
EXAMPLES

MASAKI KASHIWARA

1. Clusters

1.1. Case A3.
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q-center 321, 2132, 123

14 clusters,
The number of cluster variables : 12 =9 (exchangeable) +3(frozen)

M�N 1 2 3 12 21 23 32 213 132 123 321 2132

1 � 1 0 1 −1 1 1 −1 1 1 −1 0
2 1 � 1 −1 1 1 −1 2 0 0 0 0
3 0 1 � 1 1 −1 1 −1 1 −1 1 0
12 −1 1 1 � 0 2 0 1 −1 1 −1 0
21 1 −1 1 0 � 0 0 1 1 1 −1 0
23 1 −1 1 0 0 � 0 1 1 −1 1 0
32 1 1 −1 0 2 0 � 1 −1 −1 1 0
213 1 0 1 1 −1 −1 1 � 2 0 0 0
132 −1 2 −1 1 1 1 1 0 � 0 0 0
123 −1 0 1 −1 −1 1 1 0 0 � 0 0
321 1 0 −1 1 1 −1 −1 0 0 0 � 0
2132 0 0 0 0 0 0 0 0 0 0 0 �

Table 1. List of Λ(M,N)
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M�N 1 2 3 12 21 23 32 213 132 123 321 2132

1 1 0 0 1 0 0 0 0 1 1 0 0
2 0 1 0 0 1 1 0 1 0 0 0 1
3 0 0 1 0 0 0 1 0 1 0 1 0
12 0 1 0 1 1 1 0 1 0 1 0 1
21 1 0 0 1 1 0 0 1 1 1 0 1
23 0 0 1 0 0 1 1 1 1 0 1 1
32 0 1 0 0 1 1 1 1 0 0 1 1
213 1 0 1 1 0 0 1 1 2 1 1 1
132 0 1 0 1 1 1 1 1 1 1 1 1
123 0 0 1 0 0 1 1 1 1 1 1 1
321 1 0 0 1 1 0 0 1 1 1 1 1
2132 0 1 0 1 1 1 1 1 1 1 1 2

Table 2. List of Λ̃(M,N)

0 −→ 21 −→ 1 ◦ 2 −→ 12 −→ 0

0 −→ 2132 −→ 32 ◦ 21 −→ 2 ◦ 321 −→ 0

0 −→ 32 ◦ 12 −→ 2 ◦ 132 −→ 2132 −→ 0

0 −→ 1 ◦ 2132 −→ 132 ◦ 21 −→ 12 ◦ 321 −→ 0

0 −→ 132 −→ 12 ◦ 3 −→ 123 −→ 0

0 −→ 2132 ◦ 1 ◦ 3 −→ 132 ◦ 213 −→ 123 ◦ 321 −→ 0

132 ◦ 213 −→ 123 ◦ 321
1 3
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Right dual

1 −→ 23 −→ 12 −→ 3 −→ 21 −→ 32 −→ 1

2 −→ 132 −→ 213 −→ 2

Right dual of clusters

{1, 12, 21}←→ {3, 23, 32}

{2, 12, 32}−→ {1, 3, 132} −→ {21, 23, 213} −→ {2, 12, 32}

{2, 21, 23}−→ {12, 32, 132} −→ {1, 3, 213} −→ {2, 21, 23}

{2, 12, 21}−→ {3, 32, 132} −→ {1, 21, 213} −→ {2, 23, 32} −→

−→ {1, 12, 132} −→ {3, 23, 213} −→ {2, 12, 21}
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1.2. Case C2.

◦
1

◦
2

ks 1 : short root, 2 : long root.

(α1, α1) = 2, (α1, α2) = −2, (α2, α2) = 4

Q12(u, v) = u2 − v,

Q
12
(u, v, w) = u+ w, Q

2,1 = −1.
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True center : 121, 2122

M�N 1 2 12 21 122 212

1 � 2 2 0 2 −2
2 2 � −2 2 0 4
12 0 2 � 2 −2 2
21 2 −2 0 � 2 2
122 −2 4 2 2 � 0
212 2 0 2 −2 4 �

Table 3. List of Λ(M,N)

M�N 1 2 12 21 122 212

1 1 0 1 0 2 0
2 0 2 0 2 0 2
12 0 2 1 2 0 2
21 1 0 1 1 2 2
122 0 2 2 2 2 2
212 2 0 2 0 4 2

Table 4. List of Λ̃(M,N)
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L(122) ◦ L(212) ։ L(121) ◦ L(121)
1
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Right dual

1 −→ 21 −→ 12 −→ 1

2 −→ 122 −→ 212 −→ 2

Right dual of clusters

{1, 122}−→ {21, 212} −→ {12, 2} −→ {1, 122}

{1, 212}−→ {21, 2} −→ {12, 122} −→ {1, 212}

1.3. Case A4.

The number of cluster modules 40 = 36 + 4 (q-centers)

q-centers C1 = 〈4321〉, C2 = 〈
•

32143
•

2〉 = 〈
•

34231
•

2〉, C3 = 〈
•

21324
•

3〉 =

〈
•

23412
•

3〉, C4 = 〈1234〉
C3 5-dim {213243, 231243, 213423, 231423, 234123}

〈1〉, 〈2〉, 〈3〉, 〈4〉

〈12〉, 〈23〉, 〈34〉, 〈21〉, 〈32〉, 〈43〉

〈123〉, 〈132〉, 〈213〉, 〈321〉, 〈234〉, 〈324〉, 〈243〉, 〈432〉

〈2132〉, 〈3243〉,

〈
⌢
4{12}3̇〉, 〈

⌢
1{43}2̇〉, 〈3̇

⌢
4{21}〉, 〈2̇

⌢
1{34}〉

〈
⌢
4{12}3̇〉 3-dim {4123,1423,1243}

commuting with 1, 2, 4, simply linked with 3

〈
⌢
24
⌢
13〉, 〈

⌢
31
⌢
24〉

〈
⌢
24
⌢
13〉 5-dim {2413,4213,2431,4231, 2143}
commuting with 1, 4, simply linked with 2, 3

〈
⌢
31
⌢
42

•

3〉, 〈
⌢
24
⌢
13

•

2〉, 〈
•

3
⌢
24
⌢
13〉, 〈

•

2
⌢
31
⌢
42〉

〈
⌢
31
⌢
42

•

3〉 = E2C3 5-dim {31423, 13423, 31243, 13243, 34123}
commuting with 1, 3, 4, simply linked with 2

〈134223〉, 〈421322〉, 〈322431〉, 〈232124〉

〈134223〉 25-dim,
⌢
132243 +

⌢
134223 + 341223 +

⌢
13
⌢
2432



EXAMPLES 5

+123
⌢
243 + 321

⌢
243 + 341232 + 3

⌢
24123 + (q + q−1)

⌢
132423

commuting with 2, 4, simply linked with 1, 3
E1〈1342

23〉 = 〈3423〉 ◦〈2〉

〈134223〉, ε = (1, 0, 1, 0), ε∗ = (0, 1, 1, 0)
〈421322〉, ε = (0, 1, 0, 1), ε∗ = (0, 1, 1, 0)
〈322431〉, ε = (0, 1, 1, 0), ε∗ = (1, 0, 1, 0)
〈232124〉, ε = (0, 1, 1, 0), ε∗ = (0, 1, 0, 1)

〈1322431〉 70-dim. stable by e(ν1, . . . , ν7)↔ e(ν7, . . . , ν1)
commuting with 1, 2, 4, simply linked with 3
ε = (1, 0, 1, 0), ε∗ = (1, 0, 1, 0)

〈4232124〉 70-dim. stable by e(ν1, . . . , ν7)↔ e(ν7, . . . , ν1)
commuting with 1, 3, 4, simply linked with 2
ε = (0, 1, 0, 1), ε∗ = (0, 1, 0, 1)

0 // 〈
⌢
31
⌢
42

•

3〉
5−dim

// 〈412
•

3〉 ◦〈3〉
15−dim

// 〈123〉 ◦〈43〉
10−dim

// 0

0 // 〈21〉 ◦〈243〉
20−dim

// 〈421
•

3〉 ◦〈2〉
25−dim

// 〈24132̇〉
5−dim

// 0

0 // 〈3̇2413〉
5−dim

// 〈421
•

3〉 ◦〈3〉
25−dim

// 〈43〉 ◦〈213〉
20−dim

// 0

0 // 〈234123〉
5−dim

// 〈13423〉 ◦〈2〉
30−dim

// 〈134223〉
25−dim

// 0

0 // 〈134223〉

25−dim

// 〈123〉 ◦〈324〉
40−dim

// 〈1234〉 ◦〈32〉
15−dim

// 0

0 // 〈1234〉 ◦〈32〉
15−dim

// 〈324〉 ◦〈123〉
40−dim

// 〈134223〉

25−dim

// 0

0 // 〈32〉 ◦〈
⌢
31
⌢
42

•

3〉

105−dim

// 〈134223〉 ◦〈3〉
175−dim

// 〈123〉 ◦〈
•

324
•

3〉

70−dim

// 0
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0 // 〈12〉 ◦〈
⌢
31
⌢
42

•

3〉

105−dim

// 〈134223〉 ◦〈1〉
175−dim

// 〈1342231〉
70−dim

// 0

0 // 〈1〉 ◦〈234123〉
35−dim

// 〈3124
•

3〉 ◦〈21〉
105−dim

// 〈1342231〉

70−dim

// 0

0 // 〈123〉 ◦〈4321〉
35−dim

// 〈321〉 ◦〈1243〉
105−dim

// 〈1342231〉

70−dim

// 0

0 // 〈1234〉 ◦〈321〉
35−dim

// 〈3421〉 ◦〈123〉
105−dim

// 〈1342231〉
70−dim

// 0

0 // 〈1〉 ◦〈321432〉
35−dim

// 〈12〉 ◦〈32413〉
105−dim

// 〈1342231〉

70−dim

// 0

0 // 〈321〉 ◦〈3142
•

3〉

280−dim

// 〈1342231〉 ◦〈3〉
560−dim

// 〈
•

32413〉 ◦〈123〉
280−dim

// 0

0 // 〈21〉 ◦〈123〉 ◦〈321432〉
11·700·3−dim

// 〈2132〉 ◦〈1342231〉
11·700·6−dim

// 〈12〉 ◦〈321〉 ◦〈234123〉
11·700·3−dim

// 0

0 // 〈12〉 ◦〈213243〉

140-dim

// 〈123〉 ◦〈23142〉

280-dim

// 〈1234〉 ◦〈2132〉

140-dim

// 0

Right dual

1 −→ 234 −→ 123 −→ 4 −→ 321 −→ 432 −→ 1

2 −→ 31423 −→ 23142 −→ 3 −→ 21432 −→ 32143 −→ 2

12 −→ 34 −→ 2132 −→ 43 −→ 21 −→ 3243 −→ 12

23 −→ 1423 −→ 3214 −→ 32 −→ 1432 −→ 2314 −→ 23

132 −→ 4232124 −→ 213 −→ 243 −→ 1322431 −→ 324 −→ 132

2413 −→ 322431 −→ 1322431 −→ 1324 −→ 232124 −→ 4232124 −→ 2413
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Clusters

1 // 12 //

��✆✆✆✆✆✆✆
123 //
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21 //
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2132 //
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4321
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2

��✺✺✺✺✺✺ 12 //oo 123 //

||③③③③③③③③
1234

||③③③③③③③③

21 // 2132 //

__❃❃❃❃❃❃❃

���������
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{{✇✇✇✇✇✇✇✇✇
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321 //

\\✾✾✾✾✾✾✾

321432
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||③③③③③③③③

4321

__❃❃❃❃❃❃❃

{1, 12, 21, 123, 2132, 321},

{2, 12, 21, 123, 2132, 321},

{1, 213, 21, 123, 2132, 321},

{1, 12, 132, 123, 2132, 321},

{1, 12, 21,
•

2
⌢
31
⌢
42, 2132, 321},

{1, 12, 21, 123, 1322431, 321},

{1, 12, 21, 123, 2132,
⌢
24
⌢
13

•

2},

Research Institute for Mathematical Sciences, Kyoto University, Ky-

oto 606-8502, Japan

E-mail address: masaki@kurims.kyoto-u.ac.jp
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