EXAMPLES

MASAKI KASHIWARA

1. CLUSTERS
1.1. Case As;.

g-center 321, 2132, 123

14 clusters,
The number of cluster variables : 12 =9 (exchangeable) +3(frozen)

MNN| 1 [ 2] 3 [12[21]23]32]213]132]123]321 2132
1T [N 1[0 T [ 1[1 [T [-I[1][1][-1] 0
2 [T [N[t1[-1[1[1[-1[2][0]0]0] 0O
3 (o[t N1 [t [-1[1[-1[1T[-1[1]0
12 [—1[1[1[NJo0[2]0[ 1T [—1[1][-1]0
21 |1 [—1[ 1o [NJoJo [T [T [T -1 0
23 |1 [—1[1 oo [NJOo [T [T [-1[1][O
32 [T [1[-t[o[2[0[N[1T[-1[-1[1]0
213 [ 1[0 [ 1 [1 1|11t [~N[2]0]0] 0
132 |[—1[ 2 |-1[1[1[1[1T[0[N]O0[0] O
123 |[-1[0 |1 [-1[-1[1T[T1T[0][0 N[00
321 [ 1|0 |[-1|1 [T [-1[-1[0[0][0][N]O
2132 [0 [0 [0 |0 [0[0JO0O[O0O [0 ]O0]0][N\

TABLE 1. List of A(M,N)
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M\NH 1 \ 2 \ 3 \12\21\23\32\213\132\123\321\2132“
1 1(10(0}1,0]0,0] 0 1 1 0 0
2 Oj1(0(0f1T]1]0]1 0 0 0 1
3 00101 0]0]1]0 1 0 1 0
12 oOoj1j0(1}]11]0]1 0 1 0 1
21 1400} 1}170]0]|1 1 1 0 1
23 001 10]0 1T ]1]1 1 0 1 1
32 oOj1(0(0(1T]1]1]1 0 0 1 1

213 1(fo(1}j170j0]1|1 2 1 1 1
132 oj1rjo0(1}11]1]1 1 1 1 1
123 0jo0oj110]01T]1]1 1 1 1 1
321 1170(0]1]1]0]0] 1 1 1 1 1
2132 4O (1 (O} 1 |1 ]1]1|1 1 1 1 2

TABLE 2. List of A(M, N)

0—21 —>102—12—0
0— 2132 —32021 — 20321 — 0
0—32012 —20132 — 2132 — 0
0—102132 —+ 132021 — 120321 — 0
0 —132 — 1203 — 123 — 0
0—21320103 — 1320213 — 1230321 — 0

1 3 2 2 3 1
1320213 — 1230321 | M |
1 2 373 2 1

Right dual
1—23 —12 —3 —21 — 32 —1
2 — 132 — 213 — 2
Right dual of clusters
{1,12,21} «— {3,23,32}
{2,12,32} — {1, 3,132} — {21,23,213} — {2,12,32}
{2,21,23} — {12,32,132} — {1,3,213} — {2,21,23}
{2,12,21} — {3,32,132} — {1,21,213} — {2,23,32} —
— {1,12,132} — {3,23,213} — {2,12,21}
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1.2. Case C.,.
O <=0 1 : short root, 2 :long root.
1 2
(alaal) = 4, (Oél,(]{g) == _27 (a27&2) — 4

Q12(u7 U) - u2 -0,
Q (U, v, w) = u + w, @271 = —1.

2
PN
12 21
122 212
\1/

True center : 121,21%2
MN\N || 1|2 [12]21]1%2]21%|
1 Nl2]2]0]2]-2
2 2 [N [—2l21]01] 4
12 0ol 2 [\ ]2]-2]2
21 2 =270 [N\ [ 212
12 21422 ]0
212 2102 ]=2]47]\

TABLE 3. List of A(M, N)

MAN [ 1] 2 [12]21]1%2] 21
1 [1[O0[L1]0][2T]0
2 [o0[2]0[2]0]2
12 [0 ]2[1]2]0]2
21 [ 1[0 [1[1[2]2
2 [0 [2[2]2]2]2
217 [2[0[2]0 ] 4|2

TABLE 4. List of A(M, N)
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L(122) o L(212) — L(121) o L(121) M

Right dual
1 —21 —12 —1
2 — 172 — 217 — 2
Right dual of clusters
{1,122} — {21,21°} — {12,2} — {1,1%2}
{1,212} — {21,2} — {12,12%} — {1,217}

1.3. Case A,.
The number of cluster modules 40 = 36 + 4 (q-centers)

qcenters Cy = (4321), Cp = (321432) = (342312), Cy = (213243) =

(234123), Cy = (1234)
Cy 5-dim {213243, 231243, 213423, 231423, 234123}

1, (2), 3), 4

(
(12), (23), (34), (21), (32), (43)

(123), (132), (213), (321), (234), (324), (243), (432)
<2132> (3243),

(

1{12)3), (1{43}3), (34{21}), (21{34})
(4{12}3) 3-dim {4123,1423,1243}
commuting with 1, 2,4, simply linked with 3
(2413), (3124)

(2413) 5-dim {2413,4213,2431,4231, 2143}
commuting with 1,4, simply linked with 2,3

NN e o NN

(31423), (24132), (32413), (23142)

(31423) = E,Cy 5-dim {31423, 13423, 31243, 13243, 34123}
commuting with 1, 3,4, simply linked with 2

(134223), (421322), (322431), (232124)

(134223) 25-dim,
132243 + 134223 + 341223 4 132432
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1123243 + 321243 + 341232 + 324123 + (¢ + ¢~ 1)132423
commuting with 2,4, simply linked with 1,3
F1(134223) = (3423) o<2>

(134223, ¢ = (1,0,1,0), &* = (0,1,1,0)
(421322), ¢ = (0,1,0,1),£* = (0,1, 1,0)
(322431), e = (0,1,1,0),* = (1,0, 1,0)
(232124), e = (0,1,1,0),* = (0,1,0,1)

(1322431) 70-dim. stable by e(v1,...,v7) ¢ e(vr, ..., 1)
commuting with 1, 2,4, simply linked with 3
e=(1,0,1,0), e* = (1,0,1,0)

(4232124) 70-dim. stable by e(vy,...,v7) <> e(vr, ..., 1)
commuting with 1, 3,4, simply linked with 2
e=1(0,1,0,1), e =(0,1,0,1)

0 (31423) —~ (4123) 0(3) — (123) 0(43) — =0

S—dim 15—dim 10—dim

0 —= (21) 0(243) — = (4213) 0(2) — (24132) — = 0

20—dim 25—dim 5—dim

0 — (32413) — (4213) 0(3) — (43) 0(213) — > 0

b—dim 25—dim 20—dim

0 — (234123) — (13423) 0 (2) — (134223) —— 0

o o5 —di
5—dim 30—dim 5—dim

0 — (134223) — (123) 0(324) — (1234) 0(32) — =0

25—dim 40—dim 15—dim

0 — (1234) 0(32) —= (324) 0(123) — (134223) ——~ 0
15—dim 40—dim 25—dim

0 — (32) 0(31423) — (134223) o (3) — (123) 0(3243) — =0
105—dim 175—dim 70—dim
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0 — = (12) 0(31423) — (134223) o (1) — = (1342?31) — =0

105—dim 175—dim 70—dim

0 — (1) 0(234123) — (31243) 0(21) — = (1342231) — > 0
35—dim 105—dim 70—dim

0 — (123) 0(4321) — (321) 0(1243) — (1342231) — =0
35—dim 105—dim 70—dim

0 — (1234) 0 (321) — (3421) 0(123) — (1342231) —> 0
70—dim

35—dim 105—dim
0 — (1) 0(321432) — (12) 0(32413) — (1342231) — =0
35—dim 105—dim 70—dim

0 —= (321) 0(31423) — (1342231) 0 (3) —= (32413) 0(123) —= 0
280—dim 560—dim 280—dim

0 — (21) 0(123) 0(321432) — = (2132) 0(1342231)

11-700-3—dim 11-700-6—dim

- (12) 0(321) 0(234123) — =0

11-700-3—dim

0 — (12) 0(213243) — (123) 0(23142)
140-dim 280-dim

—— (1234) 0(2132) — 0
140-dim
Right dual

1—234 — 123 —4 — 321 — 432 — 1
2 — 31423 — 23142 — 3 — 21432 — 32143 — 2
12 — 34 — 2132 — 43 — 21 — 3243 — 12
23 — 1423 — 3214 — 32 — 1432 — 2314 — 23
132 — 4232124 — 213 — 243 — 1322431 — 324 — 132
2413 — 322431 — 1322431 — 1324 — 232124 — 423%124 — 2413
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Clusters
1 12 123 1234 2 12 123 1234
NSNS N TN N N S
1 2132 213243 21 2132 213243
NN T NN T
321 — = 321432 321 — = 321432
N N

(1,12,21,123,2132, 321},
(2,12,21,123, 2132, 321},
{1,213, 21,123, 2132, 321},
(1,12, 132, 123, 2132, 321},
(1,12, 21, 23142, 2132, 321},
(1,12, 21,123, 1322431, 321},

e

{1,12,21,123, 2132, 24132},
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