ∈ h^∗ we set M_μ = {m ∈ M ; hm = ⟨h, μ⟩m for any h ∈ h}. (3.1) An element μ of h^∗ is called a weight of M if M_μ ≠ 0. For an h-module M satisfying M = ⨁ μ∈h^∗ M_μ with dim M_μ < ∞ for any μ ∈ h^∗,

(3.2)

we define its character ch(M) by the formal sum ch(M) = ∑ μ∈h^∗ dim M_μ e^μ.

(3.3)

We denote by O the full subcategory of M (g) consisting of M ∈ Ob(M (g)) satisfying (3.2) and

for any ξ ∈ h^∗ there exist only finitely many μ ∈ ξ + Q^+ such that M_μ ≠ 0.

(3.4)

For α ∈ Δ let g_α denote the root space corresponding to α, and set n^+ = ⨁ α∈Δ^+ g_α, n^− = ⨁ α∈Δ^− g_α and b = h ⊕ n^+ .

(3.5)

For λ ∈ h^∗ define a g-module M(λ), called the Verma module with highest weight λ, by M(λ) = U(g) ⊗_{U(b)} C_λ

(3.6) where C_λ = C 1_λ is the one-dimensional b-module given by h1_λ = λ(h)1_λ for h ∈ h and n^+1_λ = 0. We denote its unique irreducible quotient by L(λ).

We have

ch(M(λ)) = e^λ ∏ α∈Δ^+ (1 − e

−α)^{dim gα} . (3.7)

Moreover, M(λ) and L(λ) are objects of O for any λ ∈ h^∗. For M ∈ Ob(O) and λ ∈ h^∗ we denote by [M : L(λ)] the multiplicity of L(λ) in M (see [9, §9.6]).

The following result due to Kac-Kazhdan [10] is fundamental in the study of highest weight modules.

Proposition 3.1. Let λ, μ ∈ h^∗. Then the following conditions are equivalent. (i) The multiplicity [M(λ) : L(μ)] is non-zero. (ii) There exists an injective homomorphism M(μ) → M(λ). (iii) There exist a sequence of positive roots {β_k}^l_{k=1}, a sequence of positive integers {n_k}^l_{k=1} and a sequence of weights {λ_k}^l_{k=0} such that λ_0 = λ, λ_l = μ and λ_k = λ_{k−1} − n_kβ_k, 2(β_k, λ_{k−1} + ρ) = n_k(β_k, β_k) for k = 1, . . . , l.

For a subset D of h^∗ we denote by O{D} the full subcategory of O consisting of M ∈ Ob(O) satisfying [M : L(μ)] = 0 for any μ ∈ h^∗ \ D. For λ ∈ C (see (2.28) for the notation) we set O[λ] = O{W (λ) ∘ λ}. We have obviously L(λ) ∈ Ob(O[λ]) for any λ ∈ C.

By Proposition 3.1 we have the following.

Proposition 3.2. For any λ ∈ C we have M(λ) ∈ Ob(O[λ]).

Define an equivalence relation ∼ on C by λ ∼ μ ⇐⇒ μ ∈ W (λ) ∘ λ. (3.8)

By Kumar [17] we have the following.

Proposition 3.3. Any M ∈ Ob(O{C}) is uniquely decomposed as M = ⨁ λ∈C/∼ M[λ], M[λ] ∈ Ob(O[λ]). For λ ∈ C let P_λ : O{C} → O[λ] (3.9)

be the projection functor given by P_λ(M) = M[λ].

Lemma 3.4. Let λ, μ ∈ C, ν ∈ h^∗, x ∈ W satisfy μ − λ = xν. Then we have M ⊗ L(ν) ∈ Ob(O{C}) for any M ∈ Ob(O[λ]).

Proof. It is easily seen that M ⊗ L(ν) ∈ Ob(O). Hence it is sufficient to show that if L(ξ) appears as a subquotient of M ⊗ L(ν), then we have (δ, ξ + ρ) ≠ 0.

We may assume that M = L(w ∘ λ) for w ∈ W (λ). The central element c of g acts on L(η) via the multiplication of the scalar ⟨c, η⟩ = (δ, η) for any η ∈ h^∗. For w ∈ W (λ) we have (δ, w ∘ λ) = (δ, λ) by the W -invariance of δ, and hence c acts on L(w ∘ λ) via the multiplication of (δ, λ). Therefore we have cu = (δ, λ + ν)u for any u ∈ M ⊗ L(ν). If L(ξ) appears as a subquotient of M ⊗ L(ν), then we have (δ, ξ) = (δ, λ + ν), and hence

(δ, ξ + ρ) = (δ, λ + ν + ρ) = (δ, λ + xν + ρ) = (δ, μ + ρ) ≠ 0.

For λ, μ ∈ C satisfying μ − λ ∈ W P^+ , (3.10)

we define a functor T^λ_μ : O[λ] → O[μ] (3.11)

by T^λ_μ (M) = P_μ(M⊗L(ν)), where ν is a unique element of P^+ such that μ−λ ∈ W ν. It is obviously an exact functor.

The proofs of Lemma 3.5, Proposition 3.6 and Proposition 3.8 below are similar to those for finite-dimensional semisimple Lie algebras given in Jantzen [8]. We reproduce it here for the sake of completeness.

Lemma 3.5. Assume that we have either λ, μ ∈ C^+ or λ, μ ∈ C^− and that μ − λ ∈ W ν for ν ∈ P^+. Denote by Γ the set of weights of L(ν). Then for any w ∈ W (λ) satisfying w ∘ μ − λ ∈ Γ we have w ∈ W_0(λ)W_0(μ).

Proof. By the assumption we have Δ(λ) = Δ(μ) and W (λ) = W (μ). Assume that there exists some w ∈ W (λ) \ W_0(λ)W_0(μ) satisfying w ∘ μ − λ ∈ Γ. We may assume that its length ℓ_λ(w) is the smallest among such elements. Set ξ = w∘μ−λ ∈ Γ. Since w is the shortest element of wW_0(μ), [15, Proposition 2.2.11] implies wΔ^+_0 (μ) ⊂ Δ^+(λ).

(3.12)

Since w is the shortest element of W_0(λ)w, w^{−1}Δ^+_0 (λ) ⊂ Δ^+(λ).

(3.13)

By w ≠ 1 there exists some α ∈ Δ^+(λ) satisfying ℓ_λ(s_αw) < ℓ_λ(w). Then we have w^{−1}α ∈ Δ^−(λ). Hence we have α ∈ Δ^+(λ) \ Δ^+_0 (λ) by (3.13). If w^{−1}α ∈ Δ_0(μ), then we have −w^{−1}α ∈ Δ^+_0 (μ) ∩ w^{−1}Δ^−(λ). This contradicts (3.12). Thus we obtain w^{−1}α ∈ Δ^−(μ) \ Δ^−_0 (μ). Set m = (α^∨, λ + ρ), n = −(w^{−1}α^∨, μ + ρ) = −(α^∨, w(μ + ρ)). By α ∈ Δ^+(λ)\Δ^+_0 (λ) and w^{−1}α ∈ Δ^−(μ)\Δ^−_0 (μ) we have m, n ∈ Z_{>0} if λ, μ ∈ C^+ and m, n ∈ Z_{<0} if λ, μ ∈ C^−. Now we have s_αw ∘ μ − λ = s_αw(μ + ρ) − w(μ + ρ) + ξ = ξ + nα, s_αξ = ξ − (α^∨, ξ)α = ξ − ((α^∨, w(μ + ρ) − (α^∨, λ + ρ))α = ξ + (m + n)α. Since ξ and s_αξ = ξ +(m+n)α are elements of Γ, we have s_αw ∘μ−λ = ξ +nα ∈ Γ. By ℓ_λ(s_αw) < ℓ_λ(w) we obtain s_αw ∈ W_0(λ)W_0(μ) by the minimality of ℓ_λ(w). Hence we have s_αw ∘ μ − λ ∈ W_0(λ)(μ − λ) ⊂ W ν. It follows that ξ + nα is an extremal weight of L(ν). This contradicts ξ, ξ + (m + n)α ∈ Γ, and m, n ∈ Z_{>0} or m, n ∈ Z_{<0}. Proposition 3.6. Let λ, μ ∈ C such that μ − λ ∈ W P^+ and Δ_0(λ) ⊂ Δ_0(μ).

Assume that we have either λ, μ ∈ C^+ or λ, μ ∈ C^−. Then we have T^λ_μ (M(w ∘ λ)) = M(w ∘ μ) for any w ∈ W (λ).

Proof. Take x ∈ W and ν ∈ P^+ such that μ − λ = xν. Let Γ be the set of weights of L(ν). Since

M(w ∘ λ) ⊗ L(ν) = U(g) ⊗_{U(b)} (C_{w∘λ} ⊗ L(ν)) = U(n^−) ⊗_C (C_{w∘λ} ⊗ L(ν)) ,

(3.14)

we have ch(M(w ∘ λ) ⊗ L(ν)) = ∑ ξ∈Γ dim L(ν)_ξ ch(M(w ∘ λ + ξ)).

This implies

ch(T^λ_μ (M(w ∘ λ))) = ∑ ξ∈Γ dim L(ν)_ξ ch(P_μ(M(w ∘ λ + ξ))) = ∑ ξ∈Γ, w∘λ+ξ∈W (μ)∘μ dim L(ν)_ξ ch((M(w ∘ λ + ξ))) .

Assume that w ∘λ+ξ = y ∘μ for ξ ∈ Γ and y ∈ W (λ). Then we have w^{−1}y ∘μ−λ = w^{−1}ξ ∈ Γ, and hence w^{−1}y ∈ W_0(λ)W_0(μ) = W_0(μ) by Lemma 3.5. Thus we have ξ = w(μ − λ) = wxν and w ∘ λ + ξ = w ∘ (λ + xν) = w ∘ μ.

Hence we obtain ch(T^λ_μ (M(w∘λ))) = ch(M(w∘μ)). In particular, there exists some v ∈ (M(w ∘ λ) ⊗ L(ν))_{w∘μ} \ {0} such that n^+v = 0. By (3.14), M(w ∘ λ) ⊗ L(ν) is a free U(n^−)-module. Thus the morphism U(n^−) → M(w ∘ λ) ⊗ L(ν) given by u → uv is injective. It follows that T^λ_μ (M(w∘λ)) contains M(w∘μ) as a submodule. Hence we have T^λ_μ (M(w ∘ λ)) = M(w ∘ μ).

Corollary 3.7. Let λ, μ ∈ C such that μ − λ ∈ W P^+ and Δ_0(λ) ⊂ Δ_0(μ). Assume that we have either λ, μ ∈ C^+ or λ, μ ∈ C^−. For M ∈ Ob(O[λ]) let us write

ch M = ∑ w∈W (λ) a_w ch(M(w ∘ λ))

(3.15)

with integers a_w. Then we have

ch T^λ_μ (M) = ∑ w∈W (λ) a_w ch(M(w ∘ μ)) .

Proof. If λ ∈ C^−, then M has finite length. Therefore we can reduce the assertion to the case where M = M(y ∘ λ) with y ∈ W (λ). Then the assertion follows from the preceding proposition.

Assume now λ ∈ C^+. It is enough to show

dim(T^λ_μ (M))_ξ = ∑ w∈W (λ) a_w dim(M(w ∘ μ)_ξ)

(3.16)

for any ξ ∈ h^∗. Let Wt(M) be the set of weights of M. We set h^∗_N = {λ − ∑ i∈I n_iα_i; ∑ n_i ≥ N}. Since w ∘ λ = λ implies w ∘ μ = μ by Lemma 2.8, we may assume w ranges over W (λ)/W_0(λ) in (3.15). If Wt(M) ⊂ h^∗_N for a sufficiently large N, then a_w ≠ 0 implies that l_λ(w) is sufficiently large. Hence the both sides of (3.16) vanish. Fixing such an N we shall argue by the descending induction on m such that Wt(M) \ h^∗_N ⊂ h^∗_m. Let w ∘ λ (w ∈ W (λ)) be a highest weight of M. Then there is an exact sequence

0 → M_1 → M(w ∘ λ)^{⊕m} → M → M_2 → 0 ,

where Wt(M_k) does not contain w∘λ (k = 1, 2). Hence by the induction hypothesis, (3.16) holds for M_1. Arguing by the induction on the cardinality of Wt(M) \ h^∗_N , (3.16) holds for M_2. Since T^λ_μ (M(w ∘ λ)) = M(w ∘ μ) by the preceding proposition, (3.16) holds for M(w ∘ μ). Then (3.16) holds for M because T^λ_μ is an exact functor.

Proposition 3.8. Let λ, μ ∈ C such that μ − λ ∈ W P^+ and Δ_0(λ) ⊂ Δ_0(μ). Let w ∈ W (λ).

(i) If λ, μ ∈ C^+, then we have

T^λ_μ (L(w ∘ λ)) = { L(w ∘ μ) if w(Δ^+_0 (μ) \ Δ^+_0 (λ)) ⊂ Δ^−(λ), 0 otherwise.

(ii) If λ, μ ∈ C^−, then we have

T^λ_μ (L(w ∘ λ)) = { L(w ∘ μ) if w(Δ^+_0 (μ) \ Δ^+_0 (λ)) ⊂ Δ^+(λ), 0 otherwise.

Proof. Since T^λ_μ is an exact functor, T^λ_μ (L(w ∘ λ)) is a quotient of T^λ_μ (M(w ∘ λ)) = M(w ∘ μ). By restricting the non-degenerate contravariant form on L(w ∘ λ) ⊗ L(ν) we obtain a non-degenerate contravariant form on T^λ_μ (L(w ∘ λ)). Thus we have either T^λ_μ (L(w ∘ λ)) = L(w ∘ μ) or T^λ_μ (L(w ∘ λ)) = 0.

Assume w(Δ^+_0 (μ) \ Δ^+_0 (λ)) ⊄ Δ^−(λ) in the case λ, μ ∈ C^+ and w(Δ^+_0 (μ) \ Δ^+_0 (λ)) ⊄ Δ^+(λ) in the case λ, μ ∈ C^−. Then there exists α ∈ Δ(λ) such that wα ∈ Δ^+(λ), (α^∨, λ + ρ) > 0, and (α^∨, μ + ρ) = 0. Set β = wα ∈ Δ^+(λ). Then we have (β^∨, w ∘ λ + ρ) > 0 and (β^∨, w ∘ μ + ρ) = 0. By Proposition 3.1 we have exact sequences 0 → M(s_βw ∘ λ) → M(w ∘ λ) → L → 0, L → L(w ∘ λ) → 0. By applying the exact functor T^λ_μ , we obtain exact sequences 0 → M(s_β w ∘ μ) → M(w ∘ μ) → T^λ_μ (L) → 0, T^λ_μ (L) → T^λ_μ (L(w ∘ λ)) → 0.

Since M(s_β w ∘ μ) → M(w ∘ μ) is an isomorphism, we have T^λ_μ (L(w ∘ λ)) = 0.

Next assume w(Δ^+_0 (μ) \ Δ^+_0 (λ)) ⊂ Δ^−(λ) in the case λ, μ ∈ C^+ and w(Δ^+_0 (μ) \ Δ^+_0 (λ)) ⊂ Δ^+(λ) in the case λ, μ ∈ C^−. Then we have wα ∈ Δ^−(λ) for any α ∈ Δ(λ) satisfying (α^∨, λ + ρ) > 0 and (α^∨, μ + ρ) = 0.

(3.17)

Let M be the maximal proper submodule of M(w ∘λ). By applying T^λ_μ to the exact sequence 0 → M → M(w ∘ λ) → L(w ∘ λ) → 0 , we obtain an exact sequence 0 → T^λ_μ (M) → M(w ∘ μ) → T^λ_μ (L(w ∘ λ)) → 0. Thus it is sufficient to show [T^λ_μ (M) : L(w ∘ μ)] = 0. Hence we have only to prove [T^λ_μ (L(z ∘ λ)) : L(w ∘ μ)] = 0 for any z ∈ W (λ) satisfying [M : L(z ∘ λ)] ≠ 0. By Proposition 3.1 there exists some β ∈ Δ^+(λ) such that (β^∨, w(λ + ρ)) > 0 and [M(s_β w ∘ λ) : L(z ∘ λ)] ≠ 0. For such a β, T^λ_μ (L(z ∘ λ)) is a subquotient of T^λ_μ (M(s_β w ∘ λ)) = M(s_βw ∘ μ). Therefore it is sufficient to show [M(s_βw ∘ μ) : L(w ∘μ)] = 0 for any β ∈ Δ^+(λ) such that (β^∨, w(λ+ρ)) > 0. Set α = w^{−1}β. Then we have α ∈ Δ(λ), wα ∈ Δ^+(λ) and (α^∨, λ + ρ) > 0. Since α ∈ Δ^±(λ) according to λ, μ ∈ C^±, we have (α^∨, μ + ρ) ≥ 0. Hence (3.17) implies (β^∨, w(μ + ρ)) = (α^∨, μ + ρ) > 0. Thus we obtain [M(s_βw ∘ μ) : L(w ∘ μ)] = 0.

Proposition 3.9. Let λ_1, λ_2 ∈ C such that λ_1 −λ_2 ∈ P and Δ_0(λ_1) = Δ_0(λ_2). Assume that we have either λ_1, λ_2 ∈ C^+ or λ_1, λ_2 ∈ C^−. Let w ∈ W (λ_1), and write

ch(L(w ∘ λ_1)) = ∑ y∈W (λ_1 )/W_0(λ_1 )

a_y ch(M(y ∘ λ_1))

with a_y ∈ Z. Then we have

ch(L(w ∘ λ_2)) = ∑ y∈W (λ_1 )/W_0 (λ_1 )

a_y ch(M(y ∘ λ_2)).

Proof. Note that Δ(λ_1) = Δ(λ_2), W (λ_1) = W (λ_2) and W_0(λ_1) = W_0(λ_2).

Case 1. λ_1, λ_2 ∈ C^+.

By Lemma 2.13 there exist x ∈ W and a proper subset J of I such that x^{−1}Δ^+(λ_k ) ⊂ Δ^+ and x^{−1}Δ_0(λ_k ) = Δ_J for k = 1 (and hence also for k = 2). Take ξ_1 ∈ P^+ such that (α^∨_i , ξ_1) = 0 for i ∈ J and (α^∨_i , ξ_1) ∈ Z_{>0} for i ∈ I \ J. Set ξ_2 = ξ_1 + x^{−1}(λ_1 − λ_2), μ = λ_1 + xξ_1 = λ_2 + xξ_2. Then we have

(α^∨_i , ξ_2) = (α^∨_i , x^{−1}(λ_1 − λ_2)) = (xα^∨_i , λ_1 + ρ) − (xα^∨_i , λ_2 + ρ) = 0 for i ∈ J,

(α^∨_i , ξ_2) = (α^∨_i , ξ_1) + (α^∨_i , x^{−1}(λ_1 − λ_2)) for i ∈ I \ J,

(δ, μ + ρ) = (δ, λ_1 + ρ) + ∑ i∈I m_i(α_i, ξ_1),

where δ = ∑ i∈I m_iα_i. By taking (α^∨_i , ξ_1) for i ∈ I \ J sufficiently large, we may assume that ξ_2 ∈ P^+ and (δ, μ + ρ) ≠ 0. Moreover, we have

(α^∨, μ + ρ) = (α^∨, λ_1 + ρ) + (x^{−1}α^∨, ξ_1) ≥ 0

for any α ∈ Δ^+(μ) = Δ^+(λ_1), and hence we have μ ∈ C^+ and Δ_0(μ) = Δ_0(λ_1) = Δ_0(λ_2).

Thus Proposition 3.8 implies T^{λk}_μ (L(w ∘ λ_k)) = L(w ∘ μ) for any w ∈ W (λ_k) and k = 1, 2. The assertion then follows from Corollary 3.7.

Case 2. λ_1, λ_2 ∈ C^−.

The proof is similar to the one for the case 1. Take x ∈ W and a proper subset J of I such that x^{−1}Δ^+(λ_k) ⊂ Δ^+ and x^{−1}Δ_0(λ_k) = Δ_J for k = 1, 2. Take ξ_1 ∈ P^+ such that (α^∨_i , ξ_1) = 0 for i ∈ J and (α^∨_i , ξ_1) ∈ Z_{>0} for i ∈ I \ J. Set ξ_2 = ξ_1 − x^{−1}(λ_1 − λ_2), μ = λ_1 − xξ_1 = λ_2 − xξ_2. By taking (α^∨_i , ξ_1) for i ∈ I \ J sufficiently large, we have μ ∈ C^−, ξ_2 ∈ P^+ and Δ_0(μ) = Δ_0(λ_k) for k = 1, 2. Thus Proposition 3.8 implies T^μ_{λk} (L(w ∘ μ)) = L(w ∘ λ_k) for any w ∈ W (λ_k) and k = 1, 2. Hence we obtain the desired result by Corollary 3.7.

Proposition 3.10. Assume that λ, μ ∈ C^+ (resp. λ, μ ∈ C^−) satisfy μ − λ ∈ P, Δ_0(λ) = ∅. (3.18)

Assume that w ∈ W (λ) is the longest (resp. shortest) element of wW_0(μ). Write

ch(L(w ∘ λ)) = ∑ y∈W (λ) a_y ch(M(y ∘ λ)) with a_y ∈ Z.

(3.19)

Then we have

ch(L(w ∘ μ)) = ∑ y∈W (λ) a_y ch(M(y ∘ μ)). (3.20)

Proof. Let us prove first the case where λ, μ ∈ C^+. We first prove the following statement.

Let ν ∈ C^+. For any N ∈ Z_{>0} there exists some ν̃ ∈ C^+ such that ν̃ − ν ∈ P , Δ_0(ν̃) = Δ_0(ν), (α^∨, ν̃ + ρ) ≥ N for any α ∈ Δ^+(ν) \ Δ_0(ν), and (δ, ν̃ + ρ) − (δ, ν + ρ) ∈ Z_{≥N}. (3.21)

By Lemma 2.13 there exist x ∈ W and a proper subset J of I such that xΔ^+(ν) ⊂ Δ^+ and xΔ_0(ν) = Δ_J . Take ξ ∈ P^+ such that (α^∨_i , ξ) = 0 for i ∈ J and (α^∨_i , ξ) > 0 for i ∈ I \ J. Set ν̃ = ν + x^{−1}ξ. Then we have (α^∨, ν̃ + ρ) = (α^∨, ν + ρ) + (xα^∨, ξ) for any α ∈ Δ(λ) and (δ, ν̃ + ρ) = (δ, ν + ρ) + (δ, ξ). Hence by taking (α^∨_i , ξ) > 0 for i ∈ I \ J sufficiently large, we obtain (3.21).

Assume that μ ∈ C^+. Let N ∈ Z_{>0}. By (3.21) there exists μ̃ ∈ C^+ such that μ̃ − μ ∈ P , Δ_0(μ̃) = Δ_0(μ), (α^∨, μ̃ + ρ) ≥ N for any α ∈ Δ^+(μ) \ Δ_0(μ), and (δ, μ̃ + ρ) − (δ, μ + ρ) ∈ Z_{≥N}. By Lemma 2.13 there exist x ∈ W and a proper subset J of I such that xΔ^+(μ̃) = xΔ^+(μ) ⊂ Δ^+ and xΔ_0(μ̃) = xΔ_0(μ) = Δ_J . Let w_J be the longest element of W_J . Take ν ∈ P^+ such that (α^∨_j , ν) > 0 for any j ∈ J, and set λ̃ = μ̃ − x^{−1}w_J ν. Then we have μ̃ − λ̃ ∈ W P^+. (3.22)

Since (δ, λ̃ + ρ) = (δ, μ̃ + ρ) − (δ, ν), we have (δ, λ̃ + ρ) ≠ 0 (3.23)

when N is sufficiently large. For any α ∈ Δ^+(μ̃) we have (α^∨, λ̃ + ρ) = (α^∨, μ̃ + ρ) − (w_J xα^∨, ν). If α ∈ Δ^+_0 (μ̃) = Δ^+_0 (μ), then we have (α^∨, μ̃ + ρ) = 0 and w_J xα ∈ −Δ^+_J , and hence (α^∨, λ̃ + ρ) ∈ Z_{>0}. If α ∈ Δ^+(μ̃) \ Δ^+_0 (μ̃), then we have (α^∨, λ̃ + ρ) ∈ Z_{>0} when N is sufficiently large. Since Π(μ̃) = Π(μ) is a finite set, we have (α^∨, λ̃ + ρ) > 0 for any α ∈ Π(μ̃) for a sufficiently large N. By Δ^+(μ̃) ⊂ ∑ α∈Π(μ̃) Z≥0α we have

(α^∨, λ̃ + ρ) ∈ Z_{>0} for any α ∈ Δ^+(μ̃) = Δ^+(λ̃)

(3.24)

when N is sufficiently large.

Take N satisfying (3.23), (3.24). Then we have λ̃ ∈ C^+ and λ̃ satisfies the condition (3.18) for λ. By Proposition 3.9 the integers a_y in (3.19) do not depend on the choice of λ. Hence (3.19) holds for λ̃. Since w is the longest element of wW_0(μ) = wW_0(μ̃) we have wΔ^+_0 (μ̃) ⊂ Δ^−, and Proposition 3.8 implies T^{λ̃}_{μ̃} (L(w ∘ λ̃)) = L(w ∘ μ̃). Then Corollary 3.7 implies

ch(L(w ∘ μ̃)) = ∑ y∈W (λ) a_y ch(M(y ∘ μ̃)). The desired result follows then from Proposition 3.9.

As the assertion in the case μ ∈ C^− is proved similarly, we shall only give a sketch. By Proposition 3.9 and an analogue of (3.21) we may assume that (α^∨, μ+ρ) for α ∈ Δ^+(μ)\Δ_0(μ) and (δ, μ+ρ) are sufficiently small. Take x ∈ W and a proper subset J of I satisfying xΔ^+(μ) ⊂ Δ^+ and xΔ_0(μ) = Δ_J . Take ν ∈ P^+ such that (α^∨_j , ν) > 0 for any j ∈ J, and set λ̃ = μ − x^{−1}ν. Then we have λ̃ ∈ C^− and λ̃ satisfies the condition (3.18) for λ. Hence we can take λ̃ as λ by Proposition 3.9. Then we have T^λ_μ (L(w ∘ λ)) = L(w ∘ μ) by Proposition 3.8. Hence we obtain the desired result by Corollary 3.7.

4. Enright functor

We recall certain properties of the Enright functor which will be used later (see Enright [7], Deodhar [5], Kashiwara-Tanisaki [15, §2.4]).

For i ∈ I define a subalgebra g_i of g by g_i = h ⊕ g_{αi} ⊕ g_{−αi} . Take e_i ∈ g_{αi} , f_i ∈ g_{−αi} such that [e_i, f_i] = h_i. For a ∈ C we denote by M (g_i , a) the full subcategory of M (g_i ) consisting of M ∈ Ob(M (g_i )) satisfying M = ⨁ μ∈h^∗ M_μ, (4.1)

dim M_μ = 0 unless ⟨h_i, μ⟩ ≡ a mod Z,

(4.2) dim C [e_i ]m < ∞ for any m ∈ M.

(4.3)

For μ ∈ h^∗ let M_i(μ) be the Verma module for g_i with highest weight μ. We fix a highest weight vector m_μ of M_i(μ).

Lemma 4.1. Assume a /∈ Z. For M ∈ Ob(M (g_i , a)) set N = ⨁ μ∈h^∗ M e_i μ ⊗ M_i(μ), where M^{ei}_μ = {m ∈ M_μ ; e_im = 0}. Define a linear map φ : N → M by

φ(m ⊗ f^k_i m_μ) = f^k_i m for m ∈ M^{ei}_μ and k ∈ Z_{≥0}.

Then φ is an isomorphism of g_i-modules.

Proof. By the definition of the Verma module φ is obviously a homomorphism of g_i-modules.

Let us show that φ is surjective. It is sufficient to show that M_ξ ⊂ Im(φ) for any ξ ∈ h^∗. Let m ∈ M_ξ satisfying e^n_i m = 0. We show by induction on n that m ∈ ∑_∞ k=0 f^k_i M^{ei}_{ξ+kαi} . The case n = 0 is trivial. Assume n > 0. Since e^{n−1}_i (e_im) = 0, we have e_im ∈ ∑_∞ k=0 f^k_i M^{ei}_{ξ+(k+1)αi} by the hypothesis of induction.

By a /∈ Z the linear map f^{k+1}_i M^{ei}_{ξ+(k+1)αi} → f^k_i M^{ei}_{ξ+(k+1)αi} (n → e_in) is bijective. Hence there exists some u ∈ ∑_∞ k=0 f^{k+1}_i M^{ei}_{ξ+(k+1)αi} such that e_iu = e_im. Then we have

m = (m − u) + u ∈ M^{ei}_ξ + ∞∑ k=0 f^{k+1}_i M^{ei}_{ξ+(k+1)αi} = ∞∑ k=0 f^k_i M^{ei}_{ξ+kαi} . Next let us show that φ is injective. Assume Ker(φ) ≠ 0. By a /∈ Z the Verma module M_i(μ) is irreducible unless M^{ei}_μ = 0. Thus there exist subspaces N(μ) of M^{ei}_μ for μ ∈ h^∗ such that Ker(φ) = ⨁ μ∈h^∗ N(μ) ⊗ Mi(μ). Hence there exists some

m ∈ M^{ei}_μ \ {0} such that m ⊗ M_i(μ) ⊂ Ker(φ). Then we have m = φ(m ⊗ m_μ) = 0. This is a contradiction. Thus we have Ker(φ) = 0.

We denote by F : M (g) → M (g_i ) the forgetful functor. For a ∈ C let M_i (g, a) be the full subcategory of M (g) consisting of M ∈ Ob(M (g)) satisfying F (M) ∈ Ob(M (g_i , a)).

For a ∈ C define a left U(g)-module U(g)f^{a+Z}_i by

U(g)f^{a+Z}_i = lim_{−→} n U(g)f^{a−n}_i , (4.4)

where U(g)f^{a−n}_i is a rank one free U(g)-module generated by the element f^{a−n}_i and the homomorphism U(g)f^{a−n}_i → U(g)f^{a−n−1}_i is given by f^{a−n}_i → f_if^{a−n−1}_i . Then we have a natural U(g)-bimodule structure on U(g)f^{a+Z}_i whose right U(g)-module structure is given by

f^{a+m}_i P = ∞∑ k=0 ( a + m k ) (ad(f_i)^kP )f^{a+m−k} i for any m ∈ Z and any P ∈ U(g).

(4.5)

Note that the U(g)-bimodule U(g)f^{a+Z}_i depends only on (a mod Z) ∈ C /Z.

For M ∈ Ob(M_i (g, a)) we set

S_i(a)(M) = {m ∈ U(g)f^{a+Z}_i ⊗_{U(g)} M ; dim C [e_i ]m < ∞}.

(4.6) It defines a left exact functor S_i(a) : M_i (g, a) → M_i (g, −a),

(4.7) called the Enright functor corresponding to i.

By the morphism of U(g)-bimodules

U(g) → U(g)f^{−a+Z}_i ⊗_{U(g)} U(g)f^{a+Z}_i (1 → f^{−a}_i ⊗ f^a_i )

(4.8) we obtain a canonical morphism of functors (see [15, §2.4]) id_{M i (g,a)} → S_i(−a) ∘ S_i(a). (4.9)

By [15, §2.4] we have the following result. Proposition 4.2. Let λ ∈ h^∗, and set a = ⟨h_i, λ⟩. (i) If a /∈ Z_{>0}, then we have S_i(a)(M(λ)) ≃ M(s_i ∘ λ).

(ii) If a /∈ Z, then the canonical morphism M(λ) → S_i(−a) ∘ S_i(a)(M(λ)) induced by (4.9) is an isomorphism.

We can similarly define a U(g_i)-bimodule U(g_i)f^{a+Z}_i , and the Enright functor S(a) : M (g_i , a) → M (g_i , −a) for g_i is given by S(a)(M) = {m ∈ U(g_i)f^{a+Z}_i ⊗_{U(gi)} M ; dim C [e_i ]m < ∞}

for any M ∈ Ob(M (g_i , a)). Then we have F ∘ S_i(a) = S(a) ∘ F by U(g_i)f^{a+Z}_i ⊗_{U(gi)} U(g) ≃ U(g)f^{a+Z}_i .

Proposition 4.3. Assume that a /∈ Z.

(i) The functor S_i(a) : M_i (g, a) → M_i (g, −a) gives an equivalence of categories, and its inverse is given by S_i(−a).

(ii) For λ ∈ h^∗ such that ⟨h_i, λ⟩ ≡ a mod Z, we have S_i(a)(M(λ)) ≃ M(s_i ∘ λ), S_i(a)(L(λ)) ≃ L(s_i ∘ λ). Proof. (i) We have to show that the canonical morphisms id_{M i (g,a)} → S_i(−a)∘ S_i(a) and id_{M i (g,−a)} → S_i(a) ∘ S_i(−a) are isomorphisms. By the symmetry we have only to show that id_{M i (g,a)} → S_i(−a)∘S_i(a) is an isomorphism. Let us show that the canonical morphism M → S_i(−a)∘S_i(a)(M) is bijective for any M ∈ Ob(M_i (g, a)). By F ∘ S_i(−a) ∘ S_i(a)(M) = S(−a) ∘ S(a) ∘ F (M) it is sufficient to show that the canonical morphism N → S(−a) ∘ S(a)(N) is bijective for any N ∈ Ob(M (g_i , a)). This follows from Proposition 4.2 for g_i and Lemma 4.1.

(ii) We have S_i(a)(M(λ)) ≃ M(s_i ∘ λ) by Proposition 4.2. By (i) S_i(a)(L(λ)) is the unique irreducible quotient of S_i(a)(M(λ)) ≃ M(s_i ∘ λ). Thus we have S_i(a)(L(λ)) ≃ L(s_i ∘ λ).

5. Proof of main theorem In this section we shall give a proof of Theorem 1.1. We shall use different arguments according to whether QΔ(λ) ∋ δ or not. Assume λ ∈ C^+ ∪ C^−.

Case 1. QΔ(λ) ∋ δ.

In this case the following argument is completely similar to Bernstein’s proof of the corresponding result for finite-dimensional semisimple Lie algebras. Set Ω(λ) = {μ ∈ h^∗ ; (α^∨, μ) = (α^∨, λ) for any α ∈ Δ(λ)},

(5.1) Ω^′(λ) = {μ ∈ Ω(λ) ; (α^∨, μ) /∈ Z for any α ∈ Δ_{re} \ Δ(λ)}.

(5.2) Then we have

W (μ) ⊃ W (λ) and W_0(μ) ⊃ W_0(λ) for any μ ∈ Ω(λ),

(5.3)

W (μ) = W (λ) and W_0(μ) = W_0(λ) for any μ ∈ Ω^′(λ),

(5.4) w ∘ μ − y ∘ μ = w ∘ λ − y ∘ λ for any μ ∈ Ω(λ), w, y ∈ W (λ), (5.5)

(δ, μ) = (δ, λ) for any μ ∈ Ω(λ).

(5.6) For any μ ∈ Ω^′(λ) and w ∈ W (λ)/W_0(λ) we can write uniquely

ch(L(w ∘ μ)) = ∑ w∈W (λ)/W_0 (λ) a_{w,y}(μ) ch(M(y ∘ μ)) with a_{w,y}(μ) ∈ Z (5.7)

by Proposition 3.1 and (5.4).

Proposition 5.1. For any w, y ∈ W (λ)/W_0(λ) the function a_{w,y}(μ) defined in (5.7) is a constant function on Ω^′(λ).

Proof. For μ ∈ Ω^′(λ) and w ∈ W (λ)/W_0(λ) we have ch(L(w ∘ μ)) e^{−w∘μ} = ∑ w∈W (λ)/W_0 (λ) a_{w,y}(μ) ch(M(y ∘ μ)) e^{−w∘μ} = ∑ w∈W (λ)/W_0 (λ) a_{w,y}(μ)e^{y∘μ−w∘μ} ch(M(0)) = ( ∑ w∈W (λ)/W_0 (λ) a_{w,y}(μ)e^{y∘λ−w∘λ}) ch(M(0)). Thus for w ∈ W (λ)/W_0(λ) and μ, μ^′ ∈ Ω^′(λ) we have a_{w,y}(μ) = a_{w,y}(μ^′) for any y ∈ W (λ)/W_0(λ) if and only if ch(L(w ∘ μ))e^{−w∘μ} = ch(L(w ∘ μ^′))e^{−w∘μ′} . The last condition is equivalent to dim L(w ∘ μ)_{w∘μ−ξ} = dim L(w ∘ μ^′)_{w∘μ}′_{−ξ} for any ξ ∈ Q^+. Fix w ∈ W (λ)/W_0(λ) and ξ ∈ Q^+, and consider the function F (μ) = dim L(w ∘ μ)_{w∘μ−ξ} (5.8) on Ω(λ). We have only to show that F is constant on Ω^′(λ).

By a consideration on the contravariant forms on Verma modules we see that F is a constructible function on Ω(λ). In particular, it is constant on a non-empty Zariski open subset U of Ω(λ). Let m be the value of F on U. We have to show F (μ) = m for any μ ∈ Ω^′(λ). Let μ ∈ Ω^′(λ). By Proposition 3.9 a_{w,y} is a constant function on Z = {μ^′ ∈ Ω^′(λ) ; μ^′ − μ ∈ P } for any y ∈ W (λ)/W_0(λ). Thus we see by the above argument that F is constant on Z. Assume for the moment that

Z is a Zariski dense subset of Ω(λ).

(5.9)

Since Z ∩U ≠ ∅, we have F (μ^′) = m for some μ^′ ∈ Z. Since F is a constant function on Z, we have F (ν) = m for any ν ∈ Z. In particular, we obtain F (μ) = m.

It remains to show (5.9). Set

V = {ξ ∈ h^∗ ; (α^∨, ξ) = 0 for any α ∈ Δ(λ)}, V_Q = h^∗_Q ∩ V, V_Z = P ∩ V. We have Ω(λ) = μ+V and Z = μ+V_Z. By the definition of V the natural morphism C ⊗_Q V_Q → V is an isomorphism. Since V_Q is a Q-subspace of h^∗_Q = Q ⊗_Z P we have V_Q ≃ Q ⊗_Z V_Z. Hence V_Z is a Z-lattice of V . It follows that Z = μ + V_Z is a Zariski dense subset of Ω(λ) = μ + V .

Theorem 1.1 is already known to hold for λ ∈ h^∗_Q such that Δ_0(λ) = ∅ and {w ∘ λ = λ} = {1} by Kashiwara-Tanisaki [14], [15], and hence for any λ ∈ h^∗_Q by Lemma 2.8 and Proposition 3.10. On the other hand, Ω^′(λ)∩h^∗_Q ≠ ∅ by Lemma 2.12. Thus the proof of Theorem 1.1 is completed in the case QΔ(λ) ∋ δ by virtue of Proposition 5.1.

Case 2. QΔ(λ) ∌ δ.

By Lemma 2.3 Δ(λ) is a finite set. Thus by Lemma 2.4 there exist x ∈ W and a proper subset J of I such that xΔ(λ) ⊂ Δ_J . We may assume that its length ℓ(x) is the smallest among the elements z ∈ W satisfying zΔ(λ) ⊂ Δ_J . Choose a reduced expression x = s_{αi1} · · · s_{αir} of x. Then we have (α^∨_{ik} , s_{αik+1} · · · s_{αir} ∘ λ + ρ) /∈ Z for any k = 1, . . . , r. (5.10)

Indeed, if (α^∨_{ik} , s_{αik+1} · · · s_{αir} ∘ λ + ρ) ∈ Z, then we have β = s_{αir} · · · s_{αik+1} α_{ik} ∈ Δ(λ), and hence xΔ(λ) = xs_β Δ(λ) = s_{αi1} · · · s_{αik−1} s_{αik+1} · · · s_{αir} Δ(λ). This contradicts the minimality of ℓ(x).

Set λ^′ = x ∘ λ. Then we have xΔ(λ) = Δ(λ^′), xΔ_0(λ) = Δ_0(λ^′) by the definition, and xΠ(λ) = Π(λ^′) by [15, Lemma 2.2.2]. In particular, w → xwx^{−1} induces an isomorphism W (λ) → W (λ^′) of Coxeter groups. Moreover, by Proposition 4.3 the functor S = S_{i1} (a_1) ∘ · · · ∘ S_{ir} (a_r) with a_k = ⟨h_{ik} , s_{ik+1} · · · s_{ir} ∘ λ⟩ induces a category equivalence M_i (g, ⟨h_i, λ⟩) → M_i (g, ⟨h_i, λ^′⟩) and we have S(M(w ∘ λ)) = M(xwx^{−1} ∘ λ^′), S(L(w ∘ λ)) = L(xwx^{−1} ∘ λ^′). Thus the proof of Theorem 1.1 in the case QΔ(λ) ∌ δ is reduced to the case where Δ(λ) ⊂ Δ_J for a proper subset J of I. Set l_J = h ⊕ ( ⨁ α∈Δ_J g_α), n^+_J = ⨁ α∈Δ^+\Δ_J

g_α, n^−_J = ⨁ α∈Δ^+\Δ_J

g_{−α}, p_J = l_J ⊕ n^+_J .

Note that we have dim l_J < ∞ since J is a proper subset of I. For μ ∈ h^∗ let M_J (μ) be the Verma module for l_J with highest weight μ and let L_J (μ) be its irreducible quotient. We can regard them as p_J -modules with trivial actions of n^+_J . By the definition we have U(g) ⊗_{U(pJ )} M_J (μ) ≃ M(μ) for any μ ∈ h^∗. Hence Theorem 1.1 in the case QΔ(λ) ∌ δ follows from the character formula for the irreducible highest weight modules over finite-dimensional semisimple Lie algebras, which is already known (see the comments at the end), and the following result.

Lemma 5.2. For any λ ∈ C satisfying Δ(λ) ⊂ Δ_J we have U(g)⊗_{U(pJ )} L_J (λ) ≃ L(λ). Proof. Set M = U(g)⊗_{U(pJ )} L_J (λ). It is a highest weight module with highest weight λ. Set M^{n+} = {m ∈ M ; n^+m = 0}. It is sufficient to show M^{n+} ∩M_{λ−ξ} = 0 for any ξ ∈ Q^+ \ {0}. Assume that M^{n+} ∩ M_{λ−ξ} ≠ {0} for some ξ ∈ Q^+ \ {0}. By Δ(λ) ⊂ Δ_J and Proposition 3.1 we have ξ ∈ ∑ α∈Δ_J Zα. Hence under the

isomorphism M ≃ U(n^−_J ) ⊗_C L_J (λ) we have M_{λ−ξ} = 1 ⊗ L_J (λ)_{λ−ξ} . It follows that L_J (λ)_{λ−ξ} ∩ L_J (λ)^{n+ ∩lJ} ≠ {0}. This contradicts the irreducibility of L_J (λ).

The proof of Theorem 1.1 is complete in the case QΔ(λ) ∌ δ.

We finally give comments on the proof of the character formula for the irreducible highest weight modules over finite-dimensional semisimple Lie algebras which we have used in our proof in Case 2. The unpublished result in the rational highest weight case due to Beilinson-Bernstein (in particular, the part relating some twisted D-modules with the twisted intersection cohomology groups of the Schubert varieties) is recovered as a special case of the result in Kashiwara-Tanisaki [14] (and also of the result in Kashiwara-Tanisaki [15]). The proof of Bernstein’s result reducing the general case to the rational highest weight case is exactly the same as the one presented in this section in the case QΔ(λ) ∋ δ.

References

[1] A. Beilinson, J. Bernstein, Localisation de g-modules, C. R. Acad. Sci. Paris Sér. I Math., 292 (1981) 15–18.

[2] J.-L. Brylinski, M. Kashiwara, Kazhdan-Lusztig conjecture and holonomic systems, Invent.

Math., 64 (1981) 387–410.

[3] L. Casian, Proof of the Kazhdan-Lusztig conjecture for Kac-Moody algebras (the characters ch L_{ωρ−ρ}), Adv. Math., 119 (1996) 207–281.

[4] , Kazhdan-Lusztig conjecture in the negative level case (Kac-Moody algebras of affine type), preprint.

[5] V. V. Deodhar, On a construction of representations and a problem of Enright, Invent.

Math., 57 (1980) 101–118.

[6] V. V. Deodhar, O. Gabber, V. Kac, Structure of some categories of representations of infinitedimensional Lie algebras, Adv. Math., 45 (1982) 92–116.

[7] T. J. Enright, On the fundamental series of a real semisimple Lie algebra: their irreducibility, resolutions and multiplicity formulae, Ann. Math., 73 (1994) 383–413.

[8] J. C. Jantzen, Moduln mit einem höchsten Gewicht, Lecture Notes in Math. 750, Springer Verlag (1979).

[9] V. Kac, Infinite Dimensional Lie Algebras (3rd edition), Cambridge Univ. Press, (1990). [10] V. Kac, D. Kazhdan, Structures of representations with highest weight of infinite dimensional Lie algebras, Adv. in Math., 34 (1979) 97–108.

[11] M. Kashiwara, “Kazhdan-Lusztig conjecture for symmetrizable Kac-Moody Lie algebra” in The Grothendieck Festschrift, Vol. II, Progr. Math. 87 Birkhäuser, Boston, 1990, 407–433.

[12] M. Kashiwara, T. Tanisaki, “Kazhdan-Lusztig conjecture for symmetrizable Kac-Moody Lie algebra II” in Operator Algebras, Unitary Representations, Enveloping Algebras, and Invariant Theory, Vol. II, Progr. Math. 92 Birkhäuser, Boston, 1990, 159–195.

[13] , Kazhdan-Lusztig conjecture for affine Lie algebras with negative level, Duke Math.

J., 77 (1995) 21–62.

[14] , Kazhdan-Lusztig conjecture for affine Lie algebras with negative level II : Nonintegral case, Duke Math. J., 84 (1996) 771–813.

[15] , Kazhdan-Lusztig conjecture for symmetrizable Kac-Moody Lie algebras III—positve rational case, RT/9812053, to appear in Asian J. Math..

[16] D. Kazhdan, G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent.

Math., 53 (1979) 165–184.

[17] S. Kumar, Extension of the category O^g and a vanishing theorem for the Ext functor for Kac-Moody algebras, J. Alg., 108 (1987) 472–491.

[18] , Toward proof of Lusztig’s conjecture concerning negative level representations of affine Lie algebras, J. Alg., 164 (1994) 515–527.

[19] G. Lusztig, Characters of Reductive Groups over a Finite Field, Ann. Math. Studies, Vol.

107, Princeton Univ. Press, (1984).

[20] R. V. Moody and A. Pianzola, Lie Algebras with Triangular Decompositions, Canadian Mathematical Society series of monographs and advanced texts, A Wiley-Interscience Publication, John Wiley & Sons (1995).

(M. Kashiwara) Research Institute for Mathematical Sciences, Kyoto University, Kyoto, 606–8502, Japan

(T. Tanisaki) Department of Mathematics, Hiroshima University, Higashi-Hiroshima 739–8526 Japan