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In this paper, we give the answer to the following two intimately related problems.

(@) To decompose the tensor products of the harmonic representations into
irreducible components to get a series of new unitary irreducible representations
with highest weight vectors of the group G= M p(n), two-sheeted covering group
of the symplectic group, or G=U(p, q).

(b) To describe the representations of the group GL(n, €C)x O(k, €) (resp.
GL(p, €)x GL(g, €) x GL(k, €)) in the space of pluriharmonic polynomials on
the space M(n, k; C) of nxk complex matrices (resp. M(p, k; €) x M(q, k; ©)).

The second problem arises when we construct an intertwining operator from
the tensor product of the harmonic representation into a space of vector-valued
holomorphic functions on the associated hermitian symmetric space G/K, or
equivalently when we consider highest weight vectors in the tensor products.

Some of our motivations are the following:

1) Apart from special cases the unitary dual G of a real semi-simple Lie group
is not known. There exist isolated points in G which are not members of discrete
or “mock-discrete” series, (for exemple for Sp(2, C) where the unitary dual has
been computed by M. Duflo [18], there are two isolated points in G, the trivial
representation and the odd component of the Segal-Shale-Weil representation)
and we are interested to produce series of such representations.

2) We are extending to matrix spaces classical results for harmonic polynomials
on R".

(0.2) Let us now describe with more details our methods and results. Let G be
M p(n) or U(p, q). There is some interesting “minimal” representation in G:

(o) The consideration of Sp(n, R) as a group of automorphisms of the com-
mutation relations (i.e. Heisenberg group) leads to the definition of the Segal-
Shale-Weil representation of the metaplectic group M p(n) in I2(R"). We call
this unitary representation L the harmonic representation of M p(n). L is the
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sum of two irreductible representations L, and L_ both having highest weight
vectors.

(f) Let h be a hermitian form of signature (p, g) on €?*%; as an element of
U(p, q) leaves h stable and a fortiori the skew-symmetric form Im h, U(p, q) is
naturally embedded in Sp(p+4, R). The restriction of the harmonic representa-
tion to U(p, q) will be also denoted by L and called the harmonic representation:
L breaks into a discrete sum of irreducible representations L, (neZ) refered in
the Physics literature as ladder representations.

(The representations L,,L_,L, are in a sense we will not discuss here,
associated to the minimal orbits of the co-adjacent representations [7, 13].)

k
(0.3) We consider the tensor product L, =) L. This tensor product decomposes
into a discrete sum of irreducible representations of G having highest weight
vectors (see I for precise definitions). We will describe the components.

For the small values of k (k<2n, in case o) we get a series of new irreducible
unitary representations of G.

Let us explain here the decomposition of L, for the group M p(n)=G. Let
M, be the space of all nxk real matrices. We realize L, in I2(M,_,) by the
formulas

[Lk (a ta(_)l) f;l (x)=(det a2 f(ax), aeGL(n,R),

@ [Lf) ) =" e, b=s,

nk

L) D= (55)

n, k

. 0 —1
iTrixy o d — .
e fdy, o (1 0>

The orthogonal group O(k) acts on I*(M,, ) by (cf) (x)=f(xc), ceO(k) and
this action commutes with L,. Let (V,, /) be an irreducible unitary representation
of O(k) and I?(M,, 4; 4) be the space of all ¥;-valued square-integrable functions
f(x) satisfying f(xc)=A(c)" ! f(x) (xeM,_, ceO(k)). We denote by L,(4) the
representation of G in I (M, ; A) given by the same formula (F).

Let ¥ be the set of all AeO(k) such that I*(M,, ; A)+0. Then, we have:
)M, )=® M, ,; )®V, as a representation of G x O(k), where V; is the

n ko>
Ael
dual vector space of V.

(0.4) We prove:

(1) For each AeX, L, () is an irreducible unitary representation of G having
a highest weight vector.

(2) L,(%) appears in L,(dim V))-times, ie. L,=@ (dim V;) L, (/) is the de-
composition of L, into irreducible representations. *<*
(0.5) We will describe further the representations L, (1). Let (V,, 1) be an irre-

ducible unitary representation of K, v, its highest weight vector. We also denote
by © the highest weight of 7. We consider D=G/K and realize it as the Siegel
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upper half plane
{zeM(n,n; €); z="z, Im z>0}.

We consider the space ¢(D, V,) of all V.-valued holomorphic functions on D and
the representation T(7)(g) of G in O(D, V) given by

t . a b\!
(T(v)(g) N)=1((cz+d) f((az+b)(cz+d)~") for g:(c d) ’

It is easy to see that any unitary subrepresentation of T(t) (if there is one) is

irreducible, and has a highest weight vector ¢, (z)=1(z+i) v, of weight .
We will observe now how I*(M,, ,; 1) is embedded in some ¢(D, V,):

(0.6) First let us look at a simple case in which 4 is the trivial representation 4,
of O(k).

Let f be a function in I?(M, ,; 4,); since we have f(xc)=f(x), f(x) is a
function of &= x'x.
We consider the map

(F-1) (Ff)= [ T f(x)dx.

It is clear that # is an injective map from I*(M, ,; 4o) in O(D). Let us see
Z intertwines the representation L,(4,) with T(det=*?). The commutation

. . a 0
relations are obvious to check on the formula for the elements ( 0 _1) and
a

1 b
(0 1)ofG.

We check the action of g; as L,(c) is the Fourier transform f of f, we have

(Z Ly (0) f)(z)=const. | &' T**% f(x) dx
=const. [ (/T *7)" f(x) dx

But, we know that
(F_z) (eiTrx‘xz)‘:ConSt. (det Z)—k/z e—iTrx‘xz-l

and hence we obtain the necessary commutation relations. Therefore, I2(M, , ; 4,)
is irreducible having the highest weight vector (% ~',)(x)=e~T"** of weight
(—k/2, ..., —k/2).

Furthermore we have imbedded I?(M,, ,; 4,) as a subspace of ¢(D) or via
boundary values in a subspace of a principal series representation. Let us observe
on this exemple how the image of I*(M,, ;; 4,) in O(D) varies in function of k.
Let C be the cone of positive definite n x n symmetric matrices. If k>n the image
of M, , under the map x—¢=x'x is the solid cone C. Hence the image of
*(M, ,: o) is dense in ¢(D) (however the representation T(det=*2) is in the
holomorphic discrete series only when k>2n). At the contrary when k<n the
image of M, , under the map ¢=x'x is the set O, of C— C of all positive semi-
definite matrices of rank less or equal to k. Hence & f is the Fourier-Laplace
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transform of the measure on O, derived from f(x)dx. Hence the holomorphic
functions in the space Z(I*(M, ,;4,) will satisfy the differential equations
corresponding to the equations of O,. It is a difficult and interesting question
to describe the G-invariant norm directly on this space of solutions or, otherwise
stated, to grasp directly the existence of this small unitary subspace of the repre-
sentation T(det™%2).

(0.7) Now let us consider any 4 in S <O(k). We want to find an irreducible
unitary representation (V,,7) of K and an intertwining operator %, from L,(4)
to T.. Suggested by (F-1), we shall assume that the intertwining operator %, is
given by

(F-3) (7)) ()= [ T P(x)* f(x)dx

M,

Here P(x) is a Homg(V,, V,)-valued polynomial on M, ,. We may suppose
evidently

(F-4) P(xc)=A(c)"* P(x).
b . .
The commutation relations with (1 1) are trivially satisfied and the commutation

. .. fa . .
relations with ( 0 ~1> give us the relation
a

(F-5) P(a™'x)=P(x)(t®det?)(a) for aeGL(n, R).
Let us consider the commutation relation with . In the same way as when A=1,
(Z, L,(0) f)(z)=const. [ &'T**= P(x)* f(x)dx
=const. [ (/T P(x)*)" f(x) dx.
Therefore, we need the following relation similar to (F-2)
(F-6) (¢!T*"** P(x)*) = const. 7(z) e~ T***"" P(x)*

and this relation is verified when and only when P(x)* (and hence P(x)) is a
harmonic polynomial. Therefore, P(x) should be a harmonic polynomial satis-
fying (F-4) and (F-5). Since P(ax) is harmonic for all a, P(x) satisfies the equations

(F-7) 4,Px)=0 (1Si<j<n)

where

2

K
gax 0x;,

This consideration leads us to Problem (b).

(0.8) We call a polynomial satisfying the equations (F-7) pluriharmonic and
denote by $ the space of all pluriharmonic polynomlals $ is a representation
space of GL(n, IR)x O(k) by the action (g, ¢): f(x)—f (g~ txc).
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We define $(4)={P; V,-valued pluriharmonic polynomials on M, ,,P(xc)
= A(c)" ! P(x) for any ceO(k)}.

The group GL(n, R) acts on $H(1) by left translation; we denote this repre-
sentation by t(A).

(0.9) We prove
a) leX<H(A)=*0.
b) If AeZ, ©(4) is an irreducible finite-dimensional representation of GL(n,R).
¢) At 1(A) is an injective map.
Hence, as a representation space of GL(n, IR) x O(k), we have H =P t(L)®@A".
Ae¥
d) We explicit 2 and the map Ar—1(4) in terms of highest weights; we give
also explicitly the pluriharmonic polynomial with highest weight ()@

Defining the Homg(H(2), V,)-valued polynomial B(x) by B (x)f=f(x) for
fe9H(2), we get the intertwining operator from I*(M, ; 4) into T(z()®@det™"?)

by the formula (F-3). Thus, I?(M, ,; 1) is an irreducible unitary representation
with highest weight 7(1)®det ~*2,

(0.10) Let us say something about the plan of our article.

Chapter I is a paraphrase of results of Harish-Chandra.

Chapter II deals with the case Mp(n); Results on pluri-harmonic polynomials
are in (I1.5) and (11.6) and can be read independently.

Chapter I1I deals with U(p, q); we follow a similar line of arguments to those
for Mp(n) and we will only give a sketch of our arguments when it is enough.
Again, (I11.5) and (111.6) on pluri-harmonic polynomials can be read independently.

(0.11) Let us say that results on the decomposition of L, were obtained by several
authors. For k= 2n, by Gelbart [2] for Sp(n, R), Gross and Kunze [4] for Sp(n,R),
U(n,n) and O*(2n). Saito investigated the case k=n for Sp(n, R) ([20]).

In these cases the representations L, breaks into representations of the
holomorphic discrete series, or of some limit points. We are particularly thankful
to Gross and Kunze for discussions on these topics.

Results on the decomposition of pluri-harmonic polynomials are obtained
(mainly also with the same restriction k=2n) in [2, 8, 14, 15], often with appli-
cations to the analysis on the Stiefel manifolds. We are thankful to Stein
for discussions on the construction of theses intertwining operators.

Howe [19] proved an abstract double commutant theorem in a more general
context of graded Lie algebras leading to independant proofs of (0.4) and (0.9)
a)b)c).

As we said at the beginning, the harmonic representation is of interest in
physics [1, 6, 11-13]. In [6] the components L, of the representation L of U(2,2)
are identified with Hilbert spaces of distribution on the Minkowski space which
are solutions of the Dirac and Maxwell equations. As a consequence of our
results here we can describe the set P of all positive energy representations of
the group U(2, 2) determined by Mack [9] using different methods.

More generally, unitarisability of representations having a highest weight
vector 7 is a problem originated in Harish-Chandra [5]; the first exemples of
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such representations which are not in a discrete series are in Gross and Kunze
[4]. Complete results when 7 is a one dimensional representation of K are obtained
by Wallach [16], Rossi and Vergne [10] and Gindikin [3].

In view of our results, it is natural to pose here a conjecture: For G=M p(n)
or U(p, q), any irreducible unitary representation with highest weight appears
in the tensor product L, for some k.

If it is true, it will be an interesting phenomenon when we compare it with the
fact that any irreductible finite-dimensional representation of SL(n;C) (or
SO (n, €) appears in the tensor product of the fundamental representation.

We wish to thank N.Conze, D. Kazhdan, R. Howe, H. Rossi, I. Segal, E. Stein, S. Sternberg,
N. Wallach, for friendly discussions about these topics.

I. Review of Unitary Representations with Highest Weight Vectors
1. Notations

Let g be a simple Lie algebra over the reals R, and g=®p a Cartan decomposition
for g. We shall suppose that I has a non-zero center 3; then 3=IRZ where the
eigenvalues of the adjoint action of Z on p®are +i.

Let

pt={xep® [Z,x]=ix]},
p~={xep% [Z,x]=—ix}.

Now let b be a maximal abelian subalgebra of f, then h=hn[f,I]OR Z; we
shall let x+—X denote the conjugation in g€ relative to the real form g of g° then
pT=p-. Let i denote the enveloping algebra of g* and ur—u* the antilinear
automorphism of U which extends the map x - —X on g©.

Let 4 denote the system of roots of g% relative to hT; these roots take purely
imaginary values on h. We have 4=4,0 4, where

A= {yed; (g% =%,
A,={yed; (89 <p®}.
Choose an ordering on the roots so that p*= Y (g% Let g*= Y (39"

acdy asd?*

If yed, let H, be the unique element of ihn [(g%), (¢%) "] such that y(H,)=2.
If yed;, we shall choose Eye(g‘t)y so that [E,, E.]=H,,. If ae 4", we shall choose
Eae(g‘%"‘ so that [E,,E J=—H,.

2. Modules with Highest Weight
Let A be a linear form on hT. Let us consider the Verma module V(A4) of highest

weight A that is, for I, the left ideal generated by g* and H—A(H) (HebhO,
V(A)=U/I,. Let 1, denote the image of 1 in V(A). The U-module V(A) has a
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unique maximal submodule. We will denote by W (A) the unique simple quotient
of V(A).

Let B(m, m') be a sesquilinear form on a M-module M; We will say that B is
g-invariant if B(um, m")= B(m, u* m) for any u in U and m, m’ in M. M is called
unitarisable if there exists a hermitian positive definite and g-invariant form on M.
We denote by p the projection of U onto U(hT) according to the decomposition
U=Ug" +g~ WOUHO.

(2.1)  Lemma. a) B,(u.1,,v.1,)=<A, p(u* v)> defines a g-invariant sesquilinear
Sform on V(A).

b) Any other g-invariant sesquilinear form on V(A) is proportional to B,

¢) B, defines a g-invariant and non-degenerate form on W(A) (still denoted
by B,).

d) B, is hermitian, if and only if A is real on i¥.

All these assumptions are known and easy to prove [5]. IV. We will consider
for the cases Sp(n,IR) and U(p, ) the following problem originated in Harish-
Chandra [5] IV: for which A, the module W(A) is unitarisable, i.e. for which A
there exists a positive definite g-invariant form on W(A). By the preceding lemma,
this form has to be B,. We will denote

P={A; real linear form on ih such that, Yuell, {A, p(u*u)>=0}.

Hence AeP if and only if W(A) is unitarisable. The following properties of P
are easily verified [5]. IV

(2.2) If AeP then
(2.2a) Vaed;", A(H,) is a non-negative integer,

(22b) Vyed), A(H,)=0.

3. Spaces of Holomorphic Functions on G/K

Let A be a real linear form on il satisfying only the condition 2.2.a). We will
realize the U-module W (A) as a module of holomorphic functions on the hermitian
symmetric domain associated to the pair (g, ).

Let G be the simply connected Lie group with Lie algebra g (for a change,
the center Z of G is infinite). For xeg and f a differentiable function on G, we shall

let r(x) f denote the functlon (r(x) f) g)— f(g exp tx)|,_, and I(x) f denote the

function (I(x) f) (g) = *f (exp(—x) g)l,_o-

Let K be the analytlc subgroup of G with Lie algebra f, then G/K is a hermitian
symmetric space. The holomorphic functions on G/K will be identified as the
space of functions on G annihilated by all the vector fields r(x) with xef®+p~.

Let G¢ be the simply connected group with Lie algebra g and G, K, K,
P_, P_, the connected subgroups of G with Lie algebras o, LIC p*, p~ respectively.
Every element of P, K¢ P can be ertten in a unique way g=-exp {(g) k(g) exp{’(g)
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with {(g)ep*, k(g)e Kgand {'(g)ep~. Wehave G P™ K¢ P~ and the map g— k(g)
lifts to a map, denoted k(g),of G into K¢ the universal cover of K.

The group K¢ P_ is a maximal parabolic subgroup of G¢, we denote by ¢, the
image of 1in Go/K¢P_; the map grg.e, induces a biholomorphism of the
complex manifold G/K into an open subset D of the complex manifold G¢/K¢P- .

Let A be a real linear form on i} satisfying (2.2) a), i.e. A is a dominant integral
form with respect to 4;". Hence there exists a unique holomorphic representation
1, of K on a finite dimensional vector space V, of highest weight A. Let v, be the
highest weight vector of ¥, ; we choose a scalar product on V, such that (k) for
keK is unitary and normalize it by {v,, v, > =1

(3.1). We define O(A)={f; C*-functions on G, V,-valued, such that f(gk)

=1,(k)7  f(g), geG, keK; r(x)-f=0 for xep™}. The group G acts on (0(A) by

left translations. We consider (¢(A) as a U-module by x+ ¢ =I(x) ¢. A function f

in @(A) is a real analytic function on G (as the space () consists of holomorphic

sections of the vector bundle G x V,—G/K). We consider the U-submodule
K

0,(A) of O(A) consisting of K-finite functions.

(3.2). Let us consider the function y ,(g)=1,(k(g))” L. v ,, then obviously ¥ ,€0(A)
(Y, is of type 7). It is clear that I(x) - ,=0 for every xeg™, hence ¥, is a highest
weight vector of the module () of highest weight A.

Conversely, let ¢pe@(A) and satisfying I(x) =0 for every xeg™ then ¢ is
proportional to ¥, (¢ being analytic, to determine ¢ it is sufficient to know the
derivatives of all orders of ¢ at the origin 1 of G: we have (I(u) $)(1)=0 for every
uellg* by the hypothesis and this implies ¢(l)=cv,; as ¢e0(A) we have
(1(x) 1(w) ) (1)=0 for xeg and uell, the condition of covariance with respect
to I€ determines. then ¢ completely.)

On 0,(A) the compact Cartan subalgebra b acts semi-simply. We have

(3.3) Lemma. The weights p of b® on Oy(A) are on the form p=A— Y on,a
where n, are non-negative integers. aed®

Proof. Let uell and fe®y(A), we define (u, f)=<(u - (1), v,>. Then if (u, f)=0
for every uell, f=0. If u belongs to the right ideal generated by g~ and H— A(H)
(H eh® we have (u, f)=0. Let fe0y(A) of weight y, hence there exists an element
u of U(g*) of weight = Y n, o such that (u, f)=0. Let Heh®, we have
az0
(Hu—uH, /)=y (H) . [)
= A(H) (u, f)— p(H) (u, f).

It follows that uy=A—2n, .
Let L(A) be the U-module generated by the function ¥ ,.

(3.4) Corollary. Every non-zero U-submodule of 0(A) contains L(A).

Proof. The weights of 0,(A) being bounded from above, each submodule has a
vector i of highest weight, hence contains V¥ ,.

It is clear then that L(A)=1(-y, is an irreducible module of highest weight 4,
hence is the module W(A).
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We are concerned with the existence of unitarisable submodules M of 0 (A).

(3.5) Lemma. If M is a non-zero unitarisable submodule of O (A), then M =1(A),
hence M is irreducible.

Proof. By Corollary 1.8, M contains L(A) but the orthogonal of L(A4) in M is a
submodule disjoint from L{A) so is reduced to 0.

(3.6) Let us consider a unitary irreducible representation of G inside a Hilbert
space . Let M’ be the irreducible U-module consisting of K-finite vectors; let
us suppose that M’ is a module with a highest weight vector v, with respect
to g* of weight A; Hence M'= W (A)=L(A). Let fes#' and meM/, then as m is
an analytic vector, the function y/(g)=<{g™* f,m),, is an analytic function on G
and we have (r(u)¥)(g)=<g ! f,am). Let V,=M’  be the irreducible unitary
representation of K generated by m,, then if meV, and xep*, xm=0. Let
fe# and meV,, we define the V,-valued function t(f) on G by <{z(f)(g), m)
={g™t-f,m), hence if xep™, r(x) t(f)=0. We remark also that if feM’, 7(x - f)
=1(x) t(f). These observations are reformulated in the

(3.7) Lemma. The map fr-t(f) is an imbedding of A’ into O(A); the image of
M’ under this imbedding is L(A).

Hence, if we know the highest weight vector, we can embed 4 in O(A).

(3.8) Let us suppose that 5 is a non-zero Hilbert space contained in ¢(A4) and
where G acts unitarily by left translations; we suppose also that if fes# and geG
the evaluation map at g, fi— f(g) is continuous from # to C.

We consider the infinitesimal 2-module M of the K-finite vectors on #, then
M is a U-submodule of @,(A), so by (3.5), M=L(A) hence A€P, and the repre-
sentation of G in J# is irreducible.

Remark. We have that if fes, {f(1), v )y, =const. {f, ¥ >, (by hypothesis,
there exists a ¥ in 2 such that {f(1), vy, ={f,¥),; We see easily that  is
annihilated by I* @p ™, and hence ¥ is proportional to ).
We are interested in determining for which A, there is such a #. Naturally,
if #(A)={feO(A); [ |f(QI}, dg<co} is not reduced to zero, then G acts
G/Z

unitarily in #() by left translations, so A€ P. Itis also clear that the corresponding
representation is a member of the relative discrete series of G. We then denote
by D the set of A such that 5#(A)=+0.

(3.9) This set D has been determined by Harish-Chandra. Let 7y, the highest
non-compact root and let us denote by p=3 Y ¢, then AeD if and only if
{A+p, H, ><0. aedt .

II. Tensor Products of the Harmonic Representation of Sp(n, R)
1. Description of the Harmonic Representation

(2.1) We shall discuss in this section the harmonic representation (or the Segal-
Shale-Weil representation) of Sp(n, R) and its tensor products.
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The harmonic representation of the symplectic group Sp(n, R) can be, besides
other ways, introduced via intertwining operators of irreducible unitary repre-
sentations of the Heisenberg group.

Take a 2n-dimensional vector space with a non-degenerate skew-symmetric
form E. We can identify this space with R*" and denote a point of this space by

C}C) with x, yeR" such that E (();1>, (x2>> = (%, y,)—(x,,y,). Consider the
1 2
Heisenberg group H=R?" xR endowed with the multiplication law

(wy, ty) o (w,, t)=(w;+w,, t;+1t, +%E(W13 Wz))-

The unique class of unitary representation t of H such that 7(0,¢)=¢*Id can
be realized as acting on I?(R") by

(T ((5;1) , t) f) (x):e“i((}’l»x)“—t'“é‘()ﬁvyz))f(x__yz)‘

2

The symplectic group Sp(n, R)=G can be considered as the group of auto-
morphisms of R?" which leave E invariant.

Sp(n, R) acts on H by g-(w, t)=(gw, t), and by Von-Neumann theorem, the
irreducible unitary representation T#(w, t)=T(gw, t) is equivalent to T for any g
in G. Therefore, there exists a unitary intertwining operator L(g) (unique up to a
constant multiple) acting on I*(R") such that L(g) T(w, t)=T(g - (w, t)) L(g) for
any (w, t)eH, and L(g,, g,)=c(g,, g,) L(g,) L(g,) for c(g,, g,) a scalar of modulus
one. However, if we choose L(g) suitably, gr L(g) becomes a unitary representa-
tion of the two-sheeted covering group M p(n)= G, (called the metaplectic group)
of Sp(n, R).

(1.2) Wedenote by M, (R) (resp. M,,(C)) the space of all n x n real (resp. complex)
matrices. We denote by M, ,=Homg(R¥, R") (resp. M, ,(C)) the space of all
nxk real (resp. complex) matrices, x+—'x the transposition; we consider M, ,
with the scalar product Trx‘x. We denote by S(n) the space of all symmetric real
matrices of size n.

We define the following elements of Sp(n, IR); (we write any 271 x 2n matrices

Xy, X .
x= (" 12)Where X;; are nxn matrices).
X211 X2z

0
g(a)=(8 (at)_l) for aeGL(n, R),
T otb)= ((1) 11)) for beS(n),

B (O — 1)
0= 1 0 .
These elements generate Sp(n, R).

Since {t(b); beS(n)} is simply connected, t(b) can be identified as an element
in G, so that ¢(0) is the identity of G,.
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For each aeGL(n, R), we choose a determination of (deta)®. For this choice,
we still denote the element (a, (deta)?) by g(a). We will identify in (3) g(a) as an
element of G,. We will also define (o, i*) in G, above ¢ according to the choice
of i*.

We will see that the following choice of L(g) determines a representation of G, .

(L(g(@) f)(x)=(det a)* f(ax),

bx, x)

Le®) NHx)=c 27 f (),
PV
L) = (57) =y,

ie. L(o) is proportional to the Fourier transform.

(1.3) Therefore the k-th tensor product L, of L is given as follows:
Let I?(M,, ;) be the Hilbert space of all square-integrable functions on M, ;.
L, acts on I*(M, ;) as follows

(Llg(@) )= (deta) f(ax),
(L) NE=e 2" f(x,
- \nk/2
L N@=(3) | ™0y,

Mn, k

2. The Action of the Orthogonal Group O (k)

On I*(M,, ) the action of the orthogonal group O(k) given by (h- f)(x)=f(xh)

commutes with the representation L, and hence we can decompose I*(M,, )

under O(k). For any representation space M of O(k) and any A an irreducible

unitary representation of O(k), we denote by M, the isotypic component of M

of type A If we denote M(1)=Homg, (4, M), we have M, =V,QM(4). Here X
C

is the contragredient representation of 4. We have I*(M, )= @ L[*(M, ),
and each I*(M,, ,) is stable under G,. Ae0)”

(2.1) We denote by I*(M, ,;4) the space of all square-integrable V,-valued
functions f(x) with the covariance relation f(x h)=A(h)~*f(x) for any h in O(k).
Here (V,, ) is an irreducible unitary representation of O(k). The group G, acts
on I*(M, ;) by the same formulas as L, (1.3). We denote by L,(4) the corre-
sponding representation.

Let /' be the contragredient representation of A on the dual space V; and let
us denote by (x, f) the canonical bilinear pairing on V, x Vj. I*(M, ), is iso-
morphic to I*(M,, ,; X)®V, by (¢ ®)(x)=((x), f) for ¢ in [*(M, ,; 1) and f
in V,. Therefore we get

L2 (Mn, k) = @ LZ (Mn, k’ /1/) ® V/l

2€0(ky
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as a representation of G, x O(k), and L,=P(dimV)) L, (1) as a representation
of G,.

In the sequel, we shall prove that L,(4) is an irreducible representation of G,
with highest weight vector of type (). We will identify I*(M,, ; 4) with a Hilbert
space of holomorphic functions on the Siegel upper half-plane D. We shall see
also that A—t(4) is injective and hence L,(4) appears in *(M, ,) with niulti-
plicity dim V.

3. Representation on the Space of Holomorphic Functions on Siegel Domain

(3.1) We shall apply the discussion of 1.3 to our case Sp(n, R)=G and use the
notations of I. Let X be the complex manifold of all Lagrangian planes in the
symplectic vector space CRIR?", i.e. all n-dimensional isotropic vector spaces A.

R
The complexification Ge=Sp(n, €) of the group Sp(n,IR) acts on X homoge-
neously in the obvious way. Let us denote by D the open subset of X consisting

of all X’s such that the hermitian form lE(x, y) is positive definite on 1. D is
i

identified with the Siegel upper half-plane {zeM (C); z='z, Imz>0} by

z<—>i={(;>;x=zy . The group G acts homogeneously on D by g= (a Z)
¢

ze>(az+b)(cz+d)~ . The isotropy subgroup K at z=i is given by

b
K———{(_Z a);a,beM,,(]R);a-HbeU(n)}
and K is a maximal compact subgroup of G. The Lie algebra ¢* of Sp(n, €)

X11 X12

consists of all 2nx2n complex matrices x=( > with x,,=—"x,,,

X211  Xop
X13="X1,, X;;="X,,. Let c=—= (i 1) be the Cayley transform; it is an ele-

V2

ment of Sp(n, €), and

c*l( a b) e (a-Hb 0 )
—-b a/ VL0 a—ib/’

Therefore
1 g 0,
Ade YKy = 0 fo- ;8eGL(n, €);.
Then we choose

p+=<Adc>{(8 g);xeM,.(C),xsx},

0 0
p"=<Adc){(y O);yeM,,m:),y:fy},
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Kf=Adc

and the system A™ of positive roots such that

x;; 0

f+=Ad(c){(O - );(x“)iJ:O for iz]}.
11

Let y, be the highest non-compact root; then

n—1
>
10
0 0 0
H, =Adc and p(H,)=n.

0 -1 0

(3.2) Let (V,, 1) be a representation of K in a finite dimensional vector space V;
we extend t as a holomorphic representation of K identified with GL(n, C)
0 0
by ar—c (?) ’a‘1> ¢~ 1. Let us denote by x, the element Xx{(y) ; ye(E"} of X.
We have c(x,)=i=e, and K¢P_ is the stabilizer of e in G We define
G,=1{geGe; g e,eD}, ie. G,=GKcP.. Let zeD, then, by the definition,

1 . .
(0 i) -X,=1z, hence every element of G, can be written uniquely

o 16 ) G

with zeD aeGL(n, C), x="xeM (C). Recall that ¢(x) is the space of holomorphic
sections of G x V.. A function in @(t) can obviously be prolonged to G,=GKcP_

K
via f(gkp)=1(k)"* f(g) (geG, ke K¢, peP_). We identify f as a V,-valued holo-
1
morphic function on D by f(z)=f ((O i) c_l).

b
For g l= (a d) eG, we have:
¢

gt ((1) i>= ((1) (az—l—b)(i‘zﬁ—d)_l) (‘(cztd)"1 (Cz(ld)>'

Hence we have
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(Te) ()= (7! (é e

_r (((1) (az+b)1(cz+d)‘1) 1. Ade (‘(cz:—d)‘l . Zid)>>

=t((cz+d) f((az+b)(cz+d)™1).
Thus we have

(3.3) Proposition. 0(7) is isomorphic to the space O(D, V) of all V-valued holo-
morphic functions f(z) on D, on which G acts by

(T()(g) H@)=1((cz+d) f((az+b)(cz+d)™")

b
for zeD and g7 1= (a )
c d
(3.4) Let us assume here that 7 is irreducible. Let v, be the highest weight vector
of 7, then under this identification the highest weight vector y, (1.3.2) becomes

. z+1
(up to a constant factor) the function f.(z)=1 (——») -0,
i

(becagse if ((1) i) ¢ l=c ((1) T) (g ‘a(il) (JI} (1)) e !

then ‘g~ * =—1— (ﬁl)) .
Y2 \i
(3.5) We will use for our purpose the following description of the universal
b
d) G we consider the function z+—d(g, z)
=det(cz+d) from D into €—{0}. A determination on D of Log(det(cz+d)) is
then completely determined by its value on z=1, as D is simply connected, which
is a complex number defined modulo 2inZ. We have d(g,-g,,2z)=d(g;, g, 2)
-d(g,,z). We consider the group G=/{(g, Logd(g,z))} endowed with the law

covering group of G. For each g= (j

(g,,Logd(gy,2))-(g,, Logd(g,,2))=(g,g,, Logd(g,, g, z)+Logd(g,, 2)).

It is clear that G is a covering group of G, and it is in fact its universal covering.
Let o be any real number, we can then define det (cz+d)*=e'*L84® 2 on G x D.
In particular, we can consider the representations

(T(z, ) (8) f)(z)=det(cz+d) *t((cz+d)) f((az+Db)(cz+d)™ 1)
for g71=(g, Logd(g, 2)), g= (j Z) of G inside the space of V.-valued holo-

morphic functions on D. This is equivalent to ¢(t®0d_,) where §, is the represen-
tation of K defined by det{cz+d)* at z=i. We will study in this article only the
values aeZ/2. Therefore we define G, = {g =(g, (det(cz+d))*)} with the obvious
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law and the representations, for keZ, of G, in ¢(D, V)
(T(x, k)(®) f)(2)=det(cz+d)"? t((cz+d) f((az+D)(cz+d)™ 1)

for (8)~1 = (g, det(cz+d)¥) with g= (Z’ Z) .

(3.6) Let aeGL(n, R), suppose we have chosen (det a)* one of the 2 determina-

tions of (deta). Above g(a)= (g

det(cz+d)* =(det(a")~!)* the value ((deta)*)™!, and we denote this element
of G, by g(a).
0 1 o ,

Above 0'“1:( ) 0), we choose the determination of (det—z)* such that
it is equal to (i*)™" at z=i, according to the choice of i*. we still denote this
element by ¢~ 1.

These are the precise definitions of the elements of G, used in Formulas (1.2)

and (1.3).

0 L
( :)-1) we choose as determination of
a

4. Intertwining Operators

(4.1) Let (V,, 1) be a holomorphic representation of GL(n, C) in a finite dimen-
sional vector space V, and (V,, 1) an irreducible unitary representation of O(k).
We choose a scalar product on V, such that 7(g*)=1(g)*. We seek to construct
an operator from I[*(M,, ,;4) into O(D, V,). Let I(x) be a Homg(V,, V;)-valued
polynomial of xeM, ,=M(n, k;R). Consider the integral transform

4y (A= | & 1 f(x) dx

for feI?(M,, ,; /) and ze D =M, (D).

(4.3) Lemma. Z(f) is an absolutely convergent integral. The map fr>Zf is
continuous from I2(M, .; /) to O(D, V) with the topology of uniform convergence
on compacta.

n, k>

Proof. Since I(x) is a polynomial, we have
I FOM A +trx™x)V|| f(x)]| for some N.

Therefore

tx{Imz)x

WBEDDIP<(e 2 (1+TrxsoV| £ dx)?
< ([ e~ T HImAx(] 4 Trox) d) ([ ()] dox).

which implies immediately the desired result, as e™ ™ "*(1+Trx'x)*V is inte-

grable for any positive definite matrix y.
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A function ¢(x) on M, , is called harmonic if it satisfies

X

nk 22 11 X1k

2 2

¢=0 where x=
iTh vz 0%;,0X;,

>e Hom (R¥; IR"™).
X

nl xnk

(4.4) Proposition. Suppose that I satisfies the following two conditions:

a) Ilaxh)y=2(h)~*I(x)t(a)* for aeGL(n,R) and heO(k).

b) I(x) is @ harmonic polynomial.

Then the map F;: I*(M, ,; A)—O(D, V,) intertwines the representation L,(4)
with the representation T(z, k) (3.5) of G,.

Proof. Since G, is generated by g(a), t(b) and g, it is enough to show that %,
commutes with these actions. It is obvious to check on the formulas that %,
commutes with g(a), t(b); for example, for g=g(a), we have

(Ly(g) /)(x)=(deta)’* f(‘ax)
and

(T(x, k)(g) f)(z)=(deta)""*t(a) f(a™ " z'a™ ).

We compute

(Z1L4(8) N)(2)

=[ " [0y (deta)? f(ax) dx

Lrrtxa-1ztg-1

:(deta)]%_k [e? “ICam 1 x)* f(x) dx
=(deta) "2 t(a)(F f)(a'zla™ ).

We shall check now the action of ¢. We have

nk

i
=Trixzx

z i \2 R
(FL(0) )(2)=] & (5;) TG (] ™7 £(3) dy) dx

nk
i 2 iTrtx %Tr‘xzx
_ (Q}) [([ e 00 dx) f(y) dy.
by Plancherel formula.
Let us assume the

(4.5) Lemma. Let f(x) be a polynomial on M, (that we extend as a complex
polynomial on M, \(C)) such that the function x+f(gx) is harmonic for any
geGL(n, R), then for zeD:

+Trtxzx nk ~k/2 iTr‘y(—z‘l)y

[Tty o2 f(x)dx=Q2n)* (det 15) o2 f(=z"1y).

Here, (detz/i)™*? takes a branch such that it equals 1 at z=1i.
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As we have I(ax)y* =t('a™ ') I(x}* on M,, ,, I(x)* satisfies the condition of the
lemma. If we extend I(x)* to a complex polynomial J(x) on M, ,(C), we will have
J(ax)=1(a" 1) J(x) for xeM, ,(C), aeGL(n, C). We apply the lemma and thus
we have:

i
=Trtxzx

[T e? I(x)* dx
e
=(2m)"? (det E) o )yJ(—z“ly)
i
—K[2 ey oot
— (2 m)hi2 (det?) R S )

And hence we get
(F,L(0) £)(2)=(det —2)H2 1(—2)(%; f)(—z ")
=(T(r, (e)(F ). qed

It remains to prove (4.5); as both sides are holomorphic in z, it is enough to check
it when z=io? with a positive definite real symmetric matrix o.. The left hand side
is equal to

j‘ei’[‘r‘xy e—%Tr‘(ax)(ax)f(x) dx:(deta)—kj‘eiTrfxa'ly e—%Trtxxf(a—lx) dx.

Since f(o~! x) is a harmonic polynomial, it follows from the mean-value formula,
that this is equal to:

nk
(deto) ¥(2m) % e~ M@ ey f(g=Y(ig™1y))

1121_6 Z_klz — 4 Trty(—z" 1)y -1
=(2n) (det? e f(—=z"1y).

(4.6) Let us consider the map xi— ¢&(x)=x'x.It is a proper map from M, , into
the space S(n) of symmetric nx n real matrices, and we have £(x)=&(x) if and
only if x=x'h with heO(k). Let C be the cone of all positive definite symmetric
matrices. If k=n, the image of the map & consists of all the positive semi-definite

symmetric matrices, i.e. is the closure C of the cone C. We denote by d,(¢) the
k—(n+1)

measure on C obtained from dx, ie. d,(¢)=const.(deté) 2  d&

If k<n, then the matrix x'x is of rank less than or equal to k; we will denote
by b,(C) the subset of the boundary of C consisting of all the positive semi-
definite matrices of rank less or equal to k, and by d,(£) the measure on b, (C)
defined by

[fxx)dx= | f(&)d().

bi(C)

Let I verify the conditions of the Proposition (4.4) and feI*(M, ,;1); then the
function I(x)* f(x) is invariant under right translations by the group O(k), hence
is a function ¢(¢) of é=x'x. The integral transform % can be written
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iTréz

(FN)@)=fe * $(&)d(0)

Le. 7 f is the Fourier Laplace transform of the measure ¢ (&)d, (&) supported
on the cone C;

It follows that if Z; =0 then ¢(¢) is almost every where zero for d, (¢) i.c.
I(x)y* f(x) must be zero almost everywhere.

5. Pluriharmonic Polynomials

(5.1)  In order to use the Proposition (4.4), we have to investigate for a given 1
what are the possible 7’s for which a non zero I satisfying (4.4)a) b) will exist.

Since such an I verifies I(ax)=1I(x)t(a)™!, the function x—I(ax) is also
harmonic. It is easily observed that a function f is such that f,(x)=f(ax) is
harmonic for any aeGL(n, R), if and only if

(52 (U, N)x)=0 1=igj<n.

Here
k 02
= vgl axivaxjv.
Note that the ring of constant coefficient differential operators invariant by O (k)
is generated by 4, /s.

If a function f satisfies (5.2), then we will call f pluriharmonic. We consider
indifferently a polynomial on M, , as a complex polynomial on M, ,(C). We
denote by €[M,, ] the ring of polynomials on M, , and § the space of all pluri-
harmonic polynomials. Evidently GL(n, C)x O(k, C) acts on § by (g, h): f(x)
— f(g~'xh). C[M, ] has a positive definite hermetian form ¢ f, g> =(f(D,) g)(0).
This scalar product satisfies (a- f,g)=<{f,a*g) for aeGL(n, C). If we denote
by J the ideal of C[M, ,] generated by the coefficient (x‘x); ; of x'x, then it is
obvious that § is the orthogonal complement of J and hence we have C[M,, ,]
=9HDJ.

We denote by €[x'x] the subring of C[M,, ] generated by (x'x); ;I=sigj=n)
i.e. the ring of invariant polynomials under O(k).

(5.3) Lemma. C[M, =9 C[x'x].

Proof. We shall show that a homogeneous polynomial f(x) is contained in
9 C[x'x] by induction on the degree of f. Since C[M,, ,]=H@J, f can be
written on the form f(x)=h(x)+2 ¢, ;(x)(x'x);, ; where he$. We may assume
that & is of degree deg. f, and ¢, ; of degree deg. f—2, so by induction hypothesis
¢; ;€9 C[x'x] and hence f.

Remark. In general we have not C[M, J=9®C[x'x]; however, if k=2n this
is true [15].

(5.4) Corollary. We denote by C[M,, ,1(2) (resp.H(4)) the space of all V,-valued
polynomials f(x) (resp. pluriharmonic polynomials f(x)) such that f(xh)=A(h)~* f(x),
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then
C[M, J(D)=C[x'x]- H(A).
Proof. We have $=® 9,, and , =H(A)®V,. hence
(53) C[M, J,=Clx'x] 9,
=Cxx] H®V;
=C[M, ,JDRV;

and the corollary follows.

(5.5) Lemma. Let P and Q be harmonic polynomials on M, . Then

(P,Q>=2m) "2 e"“x‘lx P(x) O(x) dx.

Proof. If Q is harmonic, so is any derivative of Q. By the mean-value formula
nk

for harmonic polynomials on IR ?, we have:

xtx nk nk

[ "2 (P(D,) 0)(x) dx=(2m)2 (P(D,) 0)(0)=(27) > (P, Q).
Now the first hand side is also equal to

xtx

[(P(=Dye ' 2)Q(x)dx.

Now as
—Trﬁ Znk . ¢ ~Tr—y-t—“\i
e 2 =(27'L') 2 j‘etTrxye 2 dy,
-7 xix —nk . . —~T Lty
P(—D)e 2 =Q2m) * [T 2 P(—iy)dy

- Tro =

XX
=e % P(x), as P is harmonic.

(5.6) We shall denote by X the subset of all 2eO(k)" such that I*(M, ,;2)+0.
This condition is equivalent to €[M, ,1(4)#0, and hence $H(1)+0 (5.4) as

{7 f(), f(x)eC[M, I} is dense in (M, 3 2).

For A€, we denote by t(1) the representation of GL(n, C) by left translation
on H{A).

(5.7) Proposition. The representation t(A) is an irreducible representation of
GL(n, €).

Proof. As the action of GL(n, €C) conserves the degree of the polynomials, the
representation t(A) is semi-simple; Let ¥, be an invariant subspace of $(4) and
V, its orthogonal; thus we have by (5.5), if PeV,, QeV,

Jo ™7 (- PY) (@~ Q) dx=0  forany acGL(1 R)
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hence
j~ e——-i—’l"r‘aax”x <P(x)’ Q(x)> dx=0.

As P,Qe$H(A), the function {P(x), Q(x)> is invariant under right translation of
O(k), i.e. is a function of £=x'x; as the set of functions {e~T7**; ye C} is dense
in this space, we obtain {P(x), Q(x)>=0.

. . 1
(5.8) Let us suppose k=n; Let us consider the point 1,= ( 0") of M, ; where 1,

is the k x k identity matrix. Let M, be the dense open subset of M, , consisting
of the x’s which are injective maps from IR* to R"; M|, is the orbit of 1, under the
action of GL(n, R), because if x(e,), ..., x(e,) are linearly independent, they can
be transformed in e, e,, ..., e, by an invertible matrix. Let us embed O(k) in

GL(n,R) by ar—a= (%) We have d-1,=1,a.

Now if ¥, #0, then exists a P in V; such that P(1,)+0 (translate by GL (n, R)).
Furthermore, the subset {P(1,); PeV,} of V, is invariant under A, as

(hP)(1)=P(h~1-1)=P(l,h-Y=A(h)- P(1,) for heO(k).

Since V, is an irreducible representation of O(k), {P(1,); PeV;} is equal to V.
Now it follows that V, =0, as otherwise we could choose in V, a polynomial Q such
that P(1,)=0(1,)=*0, contradicting the fact that {(P(x), Q(x)>=0.

(5.9) Let us now suppose that k=n. Let f be a function on M,, ,; we consider [
as a function f on M, , by f (;j) =f(x), where xeM,, ,, yeM,_, .
It is clear that if f€9, (), then fe®, ((A).
. 0
Let us consider the Borel subalgebra b, = (%) of gl(n).

Let fe9, ,(4) be a highest weight for the representation t(1), with respect
to b, i.e. there exists a character u of the lower triangular subgroup B, of GL(n; C)
such that f(b~1x)=u(b) f(x) for beB,. Let b be an element

b= (g? O) k
b12 bZ
of the lower triangular subgroup of GL(k; €C). As
()
y « )

we have, setting i(b)= u(b,),

757 (0))=rer 0=n) seo=i® 7 (7).
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So fis a highest weight vector of the irreducible representation t, ,(4); it follows

that f (3;) =f(x) is unique up to a constant multiple and so is f. This proves
that 7, ,(4) is irreducible as well.

(5.10) Let AeX and t=t(A) the irreducible representation of GL(n, C) in
V.=9(4). We define a Hom($(4), V;)-valued polynomial I,(x) as follows:

(5.11) I,(x)P=P(x) for PeH(A).

It is immediate that I,(x) satisfies the conditions (4.4)a)b). Hence we get a map
7, =4, intertwining the representations L,(4) and T(z(4), k).

(5.12) Proposition. The map %, is injective.

Proof. Suppose that feL(M, ,;A) is such that & f=0, then, by (4.6), we
have I,(x)* f(x)=0 almost everywhere. Let Pe$(4), then I,(x)* f(x), P>
={f(x), P(x)>=0.

But since €C[M, ,1(4)=C[x'x] H(4) (5.4), this holds for any ¢pe C[M, ,](1).
Hence e~ T™**(f(x),p(x)>=0 for any ¢eC[M, J(1); since {e~ "> P(x);
$eC[M,, 1(4)} is dense in I*(M,, ,; A), we have f=0.

(5.13) We will describe in the next section the set X and the correspondence
Ar—1(4) in terms of the highest weight.

6. Description of H(A)
(6.1) Let 1eO(k), it is known that 1=41"

(6.2) First we will study the case when k is odd. Then the matrix —Id, is of
determinant — 1, hence O(k, R)=SO(k,R) x Z, (direct product) and a represen-
tation of O(k) is determined by two irreducible representations of SO(k) and
of Z,.

We consider the group O(k €). We set k=2[+1; we write a 2!+ 1)x(21+1)
matrix by

PGPS N
17 /ay; ag, ags
O P PP PP
1P \ay; a3, dj;

we consider the symmetric matrix

01 0
J={1 0 0
00 1

and

O(k; €)={geGL(k,C); 'gJg=J},
SO(k; €)= {geO(k, €); detg=1}.
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The Lie algebra so(k) of SO(k, €) is then
« B O 1
so(k)= y —'a h}; B,y skew symmetricy.
—~'h =% 0 J
We consider the Borel subalgebra
« B 9O
b,={0 —'a O); o upper triangular
0 -9 0

and the Cartan subalgebra

t, O
’ 0 0
0 g
b= —t, 0 ; 1,€Cy.
0 . 0
0 —t,
0 0 0

ThenSO(k) is parametrized by the highest weight (m, ..., m), withm, =2m, = ---
=m, =0 (mje@ ((my, m,, ..., my) corresponds to Xm;t,).
Thus O(k) is parametrized by A=(m,, ..., m,;¢). This notation means that
/ is a tensor product of (m, ..., m)®e. Here ¢ is the 1-dimensional representa-
tion of Z, trivial or nontrivial according to e=1 or —1.
Therefore A[SO(k) is (m;,m,,...,m) and A(—1,)=e.

We also take a Borel subalgebra bhz(g) of gL(n) and a Cartan subalgebra

t o>
[)n_(o '»tn .
PLIPLIGRE
y,t

We write a member w of M, (C) w=(x, ); The ring of invariant poly-
nomials on M, ,(C) by this form of O(k,C) are the (wJ'w); ;- So the ring of
differential operators invariant by O(k, €) is generated by

63) 4,,=3 (2 z T =i s
. . = S. '_ .
( ) " vgl (axivaij+axjvayi\r>+6tiatj ( =" J.—n)
We set:

xll,.u,xlj
64) A,(x)=det|. . . . . 1<j<n,l,

le',.,.,xjj
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Aj(xa ys t)
Xi1, X125 05 X V1,100 Y0
—det| ¥ev X2z X2, 00 V2, 100005 V2,012

Xop a1, 10 X201 jut, 20 s Xapojut, 15 Varo a1, jots -0 Yar—je v Lar—jrt

0<j<l, 2l—j+1<n.

We consider the action of GL(n, €)x O(k, €) in $ and we want to decompose
into irreducible components under this action. By (5.7), as t(A)® 4’ is an irreducible
representation of GL(n, €) x O(k, €C), this decomposition is

H=DHNRV; =l®25§(l)® v, ((6.1)).

ieX

(6.5) This means that for each representation 1eX=O(k) and veV, there exists
a unique element f, up to scalar multiple, in § such that

a) f transforms under right translations by O(k, €) according to the action
of Aonv.

b) f is highest weight vector with respect to b, (left action). The corresponding
weight will be the highest weight of (1) with respect to b,,.

The following proposition will then determine X and the map Ar>t(4A).

(6.6) Proposition. Let fe$ be a highest weight vector for the action of GL(n, C)
x O(k,C)on . Then f is on the form:

1) 4. 4% 0=j=n,])

(@4, ...,0,eN={0,1,2,...}).
or

2) Al(x)al"' Aj('x)aj jj(xwy: t)
0=j=n, L 2l—j+1Zn).

Proof. 1. The function f of the form 1) are obviously pluriharmonic and semi-
invariant under b, x b,.
X1,y Yiv b
2. Weset X = : Y, = : T= :

.
Xoi—j+t,v Xog—j+1,v Lyi—j1

Let e be the canonical non zero element of A*'=/+** R?!=/*! Then 4,(x,y,t)
=X A AX A AKX AY A A A A Y AT

It is easy to check on the form of the Lie algebra b, that 4 j(x,y,0) is semi-
invariant under b, and hence a function of the form 2) is semi-invariant under

b, xb,. Let us check that f(x)=4,(x)"+----4;(x)" 4;(x,y,1) is pluriharmonic.
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It is evident that

62

e = if v<j
axivayi’vf 0 s
62
=0.
atiazi,f
Therefore
1 62 52
PR == =O
i / v=;+1 (axiv ayi’v—’_axi'v ayiv>f

and as A4,(x), ..., 4;(x) do not depend on x; , for v=j+1, we have

! 02 o2 .
Ay [=Ay (X Ay(x) z (5x. 0y, +5X-f dy; )Aj.

v j41
Let us fix v=j+1, then
ﬁj(x,y,t)eziX“/\ YAX A AKX A AX A YA AV A AYAT
Each component of the vector X A Y, in A2 R?'~/*! is of the form
(xow y[}v_'x[}v yav)a

hence for any (i, i') we have

( az 62

X, AY =0
axiv ayi'v +axi’ v ayi\') b

and as the other elements X, Y, do not depend on x,,, y;,, we have

0* 0* ~
4.=0.
(axiv ayi’v - axi'v ayiv> !

And finally 4,, f =0. Let us show now that each highest weight vector f appearing
in § is on the form 1) or 2). Let us suppose first that k <n; we will show that for
any A€O (k)" there exists an f in § of the form 1) or 2) satisfying the condition
(6.5)a). This will prove the result (and that X=0(k)").

Let A=(m,, ..., m;;¢). Suppose that e=(—1)"*""*" then

F= Ay ()™ A (A G A ()

corresponds to A (under the transformation xt —x, f is multiplied by
(___ 1)(ntx—nlz)+2(m2—m3)+~~-+(l—1) (ml-x—ml)+lml=(~1)'"1+7"2+~~-+ml).
Suppose that e=(—1y"*"2**m*l Take j such that m;=1 and m;, ;=0
then f=A4,(x)™ ™ ...Aj(x)'"f‘1 Aj(x, y, ) if of type A (we have always 2] —j+ 1<n).
Let us suppose now that k=n. Let us consider f as in (5.9) f is a function on
M, ,; we know then that f has the form 1) or 2) and so is f.
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(6.7) Corollary. £={1; H(A)=£0} is

{my,my, ...,m;€); m;=0 for j>n and g=(—1)ymatmat oty

U{(my, my, ..., m;e); e=(—1ymrmer Ttk <dn m#0 for jSk—nj}.

(6.8) We will now parametrise the representation t of GL(n, €) by their highest
0 ~ ), ie t=(my,m,,...,m,
with m, =m,>---=m, for any decreasing sequences of n integers, positive or
negative. Then we express in this parametrisation the correspondence A t(4).

weight with respect to the Borel subalgebra b} = (

(6.9) Theorem. Let k=2[+1.
Let

A€Z, thenif A=(my,m,,...,m;,0,...,0;8) with j<n
and
8.—_(—1)m1+}712+~n+mj

then

(A=, ...,0, =mj, —m;_4, ..., —my, —m).

If

A=(my,my,...,m;,0,...,0;8) with mj=0 and k-—n=j=<I
and

8=(_1)m1+ﬂ12+"'+)ﬂj+1
then

t()=0,....,0, =1, =1, ..., =1, —my, —m;_y, ..., —ny, —mk).
k—j

(6.10) We shall discuss now the case when k=2[ is even. We take the form

1
O(k)={geGLQL; ©); ‘gJg=J} with Jz(? 6)‘
1

then
o p .
so(k)= (y —toc) ; B, v skew-symmetric ;.
We take a Borel subalgebra

bk={<g —‘[i ); o upper triangular; ff skew symmetric}
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and a Cartan subalgebra

ty

b=

An irreducible representation of SO(k) is parametrized by its highest weight with
respect to by, ie. (my,m,,...,m_,m) with m 2m,=--2m,_,=|m), m;eZ.
O(k) is the semi-direct product of SO(k) by Z,.

Let

Then ceO(k)— SO (k) and o normalises the Borel subalgebra b,: Hence we see
easily that if A is the representation of SO (k) of highest weight (m,,m,,...,m,_,,m),
then the representation ¢.4 has highest weight (m,,m,,...,m;,_,, —m,). It follows
that if m; =0 the stabiliser of the representation (m,, m,, ..., m)) of SO(k) is SO(k)
itself, and the induced representation of (m,, m,, ..., m,) to O(k) is irreducible and
its restriction to SO (k) is sum of (m,,m,,...,m) and (m;, m,, ..., —m).

We denote this irreducible representation A of O(k) by (m,m,,...,m,_,,|m)),
m,#0. If m;=0, the representation (m,, m,, ..., m,_,,0) extends into two different
representation A and A®det of O(k, C).

We denote a member of M, ,(C) by (

! 1
> > . .
X, y)In, in these coordinates we have:

?

Xqq - Xq; ,
Aj(x)=det< f’) 1<jsin,
J

i1 X
X1 15X 25 -5 X 15 Vijyts-o Y1
. X .
PP
A, y)=det | 2

Xop_jsX21-j, 25«5 Yai—j juts> s Yai—j1
2l—j<n, 0=ZjZL
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We denote (taking n>k) for any decreasing sequence of non negative integers
(my,my, ...,m) by A=(m,,m,, ...,m), the irreducible representation of O(k, C)
generated by A, (x)™ ="+ -« A, ()™ 17"™ A, (x)™ under right translation. Taking
the integer j such that m;+0, m; =0, we denote by A=(m;,m,,...,m) the
irreducible representation of O(k, €) generated by

Ao e Ay (P A G A, ),

(if my %0, (ny, ..., m), =(my, ..., m)_).
(6.11) Proposition. Let fe$ be a highest weight vector for the action of GL(n,C)
x Ok, C) on 9, then f is on the form

1) Ay )te - Ay(x)9 (j=n, 1) or

2) A0 Ay Ay(x,y) 1=j=n, 05j<1-1).
(6.12) Corollary.

2={A; HAW)*0} is

={my,my,....,m) ; m;=0 for j>n}
u{lmy,my,....m)_; k<2n, m;#0 for j<k—n}.

(6.13) Theorem. Let k=21; Let A X, then if

A=(my,my,...,m;0,...,0), with j<n,l,
then

tA)=0,...,0, =my, —=m;_4, ..., —m,, —my).

If

A=(my,my,...,m;, 0,...,0)_ with m;#0

>
with
Izjzk—n,0
then
t(4)=(,...,0,—1,—-1,..., =1, —m

i —mj~1, (AR} _m2: _ml)'
k—J

As these propositions are proved exactly in the same way as (6.6), (6.7), (6.9),
we do not repeat this proof.

(6.14) Proposition. For any k, the map A—t(2) is injective.
This is immediate from the explicit formula of T(1) given (6.9) and (6.13).

7. Decomposition of I*(M,, ;)
(7.1) We know that I?(M,, ,; 4) is embedded in O(t(1)®3 _ k) (3.4), (4.4) and

(5.12)). Since t(A)®9,, is an irreducible representation ((5.7)); (M, 4 A) is an
irreducible unitary representation of G, with highest weight t()®4_,, ((3.5)
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in I). On the other hand, we have

EM, )=@ LZM, ; Y@V,

el
and hence
L{ M, =@ (dim V)) LZ(M,,V e A)-
el

Since Ar>t(2) is injective ((6.14)), I*(M, ,; 4) are not equivalent to one another.
Hence we have

(7.2) Theorem. 1) For any A€X the representation L (A) ai)pears in the repre-
sentation L,dim V,-times, and we have

L= @ (dim V) L, (2
reX
2) For AeZX, the representation L, (1) is an irreducible unitary representation
of G, of highest weight

. k k
(@6 _y)2 <5_k/2 has weight (—7, s _7)>

3) The description of 2 and t(A) is given in (6.7), (6.9) and (6.12), (6.13).

8. Unitary Representations of Sp(n, R) with Highest Weight

(8.1) Let k be an integer. Let 1e X, and t=1(4) the irreducible representation of
GL(n,©) associated to A. We can then construct the map %,: I2(M,, ,;4) — O(D, V).
We consider the Hilbert space

M;={7;(¢); pe'(M, s D} with [ Z()*=6]>

Then M, is a Hilbert space of holomorphic functions for which point evalu-
ations is continuous (Lemma (4.3)). Let A be the highest weight of the repre-
sentation t®(det g)~*? of the two-sheeted covering group of GL(n, €). Then the
corresponding infinitesimal module M of all K-finite vector is equivalent to
L(A), and A€P.

We recall that AeD, ie. the corresponding representation is a member of the
discrete series if and only {4+ p, H, > <0. In particular we see on the description
of A given by applying Propositions (6.9) and (6.13), the following result.

(82) If k=2n+1, then all the representations associated to A obtained are
members of the holomorphic discrete series;

If k£2n—1, none of the representations obtained are discrete.

If k=2n, the representation associated to A=(m,,m,,...,m,), is discrete if
and only if m, #0. In the cases we described, i.e. when {A+p, H, > <0, we know
that the Hilbert space M, has to be #(A). In the coordinates z=x+iy of D,
it comes that
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(8.3) M,={f; V.-valued holomorphic functions on D such that

[t fx+iy), f(x+iy) (det )2~ Ddxdy<oo}.

If the representation L,(4) is not in the holomorphic discrete series, then it is
not easy to give a description of the Hilbert space M, of holomorphic functions
obtained. For example, let us remark that if k<n, the functions %, f* being the
Fourier transform of a measure supported on b, (C) will satisfy the differential
equations corresponding to the equations of b, (C) (all the minors of rank k+1
has to be zero). The converse problem involves to know conditions for a distri-
bution solution of differential equations to be the Fourier transform of a measure.

(8.4) Let 1eX and M,={Z, ¢; (M, ,; )} with |F, ¢ll=¢l. We will
compute the reproducing kernel K, of the space M,, i.e. K, is a function K,(z,w)
on D x D holomorphic in z, antiholomorphic in w with values in End(V,) such
that for every veV, and for every weD, the function K,(+,w)- v belongs to M,

and for every feM, {f(W), vpy-=<{f, Ku(+, W) 0Dy,

(8.5) Lemma. Up to a constant factor, we have

Z—W )“W

1

K,(z,w)=1 (Z_iw>det (

1
Proof. We have, under the correspondence F(z)=f (( 0 Z) c“), F@i)=1(1),
consequently by the Remark (1.3.8), we know that

; P\~ k/2
K,(z,i)-v,=71 (z—;—z) det (Z:_l) Uy

Using the fact that the representation T(t®det~"?) is unitary, we get covariance
relations of K,(z, w) under G, and the lemma follows.

(8.6) Corollary. Let Ae X, then we have

=

5 5 2 iTrtx(z—w)x
T(Z W)det(z W) = e 7 I0fIX)dx

M,k

i i
Proof. Let peI*(M,, ; A) then for veV,

i
S Trixwx

(T, ) (), vy =] e A x)* p(x), v) dx
=[<one * I vy dx
Let K,(z, w)=%, k, (x, w) be the reproducing kernel of M,. Then we have:

U, )W), 0> =T, b, F, () - 0)
=[P (), k,(x, W) - v) dx

It follows that k,(x, W) v=e~"2T"¥* [(x). Hence the Corollary (8.6).
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From the Corollary (8.6), the highest weight vector

_k
+i +1i 2 Irrexax —Trf‘x—Jc
T(le)det (Z l) v ={e? e 2 IX)*I(x)v,dx

1

ie. the highest weight vector of the representation L, , in IZ(M
e 2] 2(x) - v,; this function is given explicitly by Propositions (6.6) and (6.11).

A) is the function

n, k>

(8.7) Let S be the set of all irreducible representations of C?L(n, C) of the form
T(A)®(det)~¥2 for some 1O k).

(8.8) Theorem. We have
S——-{rz(—ml, —My, ..., —m,); MEZ/2

m <. Em,, m; —m, integer, and
(m3 —my)+(my —my)

my, —my
-2 -3
;e ) e

(mn—m1)+~--+(m2—m1))
. 7 .

m, = min (n ~1,

Proof. We set §' the right hand side of this formula. Combining Proposition (6.9)
and (6.13), we have

S={(~L...,=L—my, ..., —my); 0ZI<n,m =1, meZ)}
O{(=L ..., =L —=(+1), ..., —(+1), =m,, ..., —my); n=21+j=1,1zj+1}
oy 20—
U{(—(1+%), ..., —(+D), —m,, ..., —m,);
0isn, mzl+4,mes+7Z)

V(=43 .., —=(+3), —(+1+3), o, =+ 14D, —my, ..., —my);
no 20 j+1 20—+l

0=j<I, n>21—j+1}.

Then, it is easy to check that S is contained in §’. We shall show that S contains S'.
Let t=(~m,,..., —m,) be a member of §. If m; =n—1,  is obviously contained
in S. So, assume that m, <n—1. Then, there is k (1<k<n—1) such that

m = (m, —my)+ 2+ (M, —my)

+n—k=1)

and

My — My )+ -+ (m,—m
m1<( 2 1) ( k 1)+
2
Therefore we have

(n—k).

My 1 =My

0> 5

-1
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Since 0<m,, , —m,, we have m,_ , =m; or my__, =m, + 1. Suppose that m, ., =m;.
Then m, =---=m,, ,, and hence n—k—1<m, <n—k. Therefore m; =l or m;=1+7
with [=n—k—1, and hence

t=(—b..., =L —m,,, ..., —m,)
4

or

t=(=0+7), o, —(+3) =My g,y —m,).
]

Thus 7t belongs to S.
Suppose that m,, ; =m, + 1. Then, there is v such that

my=--=m,,m, =---=m_;=m+1. and 1=ZvZk

Thus, we have

k—v k—v+1
5 +n——k>m1§—2—+n—k—l
and hence
k—v A k+v+1
m=-— -{—n—k—gzn—T.

If m, is an integer, setting /=m,, we have

t=(=l ., =L~ =(U+1), =1y, .., —mm).

v k—v+1 n—k—1

Since v=n—-2l+(mn—k—1) and k—v+1=2(l—(n—k—1)), t belongs to S.
If m, is a half integer, setting m, =1+%, we have

t=(=(I+3), cc, =145, —(1+D), ..., =(I+3), —my, 5, ..., —m,)
v k—v+1 n—k—1

and hence 7 belongs to S.

II1. Tensor Products of the Harmonic Representation of U (p, q)
1. Description of the Harmonic Representation
(1.1) We consider the complex vector space C‘@ C" P C? with basis

1,85, s, Uy, Ugy s Uy frs fos s fy (D=q 7).
We will write any (¢ +r-+q) % (g +r+¢g) complex matrix by blocs, ie.
Xiq | X1 | X3\ 1q
x=| Xa; | Xp5 | Xp3 |I7

X X X
31 §2> 23 Tq
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Let us consider the hermitian matrix

010 | —i
h=10]1 0],

il0 0

We denote by (x,y) the canonical complex symmetric bilinear form, and by
{x,yy=(x,y) the canonical hermitian form; then h(x, y)=<hx, y> is a hermitian
form on C!/@C P C? of signature (p, g).

We consider the group G=U(p, q)={g; g*hg=h}.

(1.2) Let us describe Lie algebra g of G:

a |a;|b
g=<x={ B, 1y | B, |; a+d*=0, b=b* c=c* .
¢ joyld oy =if3, a,=—iff, y+y*=0

We denote by M(k,, k,; C)=Homg(C*, C**) and H(k)={xeMk,k; T); x=x*}
the real vector space of hermitian k x k matrices.

(1.3) We consider the following elements of G:

al0 0

glay={ 01 0 ;. aeGL(g, @),
010 (@) !
110 |x

tx)=10|11]0 [ xeH(q),
01011
11010

k()= 0 |a |0 }; aeU(r),
01011
1| i z‘”'zu

n{u)= 0T 1 — f ueM(r, q; €)
01 0 1

and
0]0]—1
o=|0]1 0

110 0

These elements generate the group G.

(1.4) Let us consider the Heisenberg group H defined on

CoCaC'@RE
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by the law
U, ) (W, t)=u~+u, t+t —Imh(u,v)).

We write also (u, )=(wy, vy, w,, 1) with w,eC?% v,eC’, w,eC4, teR.
We consider the Hilbert space;

& ={classes of measurable functions ¥ (w,v)=y(Rew, Imw,v) on CIxC"
such that:

a) Y (w, v) is holomorphic in v,
b) [y (w,v)]* e |dw|* |dv* <0}

Here, |dw}* is the euclidean measure 29d(Rew ) d(Imw,) ... d(Rew,) d(Imw,)
on C?=IR?*? and |dv|* is the euclidean measure on €"=IR?" defined in the same
manner. Then the unique class of unitary irreducible representation T of H such
that T(0, f)=e"1d can be realized as acting on % by

(T(Wy, 09, Was ) Y)W, v)
zeit e(v, vo) e—%(vo, vo ) e-—ZiRe(w, wi ) eiRe(w, w2 l//(W“WZ, v— UO)

Let geG; the action g - (u, ) =(g - u, t) realizes G as a subgroup of automorphisms
of H leaving the center of H stable, i.e. as a subgroup of Sp(p+¢; R). We consider
the restriction L of the harmonic representation of the symplectic group (con-
sidered as a projective representation) i.e. for each geG we construct L(g) the
unitary operator on % (defined up to a scalar of modulus one) such that

L(g) T(u,t) L(g) ' =T(g - u, ).

We will see that actually the following formulas for L(g) leads to a representation
of G (not only a projective one):

(L(g(@) ¥)(w, v)=(det - a) Y (a* w, v),

(LK @) ¥)(w, v) =4 (w, " " 0),

(LG ) (w, v)=e =2y (w, v),

(L(n(w) ) (w, v)= e~ F 0> oWl (41— yw),

7 \4
L0 = (1] [y, o law?
21/ g

Le. L(o) is the partial Fourier transform with respect to the variable w.
Let us consider any non negative integer k and L, the k-th tensor product
of the representation L.

We consider weM(q, k; €) and ve M(r, k; C)

(1.5) The representation L, is hence realized in the Hilbert space

&, ={classes of measurable functions ¥ (w, v)=y (Rew, Imw, v) such that
a) Y (w,v) is holomorphic in v,
b) ) e T Y (w, ) [dwl? |dv]* < 00}

M(q, k; C)x M(r, k: ©)
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by the formulas:

(1.6) (L (g(@) ¥)(w, v)=(deta) iy (a* w,v),
(Ly(e(@) ) (w, v) = (w, 0~ "),
(Lt ) ) (w, v) =e™ Ty (w, ),
(Lkn(u) l//)(W, U) — e*%Truww*u* eTrvw*u* w(wj v—u W),

i \ak ‘ . ,
(L, () ), v) =(5—) [ 2RI o) ],
T M@k ©

2. The Action of the Unitary Group U(k)

On %, the action of the unitary group U(k) given by (h-f)(x)=f(x h) commutes
with the representation L,; and hence we will decompose %, under U(k).

For any representation space M of U(k), and any Ae U(k)", we denote M, the
isotopic component of type A.

We have &, = B %, ,. Each %, ,isstable by L,.

2eUk)”
Let V, be the space of A, we define the Hilbert space:

(2.1) Z(1)={classes of measurable function ¥ (w, v)=y(Re w, Im w, v)
with values in V;, such that
a) Y(we,ve)=A(c)" Y (w,v),
b) ¥ (w, v) is holomorphic in v,
) [l (w, 07, e” T [dwl? |dv|* < oo}

The group G acts on .# (/) by the same formulas (1.6) as L,. We denote by L, (%)
the corresponding representation. Let 2’ be the contragredient representation
of 4 in the dual space V}, and (x, f) the bilinear paring.

Then

;=2 (A)@V,=Homg(V,.; £ (X))
Therefore we have

i‘ﬂk: @ gk(}”/)® I/)

LeU (k)"
as a representation on space of G x U(k).

(2.2) It is easy to see that the set of functions {e~ ™" P(w, v)} is dense in &,
where P(w, v)=P(Re w, Im w, v) is a real polynomial in w, and holomorphic in v.
The map P: ¥ — Hom(V,, Z(1)=%,. given by

(B - 1) (w, U)=U(fk) Ywe,v0) Ae)~" fde

is the projector of & to the component of type A'. It follows that the set of functions
{e=T""" P(w, v); where P is a V,-valued polynomial in Rew, Im w, v satisfying
P(we,ve)=A(c)~! P(w, v)} is dense in Z(A).
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(2.3) In the sequel we shall prove that the representation L, (1) is irreducible
and we will identify £ (/) with a Hilbert space of holomorphic functions on the
associated hermitian symmetric space.

3. Representations of G on Spaces of Holomorphic Functions

(3.1) We consider X the complex grassmannian of g-dimensional subspaces 1
of C*@C" We consider G imbedded in GL(p-+q, C) which acts on X homo-
geneously in the obvious way. Let D be the open subset of X consisting of all A’s
such that the hermitian form h is negative definite on A.

Let AeD, then An((Ce; @ @Ce)B(Cv; @---DCv,)={0}, ie.

A={wtzw+uw; weCfi®---®Cf,}
ueM@r,q; Q)u:Cfi@-®C f,—»Cv,®---@Co,
zeM(q,q;(E)z:(Efl@n-@(ljﬁla(tel@mea(l:eq.
Letus write z= x4 i y, with x =x*, y = y* the condition h(w+zw +uw, w + zw +uw)

. . u*u
<0 1s equivalent to y> 7

We will identify the complex manifold D with the open subset, still denoted
by D, of M(q, q; C) x M(r, q; C) defined by

U*
D={(X+iy,u);x=x*,y=y*,y> 214}-

We write also p for the couple (i) and we consider p as an element of M(p, q; C).
Let us write an element g of GL(p+¢, C) as
& 4
(15
g=(215).
Y
Then the action of the group G on D is given by g-p=(ap+f)(yp+06)~"L.

We will consider the following element e, = (i, 0) of D.
The stabiliser of e, is a maximal compact subgroup K of G. Let

il 0 |1
Let
1|0 0
he=10]1 0], then h=chyc*.
01011

Let xo=Cf; @---®Cf,, then ey=c(x,).
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Let
Go={g:2eGL(p+q; C); g*hog=ho}
and

K,={g;2eG,; g-Xo=Xo}-

0
Obviously K, = (g—lfé) ; aeU(p), 60eU(g).

We then have that the map (¢, d)—c (OLI—O> ¢~ ! is an isomorphism of
U(p) x U(q) with K. 010
The Lie algebra g is canonically identified with gl(p+g; C). We choose

p 4

—

p+=Adc{(%%); xeM(p,q;@},
010
p_:Adc{<7—6>; yeM(q,p;C)},

a;

hT=Adc L . a,beCy.

b

q

We choose the system A™ of positive roots, such that

0
=Ad(c) {(g 5) ;o and J are upper triangular} and g*=f"®p*.

We suppose ¢+0. Let y, be the highest non compact root, then

1
0
0

H, =Adc 00 and p(H,)=p+q—1.
0
O—1

(3.2) Let 7 be a holomorphic representation of GL(p, €)x GL(g, €) on a finite

. 0 .
vector space V.. The representation ¢ (g 5) ¢ 'r1(a, §) of K is also denoted
by 7.
Let us consider G,={geGL(p+q;C); g-e,eD} ie. G,=GKP..
Let peD, by definition

1 p . __1 P\
(O 1) xo_p_(O 1>c eo.
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So any element of G, can be written uniquely

g= (_(15—-_113> ¢ 'g,, where peD, goeKoP.

) e

We recall that ¢(7) is the space of holomorphic section of G x V,; A function in
K

O(z) can obviously be prolonged to G,=GK¢P. by f(gkp)=t(k)~'f(g), geG,
keKg, peP._.
We identify f as a V,-valued holomorphic function on D by

s (1))

We denote by J, (g, p), J,(g, p) the elements of GL(p, C), GL(g, €) such that

e () - () (enl o,

The action of G on ¢(z) becomes the action on the space ¢(D, V) of all V.-valued
holomorphic functions f(p) on V. by

(3.3) (T@(Q) NP =7((g" " p), Lg™ " p) " flg"p).

We will write here explicitly the formula (3.3) for the special elements of G we
have pointed out;

(T(2)(2(@)) f)(z.u) =1 ((

ie.

a O

0 1) , a*“l) fla=tza*= Y ug*—1),

1 0
(TEK@) £z u)=1 ((O a)’id> P 0,
(T () f) (2 )= (z — x, ),

7k
1 iuf

(T () f)(z, ) =7 ((o ) ),id)f(z—iub*u+iu§2u°,u-—uo),

-z 0
—u 1

@ NEw=7 (T2 )~ ), —us),
(3.4) Let us assume that 7 is irreducible, then t=1, ®1, with T, (resp. 1,) an
irreducible holomorphic representation of GL(p, €) (resp. GL(g, T)).

Let v, (resp. v,,) be the highest weight vector of V,, (resp. V), then the highest
weight vector , of @(r) (1.3.2) becomes the function:

z+i -t

— 0 .
1 zZ4+1

Sz u)= | 1, ®1, (—) 0, ®U, .

)
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4. Intertwining Operators
We identify the complixification of the real vector space
M(q,k; C) with M(q,k;C)x M(q,k; C) via W (W, w).

So if P(Rew,Imw) is a polynomial on the real vector space M(g,k;C), then
there exists a complex polynomial on M(g, k; €)x M(qg, k; €) still denoted by P,
such that P(w, w)=P(Rew, Imw).

Let A be an irreducible unitary representation of U(k) that we extend holo-
morphically to GL(k, €) and 7 a finite dimensional holomorphic representation
of GL(p, €) x GL(g, €) on V,; we choose a scalar product ¥, such that z(gf, g3)
=1(g,, g,)*. We denote by $(4, 1) the space of polynomials P(x, y) on M(p, k; ©)
x M(q, k; €) with values in Hom(V,, ;) such that

a) P(a;xc,'az' y'e™")=2(c)"" P(x, y) (ay, a) ™"
a,eGL(p,C), a,eGL(q,C), ceGL(k,T),
b) the function

o= ()]

is a harmonic function in w, i.e.

a K o* w
=Z Z: ow,, OW;, ((U)W_> =0
Note that condition a) and b) imply
(4, ;P)(x,»)=0 for 1=i=p, 15j=¢q
where 4;; is the differential operator:
h 2
vl 0%y OV 5y
If PeH(J, 1), we define

(IP)(w, v)= P ((1‘2) , w)

then IP is a polynomial on M(q, k; €)x M(r, k; €) harmonic in w, and holo-
morphic in v. We have the following relations for IP:

a) (IP)(wec,ve)=2A(c)"*(IP)(w,v); ceU(k),

B UPaw, =P 07 ( (¢ ﬂxﬁ)ﬁA; acGL(g, ©),
2 (IP)(w, ov)=(IP)(w, v) <r<(é g),l)r; ae Uk),

5)umwm+%m=mmMmQ(§; ﬁAﬂfi uoEM(r, g; ©).
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(4.1) Proposition. Let P be a function in H(A, 7).
a) Let y be in £ (1) (2.1), then the integral

( (P) ) (2, u)=[ T2 T =T (Lo, 1) #) (w, ) [dw]? [ dof?

is an absolutely convergent integral whenever (z,u)eD and defines a holomorphic
Sunction on D with values in V..

b) The map Yy F (P)y intertwines the representation L,(%) with the repre-
sentation T(t®3d,) on O(D,V.) given by

(Tx®0)(8) )= @), (g™, p). L(g™Lp) ' flg™ " p).

Here 0,(g;, g,)=(detg,)" for g,eGL(p, €), g,eGL(g, ).
Proof. We shall prove first a).

Let (z,u)eD and feV,; we write z=x+1 <t+7>, with a positive definite
hermitian matrix t, then

K(F P) )z, u), [

~Tr ww¥uty _ o bo¥ vo¥
- # i
<(j e Trww Lo 2 eReTrwv “o 2 e 2

(TP (w, 0) th(w, v), f>|dw|? |dv]*)*.

We have
[CIP*(w, v)  (w, v), 1= (w, v), UP)(w, v) f I W (w, v)]| [TP(w, v) f].

Applying Schwarz inequality, we get

K (P )z, ), P
é(j‘e—ZTrww*t e-Trww*u*u eTrwv*u eTrll*vw*e—Trvv*
IIPY(w, v) £11* 1w * |dol?) ]| >
<[ e 2Tt o T e (1P, 1) £ dw o - ]2,

(et e T (TP (w, v+ uw) £ 17 [dw] [dolP) [y ] 2

which is obviously convergent, because IP is a polynomial.

Let us verify b). The commutation relations with the elements of the form
g(a), k(), n(u) follow immediately from the relations f) y) ). The commutation
relation with f(x) is obvious. The only problem is to check the action of . We
prove first:

(4.2) Lemma.

feiTrww’* eiTrw*w’ eiTrww*z eTrwv*u(IP)(W’ U)* ldW‘z

- 0 i WL Pt fpkyz—1
=(—2Tll’)qk(f®5k) ((_Z 1>’ ——2—1) e iTrww*z=1 ,—Trw'v*uz IP(W/, v)*.
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Proof. As both members are holomorphic functions of z, it is enough to verify
this for z=1iy?, where y is a positive definite hermitian matrix. Using the change
of variables w— y~!w, and the relation f) for IP, it is enough to prove the formula
for z=i. ie.:

(43) SeiTrww’* eiTrw*w' e-Trww*eTrwv*u(IP(W’ U))* idW]2

=(—2mi)*1 (<:l 0

) 1) e T Py

or taking the adjoints of both members:

(44) j‘e—iTrww'* e—iTrw*w/ e—«Trww* eTru*vw*P ((W>, y-‘;) |dW[2
v

’ ks _ *
cmpe e mep (V) ) < (7). 21)
iv 0 1

Let us consider the value u=0, then it follows from the mean value relation for
harmonic polynomials:

@.5) [e Ve F(x)dx=n"?e ™Y F(—iy)

ji:3

where F is an harmonic polynomial on R" (extended holomorphically to C"),
that:

5 e“iTrww’* e‘iTrw*w, e—TrWW*P ((W> s W) ldW‘z
v

TR
e —iw L
zzqknqke—Trww*P<( . ),“"lw/>
10

which is what we want, as P verifies the condition a).

We consider this equality, as an equation between real analytic function
of w'; by analytic continuation it follows that for any (w,,w,)eM(q,k;T)
x M(q, k; C) that

j‘e—iTrw*wz e—iTrww‘2 e—Trww"‘P ((W) ,W) !dle
10

fwo —iw -
=Q2m)tke=Trm'w2 p (( 1), ——zwz)

iv

as these two members are equal for the value (w,, Ww,).
Let us now consider the values

wy=w+iu*o

—
Wy, =W
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we obtain that the left hand side of (4.4) is equal to

.y %
ot . . —IW+u*v .-
(2n)qke—Trw w”‘e—LTru*vw*P <( ) >’ *—lW’).
v

Since P is in $(4, 1) and

(wi —iu*) <w’)_ (—iw’+u*v)
0 1 iv) iv ‘
We obtain the equality (4.4).
Now we have

(7 (P) L (A (0) ¥)(z, u)=[ e~ = Tt e =T (IP) (w, v)*

PN ReTrwwt ) ” Lo
. <§;C_> (j‘e iReTrww ‘//(W,U)Idwl )idwl |dl)l .

By Plancherel this is equal to

1 ak i L £ # gy
(_27”) S(j‘ eZzReTrww ezTrw zw eTrwu IP(W, l))* |dWIZ)

T ', o) do P

applying the Lemma (4.2), we obtain that this is (T(t®0,)(c) F (P) ¥)(z, u).

5. Pluriharmonic Polynomials

As seen in the preceding discussions, we will follow the same arguments as for
Sp(n, R).
We consider the system of differential equations

(5.1) (4;N)x,y)=0 for 1=i=p, 15j=¢q
where
k 62
A =S =
I Z axivaij’

Va1

xeM(@p,k;C), yeM(gk;C).

We shall call a solution of this system pluriharmonic. We denote by $ the space
of all pluriharmonic polynomials on M(p, k; C) x M(q, k; C).
The group GL(p, €) x GL(g, €)x GL(k, C) acts on M(p, k; C)x M(q, k; C) by

(glz g27c) '(Xo y)—“)(glxc_lalgglyrc)'

The system (5.1) is invariant by this action; so & is a representation space
of GL(p, €)x GL(gq, C) x GL(k, C).

(5.2) Let us denote by X the variety M(p, k; C)x M(q, k; C) and by C[X]
the space of all polynomials on X. We note by C[x‘y] the subspace of C[X]
generated by (x), ; 1Zisp, 1£j=<q. We introduce, for A an irreducible holo-

i g
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morphic representation of GL(k; ), C[X](A) (resp. H(4)) the space of all
V,-valued polynomials (resp. pluriharmonic polynomials) such that P(xc, y'c™!)
=A(c)”" P(x, ).
We have
5= @O sWev,.

2eGL(k, C)~

On C[X7], we consider the inner product (P; Q> deduced from the inner product
Trxx*+Tryy* on X=M(p, k; C)x M(q, k; C).
In the same way as Lemma (I1.5.3), we know:
(5.3) Lemma. C[X]=C[x"'y]9.
(54) Corollary. C[X](W)=C[x"y] ().

(5.5) We shall denote by X the subset of e U(k)" such that $(1)=0. This condi-
tion is equivalent to C[X](4)=+0 (5.4) and hence to £(4)+0, as the subspace

{G—Trw*wp ((VUV) ,W); pe(E[X]()L)}

is dense in Z(4).
For AeX we denote by t(4) the representation of GL(p, C)x GL(g, C) on
H(4) given by (g1, 2,) - P)(x, y)=P(g7 ' x,'g, V).

(5.6) Proposition. T=1(4) is an irreducible representation of GL(p, C) x GL(q, C).
o) Let us suppose first that p=g. Let Pe C[X7], we consider the real poly-
nomial P' on M(p, k; C) given by

. +iy x—1iy
P{x+iy)=P (X ,—), for x, yeM(p, k; IR).
V2 2
Then f
’ ’ ’ a a ~N’
P.0>=(P (557) - €) 0=P.0>

If P,Q are pluriharmonic polynomials, it follows from (IL.5.5) that
(P,Qy=const. [ e=T"*" P'(w) Q'(w) |dw]|*.
It follows then by the same line of argument as in the proof of the Proposi-

tion (I1.5.7) that if k <p the representation 7 is irreducible.
B) Let p, g,k be arbitrary; let f(x, y) on M(p, k; €)x M(q, k: C) be a highest

0
weight vector of $(1) with respect to the Borel subalgebra (%)x ((;%) of

gl(p,C)xgl(q; €); Let us choose N=k,p,q; then the function f(%,7 on
M(N, k; C)x M(N, k;C) defined by f((x>, (y)) = f(x,y) is a highest weight
£

vector of the corresponding representation of GL(N, C)x GL(N, ), hence 7
is unique up to a scalar multiple by «) and so is f.
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(5.7) For AieX, we define a Hom($(2), V;)-valued polynomial PB(x,y)- by

B(x, ) f=1(x, ) ‘ o
It is immediate that PeH(4, 7). Hence we get a map &; =7 (P) intertwining

the representation L,(2) and T(t®J,).

(5.8) Proposition. The map %, is injective.

Proof. Let ye £(A) such that Z =0, ie. for any feV,=9(1) and (z,u)eD, we
have

0=L(ZY)(z,u), [y,
:j eiTrw*zw eTrwv*u e—Trvv*<l//(W) U), IP(W, U)f> |dWl2 ldvlz

=§'6~Truv* <¢(W, U), e—iTrwa* eTru*vw*f ((t) , W)> ]dW!z [dv]z.
1

It is then sufficient to prove that the closure & of the space generated by the
functions:

w&memw=f”mwwhmwf«Wyw)

iv
for (z,u)eD, feH(A) is L(A).
It is easy to see that for any polynomial P the partial derivatives

P (oo ) W)

i
0Z;; Oy,

of the function ¥ are in L. Hence % contains all functions of the form

R . w
e iTrz ww* eTru*vw* P((W W*)iﬁ (U W*)kl) f ((l o’ W) ) .

We have (5.4) C[X]A)=C[x'y] H(). It follows that any polynomial
0] ((::}),w') in C[X](A) is a linear combination of polynomials of the form

P((ww*);, (b w*)) f (:Z , W) , f€H(L). So & contains in particular the functions

fermep (7). 9): peecria)

which are dense in .Z(4).

6. Description of H(A)

Now we shall describe the set X and the correspondence A—<t(1) in terms of
highest weight.

We consider the Borel subalgebra bi (resp. b,, bS) of gl(k; C) (resp. gl(p, C),
gl(g, €)) as the upper (resp. lower, upper) triangular subalgebra; GL(p, C)
x GL(g, €) x GL(k; ©) acts on $ by (g1, 82,¢) /) (x,9)=1 (g7 ' xc,'g, y'c™).
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We set
4,(x)=det <

x11a--~,x1j> 0<i<k
x‘ :J: 3p’

1o sers Rjj

e Yik—jrtr- Vi .
Aj(y)zdet( = ) 0<j<k, q.

Vik—jr1> - Vi o
(6.1) Proposition. Let f(x, y)e$ be a highest weight vector. Then f is of the form:
(6.2) A¢(x)... A% (x)- A~1 ()P ..‘ﬁff(y)
with 0Zisp, 0=5j=Zq, i+j=k, o, B, non negative integers.

Proof. 1t is easy to see that these functions are pluriharmonic and highest weight
vectors.

To prove the proposition, we follow the same argument as in Chapter I,
Proposition (6.6); i.e. We suppose first that p=¢q and that k<p.

Let A be any representation of GL(k; C), we parametrise 4 by its highest
weight vector with respect to b, i.e.

A=(mg,my, ...,my, 0,...,0, —n;, ..., —ny)

mzm,z--2m=0; nz---zng i+jsk=p

then the function A, (x)y™ "2 ... A"(x)-A,(y)" "™...4 ;¥ is a highest weight
vector under GL(k; €C) of type 1; As the representation t(1') is irreducible, it
follows that this f is the unique element of $ highest weight vector for b, xb,x b,
of type A, with respect to GL(k; C).

If p, g, k are arbitrary, we take N=p, g, k, the function f(X, §)=f(x, y) with

X= (x) , = (y ), is a pluriharmonic function and is a highest weight vector for
£ ES

the group GL(N, €) x GL(N, €) x GL(k; €). Hence f is of the form (6.2), which
implies that so is f.

We parametrise now an irreducible representation t=1, ®1, of GL(p, C)
x GL(g, €) by its highest weight vector with respect to the product of upper

triangular Borel subalgebras b} x b,
We have then

(6.3) Theorem.
a) 2={1=(ny,...,n;,0,...,0, =my, —m,, ..., —m) n; = 2n>0,
O<my=m,<---=m;, 05i<q, 0<j<p, i+j=sk.
b) If A€ZX, the representation t(1) is
7,0,0,...,0, =my, =m,, ..., =m)®1,(ny, ..., n;,0,...,0).
c) For any k, the map A—1(2) is injective.

7. Decomposition of the Representation %,

(7.1) We have proved that the unitary representation %, (4) is imbedded as a
subrepresentation of the representation T(t(1)®9,). Since 1(1)®J, is an irre-
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ducible representation, we see that L,(4) is an irreducible unitary representation
of G of highest weight t1(A)®J,.
On the other hand we have %, = @ %, () ®V,, and hence &, = @(dimV}) £ (4).
ieX A€l
Since A—1t(4) is injective (6.3) we have
(7.2) Theorem. 1) For AeZ, the representation L (1) appears in L, dim V,-times,
and we have

L,=@® (dim V) L(4).
reX
2) For AeX, the representation L (A) is an irreducible unitary representation
of G of highest weight T(A)®J,.
3) The description of X and ©(1) is given in (6.3).

8. Unitary Representation of U(p, q) with Highest Weight

(8.1) Let k be an integer, let AeZ, and t=1(A) the irreducible representation
of GL(n, C) associated to A

We can then construct the map %: %, (A)— O, V).

We consider the Hilbert space

My ={TW); he L)y with [ZWNIZ=]*.

Then .#, is a Hilbert space of holomorphic functions for which point evaluation
is continuous. Let A be the highest weight of the representation t(1)®9,; the
corresponding infinitesimal module M of all K-finite vectors of the representa-
tion T(z(A)®J,) in #, is equivalent to F(A), hence AeP.

We recall that AeD, i.e. the corresponding representation is a member of the
discrete series if and only if {A+p, H > <0 (when g=+0).

In particular we see on the description of A4 given by applying Proposition (6.3):

— if k=(p+¢q) all the representations occurring in L, are members of the
holomorphic discrete series

— if k<gq, none of the representations obtained are discrete.

— if g<k<p+q, some of the representations obtained are discrete, some
are not.

(8.2) In the cases where AeD, ie., where {(A+p, H, > <0, we know that the
Hilbert space .4, has to be s#(A).

In the coordinates (z=x+1iy,u) of D, it comes for 1=1,®1,=1(4), M= { f;
V.-valued holomorphic functions on D such that:

y iur\"!

[tle | —iu 1] @u,0)) fativu, fec+ivu
2 2

(det y)e=®+Ddx dy|du|* < oo}.
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(8.3) If Ais not such that A€D, it is not easy to give a description of the Hilbert
space ./, obtained. For k=1 and p=g=2, for example the Hilbert space obtained
are solutions of the Dirac and Maxwell equations (see [6]).

We compute now the reproducing kernel K; of the space .#,

(84) KA((ZI') ul)) (227 uz))

ok iow —k Zy—Zy +luz iy
zZ,—zZy—iujuy ———e e U
=det '*‘—‘—T"*—— 7.'1 21
l .
iuyg 1
7 gk, \—1
& (41——22——luzul>
o\ -
2i

Proof. We have under the correspondence
1 0 z
Flz,u)=f1{0 1 u]c '],
0 01

F(i,0)= const. < ((‘? (1)) 1 )_ ),

This gives the value K,((z, u), (i, 0)) of the reproducing kernel the formula (8.4)
follows then from the covariance properties of K.

(8.5) Lemma. Let AeX, then
K,((z1,uy), (25, u5))
:j'eiTrw*(zx—z‘._ﬁ)w eTrwv*m eTru’; vw* e—Trvv* IP(W, 1))* IP(W, U) |dWl2 ldle.
Proof. See (I1.8.5).

Let S be the space of all finite dimensional irreducible representation of
GL(p, €)x GL(g, €) of the form t(1)®J, with some k and some AeX. Then, if
teS. @(7) contains a non-trivial unitary representation.

(8.6) Proposition.
S={t=(ny,....,n)®(my,...,m); 0zn,; =z 2n,, 0=m; < =m,,

m,Z min (—n;— - —ng+mp+tmy o —(q—j)my+p—it+j—1)}.

Proof. Let S’ be the right-hand side. It is immediate that S" contains S. If m, = p+g,
then 7 is contained in S. Suppose that m,<p+gq, and 7 is in S". Then there is

(i,))*(p, @) such that

Mgz —ny—-—=ntm+tmy_ —(g—jm+p—i+j—1,

My< —ny—o—=n_ g +m+etm —(q—j)mg+p—i+j (if i=0),

my<—ng—-—ngtmp g +otmg_ g —(g—j—O)m+p—i+j (f j*q)
Hence, 1> —n; if i#0 and m;—m, <1 if j&q. Therefore n,=-.-=n=0 (for

i£0), and m;=---=m, (for j=gq). Hence, p—i+j—1=<m,<p—i+j, which implies
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that m,=p—i+j—1. Letting k=p—i+j—1, we have

p—i j—1
e «—>

1=(0,...,0, % - #)@(x -+ *, k, ..., k).
and k=(p—i)+(j—1). Thus, tis in S. Q.E.D.
According to our results, it is natural to form the following conjecture.

Conjecture. S equals the set P of the finite-dimensional irreducible representa-
tions © of GL(p, €C)x GL(g, ) such that ¢(t) contains non-zero unitary sub-
representations.
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