Canadian Mathematical Society Conference Proceedings Volume 00, 0000

On Crystal Bases

MASAKI KASHIWARA

March 27, 1995

Abstract. The crystal base is introduced by the investigation of the quantized universal enveloping algebra at q = 0. It carries a combinatorial structure, which permits us a combinatorial study of representations. We explain here this notion and its properties.

Contents

0 . Introduction 1 . Representations of U_q (sl_2) 2 . Quantized universal enveloping algebras 3 . Local bases 4 . Crystal bases 5 . Young tableaux and crystal bases 6 . Path description of crystal bases for affine algebras 7 . Category of crystals 8 . Crystal bases of U^−_q (g) 9 . Crystal bases of modified quantized enveloping algebras 10 . Littelmann’s path realization 11 . Weyl group action on crystals 12 . Global bases 13 . Problems

References

1991 Mathematics Subject Classification. Primary 81R50; Secondary 17B37.

© 0000 American Mathematical Society 0000-0000/00 $1.00 + $.25 per page 1

0. Introduction

The notion of quantized universal enveloping algebra was introduced by Drinfeld [23] and Jimbo [24] around 1985 in order to explain trigonometric Rmatrices in 2-dimensional solvable models in statistical mechanics. Since then, the quantized universal enveloping algebra has been one of the important tools to describe new symmetries in Mathematical Physics and other fields.

The quantized universal enveloping algebra U_q (g) contains a parameter q, which is a parameter of temperature in the 2-dimensional solvable model, and q = 0 corresponds to the absolute temperature zero. This work on crystal bases was motivated by the belief that the phenomena must be simple at the absolute temperature zero. In fact, as we shall explain in this talk, the representations of U_q(g) have good bases at q = 0, which we call crystal bases.

The crystal bases have good properties, such as uniqueness, stability by tensor product, etc. Moreover the U_q (g)-module structure induces a combinatorial structure on the crystal bases, called crystal graph. This permits us to reduce many problems in the representation theory to problems of the combinatorics. For example, the Littlewood-Richardson rule, describing the decomposition of the tensor product of two representations of gl_n into irreducible components, may be clearly explained by the use of crystal bases.

Crystal base is a base at q = 0 but we can extend this base to the whole qspace to obtain a true base of the representation, which we call global base (see §12). Independently, G.Lusztig introduced the notion of canonical base inspired by the work of Ringel to describe U^−_q (g) by quivers (see [27]). It is shown that canonical base and global base coincide (I.Grojnowski and G.Lusztig [25]).

In this talk, we shall explain the notion of crystal bases and its application to the representation theory.

§1–4 treat the general theory of crystal bases. In §1 and §2, we review the quantized universal enveloping algebra and its representation theory. In §3, we introduce the notion of local base, which is a “base at q = 0”. In §4, we define the crystal base and give its fundamental properties.

In the sections 5, 6 and 10, we give a concrete description of crystal graphs, by Young tableaux for the gl_n-case in §5, by sequences of the crystal bases of a finite-dimensional representation for the affine case in §6, and by paths in the weight vector space for the general case in §10.

In §7, we introduce the notion of crystal, by abstracting the combinatorial aspects of crystal bases. With this tool in hand, we shall give another way of describing crystal bases in §8. In §8, we also introduce the crystal base of U^−_q (g), the half of U_q(g). In §9, we introduce the crystal base of Ũ_q(g), the algebra obtained from U_q(g) by replacing its Cartan part with the space of projectors onto the weight spaces. In §12, we extend the crystal base to the whole q-space to obtain the true base of the representation space.

Leitfaden 5 ↗ 1 → 2 → 3 → 4→7→8 → 9 → 11 → 12 ↘ ↘ 6 10

1. Representations of U_q (sl_2) 1.1. Definition. Let us begin with the sl_2 case. We fix a field K (with an arbitrary characteristic) and q ∈ K. We assume

q ≠ 0 and q^n ≠ 1 for any integer n ≥ 1.

(1.1)

Definition 1.1. U_q (sl_2) is the K-algebra generated by the symbols e,f,t and the inverse t^{−1} of t with the defining relations: tet^{−1} = q^2e, tft^{−1} = q^{−2}f and [e, f] = (t − t^{−1})/(q − q^{−1}). When we set t = q^h and q tends to 1, this becomes the universal enveloping algebra U(sl_2) of sl_2, which is the algebra generated by the three elements e, f, h with the defining relations [h, e] = 2e, [h, f] = −2f and [e, f] = h. 1.2. Hopf algebra structure. For two left U_q(sl_2)-modules M_1 and M_2, M_1 ⊗_K M_2 has also a structure of U_q(sl_2)-module by the following action: t(u_1 ⊗ u_2) = tu_1 ⊗ tu_2, e(u_1 ⊗ u_2) = eu_1 ⊗ t^{−1}u_2 + u_1 ⊗ eu_2, f(u_1 ⊗ u_2) = fu_1 ⊗ u_2 + tu_1 ⊗ fu_2.

This can be explained also by the coproduct Δ. Let us endow the ring structure on U_q(sl_2) ⊗_K U_q(sl_2) by (a ⊗ b)(a^′ ⊗ b^′) = aa^′ ⊗ bb^′. Then Δt = t ⊗ t, Δe = e ⊗ t^{−1} + 1 ⊗ e, Δf = f ⊗ 1 + t ⊗ f extends to a ring homomorphism Δ : U_q(sl_2) → U_q(sl_2) ⊗_K U_q(sl_2).

Since M_1 ⊗ M_2 has a structure of left U_q (sl_2) ⊗_K U_q(sl_2)-module, this has also a structure of U_q(sl_2)-module via Δ. This U_q(sl_2)-module structure coincides with the one defined earlier.

For three U_q(sl_2)-modules M_1, M_2 and M_3, the K-linear isomorphism

(M_1 ⊗ M_2) ⊗ M_3 → M_1 ⊗ (M_2 ⊗ M_3)

given by (u_1 ⊗ u_2) ⊗ u_3 → u_1 ⊗ (u_2 ⊗ u_3) is a U_q(sl_2)-linear isomorphism. This fact is equivalent to the commutativity of the diagram:

U_q(sl_2) ⊗ U_q (sl_2) Δ ↗^{1⊗Δ}↘ U_q(sl_2) U_q (sl_2) ⊗ U_q(sl_2) ⊗ U_q (sl_2) .

↘_Δ ↗_{Δ⊗1} U_q(sl_2) ⊗ U_q (sl_2)

This property is refereed to the coassociativity of Δ.

Remark 1.1. The coproduct is not cocommutative. That is, the homomorphism M_1 ⊗ M_2 → M_2 ⊗ M_1 given by u_1 ⊗ u_2 → u_2 ⊗ u_1 is not U_q(sl_2)-linear. However, for finite-dimensional representations, there is a non-trivial U_q(sl_2)- linear isomorphism M_1 ⊗ M_2^∼→M_2 ⊗ M_1, called R-matrix, and it satisfies the Yang-Baxter equation. This is the motivation for Drinfeld and Jimbo introducing the quantized universal enveloping algebras. However, we don’t go in this direction.

Remark 1.2. There are several ways of defining coproducts. They are transformed by exchanging the first and the second factors, or automorphisms of the algebra. We used this coproduct in order that the crystal base is stable by the tensor product.

1.3. Useful formulas. In the explicit calculations, we need formulas on qintegers, etc. We shall give some of those formulas.

Example 1.1. Let x, y be elements (of some algebra over K) satisfying the commutation relation: xy = q^2yx. Then we have the following q-analogue of the binomial formula

(x + y)^n = ∑ i+j=n q^{−ij} [ n i ] x^iy^j (1.2) = ∑ i+j=n q^{ij} [ n i ] y^j x^i.

Here we use the notations:

[n] = q^n − q^{−n} q − q^{−1} for n ∈ Z, (1.3)

[n]! = n∏ i=1 [i]! for n ≥ 0 , [ n i ] = [n]! [i]![n − i]! for 0 ≤ i ≤ n . We understand [0]! = 1. They are called q-integer, q-factorial, q-binomial coefficient, respectively.

Example 1.2. In U_q(sl_2), we have

e^{(n)}f^{(m)} = ∑ 0≤k≤n,m f^{(m−k)}e^{(n−k)} { q^{n−m}t k } .

Here e^{(n)} = e^n/[n]!, f^{(n)} = f^n/[n]!, { x k } = {x}{q^{−1}x} · · · {q^{1−k}x} [k]! , {x} = (x − x^{−1})/(q − q^{−1}). Hence {_{qn} k } = [_n k ] for 0 ≤ k ≤ n.

Example 1.3. For m, m^′, n, n^′ ∈ Z, we have

[m][m^′] − [n][n^′] = [m − n] [ mm^′ − nn^′ m − n ]

if m − n = ±(m^′ − n^′).

1.4. 1-dimensional representations. Let V = Ku be a 1-dimensional left U_q(sl_2)-module. Then we can write tu = cu for c ∈ K\{0}. Then tv = cv for any v ∈ V . Hence ceu = teu. Since te = q^2et, we have teu = q^2etu = cq^2eu. Thus we obtain c(q^2 − 1)eu = 0. Since we assumed q^2 ≠ 1, eu = 0. Similarly fu = 0. Then

0 = [e, f]u = t − t^{−1} q − q^{−1} u = c − c^{−1} q − q^{−1} u implies c^2 = 1. Hence c = 1 or −1. In fact we have two kinds of 1-dimensional representations K = K · 1 with t · 1 = 1, e · 1 = f · 1 = 0, and V_− = K · 1_− with t · 1_− = −1_−, e · 1_− = f · 1_− = 0. If K is of characteristic 2, K ∼= V_−.

1.5. Finite-dimensional representations. For an integer l ≥ 0, we can construct an (l +1)-dimensional representation V (l) as follows. The vector space V (l) has a base {u^{(l)}_k }_{0≤k≤l} with the action of U_q(sl_2) given by

tu^{(l)}_k = q^{l−2k}u^{(l)}_k , eu^{(l)}_k = [l − k + 1]u^{(l)}_{k−1}, fu^{(l)}_k = [k + 1]u^{(l)}_{k+1}.

Here we understand u^{(l)}_k = 0 unless 0 ≤ k ≤ l. We can easily check that this gives a U_q (sl_2)-module structure on V (l). For example, let us check [e, f] = {t}. We have efu^{(l)}_k = [l − k][k + 1]u^{(l)}_k , feu^{(l)}_k = [l − k + 1][k]u^{(l)}_k and hence, by applying Example 1.3, we obtain [e, f]u^{(l)}_k = ( [l − k][k + 1] − [l − k + 1][k] ) u^{(l)}_k = [l − 2k]u^{(l)}_k = {t}u^{(l)}_k .

The bases {u^{(l)}_k } are chosen so that we have

u^{(l)}_k = f^{(k)}u^{(l)}_0

= e^{(l−k)}u^{(l)}_l .

We visualize this as u^{(l)}_0 → u^{(l)}_1 → · · · → u^{(l)}_l .

Arrows indicate that f (resp. e) sends the vector at the source (resp. the target) of the arrow to the vector at the target (resp. the source), up to constant multiple.

The following theorem is well-known.

Theorem 1.1.

Any finite-dimensional U_q(sl_2)-module is completely reducible.

(1.4)

Any irreducible (l + 1)-dimensional U_q (sl_2)-module is isomorphic to

(1.5)

V (l) or V (l) ⊗ V_− ∼= V_− ⊗ V (l) .

Remark 1.3. The eigenvalues of t on V (l) have the form q^k while the ones on V (l) ⊗ V_− have the form −q^k.

By this theorem and the remark above, we have the following result. Corollary 1.1. Let M be a finite-dimensional U_q(sl_2)-module. Then the following two conditions are equivalent. M = ⊕_{k∈Z}M_k where M_k = {u ∈ M; tu = q^ku}. (1.6) M is isomorphic to a direct sum of V (l)’s.

(1.7)

For such a module M, we define its character ch(M) by

ch(M)(x) = ∑ k∈Z dim M_kx^k ∈ Z[x, x^{−1}].

Then ch ( V (l) ) = (x^{l+1} − x^{−l−1})/(x − x^{−1}) and {chV (l)}_{l≥0} is linearly independent. If M ∼= ⊕V (l_j ), then ch(M) = Σch ( V (l_j ) ) , and hence {l_j } is uniquely determined by the character of M. Comparing the characters, we have the following q-analogue of the Clebsch-Gordan rule:

V (l_1) ⊗ V (l_2) ∼= ⊕ |l_1 −l_2|≤k≤l_1+l_2 l_1+l_2 ≡kmod2 V (k). (1.8)

2. Quantized universal enveloping algebras

2.1. Definition. In the previous section, we defined U_q (sl_2). In this section, we shall define U_q (g) for Lie algebras g other than sl_2. We can in fact define U_q(g) for an arbitrary symmetrizable Kac-Moody Lie algebra g.

Assume that we are given the following data.

P : a free Z-module (called a weight lattice) I : an index set (for simple roots) α_i ∈ P for i ∈ I (called a simple root) h_i ∈ P^∗ = Hom_Z(P, Z) (called a simple coroot) ( · , · ) : P × P → Q a bilinear symmetric form.

We shall denote by ⟨ · , · ⟩ : P^∗ × P → Z the canonical pairing.

The data above are assumed to satisfy the following axioms.

(α_i, α_i) ∈ 2Z_{>0} for i ∈ I (cf. Def.2.1(iv)).

(2.1) ⟨h_i, λ⟩ = 2(α_i, λ) (α_i, α_i) for i ∈ I and λ ∈ P . (2.2)

(α_i, α_j ) ≤ 0 for i, j ∈ I with i ≠ j.

(2.3)

In particular, (α_i, α_j ) is a non-positive integer for i ≠ j.

Now as in §1, let K be a field and q ∈ K a non-zero element with (1.1).

Definition 2.1. The quantized universal enveloping algebra U_q(g) is the algebra over K generated by the symbols e_i, f_i (i ∈ I) and q(h) (h ∈ P^∗) with the following defining relations.

(i) q(h) = 1 for h = 0.

(ii) q(h_1)q(h_2) = q(h_1 + h_2) for h_1, h_2 ∈ P^∗. (iii) For any i ∈ I and h ∈ P^∗, q(h)e_iq(h)^{−1} = q^{⟨h,αi⟩}e_i and q(h)f_iq(h)^{−1} = q^{−⟨h,αi⟩}f_i (iv) [e_i, f_j ] = δ_{ij}^{ti−t−1i}_{qi−q−1i} for i, j ∈ I. Here q_i = q^{(αi,αi )/2} and t_i = q(^{(αi,αi )}_2 h_i).

(v) (Serre relation) For i ≠ j, b∑ k=0 (−1)^ke^{(k)}_i e_j e^{(b−k)}_i = b∑ k=0 (−1)^kf^{(k)}_i f_j f^{(b−k)}_i = 0.

Here b = 1 − ⟨h_i, α_j ⟩ and e^{(k)}_i = e^k_i /[k]_i! , f^{(k)}_i = f^k_i /[k]_i! , [k]_i = (q^k_i − q^{−k}_i )/(q_i − q^{−1}_i ) , [k]_i! = [1]_i · · · [k]_i .

Remark 2.1. As is easily seen, we have t_ie_j t^{−1}_i = q^{(αi,αj )}e_j and t_if_j t^{−1}_i = q^{−(αi,αj )}f_j . Note that we have q^{(αi,αj )} = q^{⟨hi,αj ⟩}_i .

Setting q(h) = q^h and letting q tend to 1, U_q(g) becomes the universal enveloping algebra U(g) of the corresponding Kac-Moody Lie algebra g generated by the abelian subalgebra K ⊗_ZP^∗ and {e_i, f_i; i ∈ I} with the defining relations [h, e_i] = ⟨h, α_i⟩e_i [h, f_i] = −⟨h, α_i⟩f_i for h ∈ K ⊗_ZP^∗ and [e_i, f_j ] = δ_{ij} h_i ad(e_i)^{1−⟨hi ,αj ⟩}e_j = ad(f_i)^{1−⟨hi,αj ⟩}f_j = 0 . The subalgebra of U_q(g) generated by {q(h); h ∈ P^∗} is isomorphic to the group algebra K[P^∗]. Let us denote by U^+_q (g) (resp. U^−_q (g)) the subalgebra generated by the e_i’s (resp. the f_i’s). Then we have an isomorphism of K-vector spaces U_q(g)^∼← U^+_q (g) ⊗ K[P^∗] ⊗ U^−_q (g) by a ⊗ q(h) ⊗ b → aq(h)b for a ∈ U^+_q (g), b ∈ U^−_q (g), h ∈ P^∗. In the sequel, we assume for the sake of simplicity {α_i}_{i∈I} and {h_i}_{i∈I} are linearly independent.

(2.4)

However almost all statements in this paper still hold without this assumption. 2.2. The Hopf algebra structure. As in the case of U_q (sl_2), U_q (g) has a Hopf algebra structure. We define the coproduct as the ring homomorphism Δ : U_q (g) → U_q (g) ⊗ U_q(g) by Δq(h) = q(h) ⊗ q(h) , Δe_i = e_i ⊗ t^{−1}_i + 1 ⊗ e_i , Δf_i = f_i ⊗ 1 + t_i ⊗ f_i .

We can easily see that Δ is well-defined. By Δ, we can define the U_q(g)-module structure on the tensor product of two U_q(g)-modules. This coproduct is coassociative. Hence the category of U_q(g)-modules is a tensor category (see §7.1). See Remark 1.2.

2.3. Integrable modules. Let us denote by U_q(g)_i the subalgebra of U_q(g) generated by e_i, f_i, t_i and t^{−1}_i . Then U_q(g)_i is isomorphic to U_{qi} (sl_2). Hence we can say that U_q(g) is made up of several quantized sl_2.

Definition 2.2. A left U_q(g)-module M is called integrable if it satisfies M = ⊕_{λ∈P} M_λ where M_λ = {u ∈ M; q(h)u = q^{⟨h,λ⟩}u for any h ∈ P^∗}. (2.5)

For any i ∈ I, M is a union of finite-dimensional U_q (g)_i-submodules.

(2.6)

Any U_q(g)-module M satisfying only (2.6) has a canonical decomposition M = ⊕_χ M^χ ⊗ V^χ

provided that {λ ∈ P ; ⟨h_i, λ⟩ = 0 for every i ∈ I} = 0. Here {V^χ} is the set of 1-dimensional U_q(g)-modules, and M^χ are integrable U_q(g)-modules. Therefore, we shall treat only integrable modules in the sequel.

Remark 2.2. Similar arguments to the sl_2-case show that the one dimensional representations of U_q(g) are parameterized by the characters χ : P^∗ → K^× such that χ((α_i, α_i)h_i) = 1. The corresponding module V^χ = K1_χ is given by : e_i1_χ = f_i1_χ = 0, q(h)1_χ = χ(h)1_χ.

2.4. Representations of U_q(g). In general, an integrable U_q (g)-module is not completely reducible. However, as in the Kac-Moody Lie algebra case, there exists a family of completely reducible modules.

Definition 2.3. Let O_{int}(g) denote the category of integrable U_q(g)-modules M such that For any u ∈ M, there exists l ≥ 1

(2.7) such that e_{i1} · · · e_{il} u = 0 for any i_1. · · · , i_l ∈ I.

The condition (2.7) is (under the condition (2.4)) equivalent to dim U^+_q (g)u < ∞ for any u ∈ M .

(2.8)

Let us set P_+ = {λ ∈ P ; < h_i, λ > ≥ 0 for any i}

(2.9) and we call an element of P_+ a dominant integral weight. For λ ∈ P_+, let us denote by V (λ) the U_q(g)-module generated by u_λ with the defining relation: q(h)u_λ = q^{<h,λ>}u_λ , e_iu_λ = 0 , f^{1+<hi,λ>} i u_λ = 0 .

Theorem 2.1 (G.Lusztig[26]). Assume that K is of characteristic 0. Let λ ∈ P_+. (i) V (λ)_λ = {u ∈ V (λ); e_iu = 0 for any i} = Ku_λ ≠ 0 . (ii) V (λ) is an irreducible integrable U_q(g)-module in O_{int}(g) . (iii) Any U_q(g)-module in O_{int}(g) is completely reducible. (iv) Any irreducible U_q(g)-module in O_{int}(g) is isomorphic to V (λ) for some λ ∈ P_+ .

We conjecture that this theorem is true for an arbitrary characteristic (under the condition (1.1), cf. Problem 2 in the last section). I think that this is known for finite-dimensional g.

2.5. Motivation. Let M be an integrable U_q(g)-module. We shall ask if M has a good base in the following sense. For any i, M is completely reducible as a U_q(g)_i-module and there exists a (not necessarily unique) U_q(g)_i-linear isomorphism M ≃ ⊕_j V (l_j ) . (2.10)

Here V (l_j ) is the (1 + l_j )-dimensional irreducible U_q(g)_i-module given in §1.5. Each V (l_j ) has a base {u^{(lj )}_k }_{0≤k≤lj} .

Question Is there a base B of the K-vector space M (independent of i) such that for any i, there exists a U_q(g)_i-linear isomorphism M ≃ ⊕_j V (l_j ) by

which B is sent to the base {u^{(lj )}_k } of ⊕_j V (l_j ) ?

Of course, it is not true even at the classical limit q = 1 (i.e. for a U(g)- module). However we shall see that it is true at q = 0.

3. Local bases

3.1. Definition. In order to give a precise meaning to the question above at q = 0, we shall introduce the notion of local base.

Let us take a field k and let K = k(q) be the field of rational functions in a variable q with coefficients in k. Let V be a K-vector space. For a subring C of K, a C-lattice of V is, by definition, a C-submodule L of V such that V ∼= K ⊗_C L (or equivalently, V is generated by L as a K-vector space provided that K is a quotient field of C).

Let us denote by A the subring of K consisting of rational functions f(q) in K without a pole at q = 0.

Hence by the evaluation map f(q) → f(0), we have an isomorphism A/qA^∼→ k. Definition 3.1. Let V be a K-vector space. A local base of V at q = 0 is a pair (L, B) where

L is an A-lattice of V that is a free A-module.

(3.1) B is a base of the k-vector space L/qL.

(3.2)

Similarly to a local base at q = 0, we can define a notion of a local base at any point of P^1 = Spec(k[q]) ∪ Spec(k[q^{−1}]). Since we use only local bases at q = 0 in this paper, we simply say local base instead of saying local base at q = 0.

Example 3.1. To a base B of the K-vector space V , we can associate a local base (L, B), where L is the A-module generated by B, and we identify B with the image of B by L → L/qL. We call it the local base associated with B. Note that any local base is associated with some base of the K-vector space V .

Let B and B^′ be bases of the K-vector space V . Let us write b = ∑ b^′ ∈B^′ fbb^′ (q)b ′ and b^′ = ∑ b∈B g_b′_b(q)b. Then the local bases associated with B and B^′ are equal if and only if there exists a bijection φ : B → B^′ satisfying the following equivalent two conditions.

(i) f_{bb}′ (q) ∈ A and f_{bb}′ (0) = δ_{φ(b),b}′ , (ii) g_b′_b(q) ∈ A and g_b′_b(0) = δ_{φ(b),b}′ .

Hence we may regard a local base as an equivalence class of bases with respect to the equivalence relation above.

3.2. Direct sums and tensor products. Let {V_j } be a family of K-vector spaces and let (L_j , B_j ) be a local base of V_j . Then L = ⊕_j L_j ⊂ ⊕_j V_j is a free A-lattice of ⊕_j V_j and B = ⨆ j B_j ⊂ ⊕(L_j /qL_j ) ∼= L/qL is a base of L/qL. Hence (L, B) is a local base of ⊕_j V_j . We call it the direct sum of {(L_j , B_j )}_j and denote it by ⊕_j (L_j , B_j ).

Let V_1 and V_2 be two K-vector spaces and (L_j , B_j ) a local base of V_j (j = 1, 2). Then L = L_1 ⊗_A L_2 ⊂ V_1 ⊗_K V_2 is a free A-lattice of V_1 ⊗_K V_2 and

B = B_1 ⊗ B_2 = {b_1 ⊗ b_2; b_1 ∈ B_1, b_2 ∈ B_2} ⊂ (L_1/qL_1) ⊗_k (L_2/qL_2) ∼= L/qL

is a base of L/qL. Hence (L, B) is a local base of V_1 ⊗_K V_2. We call it the tensor product of (L_1, B_1) and (L_2, B_2) and denote it by (L_1, B_1) ⊗ (L_2, B_2).

4. Crystal bases 4.1. Definition. In the sequel, we fix a field k of characteristic 0 (in order to have Theorem 2.1), and set K = k(q). Hence, in our consideration, U_q (g) is a K-algebra.

Let us define crystal base as a solution to the question in §2.5 at q = 0. Let us take an integrable U_q (g)-module M and let M = ⊕_{λ∈P} M_λ be its weight space decomposition.

Definition 4.1. A crystal base of M is a local base (L, B) of the K-vector space M satisfying the following conditions.

There is a local base (L_λ, B_λ) of M_λ such that

(4.1) (L, B) = ⊕_{λ∈P} (L_λ, B_λ). For any i ∈ I, there exists a U_q (g)_i-linear isomorphism

(4.2)

ξ : M^∼−→ ⊕_j V (l_j )

by which (L, B) is sent to the local base {u^{(lj )}_k }_{0≤k≤lj} of ⊕_j V (l_j ).

4.2. Crystal graph. A crystal base carries a combinatorial structure induced by the U_q(g)-module structure.

Let (L, B) be a crystal base of an integrable U_q (g)-module M. Let us take i ∈ I. Then there is an isomorphism ξ as in (4.2). For b ∈ B, ξ(b) = u^{(lj )}_k for some j and 0 ≤ k ≤ l_j . If 0 ≤ k < l_j , let f̃_ib be the element of B such that ξ(f̃_ib) = u^{(lj )}_{k+1}. We set f̃_ib = 0 if k = l_j . Similarly, for 0 < k ≤ l_j , let ẽ_ib be the element of B such that ξ(ẽ_ib) = u^{(lj )}_{k−1}. We set ẽ_ib = 0 if k = 0. Thus we obtain a map f̃_i : B → B ⊔ {0} and ẽ_i : B → B ⊔ {0}. We can easily see that this definition does not depend on the choice of ξ : M^∼→ ⊕ V (l_j ).

For i ∈ I we shall join b, b^′ ∈ B by an arrow named by i if b^′ = f̃_ib (⇔ b = ẽ_ib^′). b^i−→ b^′ Thus we obtain a colored (by I) oriented graph whose set of vertices is B. We shall call it the crystal graph. Note that ẽ_i and f̃_i are recovered by this graph structure.

We call an i-string a subset of B corresponding to u^{(lj )}_0^i→ · · ·^i→ u^{(lj )}_{lj} by ξ : M^∼→ ⊕ V (l_j ). Hence an i-string is a connected component of the graph only with the i-arrows. Therefore B is the disjoint union of i-strings. Hence the crystal graph has a simple structure if we consider only i-arrows. However combining all the i-arrows, the crystal graph has a rich structure (see Example 5.5).

For b ∈ B, let us set

ε_i(b) = max{n ≥ 0; ẽ^n_i b ≠ 0}, φ_i(b) = max{n ≥ 0; f̃^n_i b ≠ 0}.

These numbers are visualized as follows:

ε_i (b) ∘^i→ · · · · · ·^i→^b∘ φ_i(b) i→ · · · · · ·^i→ ∘ . For b ∈ B_λ (λ ∈ P ), we set wt(b) = λ and call it the weight of b.

If ξ(b) = u^{(lj )}_k , then ε_i(b) = k, ψ_i(b) = l − k and ⟨h_i, wt(b)⟩ = l − 2k. Hence we have the following properties. ⟨h_i, wt(b)⟩ = φ_i(b) − ε_i(b) . (4.3) φ_i(b) + ε_i(b) is the length of the i-string containing b.

(4.4)

Remark 4.1. Although e_i and f_j commute if i ≠ j, ẽ_i and f̃_j do not commute in general (when (α_i, α_j ) = 0, they commute).

4.3. Elementary Properties of Crystal bases. The following proposition is obvious from the definition.

Proposition 4.1. Let {M_j } be a family of integrable U_q(g)-modules and let (L_j , B_j ) be a crystal base of M_j . Then ⊕(L_j , B_j ) is a crystal base of ⊕ M_j .

One of the most remarkable properties of crystal base is the following stability by tensor product.

Theorem 4.1 ([1]). Let M_j be an integrable U_q(g)-module and (L_j , B_j ) a crystal base of M_j (j = 1, 2).

(i) (L_1, B_1) ⊗ (L_2, B_2) is a crystal base of M_1⊗_K M_2. (ii) For b_j ∈ B_j (j = 1, 2) and i ∈ I we have

ẽ_i(b_1 ⊗ b_2) = { ẽ_ib_1 ⊗ b_2 if φ_i(b_1) ≥ ε_i(b_2) b_1 ⊗ ẽ_ib_2 if φ_i(b_1) < ε_i(b_2),

f̃_i(b_1 ⊗ b_2) = { f̃_ib_1 ⊗ b_2 if φ_i(b_1) > ε_i(b_2) b_1 ⊗ f̃_ib_2 if φ_i(b_1) ≤ ε_i(b_2).

We can easily reduce this theorem to the U_q(sl_2)-case, and then to the case M_1 = V (l_1) and M_2 = V (l_2). In this case, we can check the theorem by a direct calculation. The last property (ii) can be visualized as follows.

B_2

B_1

The rules in (ii) imply

ε_i(b_1 ⊗ b_2) = max ( ε_i(b_1) , ε_i(b_2) − ⟨h_i, wt(b_1)⟩ ) , (4.5) φ_i(b_1 ⊗ b_2) = max ( φ_i(b_1) + ⟨h_i, wt(b_2)⟩ , φ_i(b_2) ) . 4.4. Crystal bases in O_{int}. For λ ∈ P_+, let V (λ) be the irreducible highest weight U_q (g)-module with highest weight vector u_λ of weight λ (see §2.4). Then we can show the following existence theorem.

Theorem 4.2 ([3]). (i) V (λ) has a unique crystal base (L(λ), B(λ)) such that (L(λ)_λ, B(λ)_λ) = {u_λ}. (ii) B(λ) = {f̃^{a1}_{i1} · · · f̃^{al}_{il} u_λ : l ≥ 0, i_1, . . . , i_l ∈ I, a_1, . . . , a_l > 0}\{0}. The proof of this theorem is rather involved. It is proved in fact simultaneously with Theorem 8.1 by the induction on the weight. Theorem 4.1 plays a key role in the course of the proof.

The following theorem guarantees a uniqueness of crystal base up to an isomorphism.

Theorem 4.3 ([3]). Let M be a U_q (g)-module in O_{int}(g), and let (L, B) be a crystal base of M. Then there exists a U_q(g)-linear isomorphism

M^∼−→ ⊕_j V (λ_j )

by which (L, B) is isomorphic to ⊕_j (L(λ_j ), B(λ_j )).

4.5. Irreducible decomposition. Let us investigate some consequences of the theorems in the previous section.

First remark that B(λ) is connected for λ ∈ P_+. It means that the crystal graph is connected by forgetting colors and the directions of arrows. In fact, Theorem 4.2 (ii) shows that every element of B(λ) is connected with u_λ. Hence if (L, B) ∼= ⊕(L(λ_j ), B(λ_j )), then B ∼= ⊔B(λ_j ) is the connected component decomposition of B.

We shall say that an element b of a crystal base B is a highest weight vector if ẽ_ib = 0 for any i. The property (ii) of Theorem 4.2 shows that B(λ) has a unique highest weight vector u_λ. Thus we have schematically

The decomposition of M into irreducible components ↕ The decomposition of B into connected components

(4.6) ↕ The highest weight vectors of B.

As an example, let us consider the decomposition of V (λ) ⊗ V (μ) into irreducible components.

We remark that the following lemma follows from (4.5).

Lemma 4.1. Let b_j be an element of a crystal base B_j (j = 1, 2). Then ẽ_i(b_1 ⊗ b_2) = 0 if and only if ẽ_ib_1 = 0 and ε_i(b_2) ≤ φ_i(b_1).

Now, let us investigate the condition for b ⊗ b^′ to be a highest weight vector for b ∈ B(λ) and b^′ ∈ B(μ). If b ⊗ b^′ is a highest weight vector, then b is a highest weight vector by the lemma above, and hence b = u_λ. The property (4.3) implies φ_i(u_λ) = ε_i(u_λ) + ⟨h_i, wt(u_λ)⟩ = ⟨h_i, λ⟩. Hence b ⊗ b^′ is a highest weight vector of B(λ) ⊗ B(μ) if and only if b = u_λ and ε_i(b^′) ≤ ⟨h_i, λ⟩. Since wt(b ⊗ b^′) = λ + wt(b^′), we obtain the following result.

Proposition 4.2. For λ, μ ∈ P_+, V (λ) ⊗ V (μ) ∼= ⊕ V (λ + wt(b)). Here the direct sum ranges over b ∈ B(μ) such that ε_i(b) ≤ ⟨h_i, λ⟩ for every i ∈ I. Therefore if we know the crystal graph of B(μ), we can calculate the decomposition of V (λ) ⊗ V (μ) into irreducible components.

4.6. Restriction to subalgebras. By crystal bases, we can also describe the irreducible decomposition of V (λ) regarded as a representation of a subalgebra of U_q(g).

Let J be a subset of I. Let U_q(g_J ) be the quantized universal enveloping algebra associated with the data { P, {α_i}_{i∈J} , {h_i}_{i∈J} } . Then U_q(g_J ) is the subalgebra of U_q(g) generated by {e_i, f_i; i ∈ J} and {q(h); h ∈ P^∗}. A crystal base of an integrable U_q (g)-module may be regarded as a crystal base of the associated U_q(g_J )-module M. Let P^J_+ denote the set {λ ∈ P ; ⟨h_i, λ⟩ ≥ 0 for any i ∈ J} of integral dominant weights with respect to g_J , and for any λ ∈ P^J_+ let us denote by V_J (λ) the irreducible integrable U_q(g_J )-module with highest weight λ. Then (4.6) implies the following result.

Proposition 4.3. For λ ∈ P_+, we have a U_q(g_J )-linear isomorphism

V (λ) ∼= ⊕V_J (wt(b)) .

Here the direct sum ranges over b ∈ B(λ) such that ε_i(b) = 0 for any i ∈ J.

Remark 4.2. The above proposition and Proposition 4.2 still hold at the classical limit q = 0 (i.e. for g-modules).

5. Young tableaux and crystal bases

5.1. U_q (gl_n). As seen in the preceding section, if we know the crystal graph of B(λ), we can for example compute the decomposition of the tensor product into irreducible components. Of course, this program is not performed before we know the crystal graph. In the case of gl_n, we can describe the crystal graphs explicitly by using the Young tableaux. In this section we shall explain this relation of crystal base and Young tableaux.

Let us define first U_q(gl_n). As a weight lattice, we take P = ⊕^n_{i=1}Zε_i. We set I = {1, 2, · · · , n − 1} and take ε_i − ε_{i+1} as a simple root α_i (i ∈ I). Let us define the symmetric bilinear form on P by (ε_i, ε_j ) = δ_{ij} . We give the coroots h_i (i ∈ I) by < h_i, λ >= (ε_i − ε_{i+1}, λ). Let us denote by U_q(gl_n) the quantized universal enveloping algebra associated with these data.

Set Λ_j = ε_1 + · · · + ε_j (1 ≤ j ≤ n). Then < h_i, Λ_j >= δ_{i,j} (i ∈ I, 1 ≤ j ≤ n) and we have

P_+ = {λ ∈ P ; ⟨h_i, λ⟩ ≥ 0 for any i ∈ I} = n−1∑ i=1 Z_{≥0}Λ_i + ZΛ_n .

Since < h_i, Λ_n >= 0 for every i ∈ I, V (mΛ_n) is a 1-dimensional U_q(gl_n)-module. Since V (λ) = V (λ + mΛ_n) ⊗ V (−mΛ_n), we shall study only V (λ) with λ ∈ P̃_+ = ⊕^n_{i=1}Z_{≥0}Λ_i.

5.2. The vector representation. The representation V (Λ_1) of U_q (gl_n) is n-dimensional and called the vector representation. It is explicitly given as follows:

V (Λ_1) =^n⊕_{i=1} K i , q(h) i = q^{<h,εi>} i , e_j i = δ_{j,i−1} i − 1 , f_j i = δ_{j,i} i + 1 . The vector 1 is a highest weight vector. The base { i ; i = 1, · · · , n} forms a crystal base of V (Λ_1) and its crystal graph is:

B(Λ_1) : 1^1→ 2^2→ · · ·^{n−1}→ n .

Remark that wt( i ) = ε_i.

5.3. Fundamental representation. The representations V (Λ_i) are called the fundamental representations. We shall describe B(Λ_i) by embedding it into the tensor product of copies of B(Λ_1). Let us consider the vector 1 ⊗ · · · ⊗ i in B(Λ_1)^{⊗i}. Then it is a highest weight vector of weight Λ_i. Hence by Theorem 4.3, B(Λ_i) is isomorphic to the connected component of B(Λ_1)^{⊗i} containing 1 ⊗ · · · ⊗ i . This component can be described as follows.

Proposition 5.1. By the isomorphism above,

B(Λ_i) ∼= { a_1 ⊗ · · · ⊗ a_i ∈ B(Λ_1)^{⊗i}; 1 ≤ a_1 < a_2 < · · · < a_i ≤ n} .

We shall write a_1 ⊗ · · · ⊗ a_i ∈ B(Λ_i) by a1 . . a_i

. Hence the highest weight

vector u_{Λi} corresponds to 1 2 . . i

.

5.4. General representations. We shall recall that λ ∈ P̃_+ = ∑_n i=1 Z_{≥0}Λ_i corresponds to the Young diagram as follows. For λ = ∑_n i=1 λ_iΛ_i, we associate the diagram Y (λ):

· · · ·

λ_n λ_1

n λ_2

· · · · · · · ·

This is a Young diagram, i.e. it consists of n rows of blocks whose lengths (≥ 0) are decreasing (in the generalized sense). The length of the i-th row of Y (λ) is λ_i + · · · + λ_n. Equivalently, Y (λ) has λ_i columns of length i.

Example 5.1. The Young diagram Y (3Λ_1 + 2Λ_2 + Λ_3) is

We embed B(λ) into B(Λ_1)^{⊗λ1} ⊗ · · · ⊗ B(Λ_n)^{⊗λn} by u_λ → u^{⊗λ1}_{Λ1} ⊗ · · · ⊗ u^{⊗λn}_{Λn} . Since B(Λ_i) is embedded into B(Λ_1)^{⊗i}, B(λ) is embedded into B(Λ_1)^{⊗N} with N = ∑ iλ_i. We denote the vector u_{1,1} ⊗ · · · ⊗ u_{1,λ1} ⊗ u_{2,1} ⊗ · · · ⊗ u_{2,λ2} ⊗· · · ⊗ u_{n,1} ⊗ · · · ⊗ u_{n,λn} ∈ B(Λ_1)^{⊗λ1} ⊗ · · · ⊗ B(Λ_n)^{⊗λn} as (representing each u_{i,j} by a column with numbers)

u_{2,1} · · ·

· · · · · · · · · u_{n,λn} u_{1,1} u_{1,λ1}

This is to translate the English writing order into the Japanese writing order (of course the Japanese order followed the Chinese order). This is a Young diagram Y (λ) whose blocks are filled with positive integers at most n. We call such an object a Young tableau with shape Y (λ).

Example 5.2. For λ = Λ_1 + Λ_2 + Λ_3, the vector 1 ⊗ 2 ⊗ 3 ⊗ 4 ⊗ 5 ⊗ 6 is written in the following Young tableau with shape Y (λ).

4 2 1 5 3 6 We call a Young tableau semi-standard if the numbers at blocks are strictly increasing vertically and increasing horizontally (from the left to the right).

Theorem 5.1 ([8]). By the above embedding, B(λ) is identified with the set of semi-standard Young tableaux with shape Y (λ).

The action of ẽ_i and f̃_i is described as follows. Set b = a_1 ⊗· · ·⊗ a_N . Then ẽ_ib and f̃_ib are obtained by the following procedure.

(i) Neglect the a_k’s other than i and i + 1. (ii) Neglect i ⊗ i + 1 .

(iii) At the end of the procedures above, the vector is in the form i + 1 ⊗ · · · ⊗ i + 1 ⊗ i ⊗ · · · ⊗ i . Then, ẽ_i changes the most right i + 1 to i and f̃_i changes the most left i to i + 1. If such i + 1 or i does not exist, then it changes the vector to 0, respectively.

Observe that i ⊗ i + 1 belongs to the trivial representation of U_q (gl_n)_i.

Example 5.3. The following is a 1-string. 2 ⊗ 2 ⊗ 2 ⊗ 2^1−→ 2 ⊗ 2 ⊗ 2 ⊗ 1^1−→ 2 ⊗ 2 ⊗ 1 ⊗ 1^1−→ 2 ⊗ 1 ⊗ 1 ⊗ 1^1−→ 1 ⊗ 1 ⊗ 1 ⊗ 1 .

Example 5.4. Take b =

1 ⊗ 2 ⊗ 2 ⊗

4 ⊗ 3 ⊗ 2 . Then, with respect to i = 1, the parts under the braces may be neglected by the procedures (i) and (ii). Hence the 1-string containing this vector is

1 ⊗ 2 ⊗ 1 ⊗ 4 ⊗ 3 ⊗ 1^1−→ 1 ⊗ 2 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 1^1−→ 1 ⊗ 2 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 2 .

With respect to i = 2, in

1 ⊗ 2 ⊗

2 ⊗ 4 ⊗ 3 ⊗ 2 , the parts under the braces are neglected and the 2-string containing b is

1 ⊗ 2 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 2^2−→ 1 ⊗ 3 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 2^2−→ 1 ⊗ 3 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 3 .

Example 5.5. Let us take g = gl_3. The crystal graph of B(λ) for λ = 2Λ_1, Λ_1 + Λ_2, 2Λ_1 + Λ_2 is as follows.

B(2Λ_1)

1 1 1 1 1

1 1

2

2 2 2 2 2

2

3

3 3

3

B(Λ_1 + Λ_2)

3

3 3

3 3

3 3

3

2

2

2

2

2

2 2

2

2 2

2

1 1 1

1 1 1

1 1 1 2

1

1

1

B(2Λ_1 + Λ_2)

1 1 1 1 1 2 2 1 1 1 3

1 1 2 1 1 2 2 1 1 2 2 2 2

2 2

2

2

2

2

2

1

1

1

1

1

1

1 2 3 2

2 2 2 3

2 2 3 3

1 3 3 2 1 2 3 3

1 1 3 2

1 2 2 3 1 1 3 3

1 3 3 3

2 3 3 3

3

5.5. Littlewood-Richardson rule. After describing the crystal base in terms of Young tableaux, we can calculate the decomposition of V (λ)⊗V (μ) into the irreducible components and we obtain (an equivalent form of) the Littlewood- Richardson rule. First we observe the following two properties.

u_λ ⊗ i is a highest weight vector if and only if the diagram Y (λ) + i

(5.1)

(the diagram obtained from Y (λ) by adding one block at the i-th row) is again a Young diagram.

In this case, the weight of u_λ ⊗ i is λ + ε_i and it is represented by the Young diagram Y (λ) + i u_λ ⊗ b_1 ⊗ · · · ⊗ b_l is a highest weight vector if and only if

(5.2) u_λ ⊗ b_1 ⊗ · · · ⊗ b_k are highest weight vectors for all k ≤ l.

By those observations, we obtain

Theorem 5.2 (T.Nakashima[9]). For λ, μ ∈ P_+ V (λ) ⊗ V (μ) ∼= ⊕V (λ + ε_{ai1} + · · · + ε_{aiN} ) . Here N = ∑ i iμ_i and the direct sum ranges over a_{i1} ⊗ · · · ⊗ a_{iN} ∈ B(μ) ⊂ B(Λ_1)^{⊗N} such that all Y (λ) + a_{i1} , (Y (λ) + a_{i1} ) + a_{i2} , · · · are Young diagrams.

Example 5.6. Consider the case g = sl_3, λ = Λ_2, μ = Λ_1 + Λ_2. We have

B(μ) = { 1 1_2 , 1 2_2 , 1 3_2 , 1 1_3 , 1 2_3 , 1 3_3 , 2 2_3 , 2 3_3 }.

(( + 1) + 1) + 2 = ( + 1) + 2 = + 2 = .

(( + 2) + 1) + 2 = ( + 1) + 2 and is not a Young diagram.

Continuing this procedure, B(μ) ∋ 1 1_2 , 1 3_2 , 1 1_3 give the contributions to

the irreducible decomposition and we obtain ⊗ = ⊕ ⊕

Here we identified a Young diagram with the corresponding irreducible representation.

So far, we discussed the gl_n-case. The crystal bases in the other classical Lie algebras sp_n, so_n are also described by variations of Young tableaux (see [8]), and the Littlewood-Richardson rule is also generalized to those cases (see [9]).

6. Path description of crystal bases for affine algebras

In the affine case, we can describe the crystal graph for modules in O_{int} by using paths. This construction is motivated by the study of solvable models, and in fact it enables us to calculate one-point functions of the solvable models as string functions of the representations. We shall explain here only the case of basic representations of ^sl_2. For other cases and one-point functions, see [12, 13].

6.1. U_q (^sl_2) and U^{cl}_q (^sl_2). We take the data as follows. Set I = {0, 1}, P = ZΛ_0 ⊕ ZΛ_1 ⊕ Zδ , and let h_0, h_1, ϑ ∈ P^∗ be the dual base of {Λ_0, Λ_1, δ}. We set α_0 = 2Λ_0 − 2Λ_1 + δ and α_1 = 2Λ_1 − 2Λ_0. We take a symmetric bilinear form (·, ·) : P × P → Q so that (α_0, α_0) = (α_1, α_1) = 2, (α_0, α_1) = −2. Hence (α_0, Λ_0) = 1, (α_1, Λ_0) = 0 and we can choose (Λ_0, Λ_0) as we like. The associated quantized universal enveloping algebra is denoted by U_q (^sl_2). We denote by U^{cl}_q (^sl_2) the quantized universal enveloping algebra associated with P_{cl} = P/Zδ ( hence P^∗_{cl} = Zh_0 + Zh_1 ⊂ P^∗). Then we have

U_q(^sl_2) = U^{cl}_q (^sl_2) ⊗ K[q(ϑ), q(ϑ)^{−1}] .

6.2. 2-dimensional representation of U^{cl}_q (^sl_2). The algebra U_q (^sl_2) does not have finite-dimensional representations except trivial ones. However, U^{cl}_q (^sl_2) has many finite-dimensional representations. In fact we have a ring homomorphism U^{cl}_q (^sl_2) → U_q(sl_2) by e_0 , f_1 → f , e_1 , f_0 → e , t_0 → t^{−1} , t_1 → t . Let V be the two-dimensional representation of U^{cl}_q (^sl_2) induced by the U_q(sl_2)- module V (1). Then V = Ku_0 ⊕ Ku_1 with q(h)u_0 = q^{⟨h , Λ1 −Λ0 ⟩}u_0 , q(h)u_1 = q^{⟨h , Λ0 −Λ1 ⟩}u_0 , e_0u_k = f_1u_k = u_{k+1} , e_1u_k = f_0u_k = u_{k−1} .

Here we understand u_{−1} = u_2 = 0. Hence B = {u_0 , u_1} gives a crystal base of V and its crystal graph is u_0^{1−→}←−_0 u_1

6.3. Path description. The key fact is the following proposition. Proposition 6.1 (K.Misra–T.Miwa[10]). There are unique isomorphisms of crystals (see §7) Φ_0 : B(Λ_0)^∼−→ B(Λ_1) ⊗ B and

(6.1) Φ_1 : B(Λ_1)^∼−→ B(Λ_0) ⊗ B

(6.2) sending u_{Λ0} and u_{Λ1} to u_{Λ1} ⊗ u_1 and u_{Λ0} ⊗ u_0, respectively.

Then for any integer n we have a chain of isomorphisms Ψ_n : B(Λ_0)^∼−→_{Φ0} B(Λ_1) ⊗ B^∼−→_{Φ1 ⊗B}B(Λ_0) ⊗ B ⊗ B^∼−→ · · ·^∼−→ B(Λ_0) ⊗ B^{⊗2n} .

We have Ψ_n(u_{Λ0} ) = u_{Λ0} ⊗ (u_0 ⊗ u_1)^{⊗n}. Set

p_g(n) = { u_0 if n is even, u_1 if n is odd.

For b ∈ B(Λ_0), if we take n large enough, then Ψ_n(b) has the form u_{Λ0} ⊗ b_{2n} ⊗ · · ·⊗b_1. Then for n^′ ≥ n we have Ψ_n′ (b) = u_{Λ0} ⊗(u_0 ⊗u_1)^{⊗(n′−n)} ⊗b_{2n} ⊗· · ·⊗b_1.

Hence associating with b the sequence {b_1, · · · , b_{2n}, p_g(2n + 1), p_g(2n + 2), · · · }, we obtain a bijection

B(Λ_0)^∼−→ P = { {p(n)}_{n=1,2,···} ; {p(n)} is a sequence in B such that p(n) = p_g (n) for n ≫ 0}.

Thus B(Λ_0) is described by a space of paths in B.

Remark 6.1. We have an isomorphism of crystals B(Λ_0)^∼−→ B(Λ_1) ⊗ B .

But we have no U^{cl}_q (^sl_2)-linear homomorphism V (Λ_0) → V (Λ_1) ⊗ V . In order to get such a homomorphism (called vertex operator, see [16]) , we need a completion of V (Λ_0) and V (Λ_1).

7. Category of crystals There is a way of describing crystal graphs for an arbitrary U_q(g). In order to explain this, we need to introduce the notion of crystals obtained by abstracting the properties of crystal graphs associated with integrable U_q (g)-modules.

7.1. Tensor Category. Let us recall briefly the definition of a tensor category (see e.g. [29] for the details). Let C be a category with a bifunctor C × C ∋ X × Y −→ X ⊗ Y ∈ C. Moreover we are given a functorial isomorphism S(X, Y, Z) : (X ⊗ Y ) ⊗ Z^∼−→ X ⊗ (Y ⊗ Z) in X, Y, Z ∈ C. We assume that the following diagram is commutative for any X, Y, Z, W ∈ C. ((X⊗Y )⊗Z)⊗W S(X,Y,Z)⊗W −−−−−−−−−→ (X⊗(Y ⊗Z))⊗W^{S(X,Y ⊗Z,W )} −−−−−−−−−→ X⊗((Y ⊗Z)⊗W ) S^{(X⊗Y,Z,W ) X⊗S(Y,Z,W )} (X⊗Y )⊗(Z⊗W ) S(X,Y,Z⊗W ) −−−−−−−−−−−−−−−−−−−−−−−−→ X⊗(Y ⊗(Z⊗W )) This axiom guarantees that X_1 ⊗· · ·⊗X_n is well defined for X_1, . . . , X_n ∈ C and (X_1 ⊗ · · · ⊗ X_k) ⊗ (X_{k+1} ⊗ · · · ⊗ X_n) is canonically isomorphic to X_1 ⊗ · · · ⊗ X_n. An object 1 ∈ C is called a neutral object if we have functorial isomorphisms α(X) : 1 ⊗ X → X and β(X) : X ⊗ 1 → X such that α(X ⊗ Y ) = α(X) ⊗ Y : 1 ⊗ X ⊗ Y → X ⊗ Y, β(X ⊗ Y ) = X ⊗ β(Y ) : X ⊗ Y ⊗ 1 → X ⊗ Y and α(X) ⊗ Y = X ⊗ β(Y ) : X ⊗ 1 ⊗ Y → X ⊗ Y. A neutral object is unique up to a canonical isomorphism.

7.2. Category of crystals. We keep the notations in §2.1. Let us construct the tensor category C of crystals. An object of C, called a crystal, is a set B endowed with wt : B −→ P ε_i : B −→ Z ⊔ {−∞} φ_i : B −→ Z ⊔ {−∞} and ẽ_i : B −→ B ⊔ {0} f̃_i : B −→ B ⊔ {0}. Here −∞ is the smallest element of Z ⊔ {−∞} and 0 is a ghost element. We assume the following axioms.

φ_i(b) = ε_i(b) + ⟨h_i, wt(b)⟩ for any i (cf.(4.3)).

(7.1) If b ∈ B satisfies ẽ_ib ≠ 0, then

(7.2) ε_i(ẽ_ib) = ε_i(b) − 1 , φ_i(ẽ_ib) = φ_i(b) + 1 , wt(ẽ_ib) = wt(b) + α_i (cf.(4.3)). If b ∈ B satisfies f̃_ib ≠ 0, then

(7.3) ε_i(f̃_ib) = ε_i(b) + 1 , φ_i(f̃_ib) = φ_i(b) − 1 , wt(f̃_ib) = wt(b) − α_i .

For b_1, b_2 ∈ B, b_2 = f̃_ib_1 if and only if b_1 = ẽ_ib_2.

(7.4) If φ_i(b) = −∞, then ẽ_ib = f̃_ib = 0.

(7.5) Here we understand −∞ + n = −∞ for any integer n.

Note that a crystal base of an integral U_q(g)-module satisfies these conditions. Let B_1 and B_2 be two crystals. A morphism ψ : B_1 → B_2 is a map ψ :

B_1 ⊔ {0} → B_2 ⊔ {0} satisfying the following properties. ψ(0) = 0 .

(7.6) If ψ(b) ≠ 0 for b ∈ B_1, then

(7.7) wt(ψ(b)) = wt(b), ε_i(ψ(b)) = ε_i(b) and φ_i(ψ(b)) = ψ_i(b).

For b ∈ B_1 such that ψ(b) ≠ 0 and ψ(ẽ_ib) ≠ 0, we have

(7.8) ψ(ẽ_ib) = ẽ_iψ(b) . For b ∈ B_1 such that ψ(b) ≠ 0 and ψ(f̃_ib) ≠ 0, we have

(7.9) ψ(f̃_ib) = f̃_iψ(b).

It is easy to check that a composition of two morphisms of crystals is again a morphism of crystals. Thus, we defined the category of crystals.

7.3. Tensor Product of crystals. As in Theorem 4.1(ii) and (4.5), we define the tensor product B_1 ⊗ B_2 of two crystals B_1 and B_2. As a set, B_1 ⊗ B_2 is the set {b_1 ⊗ b_2; b_1 ∈ B_1, b_2 ∈ B_2}. We define

wt(b_1 ⊗ b_2) = wt(b_1) + wt(b_2) , ε_i(b_1 ⊗ b_2) = max ( ε_i(b_1), ε_i(b_2) − ⟨h_i, wt(b_1)⟩ ) , φ_i(b_1 ⊗ b_2) = max ( φ_i(b_1) + ⟨h_i, wt b_2), φ_i(b_2) ) , ẽ_i(b_1 ⊗ b_2) = { ẽ_ib_1 ⊗ b_2 if φ_i(b_1) ≥ ε_i(b_2) b_1 ⊗ ẽ_ib_2 if φ_i(b_1) < ε_i(b_2) ,

f̃_i(b_1 ⊗ b_2) = { f̃_ib_1 ⊗ b_2 if φ_i(b_1) > ε_i(b_2) b_1 ⊗ f̃_ib_2 if φ_i(b_1) ≤ ε_i(b_2) .

Here we understand b_1 ⊗0 = 0⊗b_2 = 0. It is easily checked that B_1 ⊗B_2 satisfies the axiom of crystal, and (B_1, B_2) → B_1 ⊗ B_2 defines a bifunctor C × C → C.

The next lemma assures that C becomes a tensor category.

Lemma 7.1. Let B_1, B_2 and B_3 be three crystals. Then (B_1 ⊗ B_2) ⊗ B_3 → B_1 ⊗ (B_2 ⊗ B_3), given by (b_1 ⊗ b_2) ⊗ b_3 → b_1 ⊗ (b_2 ⊗ b_3), is an isomorphism of crystals.

7.4. Reversing arrows. For a crystal B, let us denote by B^∨ the crystal obtained by reversing the direction of arrows. Namely, B^∨ = {b^∨; b ∈ B} with

wt(b^∨) = −wt(b), ε_i(b^∨) = φ_i(b), φ_i(b^∨) = ε_i(b), ẽ_i(b^∨) = (f̃_ib)^∨, f̃_i(b^∨) = (ẽ_ib)^∨.

This corresponds to the following ring automorphism of U_q (g) : q(h) → q(−h) , e_i → f_i , f_i → e_i . We have

(B_1 ⊗ B_2)^∨ ∼= B^∨_2 ⊗ B^∨_1 .

(7.10)

7.5. Examples. Let us give several examples of crystals. Example 7.1. For λ ∈ P_+, B(λ) is a crystal. More generally, the crystal base of an integrable U_q(g)-module is a crystal.

Example 7.2. For λ ∈ P_+, we set B(−λ) = B(λ)^∨. Then B(−λ) is regarded as the crystal base of the integrable U_q(g)-module V (−λ) of lowest weight −λ.

Example 7.3. T_λ (λ ∈ P ).

T_λ = {t_λ} with wt(t_λ) = λ, ε_i(t_λ) = φ_i(t_λ) = −∞, ẽ_it_λ = f̃_it_λ = 0. We have T_λ ⊗ T_μ ∼= T_{λ+μ} for λ, μ ∈ P . (7.11)

For any crystal B, T_0 ⊗ B ∼= B ⊗ T_0 ∼= B by t_0 ⊗ b ↔ b ⊗ t_0 ↔ b.

(7.12) Hence T_0 is a neutral object of the category of crystals.

Example 7.4. B_i (i ∈ I) B_i = {b_i(n); n ∈ Z} and wt(b_i(n)) = nα_i ,

ε_j (b_i(n)) = { −n j = i −∞ j ≠ i , φ_j (b_i(n)) = { n j = i −∞ j ≠ i , ẽ_j b_i(n) = { b_i(n + 1) j = i 0 j ≠ i , f̃_j b_i(n) = { b_i(n − 1) j = i 0 j ≠ i . We denote b_i = b_i(0). The associated crystal graph is

· · ·^i→ b_i(1)^i→ b_i(0)^i→ b_i(−1)^i→ · · · . We have T_λ ⊗ B_i ∼= B_i ⊗ T_{si λ} for i ∈ I and λ ∈ P. (7.13) Here s_iλ = λ − ⟨h_i, λ⟩α_i. The isomorphism is given by t_λ ⊗ b_i(n) ←→ b_i(n + ⟨h_i, λ⟩) ⊗ t_{siλ} . 7.6. Various Notions. We call a morphism ψ : B_1 → B_2 strict if ψ commutes with the ẽ_i’s and the f̃_i’s. If the associated map B_1 ⊔ {0} → B_2 ⊔ {0} is injective, we say that ψ is an embedding and call B_1 a subcrystal of B_2.

We call a crystal B semi-normal if ε_i(b) = max{n ≥ 0; ẽ^n_i b ≠ 0} and φ_i(b) = max{n ≥ 0; f̃^n_i b ≠ 0} for any b ∈ B and i ∈ I. It means that B considered as a crystal over U_q (g)_i, is isomorphic to the crystal associated with an integrable

U_q(g)_i-module. The crystals B(λ) and B(−λ) are semi-normal but T_λ and B_i are not semi-normal.

If B_1 is a subcrystal of B_2 and if B_1 and B_2 are semi-normal, then B_2 ∼= B_1 ⊔ (B_2\B_1).

For a crystal B and a subset J of I, let us denote by Φ_J (B) the crystal B regarded as a crystal over U_q(g_J ) (see §4.6). Then we can show the following proposition.

Proposition 7.1. For any crystal B, the following two conditions are equivalent.

(i) For any finite subset J of I such that ( (α_i, α_j ) ) i,j∈J is a positive-definite

symmetric matrix(i.e. g_J is finite-dimensional), Φ_J (B) is isomorphic to the crystal associated with an integrable U_q(g_J )-module.

(ii) The condition above is satisfied for any J ⊂ I with at most two elements.

We call a crystal B normal if B satisfies the equivalent two conditions above.

8. Crystal base of U^−_q (g)

8.1. Crystal base of U^−_q (g). Similarly to V (λ), U^−_q (g) has a “crystal base”. This is in fact derived from the crystal base of V (λ) as its limit when λ tends to the infinity.

For λ ∈ P_+, there is a surjective U^−_q (g)-linear homomorphism

π_λ : U^−_q (g) → V (λ)

(8.1)

by π_λ(P ) = P u_λ.

For ξ ∈ Q_− = ∑ Z_{≤0}α_i, we set

U^−_q (g)_ξ = {P ∈ U^−_q (g); q(h)P q(h)^{−1} = q^{⟨h,ξ⟩}P }.

Then U^−_q (g) = ⊕_{ξ∈Q−} U^−_q (g)_ξ and π_λ(U^−_q (g)_ξ ) ⊂ V (λ)_{λ+ξ} . The kernel of π_λ is ∑ i U^−_q (g)f^{1+⟨hi,λ⟩} i . Therefore, if ⟨h_i, λ⟩ ≫ 0, then U^−_q (g)_ξ → V (λ)_{λ+ξ} is an isomorphism. Hence we may regard U^−_q (g) as the limit of V (λ) when ⟨h_i, λ⟩ tend to the infinity. In order to see what happens when we change λ, let us take μ ∈ P_+ and study the relation of π_λ and π_{λ+μ}.

There is a unique U_q (g)-linear map S_{λ,μ} : V (λ+μ) → V (λ)⊗V (μ) that sends u_{λ+μ} → u_λ ⊗ u_μ. Let p_μ : V (μ) → K denote the K-linear map that sends u_μ to 1 and V (μ)_η (η ≠ μ) to 0. Then the diagram U^−_q (g)^{πλ+μ}−→ V (λ + μ)^{Sλ,μ}−→ V (λ) ⊗ V (μ) πλ ↙ pλ,λ+μ V (λ) ⊗ pμ V (λ) ============= V (λ) ⊗ K commutes. In fact this follows from the fact that all the arrows are U^−_q (g)-linear. Then S_{λ,μ} sends L(λ + μ) into L(λ) ⊗ L(μ) and V (λ) ⊗ p_μ sends L(λ) ⊗ L(μ) to L(λ). Moreover those homomorphisms send a crystal base to a crystal base (or 0). Moreover they commute with f̃_i (in fact f̃_i(b ⊗ u_μ) = f̃_ib ⊗ u_μ or b ⊗ f̃_iu_μ and they are sent to f̃_ib or 0 by V (λ) ⊗ p_μ accordingly). Thus, p_{λ,λ+μ} : V (λ + μ) → V (λ) sends L(λ + μ) to L(λ) and induces morphisms of crystals B(λ + μ) → B(λ) ⊗ B(μ) → B(λ) ⊗ T_μ. This morphism commutes with the f̃_i’s but not ẽ_i’s. Thus tending λ to the infinity we obtain

Theorem 8.1 ([3]). There is a unique local base (L(∞), B(∞)) of U^−_q (g) with the following properties.

π_λ(L(∞)) ⊂ L(λ) and π̄_λ(B(∞)) ⊂ B(λ) ⊔ 0 for any λ ∈ P_+,

(8.2)

B(∞) has a structure of crystal such that B(∞) → B(λ) ⊗ T_{−λ}

(8.3)

(b → π_λ(b) ⊗ t_{−λ}) is a morphism of crystals for any λ ∈ P_+, B(∞) → B(λ) ⊗ T_{−λ} commutes with f̃_i for any λ ∈ P_+,

(8.4) f̃_iB(∞) ⊂ B(∞) , (8.5)

{b ∈ B(∞); π̄_λ(b) ≠ 0}^{π̄λ}−→B(λ) is bijective for any λ ∈ P_+.

(8.6)

Hence B(λ) may be regarded as a subcrystal of B(∞)⊗T_λ by B(λ) ∋ π̄_λ(b) ↔ b ⊗ t_λ ∈ B(∞) ⊗ T_λ. Then B(λ) → B(∞) ⊗ T_λ commutes with the ẽ_i’s (but not f̃_i’s). Its image will be given in Proposition 8.2.

Let us denote by u_∞ the element of B(∞) corresponding to 1 ∈ U^−_q (g). Hence we have π̄_λ(u_∞) = u_λ.

Remark 8.1. For b ∈ B(∞), we have

ε_i(b) = max{n ≥ 0; ẽ^n_i b ≠ 0} .

However, φ_i(b) may be negative (e.g. φ_i(f̃_iu_∞) = −1). Also note that

{b ∈ B(∞) ; ε_i(b) = 0 for every i ∈ I} = {u_∞} .

(8.7)

8.2. Description of B(∞). In order to describe B(∞), let us first show that B(∞) is embedded into B(∞) ⊗ B_i (u_∞ → u_∞ ⊗ b_i) for any i. This can be explained as follows.

Take Λ_i ∈ Q ⊗ P such that ⟨h_j , Λ_i⟩ = δ_{ij} for every j ∈ I. Take b ∈ B(∞). Take λ ∈ P_+ such that ⟨h_i, λ⟩ = 0 and ⟨h_j , λ⟩ ≫ 0 for j ≠ i. Take N ≫ 0 such that NΛ_i ∈ P . Let b_1 ⊗ b_2 ∈ B(λ) ⊗ B(NΛ_i) be the image of b by the composition B(∞)^{π̄λ+N Λi}−→ B(λ + NΛ_i) → B(λ) ⊗ B(NΛ_i). Take b^′ ∈ B(∞) such that π̄_λ(b^′) = b_1. We can see easily that b_2 has the form f̃^m_i u_{NΛi} and b^′ and m do not depend on the choice of N and λ. Then b → b^′ ⊗ f̃^m_i b_i is in fact defines a morphism of B(∞) → B(∞) ⊗ B_i.

Theorem 8.2 ([5]). There is a unique strict embedding of crystals Ψ_i : B(∞) → B(∞) ⊗ B_i that sends u_∞ to u_∞ ⊗ b_i.

We can see by the similar argument

B(∞) ⊗ B_i ∼= ⨆ n≥0 B(∞) ⊗ T_{nαi} (8.8)

where B(∞) ⊗ T_{nαi} → B(∞) ⊗ B_i is given by u_∞ ⊗ t_{nαi} → u_∞ ⊗ ẽ^n_i b_i.

Now let us take a sequence i_1, i_2, · · · in I such that {n ∈ Z_{>0}; i = i_n} is an infinite set for any i ∈ I. Then we have Ψ_n : B(∞)^{Ψi1}−→B(∞) ⊗ B_{i1}^{Ψi2 ⊗Bi1}−→ B(∞) ⊗ B_{i2} ⊗ B_{i1} → · · · → B(∞) ⊗ B_{in} ⊗ · · · ⊗ B_{i1} . For any b ∈ B(∞), if we take n ≫ 0 then Ψ_n(b) has the form u_∞ ⊗ f̃^{an}_{in} b_{in} ⊗ · · ·⊗ f̃^a1_{i1} b_{i1} . Set a_m = 0 (m > n). Since Ψ_{n′} (b) = u_∞ ⊗ b_{in′} ⊗ · · · ⊗ b_{in+1} ⊗ f̃^an_{in} b_{in} ⊗ · · · ⊗ f̃^{a1}_{i1} b_{i1} for n^′ ≥ n, the sequence {a_1, a_2 · · · } is independent of the choice of n. Thus we obtain an embedding

Ψ : B(∞) → {(a_n)_{n>0}; (a_n) is a sequence of non-negative integers such that a_n = 0 for n ≫ 0} .

This gives a description of B(∞). This description depends on the choice of a sequence {i_1, i_2, · · · }. The map Ψ is injective but we don’t know the image of Ψ in general.

Example 8.1. For g = sl_3, I = {1, 2}, if we take i_1 = 1, i_2 = 2, i_3 = 1, then the image of Ψ is the set of (a_n) with

a_2 ≥ a_3 and a_n = 0 for n > 3 .

8.3. ∗-operation. Let ∗ : U_q(g) → U_q (g) be the anti-automorphism given by q^∗ = q e^∗_i = e_i f^∗_i = f_i q(h)^∗ = q(−h). Then ∗ sends U^−_q (g) to U^−_q (g) .

Theorem 8.3. L(∞)^∗ = L(∞), B(∞)^∗ = B(∞).

We shall set

ẽ^∗_i (b) = (ẽ_i(b^∗))^∗ f̃^∗_i (b) = (f̃_i(b^∗))^∗ ε^∗_i (b) = ε_i(b^∗) φ^∗_i (b) = φ_i(b^∗).

Then it gives another crystal structure on B(∞). This can be explained also by Ψ_i : B(∞) → B(∞) ⊗ B_i as follows.

Proposition 8.1. For b ∈ B(∞), set Ψ_i(b) = b^′ ⊗ f̃^m_i b_i. Then we have

ε^∗_i (b^′) = 0 ,

(8.9) ε^∗_i (b) = m ,

(8.10) Ψ_i(f̃^∗_i b) = b^′ ⊗ f̃^{m+1}_i b_i and

(8.11)

Ψ_i(ẽ^∗_i b) = { b^′ ⊗ f̃^{m−1}_i b_i if m > 0 0 if m = 0.

(8.12)

Hence the image of Ψ_i : B(∞) → B(∞) ⊗ B_i is {b ⊗ f̃^n_i b_i ∈ B(∞) ⊗ B_i ; n ≥ 0, ε^∗_i (b) = 0}. We have also

Proposition 8.2. For any λ ∈ P_+, the image of B(λ) → B(∞) ⊗ T_λ is {b ⊗ t_λ ∈ B(∞) ⊗ T_λ, ; ε^∗_i (b) ≤ ⟨h_i, λ⟩ for any i ∈ I} . Remark 8.2. By Proposition 8.1, ẽ^∗_i and f̃_j commutes if i ≠ j, but ẽ^∗_i and f̃_i do not commute (cf. §9.3).

Remark 8.3. Similarly, U^+_q (g) has a “crystal base”. We shall denote it by ( L(−∞), B(−∞) ) . We have B(−∞) ∼= B(∞)^∨ as a crystal. We set u_{−∞} = u_∞^∨, which corresponds to 1 ∈ U^+_q (g)

9. Crystal Base of Modified quantized enveloping algebras 9.1. Modified quantized enveloping algebra. Let U_q(g)a_λ be the left U_q(g)-module with the defining relation q(h)a_λ = q^{⟨h,λ⟩}a_λ. Set Ũ_q(g) = ⊕_{λ∈P} U_q (g)a_λ

and we endow the U_q (g)-bimodule structure on Ũ_q(g) as follows:

For ξ ∈ Q = ⊕Zα_i and

(9.1) R ∈ U_q(g)_ξ = {R ∈ U_q(g); q(h)Rq(−h) = q^{⟨h,ξ⟩}R for any h ∈ P^∗} , a_λR = R a_{λ−ξ} .

Moreover Ũ_q (g) has the ring structure satisfying a_λa_μ = δ_{λ,μ}a_λ . (9.2) (uP )v = u(P v) for u, v ∈ Ũ_q (g) and P ∈ U_q(g) .

(9.3)

For any integrable U_q(g)-module M, Ũ_q (g) operates on M such a way that a_λ is the projection operator to the weight space M_λ.

We have Ũ_q(g) = ⊕_{λ,μ∈P} λ−μ∈Q a_λU_q(g)a_μ.

9.2. Crystal base of Ũ_q (g). We shall show that Ũ_q(g) has also a “crystal base”. The reasoning is similar to the U^−_q (g)-case. Take λ ∈ P and choose ζ, μ ∈ P_+ such that λ = ζ − μ. Then we have a U_q(g)-linear homomorphism π_{ζ,μ} : U_q (g)a_λ → V (ζ) ⊗ V (−μ) by a_λ → u_ζ ⊗ u_{−μ}. Here V (−μ) is the irreducible integrable U_q(g)-module with lowest weight −μ. Hence V (−μ) = U_q (g)u_{−μ} with the defining relations: q(h)u_{−μ} = q^{⟨h,−μ⟩}u_{−μ}, f_iu_{−μ} = 0, e^{1+⟨hi,μ⟩} i u_{−μ} = 0. Then π_{ζ,μ} is surjective. For ξ ∈ P_+ we have a commutative diagram. U_q (g)a_λ^{πζ+ξ,μ+ξ} −−−−−−→ V (ζ + ξ) ⊗ V (−μ − ξ) α

V (ζ) ⊗ V (ξ) ⊗ V (−ξ) ⊗ V (−μ) π_{ζ,μ} β V (ζ) ⊗ V (−μ) Here α is given by the U_q(g)-linear homomorphisms V (ζ + ξ) → V (ζ) ⊗ V (ξ) (u_{ζ+ξ} → u_ζ ⊗ u_ξ) and V (−μ − ξ) → V (−ξ) ⊗ V (−μ) (u_{−μ−ξ} → u_{−ξ} ⊗ u_{−μ}). The morphism β is given by a unique U_q(g)-linear homomorphism V (ξ)⊗V (−ξ) → C (u_ξ ⊗ u_{−ξ} → 1). In the level of crystals, α and β induces B(λ + ξ) ⊗ B(−μ − ξ) → B(λ) ⊗ B(ξ) ⊗ B(−ξ) ⊗ B(−μ) → B(λ) ⊗ B(0) ⊗ B(−μ), ∼= B(λ) ⊗ B(−μ). Here B(ξ) ⊗ B(−ξ) → B(0) = {u_0} is given by

b_1 ⊗ b_2 → { u_0 if b_1 = u_ξ and b_2 = u_{−ξ} , 0 otherwise.

We can easily see that they are strict morphisms of crystals. This gives the following

Theorem 9.1 (G.Lusztig[28]). For any λ ∈ P , there exists a unique local base ( L(U_q (g)a_λ),B(U_q (g)a_λ) ) of U_q(g)a_λ that satisfies the following properties.

(i) For any ζ, μ ∈ P_+ with λ = ζ − μ, π_{ζ,μ} ( L(U_q(g)a_λ) ) ⊂ L(ζ) ⊗ L(−μ) and the induced map π̄_{ζ,μ} : L(U_q(g)a_λ)/qL(U_q(g)a_λ) → (L(ζ)/qL(ζ)) ⊗ (L(−μ)/qL(−μ)) satisfies π̄_{ζ,μ} ( B(U_q (g)a_λ) ) ⊂ B(ζ) ⊗ B(−μ) ⊔ {0}. (ii) There is a structure of crystal on B(U_q(g)a_λ) such that π̄_{ζ,μ} gives a strict morphism of crystals from B(U_q(g)a_λ) to B(ζ) ⊗ B(−μ) for any ζ, μ ∈ P_+ with λ = ζ − μ. Set ( L(Ũ_q(g)), B(Ũ_q (g)) ) = ⊕_λ ( L(U_q(g)a_λ), B(U_q(g)a_λ) ) . Let us remark that B(Ũ_q(g)) is normal (see §7.6). For ζ, μ ∈ P_+, we have B(ζ) → B(∞) ⊗ T_ζ and B(−μ) → T_{−μ} ⊗ B(−∞). Hence B(ζ) ⊗ B(−μ) → B(∞) ⊗ T_{ζ−μ} ⊗ B(−∞). Thus fixing λ = ζ − μ ∈ P_+ and letting ζ and μ tend to infinity, we obtain

Theorem 9.2 ([7]). B(U_q (g)a_λ) ∼= B(∞) ⊗ T_λ ⊗ B(−∞) as a crystal.

This is compared with

U_q(g)a_λ ∼= U^−_q (g) ⊗ Ka_λ ⊗ U^+_q (g) .

(9.4)

9.3. Crystal structure over g ⊕ g. As Ũ_q (g) has a U_q(g)-bimodule structure, it may be regarded as a U_q (g ⊕ g)-module. Similarly, we can extend the crystal structure on B(Ũ_q (g)) to a crystal structure over g ⊕ g.

Let ∗ be the anti-automorphism of Ũ_q(g) given by q^∗ = q , a^∗_λ = a_{−λ} , (P u)^∗ = u^∗P^∗, (uP )^∗ = P^∗u^∗ for u ∈ Ũ_q(g) and P ∈ U_q(g) .

Then we can show

Theorem 9.3. (i) L(Ũ_q(g))^∗ = L(Ũ_q(g)), B(Ũ_q (g))^∗ = B(Ũ_q(g)). (ii) By the identification B(Ũ_q (g)) ∼= ⊕_{λ∈P} B(∞) ⊗ T_λ ⊗ B(−∞), we have

(b_1 ⊗ t_λ ⊗ b_2)^∗ = b^∗_1 ⊗ t_{−λ−wtb1 −wtb2} ⊗ b^∗_2

(9.5)

for b_1 ∈ B(∞) and b_2 ∈ B(−∞).

Now setting

ε^∗_i (b) = ε_i(b^∗) φ^∗_i (b) = φ_i(b^∗) ẽ^∗_i (b) = (ẽ_i(b^∗))^∗ f̃^∗_i (b) = (f̃_i(b^∗))^∗ wt^∗(b) = −λ for b ∈ B(U_q (g)a_λ) ,

we obtain another structure of crystal on B(Ũ_q(g)). These two crystal structures are compatible (i.e. ẽ^∗_i , f̃^∗_i : B(Ũ_q (g)) → B(Ũ_q (g)) is a morphism of crystal), so that B(Ũ_q (g)) may be regarded as a crystal over g ⊕ g.

Let us denote by T the (integral) Tits cone, i.e. T = W · P_+ = {λ ∈ P ; (α, λ) < 0 only for a finite number of positive roots α} .

Here W denotes the Weyl group. Set

B_T (Ũ_q(g)) = {b ∈ B(Ũ_q (g)) ; wt(b), −wt^∗(b) ∈ T } .

Then we have a Peter-Weyl type theorem (also see Problem 1 in the last section).

Theorem 9.4 ([7]). B_T (Ũ_q(g)) ∼= ⊕_{λ∈P+} B(λ) ⊗ B(−λ) (9.6)

as a crystal over g ⊕ g.

Regarding P ⊕P as the weight lattice of g⊕g, B(λ)⊗B(−λ) means B(λ⊕0)⊗ B(0⊕(−λ)). Hence B(λ)⊗B(−λ) is identified with {b_1 ⊗b_2 ; b_1 ∈ B(λ) and b_2 ∈ B(−λ)}, and ẽ_i and f̃_i act on the first factor and ẽ^∗_i and f̃^∗_i act on the second factor, and ε_i(b_1 ⊗ b_2) = ε_i(b_1), ε^∗_i (b_1 ⊗ b_2) = ε_i(b_2), etc.

10. Littelmann’s path realization P. Littelmann ([17, 18]) gave a way of describing B(λ) in a geometric way. Let us explain it briefly. Set P_R = R ⊗_ZP . A path is a piecewise-linear, continuous map from [0, 1] to P_R. We consider it modulo parameterization (i.e. π ≡ π ∘ φ if φ : [0, 1] → [0, 1] is a piecewise-linear continuous increasing surjective map). Remark that π may be not injective. Let us denote by P the set of paths π such that π(0) = 0 and π(1) ∈ P . He defined a crystal structure on P as follows. For π ∈ P, we set wt(π) = π(1). For i ∈ I, let us set

h = inf ( Z ∩ {⟨h_i, π(t)⟩; 0 ≤ t ≤ 1} ) ≤ 0.

We set ε_i(π) = −h. If ε_i(π) = 0 then ẽ_ib = 0. If ε_i(π) > 0, let us take the smallest t_1 > 0 such that ⟨h_i, π(t_1)⟩ = h. Let t_0 < t_1 be the largest number such that ⟨h_i, π(t_0)⟩ = h + 1. Then we define

(ẽ_iπ)(t) = π(t) for 0 ≤ t ≤ t_0 π(t) − ⟨h_i, π(t) − π(t_0)⟩α_i for t_0 ≤ t ≤ t_1 π(t) + α_i for t_1 ≤ t ≤ 1.

Hence the part t_0 ≤ t ≤ t_1 of the path π is reflected along the hyperplane {λ ∈ P_R; ⟨h_i, λ⟩ = h + 1} and the part t_1 ≤ t ≤ 1 is parallel translated. We set f̃_iπ = (ẽ_i(π^∨))^∨ , φ_i(π) = ε_i(π^∨) = ⟨h_i, π(1)⟩ − h .

Here π^∨ is the reversed path [0, 1] ∋ t → π(1 − t) − π(1).

Then we can see easily Lemma 10.1. The data above define a structure of crystal on P. Remark that P is a semi-normal crystal. Let ∗ : P × P → P be the map given

(π_1 ∗ π_2)(t) = { π_1(2t) 0 ≤ t ≤ 1/2 , π_1(1) + π_2(2t − 1) 1/2 ≤ t ≤ 1 .

The following is also easy to prove.

Lemma 10.2. π_1 ⊗ π_2 → π_1 ∗ π_2 gives a morphism of crystals from P ⊗ P to P. Now we can state the result. For λ ∈ P , let π_λ be the straight path joining 0 and λ.

Theorem 10.1. For λ ∈ P_+, there is a unique morphism of crystal from B(λ) to P sending u_λ to π_λ. By this morphism, B(λ) is isomorphic to the connected component of the crystal P containing π_λ.

The image of B(λ) → P is explicitly described (referred to as Lakshmibai- Seshadri paths) in [17].

11. Weyl group action on crystals Let B be a semi-normal crystal (see §7.6). For i ∈ I, we define the automorphism S_i of the set B by S_ib = { f̃_i⟨hi,wt b⟩ b if ⟨h_i, wt(b)⟩ ≥ 0 ẽ_i^{−⟨hi,wt b⟩} b if ⟨h_i, wt(b)⟩ ≤ 0 . (11.1)

This is visualized as

· · ·

S_i S_i

Hence we have

S^2_i = id .

We have

wt(S_ib) = s_i(wt(b)) .

(11.2)

Here s_i is the simple reflection s_i(λ) = λ − ⟨h_i, λ⟩α_i . Let W be the Weyl group, i.e. the subgroup of GL(P ) generated by the s_i’s.

Theorem 11.1 ([7]). If B is a normal crystal, then there exists a unique action S : W → Aut(B) of W on the set B such that S_{si} = S_i for any i ∈ I.

We have

wt(S_wb) = w(wt(b)) for any w ∈ W , and b ∈ B.

(11.3)

Remark 11.1. Even if wα_i = α_j , S_w ∘ ẽ_i = ẽ_j ∘ S_w does not hold in general.

12. Global bases

12.1. Introduction. So far, we discussed crystal bases, which is a local base at q = 0. In fact, starting from this we can construct a true base of the representation V (λ).

This is based on the following observation.

12.2. Balanced triple. Let k be a field and K = k(q). Let A = {f(q) ∈ K; f is regular at q = 0} and A_∞ = {f(q) ∈ K; f is regular at q = ∞}.

Let V be a K-vector space. We regard V as the space of meromorphic sections of a vector bundle on P^1 = Spec(k[q]) ∪ Spec(k[q^{−1}]). Then a local base (L, B) at q = 0 defines the vector bundle on a neighborhood of q = 0 and a base of the stalk of the vector bundle at q = 0. If we can extend this vector bundle globally to P^1 and if this vector bundle is trivial, then any section at q = 0 uniquely extends to a global section. This gives a base of V as a K-vector space.

More precisely, let L be an A-lattice of V , L_∞ an A_∞-lattice of V and V_{k[q,q}−1_] a k[q, q^{−1}]-lattice of V .

Proposition 12.1. Set E = L ∩ L_∞ ∩ V_{k[q,q}−1_]. Then the following four conditions are equivalent.

E → L/qL is an isomorphism.

(12.1)

E → L_∞/q^{−1}L_∞ is an isomorphism.

(12.2)

(L ∩ V_{k[q,q}−1_]) ⊕ (q^{−1}L_∞ ∩ V_{k[q,q}−1_]) → V_{k[q,q}−1_] is an isomorphism.

(12.3) A ⊗_k E → L, A_∞ ⊗_k E → L_∞, k[q, q^{−1}] ⊗_k E → V_{k[q,q}−1_] and K ⊗_k E → V (12.4)

are isomorphisms.

In a geometric language, (L, L_∞, V_{k[q,q}−1_]) determines a quasi-coherent sheaf V on P^1, and V_{k[q,q}−1_] corresponds to the space of its sections over P^1\{0, ∞}, E to the space of global sections, L/qL to the stalk at q = 0 and L_∞/q^{−1}L_∞ to the stalk at q = ∞. The kernel and the cokernel of the homomorphism in (12.3) correspond to the 0-th and the first cohomology of V ⊗ O_P1(−1). The above four conditions are equivalent to the triviality of V.

Definition 12.1. If (L, L_∞, V_{k[q,q}−1_]) satisfies the equivalent four conditions above, we call (L, L_∞, V_{k[q,q}−1_]) balanced.

In such a case, let us denote by G : L/qL → E the inverse of the isomorphism in (12.1). If B is a base of L/qL, then G(B) becomes a base of V . We call it a global base of V .

12.3. Global bases of V (λ). Let us apply the arguments in the preceding section to obtain a true base of V (λ). Let U_q(g)_{k[q,q}−1_] denote the k[q, q^{−1}]- subalgebra of U_q (g) generated by e^{(n)}_i , f^{(n)}_i , q(h) and { q(h) n } (n ≥ 1, i ∈ I, h ∈ P^∗). Let U^+_q (g)_{k[q,q}−1_] (resp. U^−_q (g)_{k[q,q}−1_]) denote the k[q, q^{−1}]-subalgebra generated by the e^{(n)}_i ’s (resp. the f^{(n)}_i ’s). Then

U_q (g)_{k[q,q}−1_] ∼= U^−_q (g)_{k[q,q}−1_] ⊗_{k[q,q−1 ]} T_{k[q,q}−1_] ⊗ U^+_q (g)_{k[q,q}−1_] .

Here T_{k[q,q}−1_] is the k[q, q^{−1}]-subalgebra of K[P^∗] generated by q(h) and { q(h) n } . Let − : U_q(g) → U_q(g) be the ring automorphism given by q^− = q^{−1} , e^−_i = e_i , f^−_i = f_i , q(h)^− = q(−h) . For λ ∈ P_+, let − : V (λ) → V (λ) be the map P u_λ → P̄ u_λ (P ∈ U_q (g)). This is well-defined. Then L(λ)^− is an A_∞-module. Set V (λ)_{k[q,q}−1_] = U_q (g)_{k[q,q}−1_]u_λ = U^−_q (g)_{k[q,q}−1_]u_λ.

Theorem 12.1 ([3]). ( L(λ), L(λ)^−, V (λ)_{k[q,q}−1_] ) is a balanced triple.

Hence if we denote by G_λ the inverse of the isomorphism L(λ) ∩ L(λ)^− ∩ V (λ)_{k[q,q}−1_]^∼→ L(λ)/qL(λ), then we have V (λ) = ⊕_{b∈B(λ)} KG_λ(b). (12.5) We call {G_λ(b)}_{b∈B(λ)} the global base of V (λ). We have G_λ(b)^− = G_λ(b)

(12.6)

Similarly we have Theorem 12.2 ([3]). ( L(∞), L(∞)^−, U^−_q (g)_{k[q,q}−1_] ) is a balanced triple.

Hence if we denote by G_∞ the inverse of the isomorphism L(∞) ∩ L(∞)^− ∩ U^−_q (g)_{k[q,q}−1_]^∼−→ L(∞)/qL(∞), we have U^−_q (g) = ⊕_{b∈B(∞)} KG_∞(b).

(12.7) We call {G_∞(b)}_{b∈B(∞)} the global base of U^−_q (g).

If we denote π̄_λ : L(∞)/qL(∞) → L(λ)/qL(λ) the map induced by π_λ : U^−_q (g) → V (λ) given by π_λ(P ) = P u_λ (see §8.1), we have G_∞(b)u_λ = G_λ(π̄_λ(b)) for b ∈ B(∞).

(12.8)

We have also G_∞(b)^− = G_∞(b) ,

(12.9) G_∞(b)^∗ = G_∞(b^∗) .

Similarly we can define the global base of Ũ_q(g). We define the ring automorphism − of Ũ_q (g) by (P a_λ)^− = P̄ a_λ and set Ũ_q(g)_{k[q,q−1 ]} = ⊕_{λ∈P} U_q(g)_{k[q,q−1 ]}a_λ .

Theorem 12.3 (Lusztig[28]). ( L(Ũ_q(g)), L(Ũ_q (g))^−, Ũ_q(g)_{k[q,q}−1_] ) is a balanced triple.

Hence Ũ_q(g) has also global bases.

Example 12.1. If g = sl_2, the global bases of U^−_q (g) is {f^{(n)}; n ≥ 0}. Example 12.2. If g = sl_3, I = {1, 2}, the global bases of U^−_q (g) is {f^{(l)}_1 f^{(m)}_2 f^{(n)}_1 ; m ≥ l + n} ∪ {f^{(l)}_2 f^{(m)}_1 f^{(n)}_2 ; m ≥ l + n}.

Note that f^{(l)}_1 f^{(n+l)}_2 f^{(n)}_1 = f^{(n)}_2 f^{(n+l)}_1 f^{(l)}_2 and those bases are mutually distinct except those cases.

Example 12.3. The global base of Ũ_q (sl_2) is given by f^{(m)}e^{(n)}a_λ where ⟨h, λ⟩ ≥ m − n and

(12.10) e^{(n)}f^{(m)}a_λ where ⟨h, λ⟩ < m − n (12.11)

Remark that f^{(m)}e^{(n)}a_λ = e^{(n)}f^{(m)}a_λ if ⟨h, λ⟩ = m − n.

12.4. Properties of global bases. The global bases of V (λ) have good properties.

Lemma 12.1.

f_iG(b) = [ε_i(b) + 1]G(f̃_ib) + ∑ ε_j (b^′)≥ε_j (b)+⟨h_j ,α_i⟩ F^i_{b,b}′ G(b^′) , e_iG(b) = [φ_i(b) + 1]G(ẽ_ib) + ∑ φ_j (b^′)≥φ_j (b)+⟨h_j ,α_i⟩ E^i_{bb}′ G(b^′) .

Remark that, as for the remainder terms G(b^′) (ε_j (b^′) ≥ ε_j (b) + ⟨h_j , α_i⟩), b^′ belongs to an i-string whose length is greater than the length of the i-string containing b.

Lemma 12.2. f^m_i V (λ) = ⊕_{εi (b)≥m} KG_λ(b) e^m_i V (λ) = ⊕_{φi(b)≥m} KG_λ(b) Let w ∈ W be an element of the Weyl group. Then dim V (λ)_{wλ} = 1 and let u_{wλ} ∈ V (λ)_{wλ} be a global basis. Then this is explicitly given by u_{wλ} = f^{(⟨hi,w′λ⟩)} i u_w′_λ if w = s_iw^′, l(w) = 1 + l(w^′). Here l is the length function. This follows from Lemma 12.1.

Now let w = s_{i1} · · · s_{il} be a reduced expression. Then we can easily see U^+_q (g)u_{wλ} = ∑ a_1 ,... ,a_l≥0 Kf^{a1}_{i1} · · · f^{al}_{il} u_λ.

Set B_w(λ) = {f̃^{a1}_{i1} · · · f̃^{al}_{il} u_λ; a_1, . . . a_l ∈ Z_{≥0}}\{0} ⊂ B(λ). Then we have ([5])

Theorem 12.4. U^+_q (g)u_{wλ} = ⊕_{b∈Bw (λ)} KG_λ(b).

Let ≦ denote the Bruhat order on W . Then for w^′ ≦ w, we have B_w′ (λ) ⊂ B_w(λ) . (12.12)

Set B̄_w(λ) = B_w(λ)\ ∪_{w′ ≨w} B_w′ (λ).

Then we have the decomposition (Littelmann[17]) B(λ) = ⊔_{w∈W} B̄_w(λ). (12.13)

The set B_w(λ) has the following property. For any i ∈ I and any i-string S ⊂ B(λ), we have one of the following three cases : B_w(λ) ⊃ S . (12.14) B_w(λ) ∩ S = {∅} . (12.15) B_w(λ) ∩ S consists of the highest weight vector of S.

(12.16)

The Demazure character formula is obtained easily from this fact (see [5]).

13. Problems

Problem 1. Describe explicitly the crystal graph of B ( ~ U_q(g) ) , when g is affine.

By Theorem 9.4, if g is finite-dimensional, we have an analogue of Peter-Weyl theorem: B (~ U_q(g) ) ∼ = ⊕_{λ∈P+} B(λ) ⊗ B(−λ) as a crystal over g ⊕ g. In the affine case, we have a similar result for non-zero level. More precisely, let c ∈ ∑ i Z_{>0}h_i be a center of g (i.e.⟨c, α_i⟩ = 0). Then Theorem 9.4 implies B (~ U_q (g) ) = B (~ U_q(g) ) + ⊕ B (~ U_q(g) ) 0 ⊕ B (~ U_q (g) ) − where B (~ U_q(g) ) ∗ consists of vectors b such that ⟨c, wt(b)⟩ > 0, = 0, < 0 according to ∗ = +, 0, −. Then B (~ U_q(g) ) ± ∼= ⊕_{λ∈P} ± ⟨c,λ⟩><0 B(λ) ⊗ B(−λ)

as a crystal over g ⊕ g. However, we know very little about the structure of B (~ U_q(g) ) 0. (cf. [15])

Problem 2. For λ ∈ P_+ and ξ ∈ P , calculate det ( G_λ(b), G_λ(b^′) ) b,b^′∈B(λ)_ξ . There is a unique symmetric bilinear form (·, ·) on V (λ) such that

(u_λ, u_λ) = 1, (e_iu, v) = (u, f_iv), (q(h)u, v) = (u, q(h)v).

Then for b, b^′ ∈ B(λ)_ξ , φ_{bb}′ (q) = ( G_λ(b), G_λ(b^′) ) belongs to Z[q + q^{−1}]. Furthermore we have φ_{bb}′ (q) ∈ q^{((ξ,ξ)−(λ,λ))/2}(δ_{bb}′ + qZ[q]). We consider q as a non-zero element of an arbitrary field K and U_q(g) as an algebra over K. Then the U_q(g)-module V (λ) is not irreducible if and only if q is a root of det ( G_λ(b), G_λ(b^′) ) b,b^′∈B(λ)_ξ = 0 for some ξ. On the other

hand, V (λ) is (believed to be) irreducible unless q is a root of unity. Hence det ( G_λ(b), G_λ(b^′) ) b,b^′ must be a product of cyclotomic polynomials in q (and a

power of q).

The similar and easier problem may be asked for the global base of U^−_q (g) and the Verma modules.

Problem 3. Has a crystal graph for non-symmetrizable g a meaning ? The procedure in §8.2 is applied also to non-symmetrizable case. Namely there exists a crystal B(∞) with an embedding B(∞) → B(∞) ⊗ B_i for any i. Hence B(λ) → B(∞) ⊗ T_λ can be also defined. However U_q(g) is not known for non-symmetrizable g.

Problem 4. Is there an analogue of crystal base and global base for the q-analogue of other algebra cases ?

The Hecke algebra case is already known (Kazhdan-Lusztig polynomials). Other cases such as generalized Kac-Moody Lie algebras of Borcherds are not known, as far as I know.

Bibliography

Articles on the general theory of crystal bases

1. M. Kashiwara, Crystallizing the q-analogue of universal enveloping algebra, Commun.

Math. Phys. 133 (1990), 249–260.

2. , Bases cristallines, C. R. Acad. Sci. Paris, 311 (1990), 277–280. 3. , On crystal bases of the q-analogue of universal enveloping algebras, Duke Math.

J. 63 (1991), 465–516.

4. , Crystallizing the q-analogue of universal enveloping algebras, Proceeding of the International Congress of Mathematicians, Kyoto, Japan, 1990, The Mathematical Society of Japan (1991), 791–797.

5. , Crystal base and Littelmann’s refined Demazure character formula, Duke Math.

J. 71 (1993), 839–858.

6. , Global crystal bases of quantum groups, Duke Math. J. 69 (1993), 455–485. 7. , Crystal bases of modified quantized enveloping algebra, Duke Math. J. 73 (1994), 383–413.

Articles on the relations of crystal bases and Young Tableaux for classical groups

8. M. Kashiwara and T. Nakashima, Crystal graphs for representations of the q-analogue of classical Lie algebras, Journal of Algebra, 165 (1994), 295–345.

9. T. Nakashima, Crystal base and a generalization of Littlewood-Richardson rule for the classical Lie algebras, Commun. Math. Phys. 154 (1993), 215–243.

Articles on crystal bases for affine Lie algebras and their path realizations

10. K.Misra and T.Miwa, Crystal base for the basic representation of U_q (^sl_2), Commun. Math.

Phys. 134 (1990), 79–88.

11. S-J. Kang, M. Kashiwara, K. Misra, T. Miwa, T. Nakashima and A. Nakayashiki, Vertex models and crystals, C. R. Acad. Sc. Paris, t. 315, I (1992), 375–380.

12. , Affine crystals and Vertex models, International Journal of Modern Physics A 7, Suppl. 1A (1992), 449–484, Proceeding of the RIMS Research Project 1991 ”Infinite Analysis”.

13. , Perfect crystals of quantum affine Lie algebra, Duke Math. J. 68 (1992), 499–607. 14. S-J. Kang, M. Kashiwara and K. Misra, Crystal bases of Verma modules for quantum affine Lie algebras, Compositio Mathematica 92 (1994), 299–325.

15. M.Idzumi, K.Iohara, M.Jimbo, T.Miwa, T.Nakashima and T.Tokihiro, Quantum affine symmetry in Vertex models, Int. J. Mod. Phys. A 8 (1993), 1479–1511.

For the relation of solvable models and quantized universal enveloping algebras, see the following survey article.

16. M.Jimbo and T.Miwa, Algebraic analysis of solvable lattice models, CBMS Regional Conference Series in Mathematics, 85, AMS.

Articles on Littelmann’s path realization

17. P. Littelmann, A Littlewood-Richardson rule for symmetrizable Kac-Moody Lie algebra, Invent. math. 116 (1994), 329–346.

18. , Path and root operators in representation theory, Ann. Math. (to appear).

As for the canonical base of G.Lusztig, see the following book and the references inside

19. G. Lusztig, Introduction to Quantum Groups, Progress in Math. 110, Birkhäuser (1993).

As for the relation of crystal bases and Poincaré-Birkoff-Witt bases, see the book of G.Lusztig and also

20. Y. Saito, PBW basis of quantized universal enveloping algebras, Publ. RIMS, Kyoto Univ.

30 (1994) 209–232.

As for the relation of crystal bases and monomial bases, see

21. Lakshmibai, Bases for quantum Demazure modules,II, in Algebraic groups and their generalization: quantum and infinite-dimensional methods, Proc. Symp. Pure Math., AMS, 56 (1994) 149–168.

The multiplicative structure of upper global base (i.e. the dual base of the global base) in U^−_q (g) is studied in

22. A.Berenstein and A.Zelevinsky, String bases for quantum groups of type A_r, in I.M.Gelfand seminar, Part I, Advances in Soviet Mathematics, AMS, 16 51–90.

Other papers cited in this article

23. V.G.Drinfeld, Hopf algebra and the Yang-Baxter equation, Soviet Math.Dokl.(English translation) 32 (1985), 254–258.

24. M.Jimbo, A q-difference analogue of U(g) and the Yang-Baxter equation, Lett.Math.Phys.

10 (1985), 63–69.

25. I.Grojnowski and G.Lusztig, A comparison of bases of quantized enveloping algebras, Contemporary Math. 153 (1993), 11–19.

26. G.Lusztig, On quantum groups, J.Algebra 131 (1990), 466–475.

27. Canonical bases arising from quantized enveloping algebras, J.Amer.Math.Soc. 3 (1990), 447–498.

28. Canonical bases in tensor products, Proc.Natl.Acad.Sci.USA 89 (1992), 8177–8179. 29. N.Saavedra Rivano, Catégories Tannakiennes, Lecture Notes in Math. 265, Springer, (1972).

Research Institute for Mathematical Sciences, Kyoto University, Kyoto, 606-01 Japan