Kazhdan-Lusztig conjecture for symmetrizable Kac-Moody Lie algebras. III

Positive rational case

Dedicated to Professor Mikio Sato in celebration of his seventieth birthday

Masaki Kashiwara^∗and Toshiyuki Tanisaki^†

May 26, 1999

Contents

1 Introduction 2

2 Highest weight modules 4 2.1 Kac-Moody Lie algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Integral Weyl groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Category of highest weight modules . . . . . . . . . . . . . . . . . . . . . . 10 2.4 Enright functor for non-integral weights . . . . . . . . . . . . . . . . . . . . 12 2.5 Embeddings of Verma modules . . . . . . . . . . . . . . . . . . . . . . . . 16

3 Twisted D-modules 20 3.1 Finite-dimensional case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.2 Infinite-dimensional case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.3 Equivariant D-modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4 D-modules on the flag manifold 27 4.1 Flag manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.2 Twisted D-modules on the flag manifold . . . . . . . . . . . . . . . . . . . 29 4.3 Cohomologies of B_w(μ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 4.4 Modified cohomology groups . . . . . . . . . . . . . . . . . . . . . . . . . . 34 4.5 Modified localization functor . . . . . . . . . . . . . . . . . . . . . . . . . . 38 4.6 Radon transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 4.7 Global sections of M_w(λ) . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 4.8 Correspondence of g-modules and D-modules . . . . . . . . . . . . . . . . 46

∗Research Institute for Mathematical Sciences, Kyoto University, Kyoto, 606–8502, Japan †Department of Mathematics, Hiroshima University, Higashi-Hiroshima, 739–8526, Japan

5 Twisted intersection cohomology groups 51 5.1 Combinatorics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 5.2 Character formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 5.3 Hodge modules on flag manifolds . . . . . . . . . . . . . . . . . . . . . . . 56

1 Introduction

The aim of this paper is to prove the Kazhdan-Lusztig type character formula for irreducible highest weight modules with positive rational highest weights over symmetrizable Kac-Moody Lie algebras.

Let us formulate our results precisely. Let g be a symmetrizable Kac-Moody Lie algebra over the complex number field C with Cartan subalgebra h. We denote by W the Weyl group and by {α_i}_{i∈I} the set of simple roots. For a real root α, we define the corresponding coroot by α^∨ = 2α/(α, α), where ( , ) denotes a standard non-degenerate symmetric bilinear form on h^∗. For λ ∈ h^∗, let Δ^+(λ) denote the set of positive real roots α satisfying (α^∨, λ) ∈ Z, and let Π(λ) denote the set of α ∈ Δ^+(λ) such that s_α(Δ^+(λ) \ {α}) = Δ^+(λ) \ {α}. Here s_α ∈ W denotes the reflection with respect to α. Then the subgroup W (λ) of W generated by {s_α ; α ∈ Δ^+(λ)} is a Coxeter group with the canonical generator system {s_α ; α ∈ Π(λ)}. Fix ρ ∈ h^∗ satisfying (ρ, α^∨_i ) = 1 for any i ∈ I and define a shifted action of W on h^∗ by

w ∘ λ = w(λ + ρ) − ρ for w ∈ W and λ ∈ h^∗.

For λ ∈ h^∗ let M(λ) (resp. M^∗(λ), L(λ)) be the Verma module (dual Verma module, irreducible module) with highest weight λ. We denote their characters by ch(M(λ)), ch(M^∗(λ)), ch(L(λ)) respectively. We have ch(M(λ)) = ch(M^∗(λ)), and ch(M(λ)) is easily described.

The main result of this paper is the following.

Theorem 1.1 Assume that λ ∈ h^∗ satisfies the following conditions.

2(α, λ + ρ) ≠ (α, α) for any positive imaginary root α.

(1.1) (α^∨, λ + ρ) /∈ Z_{≤0} for any positive real root α.

(1.2) If w ∈ W satisfies w ∘ λ = λ, then w = 1.

(1.3) (α^∨, λ) ∈ Q for any real root α.

(1.4)

Then for any w ∈ W (λ) we have

ch(M(w ∘ λ)) = ∑ y≥_λw P^λ_{w,y}(1) ch(L(y ∘ λ)), (1.5)

ch(L(w ∘ λ)) = ∑ y≥_λw (−1)^{ℓλ(y)−ℓλ(w)}Q^λ_{w,y}(1) ch(M(y ∘ λ)). (1.6)

Here, ≥_λ, ℓ_λ, P^λ_{w,y}, Q^λ_{w,y} denote the Bruhat ordering, the length function, the Kazhdan- Lusztig polynomial, and the inverse Kazhdan-Lusztig polynomial for the Coxeter group W (λ), respectively.

When g is a finite-dimensional semisimple Lie algebra, this result for integral weights was conjectured by Kazhdan-Lusztig [19], and proved by Beilinson-Bernstein [1] and Brylinski-Kashiwara [2] independently. Later its generalization to rational weights was obtained by combining the results by Beilinson-Bernstein (unpublished) and Lusztig [21].

As for the symmetrizable Kac-Moody Lie algebra, Theorem 1.1 for integral weights was obtained by Kashiwara(-Tanisaki) in [14] and [16] (see also Casian [3]). We note that a generalization of the original Kazhdan-Lusztig conjecture to affine Lie algebras in the negative level case was obtained by Kashiwara-Tanisaki [17], Casian [4] (integral weights), Kashiwara-Tanisaki [18] (rational weights). We finally point out that (1.6) for w = 1 was proved by Kac-Wakimoto [11].

Let us give a sketch of the proof of our theorem.

Let X = G/B^− be the flag manifold introduced in Kashiwara [13], which is an infinitedimensional scheme. We have a stratification X = ⨆ w∈W X_w by finite-codimensional Schubert cells X_w = BwB^−/B^−. For λ ∈ h^∗ let D_λ be the TDO-ring (ring of twisted differential operators) on X corresponding to the parameter λ. For w ∈ W define D_λ-modules B_w(λ) (resp. M_w(λ), L_w(λ)) as the meromorphic extension (resp. dual meromorphic extension, minimal extension) of the D_{Xw} -module O_{Xw} to a D_λ-module. They are objects of the category H (λ) consisting of N^+-equivariant holonomic D_λ-modules.

For λ ∈ h^∗ satisfying the conditions (1.1), (1.2) and (1.3), we define a modified global section functor Γ̃ from H (λ) to the category M (g) of g-modules. Then Theorem 1.1 is a consequence of the following results.

Theorem 1.2 Assume that λ ∈ h^∗ satisfies the conditions (1.1), (1.2) and (1.3).

(i) The functor Γ̃ : H (λ) → M (g) is exact.

(ii) Γ̃(B_w(λ)) = M^∗(w ∘ λ) for any w ∈ W .

(iii) Γ̃(M_w(λ)) = M(w ∘ λ) for any w ∈ W .

(iv) Γ̃(L_w(λ)) = L(w ∘ λ) for any w ∈ W .

Theorem 1.3 Assume that λ ∈ h^∗ satisfies the condition (1.4). Then for any w ∈ W which is the smallest element of wW (λ) and any x ∈ W (λ), we have

[L_{wx}(λ)] = ∑ y≥_λx (−1)^{ℓλ(y)−ℓλ(x)}Q^λ_{x,y}(1)[M_{wy}(λ)] (1.7)

in the (modified) Grothendieck group K(H (λ)) of H (λ).

The proof of Theorem 1.2 is similar to the one in [14]. In the course of the proof we also use the modified localization functor D_λ ^⊗ • from a category of certain g-modules to a category of certain D_λ-modules as in [14], and we prove simultaneously that D_λ ^⊗Γ̃(M) ≃ M for any M ∈ Ob(H (λ)). Aside from the technical complexity in dealing with nonintegral weights, the main new ingredients compared with the integral case [14] are the embeddings of Verma modules (Theorem 2.5.3) and the proof of the injectivity of the canonical morphism M(w ∘ λ) → Γ̃(M_w(λ)) (Proposition 4.7.2).

The proof of Theorem 1.3 is based on the theory of Hodge modules by M. Saito [23] as in [16]. As for the combinatorics concerning the Kazhdan-Lusztig polynomials we use the dual version of the result in [22].

In the affine case, we can deduce the non-regular highest weight case from the above result by using the translation functors.

Theorem 1.4 Let g be an affine Lie algebra, and assume that λ ∈ h^∗ satisfies

(δ, λ + ρ) ≠ 0, where δ is the imaginary root.

(1.8) (α^∨, λ + ρ) ∈ Q \ Z_{<0} for any positive real root α.

(1.9)

Then W_0(λ) = {w ∈ W ; w ∘ λ = λ} is a finite group. Let w be an element of W (λ) which is the longest element of wW_0(λ). Then we have

ch(L(w ∘ λ)) = ∑ y≥_λw (−1)^{ℓλ(y)−ℓλ(w)}Q^λ_{w,y}(1) ch(M(y ∘ λ)). A motivation of our study comes from a recent work of W. Soergel [24] concerning tilting modules over affine Lie algebras. We would like to thank H. H. Andersen for leading our attention to this problem.

2 Highest weight modules

2.1 Kac-Moody Lie algebras

In this section, we shall review the definition of Kac-Moody Lie algebras, and fix notations employed in this paper.

Let h be a finite-dimensional vector space over C , and let Π = {α_i}_{i∈I} and Π^∨ = {h_i}_{i∈I} be subsets of h^∗ and h respectively indexed by the same finite set I subject to

Π and Π^∨ are linearly independent subsets of h^∗ and h respectively,

(2.1.1) (⟨h_i, α_j⟩)_{i,j∈I} is a symmetrizable generalized Cartan matrix.

(2.1.2)

Here ⟨ , ⟩ : h × h^∗ → C denotes the natural paring. The elements of Π and Π^∨ are called simple roots and simple coroots respectively. We fix a non-degenerate symmetric bilinear form ( , ) on h^∗ such that

(α_i, α_i) ∈ Q_{>0} for any i ∈ I,

(2.1.3) ⟨h_i, λ⟩ = 2(λ, α_i)/(α_i, α_i) for any λ ∈ h^∗ and i ∈ I.

(2.1.4)

We denote the corresponding Kac-Moody Lie algebra by g. Recall that g is the Lie algebra over C generated by elements e_i, f_i (i ∈ I) and the vector space h satisfying the following defining relations (see Kac [9]):

[h, h^′] = 0 for h, h^′ ∈ h, [h, e_i] = ⟨h, α_i⟩e_i, [h, f_i] = −⟨h, α_i⟩f_i for h ∈ h and i ∈ I, [e_i, f_j] = δ_{ij} h_i for i, j ∈ I, ad(e_i)^{1−⟨hi,αj ⟩}(e_j ) = ad(f_i)^{1−⟨hi,αj ⟩}(f_j) = 0 for i, j ∈ I with i ≠ j.

(2.1.5)

Define the subalgebras n^+, n^−, b, b^− of g by n^+ = ⟨e_i ; i ∈ I⟩, n^− = ⟨f_i ; i ∈ I⟩, b = ⟨h, e_i ; h ∈ h, i ∈ I⟩, b^− = ⟨h, f_i ; h ∈ h, i ∈ I⟩. (2.1.6) The vector space h is naturally regarded as an abelian subalgebra of g, and we have the decompositions g = n^− ⊕ h ⊕ n^+, b = h ⊕ n^+, b^− = h ⊕ n^−.

(2.1.7)

For λ ∈ h^∗ set g_λ = {x ∈ g ; [h, x] = ⟨h, λ⟩x for h ∈ h}, and define the root system Δ of g by Δ = {λ ∈ h^∗ ; g_λ ≠ 0} \ {0}.

(2.1.8) Set Q = ∑ i∈I Zα_i, Q^± = ± ∑ i∈I Z_{≥0}α_i, (2.1.9) Δ^± = Δ ∩ Q^±.

(2.1.10) We have Π ⊂ Δ^+ and Δ = Δ^+ ⊔ Δ^−. The elements of Δ^+ and Δ^− are called positive and negative roots respectively.

For a subset Θ of Δ such that (Θ + Θ) ∩ Δ ⊂ Θ we define the subalgebra n(Θ) of g by n(Θ) = ∑ α∈Θ g_α.

(2.1.11)

For α = ∑ i∈I m_iα_i ∈ Q, its height ht(α) is defined by ht(α) = ∑ i∈I m_i. (2.1.12)

For i ∈ I define the simple reflection s_i ∈ GL(h^∗) by s_i(λ) = λ − ⟨h_i, λ⟩α_i. (2.1.13) The subgroup W of GL(h^∗) generated by S = {s_i ; i ∈ I} is called the Weyl group.

It is a Coxeter group with the canonical generator system S. The length function ℓ : W → Z_{≥0} of the Coxeter group W satisfies ℓ(w) = ♯(Δ^− ∩ wΔ^+) for any w ∈ W.

(2.1.14) We denote the Bruhat ordering on W by ≥. Note that we have (wλ, wμ) = (λ, μ) for any λ, μ ∈ h^∗ and w ∈ W. (2.1.15) Set Δ_{re} = W Π , Δ_{im} = Δ \ Δ_{re} , Δ^±_{re} = Δ_{re} ∩ Δ^± , Δ^±_{im} = Δ_{im} ∩ Δ^± .

(2.1.16) The elements of Δ_{re} and Δ_{im} are called real and imaginary roots, respectively. For α ∈ Δ_{re} set α^∨ = 2α/(α, α), (2.1.17) and define the reflection s_α ∈ GL(h^∗) by s_α(λ) = λ − (λ, α^∨)α. (2.1.18)

Then we have s_α ∈ W for any α ∈ Δ_{re}.

We fix a vector ρ ∈ h^∗ such that ⟨h_i, ρ⟩ = 1 for any i ∈ I. Then the shifted action of W on h^∗ is defined by w ∘ λ = w(λ + ρ) − ρ . (2.1.19)

Note that ρ − wρ ∈ Q^+ for any w ∈ W and it does not depend on the choice of ρ.

2.2 Integral Weyl groups

In this section, we study the properties of integral Weyl groups. We start the study in a more general setting^1.

Let Δ_1 be a subset of Δ_{re} satisfying the following condition:

s_αβ ∈ Δ_1 for any α, β ∈ Δ_1.

(2.2.1)

In particular, we have −Δ_1 = Δ_1. We set

Δ^±_1 = Δ_1 ∩ Δ^±,

(2.2.2) Π_1 = {α ∈ Δ^+_1 ; s_α(Δ^+_1 \ {α}) ⊂ Δ^+_1 },

(2.2.3) W_1 = ⟨s_α; α ∈ Π_1⟩ ⊂ W.

(2.2.4)

We call the elements of Δ^+_1 (resp. Δ^−_1 , Π_1) positive roots (resp. negative roots, simple roots) for Δ_1, and W_1 the Weyl group for Δ_1.

Note that if Δ_1 satisfies the condition (2.2.1), then wΔ_1 also satisfies (2.2.1) for any w ∈ W . Lemma 2.2.1 If Δ_1 contains a simple root α_i, then α_i is in Π_1.

Lemma 2.2.2 Assume that α_i ∉ Δ_1. Set Δ^′_1 = s_iΔ_1. Then Δ^′_1 satisfies the condition (2.2.1). Moreover Δ^′_1 ⋂ Δ^+ = s_iΔ^+_1 , the set of simple roots for Δ^′_1 is s_iΠ_1, and the Weyl group for Δ^′_1 is s_iW_1s_i.

The above two lemmas immediately follow from s_iΔ^+ = (Δ^+ \ {α_i}) ∪ {−α_i}.

Lemma 2.2.3 If α ∈ Π_1 and i ∈ I satisfy (α_i, α) > 0, then either α = α_i or α_i ∉ Δ_1.

1After writing up this paper, the authors were informed by S. Naito the existence of two papers, R. Moody–A. Pianzola, Lie Algebras with Triangular Decompositions, Canadian Mathematical Society series of monographs and advanced texts, A Wiley-Interscience Publication, John Wiley & Sons, 1995, and Jong-Min Ku, On the uniqueness of embeddings of Verma modules defined by the Shapovalov elements, J. Algebra, Vol. 118, (1988) 85–101. They showed results similar to those in this subsection by a different formulation and method. In the last paper, Ku also obtained a result weaker than Theorem 2.5.3.

Proof. Assume α ≠ α_i and α_i ∈ Δ_1. Then β = s_αα_i = α_i − (α^∨, α_i)α is a positive root. Then α_i = β + (α^∨, α_i)α contradicts (α^∨, α_i) ∈ Z_{>0} . Q.E.D.

Lemma 2.2.4 For any α ∈ Π_1 there exist w ∈ W and i ∈ I such that wα = α_i and wΔ^+_1 = wΔ_1 ⋂ Δ^+.

Proof. We shall show this by induction on ht(α). If ht(α) = 1, then there is nothing to prove. Assume ht(α) > 1. Write α = ∑ j∈I m_j α_j with m_j ≥ 0. Then we have 0 < (α, α) = ∑ j∈I m_j (α, α_j), and hence there exists some j ∈ I such that (α, α_j) > 0. Since ht(α) > 1, we have α ≠ α_j and hence α_j /∈ Δ_1 by Lemma 2.2.3. Set Δ^′_1 = s_j Δ_1, (Δ^′_1)^+ = s_jΔ^+_1 , Π^′_1 = s_j Π_1. Then (Δ^′_1)^+ and Π^′_1 are the set of positive and simple roots for Δ^′_1 respectively by Lemma 2.2.2. Set α^′ = s_j α ∈ Π^′_1. Since ht(α^′) < ht(α), there exist some w^′ ∈ W and i ∈ I such that w^′α^′ = α_i and w^′(Δ^′_1)^+ ⊂ Δ^+ by the hypothesis of induction. Then setting w = w^′s_j we have wα = α_i and wΔ^+_1 = w^′(Δ^′_1)^+ ⊂ Δ^+. Q.E.D.

The following lemma follows from the above lemma by reducing to the case α = α_i for i ∈ I.

Lemma 2.2.5 For any positive integer n and α ∈ Π_1, we have nα ∉ ∑ β∈(Δ^+_1 \{α})∪Δ^+_{im} Z_{≥0}β. Lemma 2.2.6 For any β ∈ Δ^+_1 , there exists α ∈ Π_1 such that (α, β) > 0.

Proof. We shall prove this by the induction on ht(β). If ht(β) = 1, then Lemma 2.2.1 implies β ∈ Π_1, and we can take β as α. Assume that ht(β) > 1. Take i such that (α_i, β) > 0. If α_i ∈ Δ_1, then it is enough to take α_i as α. Now assume that α_i ∉ Δ_1. Set Δ^′_1 = s_iΔ_1, (Δ^′_1)^+ = s_iΔ^+_1 , Π^′_1 = s_iΠ_1. Then (Δ^′_1)^+ and Π^′_1 are the set of positive and simple roots for Δ^′_1 respectively by Lemma 2.2.2. Set β^′ = s_iβ ∈ (Δ^′_1)^+. We have ht(β^′) < ht(β) by (β, α_i) > 0. Hence by the hypothesis of induction there exists some α^′ ∈ Π^′_1 such that (α^′, β^′) > 0. Then α = s_iα^′ ∈ Π_1 satisfies (α, β) = (α^′, β^′) > 0. Q.E.D.

Lemma 2.2.7 (i) Δ_1 = W_1Π_1.

(ii) Δ^+_1 ⊂ ∑ α∈Π_1 Z≥0α. (iii) W_1 contains s_α for any α ∈ Δ_1.

Proof. Since (iii) follows from (i), it is enough to show that any β ∈ Δ^+_1 is contained in W_1Π_1 ⋂ ∑ α∈Π_1 Z≥0α. We shall prove this by the induction on ht(β). By Lemma 2.2.6

there exists α_0 ∈ Π_1 such that (α_0, β) > 0. If β = α_0, then there is nothing to prove. If β ≠ α_0, then γ = s_{α0} β ∈ Δ^+_1 by the definition of Π_1 and ht(γ) < ht(β). Now we can apply the hypothesis of induction to conclude γ ∈ W_1Π_1 ⋂ ∑ α∈Π_1 Z≥0α, which implies the

desired result. Q.E.D.

Lemma 2.2.8 For α ∈ Δ^+_1 , the following conditions are equivalent. (i) α ∈ Π_1.

(ii) s_βα ∈ Δ^−_1 for any β ∈ Δ^+_1 such that (α, β) > 0.

(iii) α cannot be written as α = m_1β_1 + m_2β_2 for β_ν ∈ Δ^+_1 and m_ν ∈ Z_{>0} (ν = 1, 2). (iv) α cannot be written as α = ∑_k ν=1 β_ν for k > 1, β_ν ∈ Δ^+_1 (1 ≤ ν ≤ k).

Proof. (i)⇒(iv) follows from Lemma 2.2.5. (iv)⇒(iii) is trivial. (iii)⇒(ii) is also immediate. Let us prove (ii)⇒(i). By Lemma 2.2.6, there exists β ∈ Π_1 such that (β, α) > 0. Hence γ = −s_βα ∈ Δ^+_1 . Rewriting this, we have (β^∨, α)β = α + γ. Then Lemma 2.2.5 implies α = β or γ = β. It is now enough to remark that γ = β implies α = β. Q.E.D.

The following proposition is proved by a standard argument (see e.g. [18, §3.2]). Proposition 2.2.9 (i) W_1 is a Coxeter group with a generator system S_1 = {s_α ; α ∈ Π_1}.

(ii) Its length function ℓ_1 : W_1 → Z_{≥0} is given by ℓ_1(w) = ♯(Δ^−_1 ∩ wΔ^+_1 ). (iii) For x, y ∈ W , x ≥_1 y with respect to the Bruhat order ≥_1 for (W_1, S_1) if and only if there exist β_1, . . . , β_r ∈ Δ^+_1 (r ≥ 0) such that x = ys_{β1} · · · s_{βr} and ys_{β1} · · · s_{βj−1} β_j ∈ Δ^+_1 for j = 1, . . . , r.

Lemma 2.2.10 For α, β ∈ Π_1 such that α ≠ β we have (α, β) ≤ 0. Proof. We have s_αβ ∈ Δ^+_1 by the definition of Π_1. Since β ∈ Π_1, Lemma 2.2.8 implies the desired result. Q.E.D.

By this lemma, ( (β, α^∨) ) α,β∈Π_1 is a symmetrizable generalized Cartan matrix. Hence

W_1 is isomorphic to the Weyl group for the Kac-Moody Lie algebra with ( (β, α^∨) ) α,β∈Π_1 as a generalized Cartan matrix.

Proposition 2.2.11 For w ∈ W with a reduced expression s_{i1} · · · s_{il} the following conditions are equivalent.

(i) l(x) ≥ l(w) for any x ∈ wW_1.

(ii) wx ≥ wy for any x, y ∈ W_1 such that x ≥_1 y. (iii) wΔ^+_1 ⊂ Δ^+.

(iv) s_{il} · · · s_{ik+1} α_{ik} ∉ Δ_1 for any k = 1, . . . , l.

Proof. Let us first prove (iii)⇒(ii). We may assume without loss of generality that x = ys_β for some β ∈ Δ^+_1 . Then yβ ∈ Δ^+_1 and hence wyβ ∈ Δ^+. This implies wx = wys_β ≥ wy. (ii) implies (i) by taking y = 1 in (ii). (i) implies (iii) because, for any α ∈ Δ^+_1 , l(ws_α) ≥ l(w) implies wα ∈ Δ^+.

(iii)⇔(iv) follows from w^{−1}Δ^− ∪ Δ^+ = {s_{il} · · · s_{ik+1} α_{ik} ; 1 ≤ k ≤ l}. Q.E.D.

Lemma 2.2.12 Let Π_1 be a subset of Δ_1 such that for any pair of distinct elements α, β of Π_1. (α, β) ≤ 0. Let W_1 be the subgroup of W generated by s_α (α ∈ Π_1),and set Δ_1 = W_1Π_1. Then Δ_1 is a root subsystem and Π_1 coincides with the set of simple roots for Δ_1.

Proof. Let t^′ be the vector space generated by Π_1. Since ⟨α^∨, β⟩ is a generalized cartan matrix, t^′ has a root system Δ^′ with Π_1 as a simple root system. Then the map t^′ to t sends Δ^{′re+} to Δ_1. Hence it is obvious that P i_1 is the set of simple roots for Δ_1 Q.E.D.

Proposition 2.2.13 For ν = 1, 2, let Δ_ν be a root subsystem of Δ and W_ν its Weyl group. Assume that w ∈ W satisfies w^{−1}Δ^+_1 ⊂ Δ^+ and wΔ^+_2 ⊂ Δ^+. Then for any element x ∈ W_1wW_2, we have x ≥ w.????

???????? Proof. We shall argue by the induction on ℓ(x). Write x = w_1ww_2 with w_ν ∈ W_ν . By the preceding proposition, we can assume that x is the shortest element in xW_2. Hence we have xΔ^+_2 ⊂ Δ^+. If w_2 = 1 the the assertion is a consequence of the preceding proposition Assume w_2 ≠ 1 and write w_2 = w^′_2s_α with a simple root α in Δ_2 such that ℓ(w_2) > ℓ(w^′_2). w_1ww^′_2(α) ∈ Δ^+. This implies x > w_1xw^′_2 = xs_α. Thus the induction proceeds. Q.E.D.

For λ ∈ h^∗ set Δ(λ) = {β ∈ Δ_{re}; (β^∨, λ + ρ) ∈ Z} = {β ∈ Δ_{re}; (β^∨, λ) ∈ Z}. (2.2.5)

This satisfies the condition (2.2.1). We set Δ^±(λ) = Δ(λ) ∩ Δ^±. Let Π(λ) and W (λ) be the set of simple roots and the Weyl group for Δ(λ), respectively. We call W (λ) the integral Weyl group for λ. We denote by ℓ_λ : W (λ) → Z_{≥0} and ≥_λ the length function and the Bruhat order of the Coxeter group W (λ), respectively. Remark.

(i) In [18], we introduced W (λ) and W^′(λ). The integral Weyl group introduced here is equal to W^′(λ) loc.cit. As a matter of fact, W (λ) and W^′(λ) loc.cit. coincide. The opposite statement in [18, Remark 3.3.2] should be corrected.

(ii) The set Π(λ) is linearly independent when g is finite-dimensional. But it is not necessarily linearly independent in the affine case, although we have assumed the linear independence of {α_i}_{i∈I} . For example, for g = A^{(1)}_3 and λ = (Λ_1 + Λ_3)/2, we have Π(λ) = {α_0, α_2, −α_0 + δ, −α_2 + δ}.

(iii) For x, y ∈ W_1, x ≥_1 y implies x ≥ y (Lemma 2.2.11). However the converse is false in general. For example for g = A_3 and λ = (Λ_1 + Λ_3)/2, we have Π(λ) = {α_2, α_1 + α_2 + α_3} and s_{α1+α2+α3} ≥ s_{α2} .

2.3 Category of highest weight modules

In this subsection we shall recall some properties of the category O of highest weight g-modules.

In general, for a Lie algebra a we denote its enveloping algebra by U(a) and the category of (left) U(a)-modules by M (a).

For k ∈ Z_{≥0} set

n^±_k = n(±Δ^+_k ) with Δ^+_k = {α ∈ Δ^+ ; ht(α) ≥ k}

(2.3.1)

(see (2.1.11) and (2.1.12) for the notation). A U(g)-module M is called admissible if, for any m ∈ M, there exists some k such that n^+_k m = 0. We denote by M_{adm} (g) the full subcategory of M (g) consisting of admissible U(g)-modules. It is obviously an abelian category.

For M ∈ M (h) and ξ ∈ h^∗ we set

M_ξ = {u ∈ M ; (h − ⟨h, ξ⟩)^nu = 0 for any h ∈ h and n >> 0}.

It is called the generalized weight space of M with weight ξ. We denote by O the full subcategory of M (g) consisting of U(g)-modules M satisfying M = ⨁ ξ∈h^∗ M_ξ , (2.3.2)

dim M_ξ < ∞ for any ξ ∈ h^∗,

(2.3.3)

for any ξ ∈ h^∗ there exist only finitely many μ ∈ ξ + Q^+ such that M_μ ≠ 0.

(2.3.4)

It is an abelian subcategory of M_{adm} (g).

For M ∈ Ob(O ), or more generally for an h-module M satisfying (2.3.2) and (2.3.3), we define its character as the formal infinite sum

ch(M) = ∑ ξ∈h^∗ (dim M_ξ) e^ξ.

For a U(g)-module M, the dual space Hom_C (M, C ) is endowed with a U(g)-module structure by ⟨xm^∗, m⟩ = ⟨m^∗, a(x)m⟩ for m^∗ ∈ Hom_C (M, C ), m ∈ M, x ∈ g, where a : g → g is the anti-automorphism of the Lie algebra g given by

a(h) = h for h ∈ h, a(e_i) = f_i, a(f_i) = e_i for i ∈ I.

If M ∈ Ob(O ), then M^∗ := ⨁ ξ∈h^∗ (M_ξ)^∗ ⊂ Hom_C (M, C )

is a U(g)-submodule of Hom_C (M, C ) belonging to Ob(O ). Indeed we have

(M^∗)_ξ = (M_ξ )^∗ .

Moreover, it defines a contravariant exact functor (•)^∗ : O → O such that (•)^{∗∗} is naturally isomorphic to the identity functor on O . In particular, we have Hom_g(M, N) ≃ Hom_g(N^∗, M^∗) for M, N ∈ Ob(O ).

(2.3.5) We also note ch(M^∗) = ch(M) for any M ∈ Ob(O ).

(2.3.6)

An element m of a U(g)-module M is called a highest weight vector with weight λ if m ∈ M_λ and e_im = 0 for any i ∈ I. A U(g)-module M is called a highest weight module with highest weight λ if it is generated by a highest weight vector with weight λ. Highest weight modules belong to the category O .

For λ ∈ h^∗ define a highest weight module M(λ) with highest weight λ, called a Verma module, by M(λ) = U(g)/( ∑ h∈h U(g)(h − λ(h)) + ∑ i∈I U(g)e_i). The element of M(λ) corresponding to 1 ∈ U(g) will be denoted by u_λ. Set M^∗(λ) = (M(λ))^∗. There exists a unique (up to a constant multiple) non-zero homomorphism M(λ) → M^∗(λ). Its image L(λ) is a unique irreducible quotient of M(λ) and a unique irreducible submodule of M^∗(λ). In particular, we have (L(λ))^∗ ≃ L(λ).

We have the following lemma (see Lemma 9.6 of Kac [9]).

Lemma 2.3.1 For any M ∈ Ob(O ) and μ ∈ h^∗, there exists a finite filtration 0 = M_0 ⊂ M_1 ⊂ · · · ⊂ M_r = M of M by U(g)-modules M_k (k = 0, . . . , r) such that for any k we have either (M_k/M_{k−1})_μ = 0 or M_k/M_{k−1} ≃ L(ξ) for some ξ ∈ h^∗.

For M ∈ Ob(O ) and μ ∈ h^∗ we set [M : L(μ)] = ♯{k ; M_k/M_{k−1} ≃ L(μ)}, for a filtration of M as in Lemma 2.3.1. It does not depend on the choice of a filtration. Then we have the equalities [M : L(μ)] = [M^∗ : L(μ)] , ch(M) = ∑ μ∈h^∗ [M : L(μ)] ch(L(μ)).

We frequently use the following lemma later. Lemma 2.3.2 Let M ∈ Ob(O ) and μ ∈ h^∗.

(i) dim Hom_g(M(μ), M) and dim Hom_g(M, M^∗(μ)) are less than or equal to [M : L(μ)]. (ii) Assume that if ξ ∈ h^∗ satisfies [M : L(ξ)] ≠ 0 and [M(ξ) : L(μ)] ≠ 0, then ξ = μ. Assume further [M : L(μ)] ≠ 0. Then neither Hom_g(M(μ), M) nor Hom_g(M, M^∗(μ)) vanishes.

Proof. (i) is obvious. Let us prove (ii). Consider the set A of submodules R of M satisfying [R : L(μ)] = 0. There exists the largest element K of A with respect to the inclusion relation. Set N = M/K.

We shall prove N_{μ+γ} = 0 for any γ ∈ Q^+ \{0}. Assume that there exist some γ ∈ Q^+ \{0} such that N_{μ+γ} ≠ 0. Since N is an object of O , there exists finitely many such γ. Take γ ∈ Q^+ \ {0} such that N_{μ+γ} ≠ 0 and N_{μ+γ+δ} = 0 for any δ ∈ Q^+ \ {0}. Then we have [N : L(μ + γ)] > 0. Let N^′ be the g-submodule of N generated by N_{μ+γ} . By the maximality of K we have [N^′ : L(μ)] ≠ 0. Hence, [M(μ + γ) : L(μ)] ≠ 0 by the construction of N^′. This contradicts

[M : L(μ + γ)] ≥ [N : L(μ + γ)] > 0.

Hence N_{μ+γ} = 0 for any γ ∈ Q^+ \ {0}, which implies

Hom(M(μ), N^∗) = {u ∈ N^∗_μ ; hu = λ(h)u for any h ∈ h}.

Since dim N^∗_μ ≥ [N : L(μ)] = [M : L(μ)] > 0, Hom(M(μ), N^∗) does not vanish. Hence Hom(M(μ), M^∗) which contains Hom(M(μ), N^∗), does not vanish either. By applying the same argument to M^∗ we have Hom(M(μ), M) ≠ 0. Q.E.D.

2.4 Enright functor for non-integral weights

In order to obtain some results on Verma modules (Proposition 2.4.8), we construct a version of Enright functor with non-integral weights (see Enright [8], Deodhar [5]).

Since the action of ad(f_i) on U(g) is locally nilpotent, the ring U(g)[f^{−1}_i ] , a localization of U(g) by f_i, is well-defined. It contains U(g) as a subring. Similarly we can consider a U(g)-bimodule U(g)f^{a+Z}_i for any scalar a ∈ C . As a left U(g)-module it is given by

U(g)f^{a+Z}_i = lim_{−→} n U(g)f^{a−n}_i , (2.4.1)

where U(g)f^{a−n}_i is a rank one free U(g)-module generated by the symbol f^{a−n}_i and the homomorphism U(g)f^{a−n}_i → U(g)f^{a−n−1}_i is given by f^{a−n}_i → f_if^{a−n−1}_i . The left module U(g)f^{a−n}_i is naturally identified with a submodule of U(g)f^{a+Z}_i and we have U(g)f^{a+Z}_i = ⋃ n∈ZU(g)f^{a−n}_i . Its right module structure is given by

f^{a+m}_i P = ∞∑ k=0 ( a + m k ) (ad(f_i)^kP )f^{a+m−k}_i for any m ∈ Z and any P ∈ U(g).

(2.4.2)

As a right U(g)-module, we also have

U(g)f^{a+Z}_i = lim_{−→} n f^{a−n}_i U(g) = ⋃ n f^{a−n}_i U(g). By (2.4.2) we have

P f^{a+m}_i = ∞∑ k=0 (−1)^k ( a + m k ) f^{a+m−k} i (ad(f_i)^kP ).

(2.4.3)

In particular, we have

e^n_i f^a_i = n∑ k=0 f^{a−k}_i e^{n−k}_i (k!)^2 ( n k )( a k )( h_i + n − a k ) . (2.4.4)

The U(g)-bimodule U(g)f^{a+Z}_i depends only on a modulo Z.

Lemma 2.4.1 For a, b ∈ C , the map f^{a+b+n}_i → f^{a+n}_i ⊗ f^b_i = f^a_i ⊗ f^{b+n}_i (n ∈ Z) defines an isomorphism of U(g)-bimodules U(g)f^{a+b+Z} i → U(g)f^{a+Z}_i ⊗_{U(g)} U(g)f^{b+Z}_i .

Since the proof is straightforward, we omit it. Hence ⨁ a∈C/Z U(g)f^{a+Z}_i has a structure of a ring containing U(g).

For any g-module M, U(g)f^{a+Z}_i ⊗_{U(g)} M is isomorphic to the inductive limit M^{fi}−→M^{fi}−→M^{fi}−→ · · · as a vector space. Hence we obtain the following result.

Proposition 2.4.2 The functor M → U(g)f^{a+Z}_i ⊗_{U(g)} M is an exact functor from M (g) into itself.

Let a be a Lie algebra, and let k be its subalgebra such that a is locally k-finite with respect to the adjoint action. Then for any a-module M, the subspace {m ∈ M ; dim U(k)m < ∞} is an a-submodule of M.

In particular, for a g-module M its subspace {m ∈ M ; dim C [e_i ]m < ∞} is a g-submodule of M. For a ∈ C , we define a functor T_i(a) : M (g) → M (g)

(2.4.5) by T_i(a)(M) = {u ∈ U(g)f^{a+Z}_i ⊗_{U(g)} M ; dim C [e_i ]u < ∞} for M ∈ Ob(M (g)). It is obviously a left exact functor.

For a ∈ C , let M^a_i (g) be the category of locally C [e_i ]-finite U(g)-modules M such that M has a weight decomposition M = ⨁ λ∈h^∗ M_λ, the action of h on M is semisimple, and M_λ = 0 unless ⟨h_i, λ⟩ − a ∈ Z. Lemma 2.4.3 For a ∈ C , M ∈ Ob(M^a_i (g)) and u ∈ M, we have f^{a+n}_i ⊗ u ∈ T_i(a)(M) for n >> 0.

Proof. We may assume that u has weight λ such that ⟨h_i, λ⟩ = a without loss of generality. We have e^{m0}_i u = 0 for some m_0 > 0. We have

e^m_i (f^{a+n}_i ⊗ u) = m∑ k=0 f^{a+n−k} i e^{m−k}_i (k!)^2 ( m k )( a + n k )( h_i + m − n − a k ) ⊗ u = m∑ k=0 f^{a+n−k} i (k!)^2 ( m k )( a + n k )( m − n k ) ⊗ e^{m−k}_i u. Assume m ≥ n ≥ m_0. Then each term survives only when k ≤ m − n and m − k < m_0, or equivalently m − m_0 < k ≤ m − n, and there is no such k. Hence e^m_i (f^{a+n}_i ⊗ u) = 0 for m ≥ n ≥ m_0. Q.E.D.

For a ∈ C , the functor T_i(a) sends M^a_i (g) to M^{−a}_i (g). The morphism of U(g)-bimodules

U(g) → U(g)f^{−a+Z}_i ⊗_{U(g)} U(g)f^{a+Z}_i (1 → f^{−a}_i ⊗ f^a_i )

(2.4.6) (see Lemma 2.4.1) induces a morphism of functors id_M a_{i (g)} → T_i(−a) ∘ T_i(a).

(2.4.7) Indeed, for M ∈ Ob(M^a_i (g)), (2.4.6) gives a morphism M → U(g)f^{−a+Z}_i ⊗_{U(g)} U(g)f^{a+Z}_i ⊗_{U(g)} M.

For any u ∈ M, the image of u by the above homomorphism is equal to f^{−a−n}_i ⊗ f^{a+n}_i ⊗ u, and Lemma 2.4.3 implies that f^{a+n}_i ⊗u belongs to T_i(a)(M) for n >> 0. Hence the image of the above homomorphism is contained in T_i(−a) ∘ T_i(a)(M) ⊂ U(g)f^{−a+Z}_i ⊗_{U(g)} T_i(a)(M).

Define the ideal n^−(i) of n^− by n^−(i) = n(Δ^− \ {−α_i}).

(2.4.8) By the PBW theorem, we have U(n^−) = U(n^−(i)) ⊗ C [f_i ], which implies U(n^−(i)) ⊗ C [f_i , f^{−1}_i ]f^a_i ⊗ U(b) −→∼ U(g)f^{a+Z}_i .

The following lemma follows immediately from this isomorphism. Lemma 2.4.4 For any λ ∈ h^∗, we have an isomorphism U(n^−(i)) ⊗ C [f_i , f^{−1}_i ]f^a_i ⊗ C u_λ −→∼ U(g)f^{a+Z}_i ⊗_{U(g)} M(λ).

Lemma 2.4.5 For any λ ∈ h^∗, the element f^{⟨hi,λ⟩+1}_i ⊗ u_λ of U(g)f^{⟨hi,λ⟩+Z}_i ⊗_{U(g)} M(λ) is a highest weight vector with weight s_i ∘ λ. Here ∘ is the shifted action defined in (2.1.19).

Proof. Set λ_i = ⟨h_i, λ⟩. We have for j ≠ i

e_j (f^{λi+1}_i ⊗ u_λ) = f^{λi+1}_i e_j ⊗ u_λ = f^{λi+1}_i ⊗ e_j u_λ = 0.

If j = i, then

e_i(f^{λi+1}_i ⊗ u_λ) = (f^{λi+1}_i e_i + (λ_i + 1)f^{λi}_i (h_i − λ_i)) ⊗ u_λ = 0.

Q.E.D.

Proposition 2.4.6 Assume that λ ∈ h^∗ satisfies a = ⟨h_i, λ + ρ⟩ ∉ Z_{>0}. Then we have T_i(a)(M(λ)) = U(g)(f^{⟨hi,λ+ρ⟩}_i ⊗ u_λ) ∼= M(s_i ∘ λ). Proof. We have

T_i(a)(M(λ)) = {u ∈ U(g)f^{a+Z}_i ⊗_{U(g)} M ; e^m_i u = 0 for a sufficiently large m}.

By the preceding lemma, f^a_i ⊗ u_λ is a highest weight vector of T_i(a)(M(λ)) . It is enough to show that T_i(a)(M(λ)) is generated by this vector.

By Lemma 2.4.4, any v ∈ T_i(a)(M(λ)) can be written in a unique way v = ∑ n∈Z P_nf^{a+n}_i ⊗ u_λ for P_n ∈ U(n^−(i)). Here P_n vanishes except for finitely many n. Take a positive integer m such that e^m_i v = 0. Then we have

0 = e^m_i v = ∑ n m∑ k=0 ( m k ) (ad(e_i)^{m−k}P_n)e^k_i f^{a+n}_i ⊗ u_λ = ∑ n m∑ k=0 ( m k ) (ad(e_i)^{m−k}P_n) k∑ ν=0 f^{a+n−ν} i e^{k−ν}_i (ν!)^2 ( k ν )( a + n ν )( h_i + k − a − n ν ) ⊗ u_λ = ∑ n m∑ k=0 ( m k ) (ad(e_i)^{m−k}P_n)f^{a+n−k}_i ( k − 1 − n k ) (k!)^2 ( a + n k ) ⊗ u_λ. Rewriting this equality, we have 0 = ∑ n m∑ k=0 ( m k ) (ad(e_i)^{m−k}P_n)f^{n−k}_i ( k − 1 − n k ) (k!)^2 ( a + n k )

= ∑ n m∑ k=0 ( m k ) (ad(e_i)^{m−k}P_{n+k})f^n_i ( −1 − n k ) (k!)^2 ( a + n + k k ) .

The vanishing of the coefficient of f^n_i implies m∑ k=0 ( m k )( −1 − n k ) (k!)^2 ( a + n + k k ) (ad(e_i)^{m−k}P_{n+k}) = 0

(2.4.9)

for any n.

Now we shall prove that P_n = 0 for n < 0. Assuming the contrary we take the largest c > 0 such that P_{−c} ≠ 0. By taking n = −c − m in (2.4.9), only k = m survives, and we obtain ( −1 − n m ) (m!)^2 ( a + n + m m ) P_{−c} = 0. Hence we obtain ( −1 − c − m m )( a − c m ) = 0.

Since −1 − c − m < 0, (_{−1−c−m} m ) does not vanish, and (_{a−c} m ) must vanish. This means that a − c is an integer and satisfies 0 ≤ a − c < m. This leads to the contradiction a ≥ c > 0. Hence we have P_n=0 for n < 0, and we conclude v ∈ U(n^−)f^a_i ⊗ u_λ = U(n^−)(f^a_i ⊗ u_λ). Q.E.D.

Proposition 2.4.6 implies the following proposition.

Proposition 2.4.7 Assume a ≡ ⟨h_i, λ⟩ ≢ 0 mod Z. Then the morphism (2.4.7) induces an isomorphism M(λ) −→∼ T_i(−a) ∘ T_i(a)(M(λ)). Now we are ready to prove the following proposition used later.

Proposition 2.4.8 Assume that λ, μ ∈ h^∗ satisfy ⟨h_i, λ⟩ ∉ Z. Then we have Hom(M(s_i ∘ μ), M(s_i ∘ λ)) ≃ Hom(M(μ), M(λ)). Proof. If λ − μ is not in the root lattice Q, then the both sides vanish. If λ − μ ∈ Q, then ⟨h_i, μ⟩ ≡ ⟨h_i, λ⟩ ≢ 0 mod Z. Hence the assertion follows from the preceding proposition. Q.E.D.

2.5 Embeddings of Verma modules

We shall use the following result of Kac-Kazhdan.

Theorem 2.5.1 ([10]) Let λ, μ ∈ h^∗. Then the following three conditions are equivalent.

(i) The irreducible highest weight module L(μ) with highest weight μ appears as a subquotient of M(λ).

(ii) There exist a sequence of positive roots {β_k}^l_{k=1}, a sequence of positive integers {n_k}^l_{k=1} and a sequence of weights {λ_k}^l_{k=0} such that λ_0 = λ, λ_l = μ and λ_k = λ_{k−1} − n_kβ_k, 2(β_k, λ_{k−1} + ρ) = n_k(β_k, β_k) for k = 1, . . . , l.

(iii) There exists a non-zero homomorphism M(μ) → M(λ).

Note that any non-zero homomorphism from a Verma module to another Verma module must be a monomorphism. The implication (ii)⇒(iii) is not explicitly stated in Kac- Kazhdan [10]. But it easily follows from Lemma 3.3 (b) in Kac-Kazhdan [10] and (i)⇔(ii).

We use also the following result in Kashiwara [14].

Proposition 2.5.2 For λ, μ ∈ h^∗ and i ∈ I, we assume ⟨h_i, μ + ρ⟩ ∈ Z_{≥0} (which implies M(s_i ∘ μ) ⊂ M(μ)) and ⟨h_i, λ + ρ⟩ ∉ Z_{<0}. Then we have

Ext^1_g(M(μ)/M(s_i ∘ μ), M(λ)) = 0.

Let K denote the set of λ ∈ h^∗ satisfying the following two conditions.

2(β, λ + ρ) ≠ (β, β) for any positive imaginary root β,

(2.5.1) {β ∈ Δ^+_{re}; (β^∨, λ + ρ) ∈ Z_{<0}} is a finite set.

(2.5.2)

The condition (2.5.2) implies that there exists w ∈ W (λ) such that w∘λ+ρ is integrally dominant (i.e. (β^∨, w ∘ λ + ρ) /∈ Z_{<0} for any β ∈ Δ^+_{re}).

If λ in Theorem 2.5.1 satisfies the condition (2.5.1), then β_k in (ii) must be a real positive root. This easily follows from the fact that nβ is an imaginary root for any positive integer n and any imaginary root β.

Note that K is invariant by the shifted action of W .

Theorem 2.5.3 For λ ∈ K we have

dim Hom_g(M(μ), M(λ)) ≤ 1

for any μ ∈ h^∗.

Proof. There exists an embedding M(λ) → M(λ^′) for some λ^′ ∈ W (λ) ∘ λ such that λ^′ + ρ is integrally dominant. Hence we may assume that λ + ρ is integrally dominant from the beginning.

We assume that Hom(M(μ), M(λ)) is not zero. Then by Theorem 2.5.1, there exists w ∈ W (λ) such that μ = w ∘ λ.

We shall argue by the induction on the lenght of w.

If w = 1, then it is evident. Assuming w ≠ 1, let us take α ∈ Π(λ) such that l_λ(s_αw) < l_λ(w), which is equivalent to w^{−1}α ∈ Δ^−(λ). Since λ+ρ is integrally dominant, (w^{−1}α^∨, λ + ρ) ≤ 0. Since we may assume s_α ∘ μ ≠ μ, we have

(α^∨, μ + ρ) = (w^{−1}α^∨, λ + ρ) ∈ Z_{<0}.

(2.5.3)

Now we shall argue by the induction on ht(α).

(1) Case ht(α) = 1. In this case, α = α_i for some i ∈ I. Then we have M(s_i ∘μ) ⊃ M(μ). Since ⟨h_i, λ + ρ⟩ ∈ Z_{≥0}, Proposition 2.5.2 implies

Ext^1(M(s_i ∘ μ)/M(μ), M(λ)) = 0.

Therefore the following sequence is exact. Hom(M(s_i ∘ μ), M(λ)) → Hom(M(μ), M(λ)) → 0. Since dim Hom(M(s_i ∘ μ), M(λ)) ≤ 1 by the induction hypothesis on the length of w, we obtain dim Hom(M(μ), M(λ)) ≤ 1.

(2) Case ht(α) > 1. Take i such that ⟨h_i, α⟩ > 0. Then α_i ∉ Δ(λ) by Lemma 2.2.3. Hence we have ⟨h_i, λ⟩ ∉ Z. (2.5.4) Set λ^′ = s_i ∘ λ. Then s_iΔ(λ) = Δ(λ^′), and s_iΠ(λ) = Π(λ^′) by Lemma 2.2.2. Moreover λ^′ + ρ is also integrally dominant. Then w^′ = s_iws_i ∈ W (λ^′) and l_λ′ (w^′) = l_λ(w). Set α^′ = s_iα. Then α^′ ∈ Π(λ^′), ht(α^′) < ht(α) and l_λ′ (s_α′ w^′) < l_λ′ (w^′). We have also μ^′ = s_i ∘ μ = w^′ ∘ λ^′. Hence the induction hypothesis on ht(α) implies dim Hom(M(μ^′), M(λ^′)) ≤ 1.

By (2.5.4) we can apply Proposition 2.4.8 to deduce Hom(M(μ^′), M(λ^′)) ≃ Hom(M(μ), M(λ)).

Thus we obtain the desired result dim Hom(M(μ), M(λ)) ≤ 1. Q.E.D.

We denote by K_{reg} the set of λ ∈ K subject to the following condition: If w ∈ W satisfies w ∘ λ = λ, then w = 1.

(2.5.5) In particular, this condition implies (λ + ρ, α^∨) ≠ 0 for any α ∈ Δ_{re}.

Define a subset K^+_{reg} of K_{reg} by K^+_{reg} = {λ ∈ K_{reg} ; (λ + ρ, α^∨) > 0 for any α ∈ Δ^+(λ)}.

(2.5.6) Lemma 2.5.4 We have W ∘ K_{reg} = K_{reg} and K_{reg} = ⨆ λ∈K^+_{reg} W (λ) ∘ λ. The proof is standard by using the results in §2.2 and omitted.

By Theorem 2.5.1 and Theorem 2.5.3 we have the following proposition. Proposition 2.5.5 Let λ ∈ K^+_{reg}.

(i) For x ∈ W (λ) and μ ∈ h^∗ we have [M(x ∘ λ) : L(μ)] ≠ 0 if and only if μ = y ∘ λ for some y ∈ W (λ) satisfying y ≥_λ x.

(ii) For x, y ∈ W (λ) we have dim Hom(M(y∘λ), M(x∘λ)) = 1 or 0 according to whether y ≥_λ x or not.

Corollary 2.5.6 Let λ ∈ K^+_{reg}, x ∈ W and μ ∈ h^∗. Then [M(x ∘ λ) : L(μ)] ≠ 0 implies μ = y ∘ λ for some y ∈ xW (λ) satisfying y ≥ x.

Proof. Assume [M(x ∘ λ) : L(μ)] ≠ 0. Take z_1 ∈ W (x ∘ λ) such that λ^′ = z^{−1}_1 x ∘ λ ∈ K^+_{reg}. Then we have z_1 ∈ W (λ^′) and x ∘ λ = z_1 ∘ λ^′. By Proposition 2.5.5 there exists some z_2 ∈ W (λ^′) such that μ = z_2 ∘ λ^′ and z_2 ≥_λ′ z_1. Setting w = z^{−1}_1 x, y = z_2w we have x = z_1w and μ = y ∘ λ. Since y = z_2z^{−1}_1 x ∈ W (λ^′)x = xW (λ), the assertion follows from the following lemma.

Lemma 2.5.7 Assume that λ, λ^′ ∈ K^+_{reg} and w ∈ W satisfy λ^′ = w ∘ λ. Then for z_1, z_2 ∈ W (λ^′) such that z_2 ≥_λ′ z_1 we have z_2w ≥ z_1w.

Proof. For λ ∈ K^+_{reg}, we have Δ^+(λ) = {α ∈ Δ_{re}; (α^∨, λ + ρ) ∈ Z_{>0}}. This implies w^{−1}Δ^+(λ^′) = Δ^+(λ) ⊂ Δ^+. Then it is enough to apply Lemma 2.2.11. Q.E.D.

For a subset Ω of K_{reg} we denote by O {Ω} the full subcategory of O consisting of M ∈ Ob(O ) such that any irreducible subquotient of M is isomorphic to L(λ) for some λ ∈ Ω. For λ ∈ K_{reg} we set O [λ] = O {W (λ) ∘ λ}, O (λ) = O {W ∘ λ}. (2.5.7) By the definition, for any λ ∈ K_{reg}, we have O [λ] = O [w ∘ λ] for any w ∈ W (λ),

(2.5.8) O (λ) = O (w ∘ λ) for any w ∈ W .

(2.5.9) By Proposition 2.5.5 we have M(λ) ∈ Ob(O [λ]) for any λ ∈ K_{reg}.

(2.5.10)

By Lemma 2.3.2 and Corollary 2.5.6 we have the following lemma. Lemma 2.5.8 Let λ ∈ K^+_{reg} and w ∈ W . Assume that M ∈ Ob(O ) satisfies the conditions [M : L(w ∘ λ)] ≠ 0, [M : L(y ∘ λ)] = 0 for any y ∈ wW (λ) such that y < w.

Then neither Hom_g(M(w ∘ λ), M) nor Hom_g(M, M^∗(w ∘ λ)) vanishes.

We shall use later the following result of S. Kumar [20] (a generalization of a result in Deodhar-Gabber-Kac [6]).

Theorem 2.5.9 Any object M of O {K_{reg} } decomposes uniquely into M = ⨁ λ∈K^+_{reg}

M^λ (M^λ ∈ Ob(O [λ])).

In [20], the theorem is proved for M with a semisimple action of h. However the same arguments can be applied in our situation.

For λ ∈ K_{reg} we denote by

P_λ : O {K_{reg} } → O [λ]

(2.5.11)

the projection functor.

We define a new abelian category ~O by ~O = ∏ λ∈K^+_{reg} O [λ]. (2.5.12)

We denote by the same symbol P_λ the projection functor P_λ : ~O → O [λ]. It is an exact functor. By the definition we have

Hom~_O(M, N) = ∏ λ∈K^+_{reg}

Hom_g(P_λ(M), P_λ(N)) for M, N ∈ ~O .

The category O {K_{reg} } can be regarded as a full subcategory of ~O . For M ∈ ~O and λ ∈ K_{reg} we set

[M : L(λ)] = [P_λ(M) : L(λ)] .

For a subset Ω of K_{reg}, we set ~O {Ω} = ∏ λ∈K^+_{reg} O {Ω ∩ (W (λ) ∘ λ)} , (2.5.13)

and for λ ∈ K_{reg}, ~O (λ) = ~O {W ∘ λ} . (2.5.14)

3 Twisted D-modules

We shall give a generalization of the theory of D-modules on infinite-dimensional schemes developed in [14] and [16] to that of twisted left D-modules (modules over a TDO-ring). Since the arguments are analogous to the original non-twisted case, we only state the results and omit proofs.

3.1 Finite-dimensional case

For a scheme X we denote by O_X the structure sheaf. For a scheme X smooth (in particular quasi-compact and separated) over C , we denote by Ω_X , Θ_X and D_X the canonical sheaf, the sheaf of vector fields, and the sheaf of rings of differential operators on X, respectively.

Let X be a scheme smooth over C . A TDO-ring on X is by definition a sheaf A of rings on X containing O_X as a subring such that there exists an increasing filtration F = {F_nA}_{n∈Z} of the abelian sheaf A satisfying the following conditions.

F_nA = 0 for n < 0.

(3.1.1) F_nA · F_mA ⊂ F_{n+m}A. (3.1.2) [F_nA, F_mA] ⊂ F_{n+m−1}A. (3.1.3)

F_0A = O_X .

(3.1.4)

The homomorphism gr_1A → Θ_X (P mod F_0A → (O_X ∋ a → [P, a] ∈ O_X )) of

(3.1.5)

O_X -modules induced by (3.1.3), (3.1.4) is an isomorphism. The homomorphism S_{OX} (gr_1A) → grA of commutative O_X -algebras is an

(3.1.6)

isomorphism.

Here we set gr_nA = F_nA/F_{n−1}A, grA = ⨁ n gr_nA, and S_{OX} (gr_1A) denotes the symmetric algebra of the locally free O_X -module gr_1A. The filtration F is uniquely determined by the above conditions, and it is called the order filtration. A TDO-ring is quasi-coherent over O_X with respect to its left and right O_X -module structures.

Let A be a TDO-ring on a scheme X smooth over C . For a coherent (left) A-module M we can define its characteristic variety Ch(M) as a subvariety of the cotangent bundle T^∗X as in the case A = D_X . A coherent A-module M is called holonomic if dim Ch(M) ≤ dim X. We denote by M_h (A) the category of holonomic A-modules, and by D^b_h(A) the derived category consisting of bounded complexes of quasi-coherent A-modules with holonomic cohomologies. Set A^{−♯} = Ω^{⊗−1}_X ⊗_{OX} A^{op} ⊗_{OX} Ω_X , where A^{op} denotes the opposite ring of A. Then A^{−♯} is also a TDO-ring. We define the duality functor D : D^b_h(A) → D^b_h(A^{−♯})^{op} by DM = R Hom_A(M, A) ⊗_{OX} Ω^{⊗−1}_X [dim X]. Let f : X → Y be a morphism of smooth schemes over C , and let A be a TDO-ring on Y . Set

A_{X→Y} = O_X ⊗_f −1_{OY} f^{−1}A, A_{Y ←X} = f^{−1}A ⊗_f −1_{OY} f^{−1}Ω^{⊗−1}_Y ⊗_f −1_{OY} Ω_X . Define the subring f^♯A of End_f −1_A(A_{X→Y} ) by

f^♯A = ⋃ n∈N F_n(f^♯A), (3.1.7)

F_n(f^♯A) = 0 for n < 0,

(3.1.8) F_n(f^♯A) = {P ∈ End_f −1_A(A_{X→Y} ) ; [P, O_X ] ⊂ F_{n−1}(f^♯A)} for n ≥ 0. (3.1.9) Then f^♯A is a TDO-ring on X. Moreover, A_{X→Y} has a structure of an (f^♯A, f^{−1}A)- bimodule, and A_{Y ←X} has a structure of an (f^{−1}A, f^♯A)-bimodule. We have f^♯(A^{−♯}) = (f^♯A)^{−♯}

(3.1.10) for any TDO-ring A. We define functors D f^• : D^b_h(A) → D^b_h(f^♯A),

(3.1.11) ∫ f : D^b_h(f^♯A) → D^b_h(A), ∫ f! : D^b_h(f^♯A) → D^b_h(A)

(3.1.12) by D f^• (M) = A_{X→Y} ⊗^L_f −1_A f^{−1}M, ∫ f M = Rf_∗ (A_{Y ←X} ⊗^L_{f ♯ A} M), ∫ f! = D ∘ ∫ f ∘D. (3.1.13)

We shall also use their variants

D f^∗ , D f^! : D^b_h(A) → D^b_h(f^♯A), D f_∗ , D f_! : D^b_h(f^♯A) → D^b_h(A)

(3.1.14) given by D f^∗ = D ∘ D f^• ∘ D, D f^! = D f^• [2(dim X − dim Y )], D f_∗ = ∫ f [dim Y − dim X], D f_! = ∫ f! [dim Y − dim X].

3.2 Infinite-dimensional case

Now we shall study TDO-rings on infinite-dimensional varieties. We say that a scheme X over C satisfies the property (S) if X ≃ lim_{←−} n S_n for some projective system {S_n}_{n∈N} satisfying the following conditions.

The scheme S_n is smooth (in particular quasi-compact and separated)

(3.2.1)

over C for any n.

The morphism p_{nm} : S_m → S_n is affine and smooth for any m ≥ n.

(3.2.2) We call such {S_n}_{n∈N} a smooth projective system for X. For example, the infinitedimensional affine space A^∞ = lim_{←−} n A^n = Spec C [x_i ; i ∈ N]

satisfies the property (S).

Let S denote the category whose objects are smooth C -schemes and whose morphisms are affine and smooth morphisms. Then the pro-object “lim_{←−} n ”S_n in S depends only on X and does not depend on the choice of a smooth projective system {S_n}_{n∈N} ([7]). This follows from the fact Hom(X, S) = lim_{−→} n Hom(S_n, S)

for any scheme S.

A C -scheme X is called pro-smooth if it is covered by open subsets satisfying (S). Let f : X → Y be a morphism of C -schemes such that X is pro-smooth and Y is smooth over C , and let A be a TDO-ring on Y . Set A_{X→Y} = O_X ⊗_f −1_{OY} f^{−1}A, and define the subring f^♯A of End_f −1_A(A_{X→Y} ) by (3.1.7)–(3.1.9). Then A_{X→Y} is an (f^♯A, f^{−1}A)- bimodule. For an A-module M we define the f^♯A-module f^•M by f^•M = A_{X→Y} ⊗_f −1_A f^{−1}M. (3.2.3)

For a pro-smooth scheme X, a TDO-ring on X is by definition a sheaf A of rings on X containing O_X as a subring satisfying the following condition.

For any x ∈ X, there exist a morphism f : U → Y from an open neighborhood

(3.2.4)

U of x to a smooth C -scheme Y and a TDO-ring B on Y such that A|_U = f^♯B.

By the definition, a TDO-ring A on a pro-smooth scheme X is locally of the form A = f^♯B where B is a TDO-ring on a smooth C -scheme. We can patch together f^♯B^{−♯} and obtain a TDO-ring A^{−♯} on X.

For an invertible O_X -module L on a pro-smooth scheme X, we have a TDO-ring D_X (L) given as follows.

D_X (L) = ⋃ n F_nD_X (L) ⊂ End_C L. (3.2.5)

F_nD_X (L) = 0 for n < 0.

(3.2.6)

F_nD_X (L) = {P ∈ End_C L ; [P, a] ∈ F_{n−1}D_X (L) for any a ∈ O_X } for n ≥ 0.

(3.2.7)

We set D_X = D_X (O_X ). Then we have D_X (L) ≃ L ⊗_{OX} D_X ⊗_{OX} L^{⊗−1}. More generally, for an invertible O_X -module L and a scalar a ∈ C we can define a TDO-ring D_X (L^a) = L^a⊗_{OX} D_X ⊗_{OX} L^{⊗−a} by the following patching procedure although L^a does not necessarily exist. A section of D_X (L^a) is locally of the form s^a⊗P ⊗s^{−a}, where s is a nowhere vanishing section of L and P is a section of D_X , and we have s^a_1 ⊗ P_1 ⊗ s^{−a}_1 = s^a_2 ⊗ P_2 ⊗ s^{−a}_2 if and only if P_1 = (s_2/s_1)^aP_2(s_2/s_1)^{−a} as sections of D_X .

Let A be a TDO-ring on a pro-smooth scheme X. We call a (left) A-module M admissible if it satisfies the following conditions.

M is quasi-coherent over O_X .

(3.2.8)

For any affine open subset U of X and any s ∈ Γ(U; M), there exists a finitely

(3.2.9)

generated C -subalgebra B of Γ(U; O_X ) such that P s = 0 for any P ∈ Γ(U; A) satisfying P (B) = 0.

We denote the category of admissible A-modules by M_{adm} (A). We call an admissible A-module M holonomic if it satisfies the following condition.

For any x ∈ X there exist a morphism f : U → Y , a TDO-ring B on Y

(3.2.10)

as in (3.2.4) and a holonomic B-module M^′ such that M|_U = f^•M^′.

We denote the category of holonomic A-modules by M_h (A).

Let A be a TDO-ring on a C -scheme X satisfying the property (S). Then we can take a smooth projective system {S_n}_{n∈N} for X and TDO-rings A_n on S_n such that

p^♯_{nm}A_n ∼= A_m for any m ≥ n, p^♯_nA_n ∼= A,

(3.2.11)

where p_n : X → S_n is the projection. We call {(S_n, A_n)}_{n∈Z} a smooth projective system for (X, A). Since p_{nm} is smooth, the functor p^•_{nm} : M_h (A_n) → M_h (A_m) is exact, and we have the equivalence of categories

M_h (A) ∼= lim_{−→} n M_h (A_n).

Let X be a pro-smooth C -scheme and A a TDO-ring on X. Let D(M_{adm} (A)) be the derived category of M_{adm} (A). Let us denote by D^b_h(A) the full subcategory of D^b(M_{adm} (A)) consisting of bounded complexes whose cohomology groups are holonomic.

If X satisfies (S) and {(S_n, A_n)}_{n∈Z} is a smooth projective system for (X, A), then we have an equivalence of categories:

D^b_h(A) = lim_{−→} n D^b_h(A_n). The duality functors D : D^b_h(A_n) → D^b_h(A^{−♯}_n )^{op} induce the duality functor

D : D^b_h(A) → D^b_h(A^{−♯})^{op}.

(3.2.12)

For a morphism f : X → Y of pro-smooth C -schemes and a TDO-ring A on Y , we define a TDO-ring f^♯A on X by the same formulas (3.1.7)–(3.1.9). The functor

D f^• : D^b_h(A) → D^b_h(f^♯A)

(3.2.13)

is defined by the same formula as in (3.1.13). It is well-defined as seen in the following. The question being local, we may assume that X and Y satisfy (S). Then we can take a smooth projective system {X_n} for X and a smooth projective system {(Y_n, A_n)}_{n∈Z} for (Y, A). Let p_{Xn} : X → X_n and p_{Y n} : Y → Y_n be the projections. We may assume further that there exists {f_n} : {X_n} → {Y_n} such that f = lim_{←−} n f_n. For M ∈ Ob(D^b_h(A)) there

exist some n and M_n ∈ Ob(D^b_h(A_n)) such that M = p^•_{Y n}M_n. Then we have D f^• M = p^•_{Xn}D f^•_n M_n. Let f : X → Y be a morphism of pro-smooth schemes. We assume that f is of finite presentation type. Let A be a TDO-ring on Y . We define a functor ∫ f : D^b_h(f^♯A) → D^b_h(A)

(3.2.14)

by the same formula as in (3.1.13). We can see that it is well-defined as follows. The question being local on Y , we can take a smooth projective system {X_n} for X, a smooth projective system {(Y_n, A_n)}_{n∈Z} for (Y, A), and {f_n} : {X_n} → {Y_n} such that f = lim_{←−} n f_n and the following diagram is Cartesian for any n ([7]). X_n^{fn}−−−→ Y_n X_0^{f0}−−−→ Y_0 . Let p_{Xn} : X → X_n and p_{Y n} : Y → Y_n be the projections. Let M ∈ Ob(D^b_h(f^♯A)). There exists some n and M_n ∈ Ob(D^b_h(f^♯_nA_n)) such that M = p^•_{Xn}M_n. Then we have ∫ f M = p^•_{Y n} ∫ f_n M_n. Under the same assumption, we define the relative dimension d_f by dim X_0 − dim Y_0.

We shall also use the following functors for a morphism f : X → Y of schemes satisfying (S):

D f^∗ , D f^! : D^b_h(A) → D^b_h(f^♯A), ∫ f! , D f_∗ , D f_! : D^b_h(f^♯A) → D^b_h(A)

(3.2.15)

defined by D f^! = D f^• [2d_f ], D f^∗ = D ∘ D f^• ∘ D, ∫ f! = D ∘ ∫ f ∘D, D f_∗ = ∫ f [−d_f ], D f_! = ∫ f! [−d_f ]. Note that D f^• and D f^∗ are defined for any morphism f of schemes satisfying (S), while other functors in (3.2.14), (3.2.15) are defined only when f is of finite presentation type.

For a morphism f : X → Y of pro-smooth schemes, a TDO-ring A on Y , and k ∈ Z we can define functors H^kD f^∗ : M_h (A) → M_h (f^♯A)

(3.2.16) by patching together the locally defined object H^k(D f^∗ M) for M ∈ Ob(M_h (A)). Similarly, for a morphism f : X → Y of pro-smooth schemes which is of finite presentation type, a TDO-ring A on Y , and k ∈ Z we can define functors H^k ∫ f! , H^kD f_! : M_h (f^♯A) → M_h (A).

(3.2.17)

3.3 Equivariant D-modules

Let G be an affine group scheme over C . We assume that O_G(G) is generated by countably many generators as a C -algebra. Then G ≃ lim_{←−} n∈N G_n for a projective systems of affine algebraic group over C , and hence G satisfies the condition (S). Let g be the Lie algebra of G. Then g is the projective limit of the Lie algebras g_n of G_n. Let X be a pro-smooth C -scheme with an action of G.

Then we have the diagram −−−→^{p1} −−−→μX G × G × X −−−→^{p2} G × X ←−−^i X . −−−→^{prX} −−−→^{p3} (3.3.1)

Here μ_X : G × X → X is the action morphism, pr_X : G × X → X the second projection, and i(x) = (1, x), p_1(g_1, g_2, x) = (g_1, g_2x), p_2(g_1, g_2, x) = (g_1g_2, x), p_3(g_1, g_2, x) = (g_2, x).

A G-equivariant TDO-ring A on X is a TDO-ring endowed with an isomorphism of TDOrings α : μ^♯_X A −→∼ pr^♯_X A with the cocycle condition (see [12, §4.6]), i.e. the commutativity of the following diagram.

p^♯_2μ^♯_X A^p ♯ 2α −−−−−−−−−−−−−−−−→ p^♯_2pr^♯_X A ≀ ≀ p^♯_1μ^♯_X A^p ♯ 1α −−−→p^♯_1pr^♯_X A ∼= p^♯_3μ^♯_X A^p ♯ 3α −−−→ p^♯_3pr^♯_X A (3.3.2)

Then the G-equivariance structure induces a ring homomorphism U(g) → Γ(X; A). A G-equivariant module M over a G-equivariant TDO-ring A on X is an A-module endowed with an isomorphism of pr^♯_X A-modules μ^•_X M −→∼ pr^•_X M with a similar cocycle condition (see [12, §4.7] and (3.3.5) below).

We can generalize the notion of equivariance to that of twisted equivariance. Assume for the sake of simplicity that G is a finite-dimensional affine algebraic group with Lie algebra g. Let q_i : G × G → G (i = 1, 2) be the first and the second projection and μ_G : G × G → G the multiplication morphism. Let i_G : pt → G be the identity.

Let λ ∈ g^∗ be a G-invariant vector. Let T (λ) be the free O_G-module generated by the symbol e^λ. We define its D_G-module structure by

R_Ae^λ = λ(A)e^λ for any A ∈ g,

where R_A is the left invariant vector field on G corresponding to A. Then we have a canonical isomorphism of D_G-modules i^•_GT (λ) ∼= C , m_λ : μ^•_GT (λ) −→∼ q^•_1 T (λ) ⊗ q^•_2 T (λ) ,

(3.3.3) sending e^λ to 1 and e^λ ⊗ e^λ, respectively. A twisted G-equivariant A-module M with twist λ is an A-module with an isomorphism of pr^♯_X A-modules β : μ^•_X M −→∼ q^•T (λ) ⊗ pr^•_X M, (3.3.4)

with the cocycle condition. Here q : G × X → G is the first projection. The cocycle condition means the commutativity of the following diagram of r^♯_3A-modules on G×G×X.

q^•_{12}μ^•_GT (λ) ⊗ r^•_3M −−−→^{mλ} q^•_{12}(r^•_1T (λ) ⊗ r^•_2T (λ)) ⊗ r^•_3M ‖ ‖ p^•_2(q^•T (λ) ⊗ pr^•_X M) ‖ ‖ ‖ β ‖ ‖ p^•_2μ^•_X M ‖ ‖ ‖ ‖ r^•_1T (λ) ⊗ r^•_2T (λ) ⊗ r^•_3M p^•_1μ^•_X M ‖ β ‖ ‖ ‖ p^•_1(q^•T (λ) ⊗ pr^•_X M) ‖ ‖ ‖ ‖ ‖ ‖ r^•_1T (λ) ⊗ p^•_3μ^•_X M −−−→^β r^•_1T (λ) ⊗ p^•_3(q^•T (λ) ⊗ pr^•_X M) .

(3.3.5)

Here q_{12} : G × G × X → G × G is the (1, 2)-th projection, and r_i is the i-th projection from G × G × X. Let ψ : G → C^× be a character, and let δψ ∈ g^∗ be its differential. Then e^{λ+δψ} ↔ ψe^λ gives a canonical isomorphism T (λ + δψ) ∼= T (λ) compatible with the multiplicative structure (3.3.3). Hence the twisted equivariance with twist λ is equivalent to that with twist λ + δψ.

4 D-modules on the flag manifold

4.1 Flag manifolds

We recall basic properties of the flag manifold for the Kac-Moody Lie algebra g (Kashiwara [13]).

Fix a Z-lattice P of h^∗ satisfying α_i ∈ P, ⟨P, h_i⟩ ⊂ Z for any i ∈ I. (4.1.1)

We define affine group schemes as follows:

H = Spec C [P ],

(4.1.2) N^± = lim_{←−} k exp(n^±/n^±_k ),

(4.1.3)

B = (the semi-direct product of H and N^+),

(4.1.4) B^− = (the semi-direct product of H and N^−)

(4.1.5)

(see (2.3.1) for the definition of n^±_k ). Here, for a finite-dimensional nilpotent Lie algebra a we denote the corresponding unipotent algebraic group by exp(a). Then N^± is an affine scheme isomorphic to Spec(S(n^∓)).

For a subset Θ of Δ^± such that (Θ + Θ) ∩ (Δ ∪ {0}) ⊂ Θ, we denote by N(Θ) the subgroup exp(n(Θ)) of N^±.

In Kashiwara [13], a separated scheme G is constructed with a free right action of B^− and a free left action of B. The flag manifold X is defined as the quotient scheme X = G/B^−. The flag manifold is a separated scheme. For w ∈ W , U_w = wBB^−/B^− is an open subset of X. A locally closed subscheme X_w = BwB^−/B^− of X is called a Schubert cell.

Proposition 4.1.1 (i) X = ⋃ w∈W U_w = ⨆ w∈W X_w. (ii) For any w ∈ W , we have X_w = ⋃ y≥w X_y and X_w ⊂ U_w ⊂ ⋃ x≤w X_x. (iii) We have an isomorphism

N(wΔ^+ ∩ Δ^−) × N(wΔ^+ ∩ Δ^+) −→∼ U_w ((x, y) → xywB^−)

of schemes. Moreover, the subscheme {1} × N(wΔ^+ ∩ Δ^+) is isomorphic to X_w by this isomorphism.

In particular, U_w and X_w are isomorphic to

A^ℓ = Spec C [x_k ; 0 ≤ k < ℓ]

for some ℓ ∈ Z_{≥0} ⊔ {∞}, and the codimension of X_w in X is the length ℓ(w) of w ∈ W . Hence X is pro-smooth.

We call a subset Φ of W admissible if w ∈ Φ, y ≤ w =⇒ y ∈ Φ. For an admissible subset Φ of W we define an open subset X_Φ of X by X_Φ = ⋃ w∈Φ X_w. For a finite admissible subset Φ, X_Φ is a quasi-compact scheme with the condition (S). Indeed for k >> 0, the subgroup exp(n^+_k ) = lim_{←−} l≥k exp(n^+_k /n^+_l ) acts freely on X_Φ and

{X_Φ/ exp(n^+_k )}_k is a smooth projective system for X_Φ (see [18]). Note that, since X_Φ is separated over C , X_Φ/ exp(n^+_k ) is separated for k >> 0 by the following lemma.

Lemma 4.1.2 Let {X_n}_{n∈N} be a projective system of quasi-compact and quasi-separated schemes. Assume that the morphism X_{n+1} → X_n is an affine morphism for any n. Let X_∞ be its projective limit. If X_∞ is separated, then X_n is separated for n >> 0.

Proof. Let f_{nm} : X_m → X_n be the canonical projection (0 ≤ n ≤ m ≤ ∞). Since X_0 is quasi-compact, X_0 is covered by finitely many affine open subsets U^0_j (j = 1, . . . , N). Then the inclusion U^0_j → X_0 is of finite presentation. Set U^n_j = f^{−1}_{0n} (U^0_j ) (0 ≤ n ≤ ∞). Since X_∞ is separated, U^∞_j → X_∞ is an affine morphism. Hence [7, Theorem (8.10.5)] implies that U^n_j → X_n is an affine morphism for n >> 0. Hence we may assume from the beginning that U^0_j ∩ U^0_k is affine for any j, k = 1, . . . , N.

The ring homomorphism O_X (U^∞_j ) ⊗ O_X (U^∞_k ) → O_X (U^∞_j ∩ U^∞_k ) is surjective by the assumption that X_∞ is separated. Since O_X (U^0_j ∩ U^0_k ) is a finitely generated algebra over O_X (U^0_j ), the image of O_X (U^0_j ∩ U^0_k ) → O_X (U^n_j ∩ U^n_k ) is contained in the image of O_X (U^n_j ) ⊗ O_X (U^n_k ) → O_X (U^n_j ∩ U^n_k ) for n >> 0. On the other hand, we have

O_X (U^n_j ∩ U^n_k ) ∼= O_X (U^n_j ) ⊗_{OX (U} 0_{j )} O_X (U^0_j ∩ U^0_k ).

Hence O_X (U^n_j ) ⊗ O_X (U^n_k ) → O_X (U^n_j ∩ U^n_k ) is surjective for n >> 0. This shows that X_n is separated for n >> 0. Q.E.D.

Set X̃ = G/N^−. We denote by ξ : X̃ → X the canonical projection. It is an Hprincipal bundle. For w ∈ W we set X̃_w = ξ^{−1}X_w = BwN^−/N^−, and for an admissible subset Φ of W we set X̃_Φ = ξ^{−1}X_Φ = ⋃ w∈Φ X̃_w. The scheme X̃ is also pro-smooth.

4.2 Twisted D-modules on the flag manifold

Let p : G → X be the projection. For μ ∈ P we define the invertible O_X -module O_X (μ) as follows:

Γ(U; O_X (μ)) = {φ ∈ Γ(p^{−1}U; O_G) ; φ(xg) = g^{−μ}φ(x) for (x, g) ∈ p^{−1}U × B^−} ∼= {φ ∈ Γ(ξ^{−1}U; O_{X̃} ) ; φ(xh) = h^{−μ}φ(x) for (x, h) ∈ ξ−1U × H} for any open subset U of X. Here x → x^{−μ} is the character of B^− corresponding to the weight −μ. Twisting D_X by O_X (μ) we obtain a TDO-ring

D_μ = O_X (μ) ⊗_{OX} D_X ⊗_{OX} O_X (−μ).

This definition can be generalized to any μ ∈ h^∗ and we can define an N^+-equivariant TDO-ring D_μ on X (see Kashiwara [12] and Kashiwara-Tanisaki [18]). Note that the pullback ξ^♯D_μ of the TDO-ring D_μ under ξ : X̃ → X is canonically isomorphic to D~_X . Hence the pull-back ξ^•M of an admissible D_μ-module M is naturally regarded as a D~_X -module. Moreover, by the functor ξ^•, the category of admissible D_μ-modules is equivalent to the category of admissible twisted H-equivariant D~_X -modules with twist μ.

The infinitesimal action of g on X lifts to an algebra homomorphism

U(g) → Γ(X; D_μ).

In particular, H^n(U; M) has a g-module structure for any open subset U of X, any D_μ|_U -module M and n ∈ Z.

For w ∈ W , let i_w : X_w → X be the inclusion. Then for any μ ∈ h^∗, the N^+- equivariant TDO-ring i^♯_wD_μ is canonically isomorphic to the N^+-equivariant TDO-ring D_{Xw} . We define the N^+-equivariant holonomic D_μ-modules B_w(μ), M_w(μ) by

B_w(μ) = H^0 ∫ i_w O_{Xw} , M_w(μ) = H^0 ∫ i_w ! O_{Xw} . (4.2.1)

Note that H^k ∫ i_w OXw = H k ∫ i_w ! OXw = 0 for any k ≠ 0 because iw is an affine embedding.

By the definition we have Hom_{Dμ} (M_w(μ), M) −→∼ Hom_{Dμ|U} (M_w(μ)|_U , M|_U ), (4.2.2) Hom_{Dμ} (M, B_w(μ)) −→∼ Hom_{Dμ|U} (M|_U , B_w(μ)|_U ) (4.2.3)

for any open subset U of X containing X_w and any holonomic D_μ-module M. The isomorphism M_w(μ)|_U ∼= B_w(μ)|_U extends to a canonical non-zero homomorphism M_w(μ) → B_w(μ). We denote its image by L_w(μ). It is a unique irreducible quotient of M_w(μ) and a unique irreducible submodule of B_w(μ). Note that Hom_{Dμ} (M_w(μ), B_w(μ)) = 1.

For μ ∈ h^∗ and a finite admissible subset Φ of W , we denote by H_Φ (μ) the category of N^+-equivariant holonomic D_μ|_{XΦ} -modules. For μ ∈ h^∗ we denote by H (μ) the category of N^+-equivariant holonomic D_μ-modules. Then we have obviously

H (μ) = lim_{←−} Φ H_Φ (μ),

where Φ ranges over the set of finite admissible subset of W .

For any w ∈ W and μ ∈ h^∗ the D_μ-modules B_w(μ), M_w(μ) and L_w(μ) are objects of H (μ). Note that L_w(μ) is a simple object of H (μ).

For any N^+-equivariant admissible D_μ-module M, we denote the support of M by Supp(M). It is an N^+-stable closed subset of X, and hence it is also B-stable.

Lemma 4.2.1 For w ∈ W , let U be an open subset of X which contains X_w as a closed subset. For any N^+-equivariant admissible D_μ-module M such that Supp(M) ∩ U ⊂ X_w, there exist some index set J and isomorphisms M_w(μ)^{⊕J} |_U −→∼ M|_U −→∼ B_w(μ)^{⊕J} |_U . Furthermore if M is holonomic, then J is a finite set and the above isomorphisms can be extended to morphisms in H (μ) M_w(μ)^{⊕J} → M → B_w(μ)^{⊕J} . Proof. Let i : X_w → U be the closed embedding. By the condition on M there exists an N^+-equivariant holonomic D_{Xw} -module N such that M|_U ≃ ∫ i N . Since X_w is a homogeneous space of N^+ with a connected isotropy subgroup, we see that N is isomorphic to O^{⊕J}_{Xw} for some J. If M is holonomic then N is holonomic, and hence J is a finite set. Thus we have M|_U ≃ ∫ i O^{⊕J}_{Xw} ≃ (B_w(μ)|_U )^{⊕J} ≃ (M_w(μ)|_U )^{⊕J} .

To see the last statement, it is enough to apply (4.2.2) and (4.2.3). Q.E.D.

Let M ∈ Ob(H (μ)). By Lemma 4.2.1, for any finite admissible subset Φ of W , M|_{XΦ} ∈ Ob(H_Φ (μ)) has finite length and it has finite composition series whose composition factors are isomorphic to L_w(μ)|_{XΦ} for some w ∈ Φ. For w ∈ W the multiplicity of L_w(μ)|_{XΦ} in the composition series of M|_{XΦ} does not depend on the choice of a finite admissible subset Φ of W such that w ∈ Φ. We denote it by [M : L_w(μ)]. Note that the multiplicity does not depend on the N^+-equivariance structure.

Lemma 4.2.2 We have [M_w(μ) : L_y(μ)] = [B_w(μ) : L_y(μ)] for any w, y ∈ W . Replacing the modules M_w(μ), L_y(μ) and B_w(μ) with their images by ξ^•, this follows from the following general result.

Proposition 4.2.3 ([15]) Let j : X → Y be an embedding of smooth C -schemes. Then for any holonomic D_X -module M, we have the equality ∑ i∈Z (−1)^i[H^i( ∫ j M)] = ∑ i∈Z (−1)^i[H^i( ∫ j! M)] in the Grothendieck group of the category of holonomic D_Y -modules. Proof. We can decompose this proposition into the closed embedding case and the open embedding case. Since the first case is obvious, we may assume that j is an open embedding. Since the question being local on Y , we can easily reduce to the case where X is the complement of a hypersurface of Y . Then ∫ j M and ∫ j! M are concentrated at degree 0. We may assume further that Y \ X is defined by f = 0 for some f ∈ Γ(Y ; O_Y ). Let ψ_f (M) be the near-by cycle of M, which is a holonomic D_Y -module with support in Y \X. Let var : ψ_f (M) → ψ_f (M) be the variation. Then the kernel (resp. the cokernel) of ∫ j! M → ∫ j M is isomorphic to the kernel (resp. the cokernel) of var : ψ_f (M) → ψ_f (M).

Therefore we have [ ∫ j M] − [ ∫ j! M] = [Coker(var)] − [Ker(var)] = 0. Q.E.D.

4.3 Cohomologies of B_w(μ)

We first study the cohomology groups of B_w(μ).

Proposition 4.3.1 Let μ ∈ h^∗, w ∈ W and let Φ be a finite admissible subset of W containing w. Then we have (i) H^n(X_Φ; B_w(μ)) = H^n(X; B_w(μ)) = 0 for any n ≠ 0. (ii) We have Γ(X_Φ; B_w(μ)) = Γ(X; B_w(μ)) ≃ U(^wb) ⊗_{U(}w_{b∩b)} (Γ(X_w; O_{Xw} ) ⊗ C_{w∘μ} ) as a U(^wb)-module. Here^wb = h ⊕ ( ⨁ α∈wΔ^+ gα) and C w∘μ is the one-dimensional

U(^wb ∩ b)-module with w ∘ μ as a weight. Proof. By the definition of B_w(μ) we have H^n(X_Φ; B_w(μ)) ≃ H^n(X; B_w(μ)) ≃ H^n(U_w; B_w(μ)).

Hence the assertion easily follows from Proposition 4.1.1 (iii) (cf. [14, 18]). Q.E.D.

Later, we shall see that Γ(X; B_w(μ)) is isomorphic to the dual Verma module under certain conditions. The following corollary is a key of its proof.

Corollary 4.3.2 Let μ ∈ h^∗ and w ∈ W . (i) ch(Γ(X; B_w(μ))) = ch(M(w ∘ μ)).

(ii) If ζ ∈ h^∗ and non-zero m ∈ Γ(X; B_w(μ))_ζ satisfy n(wΔ^+ ∩ Δ^+)m = 0, then we have ζ ∈ w ∘ μ − ∑ α∈Δ^+∩wΔ^− Z≥0α. (iii) If ζ ∈ h^∗ and non-zero m ∈ Γ(X; B_w(μ))^∗_ζ satisfy n(wΔ^− ∩ Δ^+)m = 0, then we have ζ ∈ w ∘ μ − ∑ α∈Δ^+∩wΔ^+ Z≥0α.

Proof. By Proposition 4.3.1 we have

Γ(X; B_w(μ)) ≃ U(n(wΔ^+ ∩ Δ^−)) ⊗ Γ(X_w; O_{Xw} ) ⊗ C_{w∘μ} ≃ U(n(wΔ^+ ∩ Δ^−)) ⊗ S(n(wΔ^− ∩ Δ^−)) ⊗ C_{w∘μ} ,

(4.3.1) and hence we have

ch(Γ(X; B_w(μ))) = ch(U(n(wΔ^+ ∩ Δ^−))) ch(S(n(wΔ^− ∩ Δ^−)))e^{w∘μ} = ∏ α∈wΔ^+∩Δ^− (1 − e^α)^{− dim gα} ∏ α∈wΔ^−∩Δ^− (1 − e^α)^{− dim gα} e^{w∘μ} = ∏ α∈Δ^− (1 − e^α)^{− dim gα} e^{w∘μ} = ch(M(w ∘ μ)). Thus (i) is proved.

Let us prove (iii). Assume that a non-zero vector m ∈ Γ(X; B_w(μ))^∗_ζ with ζ ∈ h^∗ satisfies n(wΔ^− ∩ Δ^+)m = 0. Then we have ( Γ(X; B_w(μ))/n(wΔ^+ ∩ Δ^−)Γ(X; B_w(μ)) ) ζ ≠ 0. Then (4.3.1) implies ch ( Γ(X; B_w(μ))/n(wΔ^+ ∩ Δ^−)Γ(X; B_w(μ)) ) = ch(S(n(wΔ^− ∩ Δ^−)))e^{w∘μ} = ∏ α∈wΔ^−∩Δ^− (1 − e^α)^{− dim gα} e^{w∘μ},

and we obtain (iii).

Let us finally show (ii). Define a filtration {F_ℓ}_{ℓ∈Z} of U(n(wΔ^+ ∩ Δ^−)) by F_ℓ = ⨁ ht(β)≤ℓ U(n(wΔ^+ ∩ Δ^−))_{−β}.

Then the subspace F_ℓ ⊗ Γ(X_w; O_{Xw} ) ⊗ C_{w∘μ} of Γ(X; B_w(μ)) is stable under the action of n(wΔ^+ ∩ Δ^+), and the action of n(wΔ^+ ∩ Δ^+) on the quotient (F_ℓ ⊗ Γ(X_w; O_{Xw} ) ⊗ C_{w∘μ} )/(F_{ℓ−1} ⊗ Γ(X_w; O_{Xw} ) ⊗ C_{w∘μ} ) = (F_ℓ/F_{ℓ−1}) ⊗ Γ(X_w; O_{Xw} ) ⊗ C_{w∘μ} is given by

x(u ⊗ n) = u ⊗ xn for x ∈ n(wΔ^+ ∩ Δ^+), u ∈ F_ℓ/F_{ℓ−1}, n ∈ Γ(X_w; O_{Xw} ) ⊗ C_{w∘μ} .

Take the smallest ℓ such that m ∈ F_ℓ ⊗ Γ(X_w; O_{Xw} ) ⊗ C_{w∘μ} and denote by m the corresponding element of (F_ℓ/F_{ℓ−1}) ⊗ Γ(X_w; O_{Xw} ) ⊗ C_{w∘μ} . Write m as m = r∑ j=1 u_j ⊗ n_j , where u_j (j = 1, . . . , r) are linearly independent elements of F_ℓ/F_{ℓ−1} and n_j (j = 1, . . . , r) are elements of Γ(X_w; O_{Xw} )⊗C_{w∘μ} . By the assumption on m we have n(wΔ^+ ∩Δ^+)n_j = 0 for any j. Since X_w is a homogeneous space of N(wΔ^+ ∩ Δ^+), we have n_j ∈ C ⊗ C_{w∘μ} ⊂ Γ(X_w; O_{Xw} ) ⊗ C_{w∘μ} . Thus m ∈ (F_ℓ/F_{ℓ−1}) ⊗ C ⊗ C_{w∘μ} , and we obtain (ii). Q.E.D. Proposition 4.3.3 For λ ∈ K^+_{reg} and w ∈ W , we have Γ(X; B_w(λ)) ≃ M^∗(w ∘ λ). Proof. Since ch(Γ(X; B_w(λ))) = ch(M^∗(w ∘λ)), it is sufficient to show that if there exists m ∈ Γ(X; B_w(λ))_ζ \ {0} such that n^+m = 0, then ζ = w ∘ λ.

Since [M(w ∘ λ) : L(ζ)] ≠ 0, Corollary 2.5.6 implies ζ = y ∘ λ for y ∈ wW (λ). Hence there exist some γ_1, · · · , γ_r ∈ Δ^+(λ) such that w^{−1}y = s_{γ1} · · · s_{γr} , s_{γ1} · · · s_{γj−1} γ_j ∈ Δ^+. Then we have λ + ρ − w^{−1}y(λ + ρ) = λ + ρ − s_{γ1} · · · s_{γr} (λ + ρ) = r∑ j=1 (s_{γ1} · · · s_{γj−1} (λ + ρ) − s_{γ1} · · · s_{γj} (λ + ρ)) = r∑ j=1 (λ + ρ, γ^∨_j )s_{γ1} · · · s_{γj−1} (γ_j). Since λ ∈ K^+_{reg}, we have (λ + ρ, γ^∨_j ) ∈ Z_{>0}, and hence λ + ρ − w^{−1}y(λ + ρ) ∈ Q^+.

On the other hand, Corollary 4.3.2 (ii) implies

λ + ρ − w^{−1}y(λ + ρ) = w^{−1}(w ∘ λ − ζ) ∈ w^{−1}( ∑ α∈Δ^+∩wΔ^− Z_{≥0}α) ⊂ −Q^+ . Thus we obtain λ + ρ − w^{−1}y(λ + ρ) = 0, and hence ζ = w ∘ λ. Q.E.D. Remark. This proposition 4.3.3 can be also proved by using the theory of the Radon transform in §4.6. Indeed, Theorem 4.6.2 implies Γ(X; B_w(λ)) ∼= Γ(X; B_e(w ∘ λ)). The last module is isomorphic to Γ(X_e; O_X ) ⊗ C_{w∘λ} , and it has a unique highest weight vector, because X_e is a homogeneous space of N^+.

4.4 Modified cohomology groups

The cohomology group H^n(X; M) itself may be too wild. We shall replace it with a modified one easier to manipulate.

Lemma 4.4.1 Let Φ be a finite admissible subset of W . For any μ ∈ h^∗, n ∈ Z and M ∈ Ob(H (μ)), we have the following.

(i) H^n(X_Φ; M) is an object of O .

(ii) If [H^n(X_Φ; M) : L(ζ)] ≠ 0, then there exists some w ∈ Φ such that X_w ⊂ Supp(M) and that [M(w ∘ μ) : L(ζ)] ≠ 0.

(iii) For any admissible subset Ψ of W such that Ψ ⊂ Φ, let N_1 (resp. N_2) be the kernel (resp. cokernel) of the natural homomorphism H^n(X_Φ; M) → H^n(X_Ψ; M). Then N_i belongs to Ob(O ) for i = 1, 2. Moreover, if [N_i : L(ζ)] ≠ 0 for i = 1 or 2, then [M(x ∘ μ) : L(ζ)] ≠ 0 for some x ∈ Φ \ Ψ.

Proof. We first show (iii) by the induction of ♯(Φ \ Ψ).

If ♯(Φ\Ψ) = 0, it is trivial. In the case ♯(Φ\Ψ) = 1, set Φ\Ψ = {x}. Let i : X_x → X_Φ and j : X_Ψ → X_Φ be the inclusion. By the assumption i is a closed embedding and j is an open embedding. The distinguished triangle D i_∗ D i^! M → M → D j_∗ D j^• M^{+1}−−−→ induces an exact sequence

H^n(X_Φ; D i_∗ D i^! M) → H^n(X_Φ; M) → H^n(X_Ψ; M) → H^{n+1}(X_Φ; D i_∗ D i^! M).

(4.4.1)

Therefore the kernel N_1 is a quotient of H^n(X_Φ; D i_∗ D i^! M), and the cokernel N_2 is a submodule of H^{n+1}(X_Φ;D i_∗ D i^! M). By Lemma 4.2.1, the object H^k(D i_∗ D i^! M) in H_Φ (μ) is isomorphic to a direct sum of finitely many copies of B_x(μ)|_{XΦ} . Hence Proposition 4.3.1 (i) implies H^k(X_Φ; D i_∗ D i^! M) = Γ(X_Φ; H^k(D i_∗ D i^! M)) ,

and its character is a constant multiple of the character of the Verma module M(x ∘ μ) for any k by Corollary 4.3.2. This shows (iii) in the case ♯(Φ \ Ψ) = 1.

Assume ♯(Φ \ Ψ) > 1. Taking a maximal element x of Φ \ Ψ, set Φ^′ = Φ \ {x}. Then Φ^′ is an admissible subset such that Ψ ⊂ Φ^′ ⊂ Φ. Consider the diagram

H^n(X_Φ; M)^α−−−→H^n(X_Φ′ ; M)^β−−−→H^n(X_Ψ; M).

Then we have an exact sequence

0 → Ker α → Ker(β ∘ α) → Ker β Coker α → Coker(β ∘ α) → Coker β → 0.

By the induction hypothesis, Ker α and Ker β belong to O . Hence N_1 = Ker(β∘α) belongs to O . If [N_1 : L(ζ)] ≠ 0, then [Ker α : L(ζ)] ≠ 0 or [Ker β : L(ζ)] ≠ 0. The induction hypothesis implies [M(x ∘ μ) : L(ζ)] ≠ 0 in the first case and [M(w ∘ μ) : L(ζ)] ≠ 0 for some w ∈ Φ^′ \ Ψ in the second case. This shows the assertion for N_1. The assertion for N_2 is similarly proved.

We obtain (i) and (ii) from (iii) by taking Ψ = ∅ or Ψ = {w ∈ Φ ; X_w ∩ SuppM = ∅}. Q.E.D.

By Lemma 4.4.1, Proposition 2.5.5 and the W -invariance of K_{reg}, we have the following corollary.

Corollary 4.4.2 For λ ∈ K_{reg} and M ∈ Ob(H (λ)), we have H^n(X_Φ; M) ∈ Ob(O (λ)) for any finite admissible subset Φ of W and any n ∈ Z.

Lemma 4.4.3 Let λ, μ ∈ K_{reg}. Then for any ζ ∈ h^∗ there exists a finite admissible subset Φ of W such that the restriction homomorphism (P_μ(H^n(X_Φ′ ; M)))_ζ′ → (P_μ(H^n(X_Φ; M)))_ζ′ is bijective for any finite admissible subset Φ^′ of W containing Φ, ζ^′ ∈ ζ + Q^+, M ∈ Ob(H (λ)) and n ≥ 0 (see (2.5.11) for the definition of P_μ).

Proof. We may assume μ ∈ K^+_{reg}. Then W (μ) ∘ μ ∩ (ζ − μ + Q^+) is a finite set. Since {w ∈ W ; w∘λ = λ} = {1}, there exist only finitely many w ∈ W satisfying w∘λ ∈ W (μ)∘μ and w ∘ λ − ζ ∈ Q^+. Thus we conclude that there exists a finite admissible subset Φ of W satisfying w ∈ W, w ∘ λ ∈ W (μ) ∘ μ, w ∘ λ − ζ ∈ Q^+ =⇒ w ∈ Φ. Then the assertion follows from Lemma 4.4.1 (iii) and the assumption on Φ. Q.E.D.

For λ, μ ∈ K_{reg}, M ∈ H (λ) and n ∈ Z_{≥0} we set H̃^n_μ (M) = ⨁ ξ∈h^∗ lim_{←−} Φ (P_μ(H^n(X_Φ; M)))_ξ ,

(4.4.2)

where Φ is running over finite admissible subsets of W .

Lemma 4.4.4 For λ, μ ∈ K_{reg}, H̃^n_μ is an additive functor from H (λ) to O [μ] for any integer n.

Proof. Let M ∈ Ob(H (λ)). Take any ζ ∈ h^∗. Let Φ be as in Lemma 4.4.3. Then we have ∑ ξ∈ζ+Q^+ dim H̃^n_μ (M)_ξ = ∑ ξ∈ζ+Q^+ dim(P_μ(H^n(X_Φ; M)))_ξ < ∞

by Lemma 4.4.1 (i). Thus H̃^n_μ (M) ∈ Ob(O ). Q.E.D.

Now for λ ∈ K_{reg} and M ∈ H (λ) we define the object of ~O (see (2.5.12)) as follows: H̃^n(M) = ∏

μ∈K^+_{reg}

H̃^n_μ (M). (4.4.3)

Then H̃^n(M) is the projective limit of H^n(X_Φ; M) in the category ~O . We write Γ̃(M) for H̃^0(M).

Proposition 4.4.5 Let λ ∈ K_{reg}. (i) H̃^n is a functor from H (λ) to ~O (λ). (ii) For any short exact sequence 0 → M_1 → M_2 → M_3 → 0 in H (λ), we have a functorial long exact sequence 0 → H̃^0(M_1) → H̃^0(M_2) → H̃^0(M_3) → H̃^1(M_1) → H̃^1(M_2) → H̃^1(M_3) → · · · in ~O .

(iii) Assume that [H̃^n(M) : L(ζ)] ≠ 0 for M ∈ Ob(H (λ)), ζ ∈ h^∗, n ∈ Z_{≥0}. Then there exists some w ∈ Φ such that X_w ⊂ Supp(M) and that [M(w ∘ μ) : L(ζ)] ≠ 0.

(iv) If λ ∈ K^+_{reg} and M ∈ H (λ), then H̃^n(M) belongs to ~O {S(M) ∘ λ}, where S(M) = {w ∈ W ; X_w ⊂ Supp(M)}. Proof. (i), (ii) and (iii) easily follow from the definition along with Lemma 4.4.1 and Corollary 4.4.2. Let us prove (iv). Assume [H̃^n(M) : L(ζ)] ≠ 0. By (iii) there exists some x ∈ Φ such that X_x ⊂ Supp(M) and that [M(x ∘ μ) : L(ζ)] ≠ 0. Then by Corollary 2.5.6, we have ζ = w ∘ λ for some w ∈ W with w ≥ x. Hence X_w ⊂ X_x ⊂ Supp(M). Therefore w ∈ S(M). Q.E.D. Lemma 4.4.6 Let λ ∈ K_{reg}. For M ∈ Ob(O {K_{reg} }) and M ∈ Ob(H (λ)) we have Hom~_O (M, Γ̃(M)) ≃ Hom_g(M, Γ(X; M)).

Proof. Note that Γ̃(M) is the projective limit of {Γ(X_Φ; M)}_Φ in ~O , where Φ ranges over the set of finite admissible subsets of W , while Γ(X; M) is the projective limit of {Γ(X_Φ; M)}_Φ in the category of g-modules. Hence we have Hom~_O(M, Γ̃(M)) ≃ lim_{←−} Φ Hom~_O(M, Γ(X_Φ; M)) ≃ lim_{←−} Φ Hom_g(M, Γ(X_Φ; M)) ≃ Hom_g(M, Γ(X; M)). Q.E.D.

By Corollary 4.3.2 and Proposition 4.3.3 we have the following proposition. Proposition 4.4.7 Let λ ∈ K_{reg}. (i) H̃^n(B_w(λ)) = 0 for n ≠ 0.

(ii) Γ̃(B_w(λ)) = Γ(X; B_w(λ)) and ch(Γ̃(B_w(λ))) = ch(M(w ∘ λ)). (iii) Γ̃(B_w(λ)) ≃ M^∗(w ∘ λ) if λ ∈ K^+_{reg}.

Proposition 4.4.8 For λ ∈ K^+_{reg} and w ∈ W we have Hom~_O (M(w ∘ λ), Γ̃(M_w(λ))) −→∼ Hom~_O(M(w ∘ λ), Γ̃(B_w(λ))) ∼= C .

(4.4.4) Proof. Set N_1 = B_w(λ)/L_w(λ), N_2 = Ker(M_w(λ) → L_w(λ)). Then we have Supp(N_i) ⊂ X_w \X_w for i = 1, 2. Hence Proposition 4.4.5 (iv) implies [H̃^n(N_i) : L(w ∘λ)] = 0. Taking the cohomologies of the short exact sequences 0 → N_2 → M_w(λ) → L_w(λ) → 0, 0 → L_w(λ) → B_w(λ) → N_1 → 0, we obtain exact sequences 0 → Γ̃(N_2) → Γ̃(M_w(λ)) → Γ̃(L_w(λ)) → H̃^1(N_2), 0 → Γ̃(L_w(λ)) → Γ̃(B_w(λ)) → Γ̃(N_1).

Therefor we have [Γ̃(M_w(λ)) : L(w ∘ λ)] = [Γ̃(L_w(λ)) : L(w ∘ λ)] = [Γ̃(B_w(λ)) : L(w ∘ λ)] = [M^∗(w ∘ λ) : L(w ∘ λ)] = 1 .

Here the third equality follows from (iii) in the preceding proposition. By Proposition 4.4.5 (iv), we have [Γ̃(M_w(λ)) : L(y ∘ λ)] = 0 for y < w.

Hence Lemma 2.5.8 implies that Hom~_O(M(w ∘ λ), Γ̃(M_w(λ))) does not vanish. By the exact sequence 0 → Γ̃(N_2) → Γ̃(M_w(λ)) → Γ̃(B_w(λ)) and Hom~_O(M(w ∘ λ), Γ̃(N_2)) = 0, the homomorphism Hom~_O(M(w ∘ λ), Γ̃(M_w(λ))) → Hom~_O(M(w ∘ λ), Γ̃(B_w(λ))) ∼= C is injective, which implies the desired result. Q.E.D.

4.5 Modified localization functor

For μ ∈ h^∗ there exists a unique additive functor D_μ ^⊗ • : M_{adm} (g) → M_{adm} (D_μ) (M → D_μ ^⊗M), (4.5.1) called the modified localization functor, such that Hom_g(M, Γ(X; M)) = Hom_{Dμ} (D_μ ^⊗M, M)

(4.5.2) for M ∈ Ob(M_{adm} (g)), M ∈ Ob(M_{adm} (D_μ)).

In [14] it is constructed in the case where μ is integral. Since the construction in the general case is completely similar, we do not repeat it here. As in [14] we have the following proposition.

Proposition 4.5.1 Let μ ∈ h^∗.

(i) The functor (4.5.1) is right exact, and commutes with the inductive limit. (ii) For any M ∈ O , D_μ ^⊗M is an N^+-equivariant admissible D_μ-module.

In particular, for M ∈ Ob(O ), the support Supp(D_μ ^⊗M) of D_μ ^⊗M is a B-stable closed subset of X.

By Lemma 4.4.6 we have the following lemma.

Lemma 4.5.2 For λ ∈ K_{reg}, M ∈ Ob(O {K_{reg} }) and M ∈ Ob(H (λ)) we have Hom~_O(M, Γ̃(M)) = Hom_{Dλ} (D_λ ^⊗M, M) .

Proposition 4.5.3 Let λ ∈ K^+_{reg}, M ∈ Ob(O ). (i) Assume that X_w is open in X_w ⋃ Supp(D_λ ^⊗M). Then D_λ ^⊗M|_{Uw} is isomorphic to the direct sum of dim Hom_g(M, M^∗(w ∘ λ)) copies of B_w(λ)|_{Uw} .

(ii) Supp(D_λ ^⊗M) is the union of X_w such that Hom_g(M, M^∗(w ∘ λ)) ≠ 0. (iii) If λ ∈ K^+_{reg}, then Supp(D_λ ^⊗M) is the union of X_w such that [M : L(w ∘ λ)] ≠ 0. Proof. Let us first show (i). Assume that X_w is open in X_w∪Supp(D_λ ^⊗M). Lemma 4.2.1 implies that D_λ ^⊗M|_{Uw} is isomorphic to B_w(λ)^{⊕J} |_{Uw} for some index set J. Hence by (4.2.3), (4.5.2), and Proposition 4.3.3 we have Hom_g(M, M^∗(w ∘ λ)) ≃ Hom_{Dλ} (D_λ ^⊗M, B_w(λ)) ≃ Hom_{Dλ|Uw} (D_λ ^⊗M|_{Uw} , B_w(λ)|_{Uw} ) ≃ Hom_C (C^{⊕J} , C ).

Hence ♯J = dim Hom_g(M, M^∗(w ∘ λ)) < ∞. Let us show (ii). By (i) it is obvious that Supp(D_λ ^⊗M) in contained in the union. Conversely assume Hom_g(M, M^∗(w ∘ λ)) ≠ 0. If

X_w is not contained in Supp(D_λ ^⊗M), then X_w is open in X_w ∪ Supp(D_λ ^⊗M), and hence (i) implies that Supp(D_λ ^⊗M) contains X_w.

Let us show (iii). By (ii), it is enough to show that [M : L(w ∘ λ)] ≠ 0 implies X_w ⊂ Supp(D_λ ^⊗M). Let us take x ∈ W such that x ≤ w, [M : L(x ∘ λ)] ≠ 0 and [M : L(y ∘ λ)] = 0 for any y < x. Then Lemma 2.5.8 implies Hom_g(M, M^∗(x ∘ λ)) ≠ 0. Hence (ii) implies Supp(D_λ ^⊗M) ⊃ X_x ⊃ X_w. Q.E.D.

Proposition 4.5.4 For λ ∈ K^+_{reg} the functor (4.5.1) induces the functor D_μ ^⊗ • : O → H (λ). (4.5.3)

Proof. Set M_0 = U(g)/U(g)n^+. We shall first show that D_λ ^⊗M_0 is holonomic. Let Φ be a finite admissible subset of W . Set Y_k = X_Φ/ exp(n^+_k ), and let p_k : X_Φ → Y_k be the projection. Then Y_k is a smooth C -scheme for k >> 0. For k_0 >> 0, let {(Y_k, A_k)}_{k≥k0} be a smooth projective system of (X_Φ, D_λ|_{XΦ} ). Since Y_k has finitely many orbits by the action of exp(n^+/n^+_k ), the A_k-module A_k ⊗_{U(n}+_{/n}+_{k )} C is a holonomic A_k-module. Since D_λ ^⊗M_0|_{XΦ} = p^•_k(A_k ⊗_{U(n}+_{/n}+_{k )} C ) for k >> 0 (see [14]), it is also holonomic. Thus we have proved that D_λ ^⊗M_0 is holonomic. Then we see that D_λ ^⊗(U(g) ⊗_{U(n}+_) V ) is also holonomic for any finite-dimensional b-module V . Indeed V has a finite filtration whose graduation is isomorphic to C as an n^+-module. More generally for any g-module M which is generated by a finite-dimensional b-module V , D_λ ^⊗M is holonomic.

Now let us show that D_λ ^⊗M is holonomic for any M ∈ O . Let Φ be a finite admissible subset of W . Let M_1 be the g-submodule of M generated by ⨁ w∈Φ M_{w∘λ}, and set M_2 = M/M_1. Then we have [M_2 : L(w ∘ λ)] = 0 for any w ∈ Φ. Hence Proposition 4.5.3 (iii) implies that D_λ ^⊗M_2|_{XΦ} = 0. By the exact sequence

D_λ ^⊗M_1 → D_λ ^⊗M → D_λ ^⊗M_2 → 0

D_λ ^⊗M_1|_{XΦ} → D_λ ^⊗M|_{XΦ} is surjective. Since D_λ ^⊗M_1 is holonomic, D_λ ^⊗M|_{XΦ} is holonomic. Q.E.D.

Corollary 4.5.5 For λ ∈ K^+_{reg} and μ = w ∘ λ ∈ K^+_{reg} with w ∈ W , Supp(D_λ ^⊗M) ⊂ X_w for any M ∈ O [μ].

Proof. For x ∈ W , if [M : L(x ∘ λ)] ≠ 0 then x ∘ λ ∈ W (μ) ∘ μ. Hence x ∈ W (μ)w and Lemma 2.5.7 implies x ≥ w. Then the desired result follows from Proposition 4.5.3 (iii). Q.E.D.

Corollary 4.5.6 Let λ ∈ K^+_{reg} and μ ∈ K_{reg}. For M ∈ Ob(O [μ]) we have D_λ ^⊗M = 0 unless μ ∈ W ∘ λ.

Proof. Assume D_λ ^⊗M ≠ 0. Take w ∈ W such that X_w is open in Supp(D_λ ^⊗M). Then Proposition 4.5.3 implies [M : L(w ∘ λ)] ≠ 0. Hence w ∘ λ ∈ W ∘ μ. Q.E.D.

We define D_λ ^⊗M for λ ∈ K^+_{reg} and M ∈ ~O by D_λ ^⊗M = ⨁ μ∈K^+_{reg}

D_λ ^⊗P_μ(M) = ⨁ μ∈W ∘λ∩K^+_{reg} D_λ ^⊗P_μ(M) .

Here the last equality follows from Corollary 4.5.6. Then Corollary 4.5.5 implies that, for any finite admissible subset Φ, D_λ ^⊗P_μ(M)|_{XΦ} = 0 except finitely many μ ∈ W ∘ λ ∩ K^+_{reg}. Hence D_λ ^⊗ • is a right exact functor from ~O to H (λ). The composition of functors O {K_{reg} } −→ ~O^{Dλ ^⊗}−−→ H (λ) coincides with the restriction of the original functor D_λ ^⊗ • by Theorem 2.5.9. Moreover we have the following property analogous to (4.5.2).

Proposition 4.5.7 For λ ∈ K^+_{reg}, the functor D_λ ^⊗ • : ~O → H (λ) is a left adjoint functor of Γ̃ : H (λ) → ~O . Namely we have an isomorphism functorial in M ∈ H (λ) and M ∈ ~O : Hom_{H(λ)} (D_λ ^⊗M, M) ∼= Hom~_O(M, Γ̃(M)) .

In particular we have a morphism functorial in M ∈ H (λ) D_λ ^⊗Γ̃(M) → M . Proposition 4.5.8 Let λ ∈ K^+_{reg}, and Φ a finite admissible subset of W . For M ∈ Ob( ~O ) we have D_λ ^⊗M|_{XΦ} = 0 if and only if M ∈ Ob( ~O {(K_{reg} \ (Φ ∘ λ)}). Proof. We may assume M ∈ Ob(O ). Then it is an immediate consequence of Proposition 4.5.3. Q.E.D. Theorem 4.5.9 For any λ ∈ K^+_{reg} and w ∈ W , there is a canonical isomorphism D_λ ^⊗M(w ∘ λ) −→∼ M_w(λ). Proof. We have dim Hom_g(M(w ∘ λ), M^∗(y ∘ λ)) = 1 or 0 according to whether w = y or w ≠ y. Hence by Proposition 4.5.3 we have Supp(D_λ ^⊗M(w ∘ λ)) = X_w, and D_λ ^⊗M(w ∘ λ)|_{Uw} ≃ B_w(λ)|_{Uw} ≃ M_w(λ)|_{Uw} . By (4.2.2) the isomorphism M_w(λ)|_{Uw} ≃ D_λ ^⊗M(w ∘ λ)|_{Uw} is uniquely extended to a homomorphism φ : M_w(λ) → D_λ ^⊗M(w ∘ λ).

On the other hand, by Proposition 4.4.8 we have a unique non-zero homomorphism M(w ∘ λ) → Γ̃(M_w(λ)). Let ψ : D_λ ^⊗M(w ∘ λ) → M_w(λ) be the corresponding homomorphism. By the same proposition, the composition D_λ ^⊗M(w ∘ λ) → M_w(λ) → B_w(λ) is non-zero. Hence φ|_{Uw} and ψ|_{Uw} are inverse to each other up to a non-zero constant multiple. In particular ψ ∘ φ|_{Uw} is the identity endomorphism of M_w(λ)|_{Uw} . Thus ψ ∘ φ = id by (4.2.2).

It remains to show that φ is an epimorphism. Note that Supp(Coker(φ)) ⊂ X_w \ X_w. Assume that Coker(φ) ≠ 0. By Lemma 4.2.1, there exists some y ∈ W such that y > w and that Hom_{Dλ} (Coker(φ), B_y(λ)) ≠ 0. Since Coker(φ) is a quotient of D_λ ^⊗M(w ∘ λ), we obtain

Hom_g(M(w ∘ λ), M^∗(y ∘ λ)) ≃ Hom_{Dλ} (D_λ ^⊗M(w ∘ λ), B_y(λ)) ≠ 0.

This implies w = y, which contradicts y > w. Thus Coker(φ) = 0 and hence φ is an epimorphism. Q.E.D.

For λ ∈ K^+_{reg}, a canonical morphism D_λ ^⊗M^∗(w ∘ λ) → B_w(λ) is defined by Proposition 4.3.3 and (4.2.3).

Lemma 4.5.10 For any λ ∈ K^+_{reg} and w ∈ W , the canonical morphism D_λ ^⊗M^∗(w∘λ) → B_w(λ) is surjective.

Proof. By Proposition 4.3.3, we have Γ(X; B_w(λ)) ∼= M^∗(w ∘ λ). Since the open embedding i : U_w → X is an affine morphism and B_w(λ) is a quasi-coherent O_X -module, the natural homomorphism O_X ⊗ M^∗(w ∘ λ) ∼= O_X ⊗ Γ(U_w; B_w(λ)) → i_∗i^{−1}B_w(λ) ∼= B_w(λ) is surjective. Hence the assertion follows from the fact that O_X ⊗ M^∗(w ∘ λ) → B_w(λ) decomposes into O_X ⊗ M^∗(w ∘ λ) → D_λ ^⊗M^∗(w ∘ λ) → B_w(λ). Q.E.D.

4.6 Radon transforms

For i ∈ I, μ ∈ h^∗ and n ∈ Z, we shall construct functors S^n_{i ∗} : H (μ) → H (s_i ∘ μ), S^n_{i !} : H (μ) → H (s_i ∘ μ), (4.6.1)

called the Radon transforms, and investigate their properties. We use results in [18] without giving proofs.

Fix i ∈ I. Let P^− be the algebraic group containing B^− with Lie algebra b^− ⊕ g_{αi} . We have a natural free right action of P^− on G (see [13]). Set Y = G/P^−, and let π : X → Y be the projection. Then Y is a separated pro-smooth scheme, and π is a P^1-bundle. Set

Z = X ×_Y X, Z_0 = Z \ Δ(X),

where Δ : X → Z denotes the diagonal embedding. Let p_r : Z_0 → X (r = 1, 2) be the first and the second projections.

For a holonomic D_μ-module M we set

S^n_{i ∗}M = H^n( ∫ p_1

p^•_2M), S^n_{i !}M = H^n( ∫ p_1! p^•_2M). (4.6.2)

Since Ω_π = O_X (−α_i), we have p^♯_1D_{si∘μ} = p^♯_2D_μ (see Lemma 1.3.3 of [18]), and hence S^n_{i ∗} and S^n_{i !} are well-defined.

By Lemma 1.4.3 and Theorem 1.5.1 of [18], we have the following proposition.

Proposition 4.6.1 Let μ ∈ h^∗, and let i ∈ I and w ∈ W such that ws_i < w.

(i) S^0_{i ∗}B_w(μ) = B_{wsi} (s_i ∘ μ) and S^n_{i ∗}B_w(μ) = 0 for n ≠ 0. (ii) S^0_{i !}M_w(μ) = M_{wsi} (s_i ∘ μ) and S^n_{i !}M_w(μ) = 0 for n ≠ 0. (iii) S^0_{i !}B_{wsi} (μ) = B_w(s_i ∘ μ) and S^n_{i !}B_{wsi} (μ) = 0 for n ≠ 0. (iv) S^0_{i ∗}M_{wsi} (μ) = M_w(s_i ∘ μ) and S^n_{i ∗}M_{wsi} (μ) = 0 for n ≠ 0.

Theorem 4.6.2 Let λ ∈ K_{reg}, w ∈ W, i ∈ I such that ws_i < w and ⟨h_i, λ + ρ⟩ /∈ Z_{>0}. Then we have

H̃^n(B_{wsi} (λ)) ≃ H̃^n(B_w(s_i ∘ λ)), H̃^n(M_w(λ)) ≃ H̃^n(M_{wsi} (s_i ∘ λ)) for any n ∈ Z.

Proof. Take a finite admissible subset Φ of W such that Φs_i = Φ. By Proposition 4.6.1, Corollary 1.6.2 of [18], and by ⟨h_i, λ + ρ⟩ /∈ Z_{>0} we have

H^n(X_Φ; B_{wsi} (λ)) ≃ H^n(X_Φ; B_w(s_i ∘ λ)), H^n(X_Φ; M_w(λ)) ≃ H^n(X_Φ; M_{wsi} (s_i ∘ λ)) for any n ∈ Z. Hence the desired results follow by taking the projective limit with respect to Φ. Q.E.D. Corollary 4.6.3 Let λ ∈ K^+_{reg}, z ∈ W . Assume that z ∘ λ ∈ K^+_{reg}. Then we have H̃^n(B_w(λ)) ≃ H̃^n(B_{wz−1} (z ∘ λ)), H̃^n(M_w(λ)) ≃ H̃^n(M_{wz−1} (z ∘ λ)) for any w ∈ W and n ∈ Z.

Proof. Take a reduced expression z = s_{i1} s_{i2} · · · s_{ip} of z ∈ W . It is sufficient to show H̃^n(B_{wsip ···sij+1} (s_{ij+1} · · · s_{ip} ∘ λ)) ≃ H̃^n(B_{wsip ···sij} (s_{ij} · · · s_{ip} ∘ λ)) H̃^n(M_{wsip ···sij+1} (s_{ij+1} · · · s_{ip} ∘ λ)) ≃ H̃^n(M_{wsip ···sij} (s_{ij} · · · s_{ip} ∘ λ)) for any j. By Theorem 4.6.2 we have only to show (s_{ij+1} · · · s_{ip} ∘ λ + ρ, α^∨_{ij} ) /∈ Z_{>0} ∪ Z_{<0}. Since λ ∈ K^+_{reg} and s_{ip} · · · s_{ij+1} (α_{ij} ) ∈ Δ^+_{re}, we have (s_{ij+1} · · · s_{ip} ∘ λ + ρ, α^∨_{ij} ) = (λ + ρ, s_{ip} · · · s_{ij+1} (α^∨_{ij} )) /∈ Z_{<0}. On the other hand, since z ∘ λ ∈ K^+_{reg} and s_{i1} · · · s_{ij−1} (α_{ij} ) ∈ Δ^+_{re}, we have (s_{ij+1} · · · s_{ip} ∘ λ + ρ, α^∨_{ij} ) = −(z ∘ λ + ρ, s_{i1} · · · s_{ij−1} (α^∨_{ij} )) /∈ Z_{>0}. The proof is completed. Q.E.D.

4.7 Global sections of M_w(λ)

For λ ∈ K^+_{reg} and w ∈ W , we denote by

φ^λ_w : M(w ∘ λ) → Γ̃(M_w(λ))

(4.7.1)

a non-zero morphism in ~O (see Proposition 4.4.8). Note that φ^λ_w is unique up to a non-zero constant multiple. The aim of this section is to prove that it is a monomorphism.

Let i ∈ I. Let π : X → Y be the P^1-bundle as in §4.6. Assume that w ∈ W satisfy ws_i > w. Set Y_w = π(X_w). Then Y_w is an affine scheme. X_{iw} = π^{−1}(Y_w) = X_w ⊔ X_{wsi} and X_{wsi} → Y_w is an isomorphism. Hence X_{wsi} is a closed hypersurface of X_{iw}. Let j : X_{iw} → X be the inclusion. Let λ be an element of h^∗ satisfying (λ + ρ, α^∨_i ) ∈ Z. Then there exists an N^+-equivariant line bundle L on X_{iw} such that j^♯D_λ ≃ D_{Xiw} (L). Let j_0 : X_w → X_{iw} be the open embedding and i_0 : X_{wsi} → X_{iw} the closed embedding. We have the exact sequences of holonomic D_{Xiw} -modules 0 → ∫ j_0 ! OXws_i → ∫ i_0 ! OXw → OXiw → 0, 0 → O_{Xiw} → ∫ i_0 OXw → ∫ i_0 OXws_i → 0. Since j is an affine morphism, H^0 ∫ j ! and H^0 ∫ j are exact functors. Tensoring L to the exact sequences above, and applying the exact functors H^0 ∫ j ! and H^0 ∫ j , we obtain exact sequences in H (λ) 0 −→ M_{wsi} (λ)^ι−→ M_w(λ) −→ L −→ 0 , 0 −→ L^′ −→ B_w(λ) −→ B_{wsi} (λ) −→ 0 . (4.7.2)

where L = H^0 ∫ j ! L and L = H^0 ∫ j L. We have L|_U ≃ L^′|_U for any open set containing X_{iw} as a closed subset.

Lemma 4.7.1 Assume that λ ∈ K^+_{reg}, i ∈ I and w ∈ W satisfy ws_i > w and α_i ∈ Δ(λ). Let ι_∗ : Γ̃(M_{wsi} (λ)) → Γ̃(M_w(λ)) be the monomorphism in ~O induced by the monomorphism ι : M_{wsi} (λ) → M_w(λ) in (4.7.2). Let j : M(ws_i ∘ λ) → M(w ∘ λ) be the injective homomorphism of g-modules (see Proposition 2.5.5). Then the following diagram in ~O is commutative up to a non-zero constant multiple. M(ws_i ∘ λ)^φ λ wsi −−−→ Γ̃(M_{wsi} (λ)) j ι∗ M(w ∘ λ)^{φλw}−−−→ Γ̃(M_w(λ)) . Proof. It is sufficient to show the following two statements.

dim Hom~_O (M(ws_i ∘ λ), Γ̃(M_w(λ))) = 1.

(4.7.3) φ^λ_w ∘ j ≠ 0. (4.7.4)

We first show (4.7.3). The first exact sequence in (4.7.2) 0 → M_{wsi} (λ) → M_w(λ) → L → 0 induces an exact sequence

0 → Hom~_O (M(ws_i ∘ λ), Γ̃(M_{wsi} (λ))) → Hom~_O (M(ws_i ∘ λ), Γ̃(M_w(λ)))

(4.7.5) → Hom~_O(M(ws_i ∘ λ), Γ̃(L)). Since dim Hom~_O (M(ws_i ∘λ), Γ̃(M_{wsi} (λ))) = 1 by Proposition 4.4.8, it is sufficient to show Hom~_O(M(ws_i ∘ λ), Γ̃(L)) = 0. Since M_{wsi} (λ) ∼= D_λ ^⊗M(ws_i ∘ λ) by Theorem 4.5.9, we reduce this to Hom(M_{wsi} (λ), L) = 0. Set Φ = {x ∈ W ; x ≤ ws_i} and Ψ = Φ \ {ws_i}. They are finite admissible subsets of W , and X_Φ ∩ X_w = X_{iw} = X_w ⊔ X_{wsi} . Then (4.7.2) induces an exact sequence: 0 → L|_{XΦ} → B_w(λ)|_{XΦ} → B_{wsi} (λ)|_{XΦ} → 0. Since M_{wsi} (λ)|_{XΨ} = 0, we have by (4.2.2) and (4.2.3) Hom(M_{wsi} (λ), L) ≃ Hom(M_{wsi} (λ)|_{XΦ} , L|_{XΦ} ) ⊂ Hom(M_{wsi} (λ)|_{XΦ} , B_w(λ)|_{XΦ} ) ≃ Hom(M_{wsi} (λ)|_{XΨ} , B_w(λ)|_{XΨ} ) = 0.

Thus the proof of (4.7.3) is completed.

Let us prove (4.7.4). Consider the chain of morphisms ψ : M(w ∘ λ) → Γ̃(M_w(λ)) −→∼ Γ̃(M_{wsi} (s_i ∘ λ)) → Γ̃(B_{wsi} (s_i ∘ λ)). Here the middle isomorphism follows from Theorem 4.6.2, because (s_i ∘ λ + ρ, α^∨_i ) = −(λ + ρ, α^∨_i ) ∉ Z_{>0}. In order to prove (4.7.4), it is sufficient to show that the composition of M(ws_i ∘ λ)^j−−−→M(w ∘ λ)^ψ−−−→Γ̃(B_{wsi} (s_i ∘ λ)) is non-zero. Assuming that ψ is a non-zero homomorphism for a while, we shall finish the proof. Since ch(Γ̃(B_{wsi} (s_i ∘ λ))) = ch(M(w ∘ λ)), we have [Ker(ψ) : L(ζ)] = [Coker(ψ) : L(ζ)] for any ζ. Assume that ψ ∘j = 0. Then Ker(ψ) contains M(ws_i ∘λ) as a submodule. Hence we have [Coker(ψ) : L(ws_i ∘ λ)] = [Ker(ψ) : L(ws_i ∘ λ)] > 0, Since Coker(ψ)_{w∘λ} = 0, [Coker(ψ) : L(ζ)] ≠ 0 only if ζ = y ∘ λ for some y ∈ W such that y > w. If [M(ζ) : L(ws_i ∘ λ)] ≠ 0 and [Coker(ψ) : L(ζ)] ≠ 0, then we have ζ = y ∘ λ with ws_i ≥ y > w (by Corollary 2.5.6), and hence ζ = ws_i ∘ λ. Hence Lemma 2.3.2 implies dim Hom_g(M(ws_i ∘ λ), Coker(ψ)^∗) > 0.

Thus we obtain

dim Hom_g(M(ws_i ∘ λ), Γ̃(B_{wsi} (s_i ∘ λ))^∗) ≥ dim Hom_g(M(ws_i ∘ λ), Coker(ψ)^∗) > 0.

Applying Corollary 4.3.2 (iii), we have ws_i ∘ λ ∈ w ∘ λ − ∑ α∈Δ^+∩ws_iΔ^+ Z_{≥0}α, and hence (λ + ρ, α^∨_i )α_i = w^{−1}(w ∘ λ − ws_i ∘ λ) ∈ w^{−1} ∑ α∈Δ^+∩ws_iΔ^+

Z_{≥0}α = ∑ α∈w^{−1}Δ^+∩s_iΔ^+ Z_{≥0}α ⊂ ∑ α∈Δ^+\{α_i } Z_{≥0}α. This is a contradiction. Hence ψ ∘ j ≠ 0.

It remains to prove that ψ does not vanish. In order to see this, it is sufficient to show the injectivity of the homomorphism

Hom~_O (M(w ∘ λ), Γ̃(M_{wsi} (s_i ∘ λ))) → Hom~_O (M(w ∘ λ), Γ̃(B_{wsi} (s_i ∘ λ))) . Let N be the kernel of the morphism M_{wsi} (s_i ∘ λ) → B_{wsi} (s_i ∘ λ). By the exact sequence 0 → Hom~_O(M(w ∘ λ), Γ̃(N )) → Hom~_O (M(w ∘ λ), Γ̃(M_{wsi} (s_i ∘ λ))) → Hom~_O(M(w ∘ λ), Γ̃(B_{wsi} (s_i ∘ λ))), we can reduce the assertion to [Γ̃(N ) : L(w ∘ λ)] = 0. Assume the contrary. Then by Proposition 4.4.5 (iii), there exists some x ∈ W such that [M(xs_i ∘ λ) : L(w ∘ λ)] ≠ 0 and

(4.7.6) X_x ⊂ SuppN ⊂ X_{wsi} \ X_{wsi} . (4.7.7) Then (4.7.6) implies xs_i ≤ w by Corollary 2.5.6, and (4.7.7) implies ws_i < x. Hence we obtain xs_i ≤ w < ws_i < x, which implies l(xs_i) ≤ l(w) < l(ws_i) < l(x) ≤ l(xs_i) + 1. This is a contradiction. Hence we have proved the non-vanishing of ψ. Q.E.D.

Now we are ready to prove the following result. Proposition 4.7.2 Let λ ∈ K^+_{reg}, w ∈ W . Then the morphism φ^λ_w : M(w ∘ λ) → Γ̃(M_w(λ)) is a monomorphism.

Proof. Take x ∈ W (w ∘ λ) such that λ^′ = x^{−1}w ∘ λ ∈ K^+_{reg}. Then w ∘ λ = x ∘ λ^′ and x ∈ W (λ^′). By Corollary 4.6.3 we have Γ̃(M_w(λ)) ≃ Γ̃(M_x(λ^′)). The composition of M(w ∘ λ) = M(x ∘ λ^′)^{φλ} ′ x−−−→Γ̃(M_x(λ^′)) ≃ Γ̃(M_w(λ)) coincides with φ^λ_w up to a non-zero scalar multiple by Proposition 4.4.8. Hence we may assume from the beginning that w ∈ W (λ).

For y, x ∈ W (λ) such that y ≥_λ x, we denote by f^y_x : M(y ∘ λ) → M(x ∘ λ) a non-zero homomorphism of g-modules.

Assume that for any w ∈ W (λ) there exists a monomorphism

F_w : Γ̃(M_w(λ)) → Γ̃(M_e(λ))

in ~O such that the diagram M(w ∘ λ)^{φλw}−−−→ Γ̃(M_w(λ)) f^we Fw M(λ) −−−→_{φλe} Γ̃(M_e(λ)) (4.7.8)

is commutative. If Ker φ^λ_e ≠ 0, then there exists some w ∈ W such that Im f^w_e ⊂ Ker φ^λ_e . Since φ^λ_w ≠ 0, this contradicts the injectivity of F_w. Hence φ^λ_e is injective. Thus φ^λ_w is a monomorphism by the commutativity of (4.7.8).

Therefore it remains to show that for any w ∈ W (λ) there exists a monomorphism F_w : Γ̃(M_w(λ)) → Γ̃(M_e(λ)) in ~O such that the diagram (4.7.8) is commutative.

For w ∈ W (λ), take a reduced expression w = s_{β1} · · · s_{βr} (β_k ∈ Π(λ)). Set w_k = s_{β1} · · · s_{βk} . Then w_k = w_{k−1}s_{βk} , and w_{k−1}β_k ∈ Δ^+.

Then it is sufficient to show that for any k there exists a monomorphism

F_k : Γ̃(M_{wk} (λ)) → Γ̃(M_{wk−1} (λ))

in ~O such that the diagram M(w_k ∘ λ)^φ λ wk −−−→ Γ̃(M_{wk} (λ)) f^{wk}_{wk−1} F_k M(w_{k−1} ∘ λ) −−−→_{φλw} k−1 Γ̃(M_{wk−1} (λ))

(4.7.9)

is commutative (see Theorem 2.5.3). By Lemma 2.2.4 we can take x ∈ W such that λ^′ = x ∘ λ ∈ K^+_{reg}, x(β_k) = α_i ∈ Π. We have α_i ∈ Δ(λ^′). Set y = w_{k−1}x^{−1}. Then yα_i = w_{k−1}β_k ∈ Δ^+ and hence ys_i > y. We have w_{k−1} ∘ λ = y ∘ λ^′, w_k ∘ λ = ys_i ∘ λ^′, and hence M(w_{k−1} ∘ λ) = M(y ∘ λ^′), M(w_k ∘ λ) = M(ys_i ∘ λ^′). Moreover, by Corollary 4.6.3, we have Γ̃(M_{wk−1} (λ)) = Γ̃(M_y(λ^′)), Γ̃(M_{wk} (λ)) = Γ̃(M_{ysi} (λ^′)). Hence the desired result follows from Lemma 4.7.1. Q.E.D.

4.8 Correspondence of g-modules and D-modules

We shall prove the following theorem on a partial correspondence between H (λ) and ~O (λ). This theorem says in particular that the composition H (λ)^{Γ̃}−−→ ~O (λ)^{Dλ ^⊗}−−→ H (λ) is an equivalence of categories. Hence H (λ) is equivalent to a full subcategory of ~O (λ). Moreover, M_w(λ), B_w(λ) and L_w(λ) in the category H (λ) correspond to M(w∘λ), M^∗(w∘ λ) and L(w ∘ λ) in ~O (λ), respectively.

Theorem 4.8.1 Let λ ∈ K^+_{reg}.

(i) H̃^n(M) = 0 for any M ∈ Ob(H (λ)) and n ≠ 0.

(ii) Γ̃(B_w(λ)) ≃ M^∗(w ∘ λ) and Γ̃(M_w(λ)) ≃ M(w ∘ λ) for any w ∈ W .

(iii) Γ̃(L_w(λ)) ≃ L(w ∘ λ) for any w ∈ W .

(iv) D_λ ^⊗Γ̃(M) −→∼ M for any M ∈ Ob(H (λ)).

Proof. Note that the first statement in (ii) is already proved (Proposition 4.4.7). We first show (i), (ii) and (iv). It is sufficient to show the following statements (a), (b) and (c) for any finite admissible subset Φ of W .

(a) For M ∈ Ob(H (λ)), we have H̃^n(M) ∈ Ob( ~O {(W \ Φ) ∘ λ}) for any n ≠ 0.

(b) For w ∈ Φ, the cokernel of the monomorphism φ^λ_w : M(w ∘ λ) → Γ̃(M_w(λ)) belongs to ~O {(W \ Φ) ∘ λ}. (c) For M ∈ Ob(H (λ)) and a morphism φ : M → Γ̃(M) in ~O , assume that Ker(φ) and Coker(φ) belong to ~O {(W \ Φ) ∘ λ}. Then the canonical homomorphism D_λ ^⊗M|_{XΦ} → M|_{XΦ} is an isomorphism.

Fixing Φ, we shall show the following statements (a)_Ψ, (b)_Ψ, (c)_Ψ for a finite admissible subset Ψ of W such that Ψ ⊂ Φ by induction on ♯(Φ \ Ψ). Note that (a)=(a)_∅, (b)=(b)_∅ and (c)=(c)_∅.

(a)_Ψ Let M ∈ Ob(H (λ)) such that Supp(M) ∩ X_Ψ = ∅. Then we have H̃^n(M) ∈ Ob( ~O {(W \ Φ) ∘ λ}) for any n > 0.

(b)_Ψ For w ∈ Φ \ Ψ, the cokernel of the monomorphism φ^λ_w : M(w ∘ λ) → Γ̃(M_w(λ)) belongs to ~O {(W \ Φ) ∘ λ}.

(c)_Ψ Let M ∈ Ob(H (λ)) such that Supp(M) ∩ X_Ψ = ∅. Assume that a morphism φ : M → Γ̃(M) in ~O satisfies Ker(φ), Coker(φ) ∈ Ob( ~O {(W \ Φ) ∘ λ}). Then the canonical homomorphism D_λ ^⊗M|_{XΦ} → M|_{XΦ} is an isomorphism.

In the case Φ = Ψ, (a)_Φ follows from Proposition 4.4.5 (iv), (b)_Φ is trivial, and (c)_Φ is a consequence of Proposition 4.4.5 (iv) and Proposition 4.5.8.

Assume ♯(Φ\Ψ) > 0. Take a minimal element y of the set Φ\Ψ, and set Ψ^′ = Ψ∪{y}. Then Ψ^′ is a finite admissible subset of W satisfying Ψ ⊂ Ψ^′ ⊂ Φ and ♯(Φ \ Ψ^′) = ♯(Φ \ Ψ) − 1. Hence we may assume the statements (a)_Ψ′ , (b)_Ψ′ , (c)_Ψ′ by the hypothesis of induction.

Set L = B_y(λ)/L_y(λ). Since Supp(L) ∩ X_Ψ′ = ∅, (a)_Ψ′ implies H̃^n(L) ∈ Ob( ~O {(W \ Φ) ∘ λ}) for n ≠ 0. By considering the long exact sequence associated to the short exact sequence 0 → L_y(λ) → B_y(λ) → L → 0 , we obtain H̃^n(L_y(λ)) ∈ Ob( ~O {(W \ Φ) ∘ λ}) for any n ≥ 2 and an exact sequence

Γ̃(B_y(λ)) → Γ̃(L) → H̃^1(L_y(λ)) → 0. (4.8.1)

Consider the following natural commutative diagram. D_λ ^⊗Γ̃(B_y(λ))|_{XΦ}^{f1}−−−→ D_λ ^⊗Γ̃(L)|_{XΦ} h1 h2 B_y(λ)|_{XΦ}^{f2}−−−→ L|_{XΦ} . Then h_2 is an isomorphism by (c)_Ψ′ , h_1 is surjective by Lemma 4.5.10, and f_2 is obviously surjective. Thus D_λ ^⊗Γ̃(B_y(λ))|_{XΦ} → D_λ ^⊗Γ̃(L)|_{XΦ} is surjective. Hence we have D_λ ^⊗H̃^1(L_y(λ))|_{XΦ} = 0 by (4.8.1). Then we obtain H̃^1(L_y(λ)) ∈ Ob( ~O {(W \ Φ) ∘ λ}) by Proposition 4.5.8. We have thus proved that H̃^n(L_y(λ)) ∈ Ob( ~O {(W \ Φ) ∘ λ}) for n > 0.

Set L^′ = Ker(M_y(λ) → L_y(λ)). Since Supp(L^′) ∩ X_Ψ′ = ∅, (a)_Ψ′ implies H̃^n(L^′) ∈ Ob( ~O {(W \ Φ) ∘ λ}) for any n > 0. By considering the long exact sequence associated to the short exact sequence

0 → L^′ → M_y(λ) → L_y(λ) → 0 ,

we obtain H̃^n(M_y(λ)) ∈ Ob( ~O {(W \ Φ) ∘ λ}) for any n > 0.

(4.8.2)

Let us show (a)_Ψ. By Lemma 4.2.1 there exists a morphism f : M_y(λ)^{⊕r} → M whose restriction M_y(λ)^{⊕r}|_{XΨ′} −→∼ M|_{XΨ′} is an isomorphism. Setting N = Im(f), N_1 = Ker(f) and N_2 = Coker(f), we obtain exact sequences

0 → N_1 → M_y(λ)^{⊕r} → N → 0, 0 → N → M → N_2 → 0. Note that Supp(N_i) ∩ X_Ψ′ = ∅ for i = 1, 2. Let n > 0. By (a)_Ψ′ and (4.8.2), the objects H̃ n+1(N_1), H̃ n(N_2) and H̃ n(M_y(λ)) belong to ~O {(W \Φ)∘λ}. Hence H̃ n(M) also belongs to ~O {(W \ Φ) ∘ λ} by the exact sequences H̃ n(M_y(λ))⊕r → H̃ n(N ) → H̃ n+1(N_1), H̃ n(N ) → H̃ n(M) → H̃ n(N_2). The statement (a)_Ψ is proved.

We next show (b)_Ψ. By (b)_Ψ′ we have only to deal with the case w = y. By Lemma 4.2.2 we have, for any μ ∈ K_{reg}, ∑ n (−1)^n ch(P_μH̃^n(M_y(λ))) = ∑ n (−1)^n ch(P_μH̃^n(B_y(λ))) = ch(P_μΓ̃(B_y(λ)))

= ch (P_μ(M(y ∘ λ))) .

Since H̃^n(M_y(λ)) belongs to ~O {(W \ Φ) ∘ λ} for any n > 0 by (a)_Ψ, we see that ch(P_μ(Coker φ^λ_y )) = ch(P_μΓ̃(M_y(λ))) − ch(P_μ(M(y ∘ λ))) is in ∑ x∈W \Φ Z ch(L(x ∘ λ)). The statement (b)_Ψ is proved.

Let us show (c)_Ψ. Take r, f, N , N_1, N_2 for M as in the proof of (a)_Ψ. Set N = φ^{−1}(Im(Γ̃(N ) → Γ̃(M))) and N_2 = M/N. Then we obtain the following commutative diagrams whose rows are exact. 0 0 → N −−−→ M −−−→ N_2 −−−→ 0 ψ φ φ_′ 0 → Γ̃(N ) −−−→ Γ̃(M)^h−−−→ Γ̃(N_2) −−−→ H̃^1(N )

D_λ ^⊗N −−−→ D_λ ^⊗M −−−→ D_λ ^⊗N_2 → 0 0 → N −−−→ M −−−→ N_2 → 0. By the definition of N_2, φ^′ is a monomorphism. By (a)_Ψ, we have H̃^1(N ) ∈ Ob( ~O {(W \ Φ) ∘ λ}). Hence by the exact sequences

0 → Ker ψ → Ker φ → 0 → Coker ψ → Coker φ → Coker φ^′ → H̃^1(N ), and by the assumption on φ, we obtain Ker(ψ), Coker(ψ), Coker(φ^′) ∈ Ob( ~O {(W \ Φ) ∘ λ}).

(4.8.3) Since Supp(N_2)∩X_Ψ′ = ∅, the morphism D_λ ^⊗N_2|_{XΦ} → N_2|_{XΦ} is an isomorphism by (c)_Ψ′ and (4.8.3). Hence it is sufficient to show that D_λ ^⊗N|_{XΦ} → N |_{XΦ} is an isomorphism.

Set N_0 = ψ^{−1}(Im(Γ̃(M_y(λ)^{⊕r}) → Γ̃(N ))) and let ψ_0 : N_0 → Γ̃(N ) be the restriction of ψ. Since H̃^1(N_1) ∈ Ob( ~O {(W \ Φ) ∘ λ}) by (a)_Ψ′ , we have N/N_0, Ker ψ_0, Coker ψ_0 ∈ Ob( ~O {(W \ Φ) ∘ λ})

(4.8.4) by (4.8.3) and the exact sequences 0 → N/N_0 → H̃^1(N_1), 0 → Ker ψ_0 → Ker ψ, N/N_0 → Coker ψ_0 → Coker ψ → 0.

Proposition 4.5.8 implies D_λ ^⊗(N/N_0)|_{XΦ} = 0, and hence D_λ ^⊗N_0|_{XΦ} → D_λ ^⊗N|_{XΦ} is surjective. Since D_λ ^⊗N_0|_{XΦ} → N |_{XΦ} decomposes into D_λ ^⊗N_0|_{XΦ} → D_λ ^⊗N|_{XΦ} → N |_{XΦ} , it is sufficient to show that D_λ ^⊗N_0|_{XΦ} → N |_{XΦ} is an isomorphism.

Let R be the fiber product of Γ̃(M_y(λ)^{⊕r}) and N_0 over Γ̃(N ), and consider the following commutative diagrams whose rows are exact: 0 → Γ̃(N_1) −−−→ R −−−→ N_0 −−−→ 0 id ψ^′ ψ0 0 → Γ̃(N_1) −−−→ Γ̃(M_y(λ)^{⊕r})^k−−−→ Γ̃(N ) −−−→ H̃^1(N_1) ,

D_λ ^⊗Γ̃(N_1) −−−→ D_λ ^⊗R −−−→ D_λ ^⊗N_0 → 0 0 −−−→ N_1 −−−→ M_y(λ)^{⊕r} −−−→ N → 0 . By (c)_Ψ′ the morphism D_λ ^⊗Γ̃(N_1)|_{XΦ} → N_1|_{XΦ} is an isomorphism. Hence it is sufficient to show that the morphism D_λ ^⊗R|_{XΦ} → M_y(λ)^{⊕r}|_{XΦ} is an isomorphism.

Since Ker ψ^′ and Coker ψ^′ are isomorphic to subobjects of Ker ψ_0 and Coker ψ_0 respectively, we have

Ker(ψ^′), Coker(ψ^′) ∈ Ob( ~O {(W \ Φ) ∘ λ})

(4.8.5)

by (4.8.4). Thus we have reduced (c)_Ψ to the case M = M_y(λ)^{⊕r}.

The statement (b)_Ψ implies that φ^λ_y : M(y ∘ λ) → Γ̃(M_y(λ)) is a monomorphism such that Coker φ^λ_y ∈ Ob( ~O {(W \ Φ) ∘ λ}). Let R^′ be the Cartesian product of M(y ∘ λ)^{⊕r} and R over Γ̃(M_y(λ)^{⊕r}) : R^{′ η}−−→ R ψ^{′′} ψ^′ M(y ∘ λ)^{⊕r φ} λ y ⊕r −−→ Γ̃(M_y(λ)^{⊕r}). Then Coker η belongs to ~O {(W \ Φ) ∘ λ}, and hence D_λ ^⊗ Coker η|_{XΦ} = 0 by Proposition 4.5.8. Hence we obtain

D_λ ^⊗R^′|_{XΦ} → D_λ ^⊗R|_{XΦ} is surjective.

(4.8.6)

On the other hand, the cokernel of ψ^{′′} belongs to ~O {(W \ Φ) ∘ λ}, which implies that ψ^{′′} is surjective. Since the kernel of ψ^{′′} also belongs to ~O {(W \ Φ) ∘ λ}, D_λ ^⊗ Ker ψ^{′′}|_{XΦ} = 0. Hence we have D_λ ^⊗R^′|_{XΦ} −→∼ D_λ ^⊗M(y ∘ λ)^{⊕r}|_{XΦ} ∼= M_y(λ)^{⊕r}|_{XΦ} . Since the isomorphism D_λ ^⊗R^′|_{XΦ} −→∼ M_y(λ)^{⊕r}|_{XΦ} factors through D_λ ^⊗R|_{XΦ} , (4.8.6) implies that D_λ ^⊗R|_{XΦ} → M_y(λ)^{⊕r}|_{XΦ} is an isomorphism. The statement (c)_Ψ is proved.

The proof of (i), (ii) and (iv) is now completed.

Let us finally show (iii). By (i) the functor Γ̃ : H (λ) → ~O (λ) is exact. Hence the exact sequences M_w(λ) → L_w(λ) → 0, 0 → L_w(λ) → B_w(λ)

induce exact sequences

Γ̃(M_w(λ)) → Γ̃(L_w(λ)) → 0, 0 → Γ̃(L_w(λ)) → Γ̃(B_w(λ)) .

Since we have already seen Γ̃(M_w(λ)) ≃ M(w ∘ λ) and Γ̃(B_w(λ)) ≃ M^∗(w ∘ λ), we have only to show that the morphism Γ̃(M_w(λ)) → Γ̃(B_w(λ)) induced by the canonical morphism M_w(λ) → B_w(λ) is non-zero. This follows from (iv). The statement (iii) is proved. Q.E.D.

5 Twisted intersection cohomology groups

5.1 Combinatorics

We first recall a result of Lusztig [22]. Set h^∗_Q = Q ⊗_Z P, Γ = h^∗_Q/P, where P is as in §4.1. Note that the Weyl group W naturally acts on Γ. For λ ∈ Γ let M^λ be the free Z[q, q^{−1}]-module with basis {A^λ_w}_{w∈W} .

For i ∈ I we define θ_{i∗}, θ_{i!} ∈ Hom_{Z[q,q}−1_](M^λ, M^{siλ}) by the following.

θ_{i∗}(A^λ_w) = q^{−1}A^{siλ}_{wsi} if ⟨λ, h_i⟩ /∈ Z, ws_i > w, A^{siλ}_{wsi} if ⟨λ, h_i⟩ /∈ Z, ws_i < w, q^{−1}A^λ_{wsi} + (q^{−1} − 1)A^λ_w if ⟨λ, h_i⟩ ∈ Z, ws_i > w, A^λ_{wsi} if ⟨λ, h_i⟩ ∈ Z, ws_i < w,

θ_{i!}(A^λ_w) = A^{siλ}_{wsi} if ⟨λ, h_i⟩ /∈ Z, ws_i > w, qA^{siλ}_{wsi} if ⟨λ, h_i⟩ /∈ Z, ws_i < w, A^λ_{wsi} if ⟨λ, h_i⟩ ∈ Z, ws_i > w, qA^λ_{wsi} + (q − 1)A^λ_w if ⟨λ, h_i⟩ ∈ Z, ws_i < w. Then θ_{i!} : M^λ → M^{siλ} and θ_{i∗} : M^{siλ} → M^λ are inverse to each other.

Lemma 5.1.1 (Lusztig [22]) (i) There exists a unique endomorphism m → m of the abelian group M^λ satisfying A^λ_e = A^λ_e , qm = q^{−1}m, θ_{i∗}(m) = θ_{i!}(m) for any m ∈ M^λ.

(ii) We have m = m for any m ∈ M^λ, and A^λ_w ∈ q^{−ℓ(w)}A^λ_w + ∑ y<w Z[q, q^{−1}]A^λ_y for any w ∈ W .

Proposition 5.1.2 (Lusztig [22]) (i) For w ∈ W and λ ∈ Γ there exists a unique C^λ_w ∈ M^λ satisfying C^λ_w ∈ A^λ_w + ∑ y<w ( q^{(ℓ(w)−ℓ(y)−1)/2}Z[q^{−1/2}] ∩ Z[q, q^{−1}] ) A^λ_y , (5.1.1) C^λ_w = q^{−ℓ(w)}C^λ_w. (5.1.2)

(ii) If w is the element of wW (λ) with minimal length, then for any x ∈ W (λ) we have C^λ_{wx} = ∑ y∈W (λ),y≤_λx (−1)^{ℓλ(x)−ℓλ(y)}q^{c(y,x)}P^λ_{y,x}(q)A^λ_{wy}, where c(y, x) = ( (ℓ(x) − ℓ(y)) − (ℓ_λ(x) − ℓ_λ(y)) ) /2, and P^λ_{y,x}(q) ∈ Z[q] denotes the Kazhdan-Lusztig polynomial for the Coxeter group W (λ) (Kazhdan-Lusztig [19]).

We define κ ∈ Hom_{Z[q,q}−1_](M^λ, M^{−λ}) by κ(A^λ_w) = A^{−λ}_w .

Lemma 5.1.3 (i) For any i ∈ I and λ ∈ Γ we have θ_{i∗} ∘ κ = κ ∘ θ_{i∗} and θ_{i!} ∘ κ = κ ∘ θ_{i!} on M^λ.

(ii) We have κ(m) = κ(m) for any m ∈ M^λ.

(iii) We have κ(C^λ_w) = C^{−λ}_w for any w ∈ W .

Proof. The statements (i) and (ii) follow from the definition of θ_{i∗}, θ_{i!} and¯.

Applying κ to (5.1.1) we have κ(C^λ_w) ∈ A^{−λ}_w + ∑ y<w (q^{(ℓ(w)−ℓ(y)−1)/2}Z[q^{−1/2}] ∩ Z[q, q^{−1}])A^{−λ}_y . By (ii) and (5.1.2) we have

κ(C^λ_w) = κ(C^λ_w) = κ(q^{−ℓ(w)}C^λ_w) = q^{−ℓ(w)}κ(C^λ_w).

Thus we obtain (iii) by Proposition 5.1.2. Q.E.D.

Lusztig [22] used Proposition 5.1.2 to compute the twisted intersection cohomology groups of the finite-dimensional Schubert varieties. In order to compute that of the finitecodimensional Schubert varieties, we need its dual version. Set N^λ = Hom_{Z[q,q}−1_](M^λ, Z[q, q^{−1}]),

and define B^λ_w ∈ N^λ for w ∈ W by ⟨B^λ_w, A^λ_y ⟩ = δ_{y,w}. Then any element of N^λ is uniquely written as a formal infinite sum ∑ w∈W a_wB^λ_w with a_w ∈ Z[q, q^{−1}]. For i ∈ I we define θ_{i∗}, θ_{i!} ∈ Hom_{Z[q,q}−1_](N^λ, N^{siλ}) by ⟨θ_{i∗}n, m⟩ = ⟨n, θ_{i∗}m⟩, ⟨θ_{i!}n, m⟩ = ⟨n, θ_{i!}m⟩ for n ∈ N^λ, m ∈ M^λ. By the definition we have the following.

θ_{i∗}(B^λ_w) = B^{siλ}_{wsi} if ⟨λ, h_i⟩ /∈ Z, ws_i > w, q^{−1}B^{siλ}_{wsi} if ⟨λ, h_i⟩ /∈ Z, ws_i < w, B^λ_{wsi} if ⟨λ, h_i⟩ ∈ Z, ws_i > w, q^{−1}B^λ_{wsi} + (q^{−1} − 1)B^λ_w if ⟨λ, h_i⟩ ∈ Z, ws_i < w,

θ_{i!}(B^λ_w) = qB^{siλ}_{wsi} if ⟨λ, h_i⟩ /∈ Z, ws_i > w, B^{siλ}_{wsi} if ⟨λ, h_i⟩ /∈ Z, ws_i < w, qB^λ_{wsi} + (q − 1)B^λ_w if ⟨λ, h_i⟩ ∈ Z, ws_i > w, B^λ_{wsi} if ⟨λ, h_i⟩ ∈ Z, ws_i < w. Let a → a be the endomorphism of the ring Z[q, q^{−1}] given by q = q^{−1}. We define an endomorphism n → n of the abelian group N^λ by ⟨n, m⟩ = ⟨n, m⟩ for n ∈ N^λ, m ∈ M^λ.

By Lemma 5.1.1 we have n = n for any n ∈ N^λ, and B^λ_w ∈ q^{ℓ(w)}B^λ_w + ∑ y>w Z[q, q^{−1}]B^λ_y for any w ∈ W . Define D^λ_w ∈ N^λ by ⟨D^λ_w, C^λ_y ⟩ = δ_{y,w}. By Proposition 5.1.2 we have the following.

Proposition 5.1.4 (i) For w ∈ W and λ ∈ Γ we have D^λ_w ∈ B^λ_w + ∑ y>w (q^{(ℓ(y)−ℓ(w)−1)/2}Z[q^{−1/2}] ∩ Z[q, q^{−1}])B^λ_y , (5.1.3) D^λ_w = q^{ℓ(w)}D^λ_w.

(5.1.4) (ii) If w is the element of wW (λ) with minimal length, then for any x ∈ W (λ) we have D^λ_{wx} = ∑ y∈W (λ),y≥_λx q^{c(x,y)}Q^λ_{x,y}(q)B^λ_{wy},

where c(x, y) = ( (ℓ(y) − ℓ(x)) − (ℓ_λ(y) − ℓ_λ(x)) ) /2 and Q^λ_{x,y}(q) ∈ Z[q] denotes the inverse Kazhdan-Lusztig polynomial for the Coxeter group W (λ) given by ∑ x≤_λy≤_λz (−1)^{ℓλ(y)−ℓλ(x)}Q^λ_{x,y}(q)P^λ_{y,z}(q) = δ_{x,z}. (5.1.5)

Define κ ∈ Hom_{Z[q,q}−1_](N^λ, N^{−λ}) by ⟨κ(n), m⟩ = ⟨n, κ(m)⟩ for n ∈ N^λ, m ∈ M^{−λ}. By Lemma 5.1.3 we obtain the following.

Lemma 5.1.5 (i) We have κ(B^λ_w) = B^{−λ}_w for any w ∈ W .

(ii) For any i ∈ I and λ ∈ Γ we have θ_{i∗} ∘ κ = κ ∘ θ_{i∗} and θ_{i!} ∘ κ = κ ∘ θ_{i!} on N^λ. (iii) We have κ(n) = κ(n) for any n ∈ N^λ. (iv) We have κ(D^λ_w) = D^{−λ}_w for any w ∈ W .

Let R be a ring containing Z[q, q^{−1}] as a subring. Assume that we are given an involutive automorphism r → r of the ring R and a family of Z-submodules {R_i}_{i∈Z} of R such that R = ⨁ i∈Z R_i, R_iR_j ⊂ R_{i+j} , 1 ∈ R_0, q ∈ R_2, q = q^{−1}, R_i = R_{−i}.

(5.1.6)

Define the endomorphism m → m of the abelian group R ⊗_{Z[q,q}−1_] M^λ by a ⊗ m = a ⊗ m for a ∈ R and m ∈ M^λ.

Set N^λ_R = Hom_R(R ⊗_{Z[q,q}−1_] M^λ, R). We can naturally regard N^λ as a Z[q, q^{−1}]-submodule of N^λ_R. Define an endomorphism n → n of the abelian group N^λ_R by ⟨n, m⟩ = ⟨n, m⟩ for n ∈ N^λ_R, m ∈ R ⊗_{Z[q,q}−1_] M^λ, and a homomorphism κ : N^λ_R → N^{−λ}_R of R-modules by ⟨κ(n), m⟩ = ⟨n, κ(m)⟩ for n ∈ N^λ_R, m ∈ R ⊗_{Z[q,q}−1_] M^λ. Then we have the following characterization of D^λ_w.

Proposition 5.1.6 Let w ∈ W and λ ∈ Γ. Assume that D^+ ∈ N^λ_R and D^− ∈ N^{−λ}_R satisfy the following properties: D^± ∈ B^{±λ}_w + ∑ y>w ( ⨁ i≤ℓ(y)−ℓ(w)−1 R_i)B^{±λ}_y , (5.1.7) κ(D^+) = q^{ℓ(w)}D^−.

(5.1.8) Then we have D^± = D^{±λ}_w .

Proof. Since (5.1.7) and (5.1.8) are satisfied for D^± = D^{±λ}_w , it is sufficient to show that there exist unique D^± ∈ N^λ_R satisfying (5.1.7) and (5.1.8).

By (5.1.7) we have

D^± = ∑ y≥w F^±_y B^{±λ}_y with F^±_w = 1 and F^±_y ∈ ⨁ i≤ℓ(y)−ℓ(w)−1 Ri for y > w. We have to show that F^±_y are uniquely determined by the condition (5.1.8). Write B^λ_y = ∑ z≥y G_{y,z}B^λ_z with G_{y,z} ∈ R, G_{y,y} = q^{ℓ(w)} . Then we have q^{−ℓ(w)}κ(D^+) = q^{−ℓ(w)} ∑ y≥w F^+_y ( ∑ z≥y G_{y,z}B^{−λ}_z ) = ∑ z≥w ( ∑ z≥y≥w q^{−ℓ(w)}F^+_y G_{y,z})B^{−λ}_z , and hence ∑ z≥y≥w q^{−ℓ(w)}F^+_y G_{y,z} = F^−_z for any z ≥ w. Thus F^−_z − q^{−ℓ(w)+ℓ(z)}F^+_z = ∑ z>y≥w q^{−ℓ(w)}F^+_y G_{y,z} for any z > w. By the assumption we have F^−_z ∈ ⨁ i≤ℓ(z)−ℓ(w)−1 R_i, q^{−ℓ(w)+ℓ(z)}F^+_z ∈ ⨁ i≥ℓ(z)−ℓ(w)+1 R_i. Therefore F^±_z are uniquely determined inductively. Q.E.D.

5.2 Character formula

For λ ∈ h^∗ and a finite addmissible subset of W , let K(H_Φ (λ)) be the Grothendieck group of the category H_Φ (λ). It is a module with { [M_w(λ)] } w∈Φ as a basis. Let K(H (λ)) be the projective limit of K(H_Φ (λ)), where Φ ranges over the set of finite admissible subsets of W . Then {[M_w(λ)]}_{w∈W} as well as {[L_w(λ)]}_{w∈W} is a formal basis of K(H (λ)).

The aim of this section is to prove the following result.

Theorem 5.2.1 Let λ ∈ h^∗_Q, and let w ∈ W such that ℓ(z) > ℓ(w) for any z ∈ wW (λ) \ {w}. Then for any x ∈ W (λ) we have

[L_{wx}(λ)] = ∑ y≥_λx (−1)^{l(y)−l(x)}Q^λ_{x,y}(1)[M_{wy}(λ)], (5.2.1)

[M_{wx}(λ)] = ∑ y≥_λx P^λ_{x,y}(1)[L_{wy}(λ)]. (5.2.2)

The proof of this theorem will be given in the next subsection. The corresponding result for finite-dimensional Schubert varieties was proved by Lusztig (see [21], [22]).

Note that (5.2.1) and (5.2.2) are equivalent by (5.1.5).

By Theorem 4.8.1, Proposition 4.4.5 and Theorem 5.2.1, we obtain the following main result of this paper.

Theorem 5.2.2 Assume that λ ∈ h^∗ satisfies the following conditions.

2(α, λ + ρ) ≠ (α, α) for any positive imaginary root α.

(5.2.3) (α^∨, λ + ρ) /∈ Z_{≤0} for any positive real root α.

(5.2.4) If w ∈ W satisfies w ∘ λ = λ, then w = 1.

(5.2.5) (α^∨, λ) ∈ Q for any real root α.

(5.2.6)

Then for any w ∈ W (λ) we have

ch(M(w ∘ λ)) = ∑ y≥_λw P^λ_{w,y}(1) ch(L(y ∘ λ)), (5.2.7)

ch(L(w ∘ λ)) = ∑ y≥_λw (−1)^{ℓλ(y)−ℓλ(w)}Q^λ_{w,y}(1) ch(M(y ∘ λ)). (5.2.8)

As a special case, we obtain the following result.

Theorem 5.2.3 Assume that g is finite-dimensional or affine and λ ∈ h^∗ satisfies

(β^∨, λ + ρ) ∈ Q \ Z_{≤0} for any β ∈ Δ^+_{re}.

(5.2.9) (δ, λ + ρ) ≠ 0 if g is affine. Here δ is an imaginary root.

(5.2.10)

Then (5.2.7) and (5.2.8) hold for any w ∈ W (λ).

In the affine case, the condition (5.2.5) on the triviality of the isotropy subgroup of λ follows from the following well-known lemma.

Lemma 5.2.4 The isotropy subgroup {w ∈ W ; w ∘ λ = λ} is generated by {s_β; β ∈ Δ^+_{re}, (β, λ + ρ) = 0} whenever g is affine and λ ∈ h^∗ satisfies (5.2.10).

In the affine case, we can derive the following result on the non-regular highest weight case from the regular highest weight case above by using the translation functors (we omit the proof).

Theorem 5.2.5 Let g be an affine Lie algebra, and assume that λ ∈ h^∗ satisfies

(δ, λ + ρ) ≠ 0,

(5.2.11) (α^∨, λ + ρ) ∈ Q \ Z_{<0} for any positive real root α.

(5.2.12)

Then W_0(λ) = {w ∈ W ; w ∘ λ = λ} is a finite group. Let w be an element of W (λ) which is the longest element of wW_0(λ). Then we have

ch(L(w ∘ λ)) = ∑ y≥_λw (−1)^{ℓλ(y)−ℓλ(w)}Q^λ_{w,y}(1) ch(M(y ∘ λ)). 5.3 Hodge modules on flag manifolds

Let R (resp. R_i for i ∈ Z) denote the Grothendick group of the category of mixed Hodge structures (resp. pure Hodge structures with weight i) over Q . Then we have R = ⨁ i∈ZR_i. Let Q^H (k) be the Hodge structure of Tate with weight −2k. Set q = [Q^H (−1)] ∈ R_2, and let r → r denote the endomorphism of the ring R induced by the duality operation on the mixed Hodge structures. Then the condition (5.1.6) is satisfied for the above R.

For a smooth C -scheme S, let MH(S) denote the category of mixed Hodge modules on S (see Saito[23]). Here we use the convention that the perversity is stabel under the smooth inverse image.

For a scheme S satisfying (S) with a smooth projective system {S_n}_{n∈N}, let us denote by MH(S) the inductive limit of MH(S_n). It is an abelian category and there is an exact functor MH(S) → M_h (D_S)

We call an object of MH(S) a mixed Hodge module over S.

For λ ∈ Γ = h^∗_Q/P we denote by T^H (λ) the Hodge module on H corresponding to T (λ) (see §3.3) of weight 0. By the assumption on λ, the monodromies of the corresponding local system are roots of unity, and hence it has a structure of variation of polarizable Hodge structure. Hence T^H (λ) is defined as a Hodge module on H of weight 0.

For a C -scheme S satisfying (S) with an action of H, we can define the twisted Hequivariance of mixed Hodge module on S as in §3.3 by the aid of T^H (λ). We denote by MH(S, λ) the category of twisted H-equivariant mixed Hodge modules on S with twist λ. It depends only on the image of λ in Γ = h^∗_Q/P .

Recall that X̃ = G/N^− and ξ : X̃ → X is the natural projection. Then B × H acts on X̃ by (b, h) ∘ (gN^−) = bgh^{−1}N^−. By the action of H on X̃, ξ : X̃ → X is a principal H-bundle. For a finite admissible subset Φ of W and λ ∈ Γ we denote by MH_Φ(λ) the category of twisted (N × H)-equivariant mixed Hodge modules with twist λ.

Set MH(λ) = lim_{←−} Φ MH_Φ(λ).

Since ξ^♯D_{X,λ} = D~_X and since ξ is a smooth morphism, we have an equivalence ξ^• from the category of holonomic D_λ-modules to the category of H-equivariant holonomic D~_X -modules with twist λ. Hence we have an exact functor MH(λ) → H (λ). (5.3.1)

For w ∈ W , set X̃_w = BwN^−/N^− = ξ^{−1}(X_w) and let ĩ : X̃_w → X̃ be the embedding. By the isomorphism of schemes H × N(Δ^+ ∩ wΔ^+) −→∼ X̃_w ((h, u) → uwh^{−1}N^−), we can define a morphism p_w : X̃_w → H by p_w(uwh^{−1}N^−) = h for u ∈ N(Δ^+ ∩ wΔ^+) and h ∈ H. We define a Hodge module F^H_w (λ) on X̃_w by F^H_w (λ) = p^∗_wT (λ). We denote by the same letter F^H_w (λ) the object ĩ_!F^H_w (λ) in the derived category of the category of mixed Hodge modules. Let us denote by^πF^H_w (λ)[−ℓ(w)] the minimal extension of F^H_w (λ)[−ℓ(w)]. Then F^H_w (λ)[−ℓ(w)] and^πF^H_w (λ)[−ℓ(w)] are objects of MH(λ). By the functor (5.3.1), F_w(λ)[−ℓ(w)] and^πF_w(λ)[−ℓ(w)] correspond to the objects M_w(λ) and L_w(λ) of H (λ).

For a finite admissible set Φ, X̃_Φ has the N × H-orbit decomposition X̃_Φ = ⨆ w∈Φ X̃_w. Hence the irreducible objects of MH_Φ(λ) is of the form H ⊗^πF^H_w (λ)[−ℓ(w)]|X̃_Φ for some w ∈ Φ and some irreducible Hodge structure H. We denote the Grothendieck group of MH_Φ(λ) by K(MH_Φ(λ)). This has a structure of R-module. We set

K(MH(λ)) = lim_{←−} Φ K(MH_Φ(λ)).

For F ∈ MH(λ) we denote by [F ] the element of K(MH(λ)) corresponding to F , and [ F [n] ] = (−1)^n[F ]. Any m ∈ K(MH(λ)) can be written uniquely as m = ∑ w∈W a_w[^πF^H_w (λ)] = ∑ w∈W b_w[F^H_w (λ)] (a_w, b_w ∈ R).

Define an isomorphism φ_λ : K(MH(λ)) −→∼ N^λ_R of R-modules by φ_λ([F^H_w (λ)]) = B^λ_w.

For i ∈ I we shall define S̃_{i∗}, S̃_{i!} ∈ Hom_R ( K(MH(λ)), K(MH(s_iλ)) ) . The definition is analogous to §4.6, and we use the notations in §4.6.

Set N^−_i = exp(n(Δ^− \ {−α_i})) ⊂ N^−, and Z̃_0 = G/N^−_i . The group B × H acts on Z̃_0 by (b, h) ∘ (gN^−_i ) = gh^{−1}N^−_i . Let p̃_i : Z̃_0 → X̃ (i = 1, 2) be the morphism defined by

p_1(gN^−_i ) = gN^− and p_2(gN^−_i ) = gs_iN^−.

We have the commutative diagram X̃^{p̃1}←−−− Z̃_0^{p̃2}−−−→ X̃ ξ ξ^′ ξ X^{p1}←−−− Z_0^{p2}−−−→ X. (5.3.2)

Then ξ^′ : Z̃_0 → Z is a principal H-bundle. The morphisms p̃_1 and p̃_2 are B-equivariant, and they satisfy the following relation with the action of H. p̃_1(hz) = hp̃_1(z) p̃_2(hz) = s_i(h)p̃_2(z) for h ∈ H and z ∈ Z̃_0.

(5.3.3)

Here s_i is the group automorphism of H corresponding to the simple reflection s_i ∈ Aut(h).

For F ∈ MH(X̃, λ) we set S̃_{i!}(F ) = Rp̃_{2 !}p̃_1^∗F, S̃_{i∗}(F ) = Rp̃_{2 ∗}p̃_1^!F.

(5.3.4) Then H^k(S̃_{i!}(F )) and H^k(S̃_{i!}(F )) are objects of MH(s_iλ) by (5.3.3).

We define S̃_{i∗}, S̃_{i!} ∈ Hom_R ( K(MH(λ)), K(MH(s_iλ)) ) by S̃_{i!}([F ]) = ∑ k (−1)^k[H^k(S̃_{i!} F )], S̃_{i∗}([F ]) = ∑ k (−1)^k[H^k(S̃_{i∗} F )].

Proposition 5.3.1 We have φ_{siλ} ∘ S̃_{i∗} = θ_{i∗} ∘ φ_λ, φ_{siλ} ∘ S̃_{i!} = θ_{i!} ∘ φ_λ. Proof. Fix w ∈ W such that ws_i > w. It is sufficient to show the following:

S̃_{i∗}[F^H_w (λ)] = { [F^H_{wsi} (s_iλ)] if ⟨λ, h_i⟩ /∈ Z, [F^H_{wsi} (λ)] if ⟨λ, h_i⟩ ∈ Z, (5.3.5)

S̃_{i∗}[F^H_{wsi} (λ)] = { q^{−1}[F^H_w (s_iλ)] if ⟨λ, h_i⟩ /∈ Z, q^{−1}[F^H_w (λ)] + (q^{−1} − 1)[F^H_{wsi} (λ)] if ⟨λ, h_i⟩ ∈ Z,

(5.3.6)

S̃_{i!}[F^H_w (λ)] = { q[F^H_{wsi} (s_iλ)] if ⟨λ, h_i⟩ /∈ Z, q[F^H_{wsi} (λ)] + (q − 1)[F^H_w (λ)] if ⟨λ, h_i⟩ ∈ Z. (5.3.7)

S̃_{i!}[F^H_{wsi} (λ)] = { [F^H_w (s_iλ)] if ⟨λ, h_i⟩ /∈ Z, [F^H_w (λ)] if ⟨λ, h_i⟩ ∈ Z. (5.3.8)

Set Y = X̃_w ⊔ X̃_{wsi} and let j : Y → X̃ be the embedding.

As in Lemma 1.4.1 and Corollary 1.5.2 in [18], S̃_{i!} and S̃_{i∗} commute with j_!. Hence we can reduce these statements to the case g = sl_2 where we can check them directly. have diagram. Details are omitted. Q.E.D.

The duality functor for Hodge modules induces a contravariant exact functor D : MH(λ) → MH(−λ).

We also denote by D : K(MH(λ)) → K(MH(−λ)).

the induced homomorphism of abelian groups. By the definition we have the following result.

Lemma 5.3.2 (i) We have D(rn) = rD(n) for any r ∈ R and n ∈ K(MH(λ)).

(ii) We have D ∘ S̃_{i∗} = S̃_{i!} ∘D, D ∘ S̃_{i!} = S̃_{i∗} ∘D on K(MH(λ)).

Proposition 5.3.3 We have φ_{−λ}(Dn) = κ(φ_λ(n)) for any n ∈ K(MH(λ)). Proof. It is sufficient to show ⟨φ_{−λ}(Dn), A^{−λ}_w ⟩ = ⟨κ(φ_λ(n)), A^{−λ}_w ⟩ for any w ∈ W . By Lemma 5.1.5 the right side coincides with ⟨φ_λ(n), A^λ_w⟩ and hence we have to show ⟨φ_{−λ}(Dn), A^{−λ}_w ⟩ = ⟨φ_λ(n), A^λ_w⟩. (5.3.9)

We first consider the case w = e. In this case we have A^λ_e = A^λ_e . We may assume that n = [F^H_x (λ)] for x ∈ W . Since DF^H_x (λ) ∼= F^H_x (λ)(−ℓ(x))[−2ℓ(x)] on a neighborhood of X̃_w, we have φ_{−λ}(D[F^H_x (λ)]) ∈ q^{ℓ(x)}B^{−λ}_x + ∑ y>x RB^{−λ}_y . Thus the both sides of (5.3.9) are equal to δ_{x,e}.

For general w ∈ W , take a reduced expression w = s_{i1} · · · s_{ir} . By the definition of θ_{i!} we have A^{±λ}_w = θ_{ir !} · · · θ_{i1!}A^{±wλ}_e . Thus we have A^λ_w = θ_{ir !} · · · θ_{i1!}A^{wλ}_e = θ_{ir ∗} · · · θ_{i1∗}A^{wλ}_e = θ_{ir ∗} · · · θ_{i1∗}A^{wλ}_e . Hence by Lemma 5.3.2 we obtain ⟨φ_{−λ}(Dn), A^{−λ}_w ⟩ = ⟨φ_{−λ}(Dn), θ_{ir !} · · · θ_{i1!}A^{−wλ}_e ⟩ = ⟨θ_{i1!} · · · θ_{ir !}φ_{−λ}(Dn), A^{−wλ}_e ⟩ = ⟨φ_{−wλ}(S̃_{i1!} · · · S̃_{ir!} Dn), A^{−wλ}_e ⟩, = ⟨φ_{−wλ}(D S̃_{i1∗} · · · S̃_{ir∗} n), A^{−wλ}_e ⟩, = ⟨φ_{wλ}(S̃_{i1∗} · · · S̃_{ir ∗} n), A^{wλ}_e ⟩ = ⟨θ_{i1∗} · · · θ_{ir ∗}φ_λ(n), A^{wλ}_e ⟩ = ⟨φ_λ(n), θ_{ir ∗} · · · θ_{i1∗}A^{wλ}_e ⟩ = ⟨φ_λ(n), A^λ_w⟩ Q.E.D.

Theorem 5.3.4 We have φ_λ([^πF^H_w (λ)]) = D^λ_w for any w ∈ W .

Note that Theorem 5.2.1 is a consequence of Theorem 5.3.4. In fact, if w ∈ W satisfies ℓ(z) > ℓ(w) for any z ∈ wW (λ) \ {w}, then we have

[^πF^H_{wx}(λ)] = ∑ y∈W (λ),y≥_λx q^{c(x,y)}Q^λ_{x,y}(q)[F^H_{wy}(λ)] (5.3.10)

in K(MH(λ)) for any x ∈ W (λ) by Proposition 5.1.4 and Theorem 5.3.4. Applying the canonical homomorphism K(MH(λ)) → K(H (λ)) to (5.3.10) we obtain (5.2.1). Proof of Theorem 5.3.4. Set D^± = φ_{±λ}([^πF^H_w (±λ)]). It is sufficient to show that D^± satisfy the conditions (5.1.7) and (5.1.8) in Proposition 5.1.6.

By Proposition 5.3.3 we have

κ(D^+) = κφ_λ([^πF^H_w (λ)]) = φ_{−λ}(D([^πF^H_w (λ)])) = φ_{−λ}([D^πF^H_w (λ)]) = φ_{−λ}( [_π F^H_w (−λ)[−2ℓ(w)](−ℓ(w)) ] ) = q^{ℓ(w)}φ_{−λ}([^πF^H_w (−λ)]) = q^{ℓ(w)}D^−, and hence (5.1.8) holds.

For x ∈ W , let ĩ_x : X̃_x → X̃ be the embedding and let MH^x(±λ) denote the abelian category of twisted N × H-equivariant mixed Hodge modules on X̃_x with twist ±λ. Since X̃_w is an orbit of N × H, any object of MH^x(±λ) has a form H ⊗ F H_x (±λ) for some mixed Hodge module H. Hence its Grothendieck group K(MH^x(±λ)) is a free R-module generated by [F^H_x (±λ)]. The inverse image functor ĩ^∗_x induces a homomorphism

ι_x : K(MH(±λ)) → R ([ĩ^∗_xF ] = ι_x([F ])[F^H_x (±λ)]).

of R-modules. Then we have φ_{±λ}(n) = ∑ x∈W ι_x(n)B^{±λ}_w for any n ∈ MH(±λ) because this formula obviously holds for n = [F^H_y (±λ)] with y ∈ W . We have obviously ι_w([([^πF^H_w (±λ)]) = 1. Let y > w. Since^πF^H_w (±λ) is pure of weight 0, H^j(ĩ^∗_y(^πF^H_w (±λ))) is a mixed Hodge module of weight ≤ j for any j. On the other hand the perversity property of^πF^H_w (±λ) implies H^j(ĩ^∗_y(^πF^H_w (±λ))) = 0 for j ≥ ℓ(y) − ℓ(w). Thus we obtain ι_y([([^πF^H_w (±λ)]) ∈ ∑ j≤ℓ(y)−ℓ(w)−1 Rj . Hence the condition (5.1.8) also

holds. Q.E.D.

By using a C^× -action, we can prove that, for any j, H^j(ĩ^∗_y(^πF^H_w (±λ))) is a pure Hodge module of weight j as in Kazhdan-Lusztig [19] and Kashiwara-Tanisaki [16]. This gives the following stronger version of Theorem 5.2.1. Since this result is not used in this paper, the details are omitted.

Theorem 5.3.5 Let λ ∈ Γ = h^∗_Q/P , and let w ∈ W such that ℓ(z) > ℓ(w) for any z ∈ wW (λ) \ {w}. Let x, y ∈ W (λ) such that y ≥ x and write Q^λ_{x,y}(q) = ∑ j c_j q^j.

(i) H^{2j+1}(ĩ^∗_y(^πF^H_{wx}(λ)) = 0 for any j ∈ Z.

(ii) H^{2j}(ĩ^∗_y(^πF^H_{wx}(λ)) ≃ F^H_{wy}(λ)(−j)^{⊕cj} for any j ∈ Z.

References

[1] A. Beilinson, J. Bernstein, Localisation de g-modules, C. R. Acad. Sci. Paris Sér. I Math., 292 (1981) 15–18.

[2] J.-L. Brylinski, M. Kashiwara, Kazhdan-Lusztig conjecture and holonomic systems, Invent. Math., 64 (1981) 387–410.

[3] L. Casian, Proof of the Kazhdan-Lusztig conjecture for Kac-Moody algebras (the characters ch L_{ωρ−ρ}), Adv. Math., 119 (1996) 207–281.

[4] , Kazhdan-Lusztig conjecture in the negative level case (Kac-Moody algebras of affine type), preprint.

[5] V. V. Deodhar, On a construction of representations and a problem of Enright, Invent. Math., 57 (1980) 101–118.

[6] V. V. Deodhar, O. Gabber, V. Kac, Structure of some categories of representations of infinite-dimensional Lie algebras, Adv. Math., 45 (1982) 92–116.

[7] A. Grothendieck, Éléments de Géométrie Algébrique, VI, Étude Locale des Schémas et des Morphismes de Schémas (troisième partie), Publications Mathématiques, 28 (1966), Institut des Hautes Études Scientifiques.

[8] T. J. Enright, On the fundamental series of a real semisimple Lie algebra: their irreducibility, resolutions and multiplicity formulae, Ann. Math., 73 (1994) 383–413.

[9] V. Kac, Infinite Dimensional Lie Algebras (3rd edition), Cambridge Univ. Press, (1990).

[10] V. Kac, D. Kazhdan, Structures of representations with highest weight of infinite dimensional Lie algebras, Adv. in Math., 34 (1979) 97–108.

[11] V. Kac, M. Wakimoto, Modular invariant representations of infinite-dimensional Lie algebras and superalgebras, Proc. Natl. Acad. Sci., USA, 85 (1988) 4956–4960.

[12] M. Kashiwara, Representation theory and D-modules on flag varieties, Asteŕisque, 172–174 (1989) 55–109.

[13] , “The flag manifold of Kac-Moody Lie algebra” in Algebraic Analysis, Geometry, and Number Theory, Johns Hopkins Univ. Press, Baltimore, 1989, 161–190.

[14] , “Kazhdan-Lusztig conjecture for symmetrizable Kac-Moody Lie algebra” in The Grothendieck Festschrift, Vol. II, Progr. Math. 87 Birkhäuser, Boston, 1990, 407–433.

[15] M. Kashiwara, T.Kawai, On the characteristic variety of a holonomic system with regular singularities, Advances in Math., 34, (1979) 163–184.

[16] M. Kashiwara, T. Tanisaki, “Kazhdan-Lusztig conjecture for symmetrizable Kac- Moody Lie algebra II” in Operator Algebras, Unitary Representations, Enveloping Algebras, and Invariant Theory, Vol. II, Progr. Math. 92 Birkhäuser, Boston, 1990, 159–195.

[17] , Kazhdan-Lusztig conjecture for affine Lie algebras with negative level, Duke Math. J., 77 (1995) 21–62.

[18] , Kazhdan-Lusztig conjecture for affine Lie algebras with negative level II :Nonintegral case, Duke Math. J., 84 (1996) 771–813.

[19] D. Kazhdan, G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent. Math., 53 (1979) 165–184.

[20] S. Kumar, Extension of the category O^g and a vanishing theorem for the Ext functor for Kac-Moody algebras, J. Alg., 108 (1987) 472–491.

[21] G. Lusztig, Characters of Reductive Groups over a Finite Field, Ann. Math. Studies, Vol. 107, Princeton Univ. Press, (1984).

[22] , Monodromic systems on affine flag varieties, Proc. Roy. Soc. London Ser. A.

445 (1994) 231–246; Errata, 450(1995) 731–732.

[23] M. Saito, Mixed Hodge modules, Publ. RIMS, Kyoto Univ. 26 (1990) 221–333.

[24] W. Soergel, Kazhdan-Lusztig polynomials and a combinatoric for tilting modules, Representation theory, A.M.S. 1 (1997) 83–114.