SIMPLICITY OF HEADS AND SOCLES OF TENSOR PRODUCTS
SEOK-JIN KANG!, MASAKI KASHIWARA?, MYUNGHO KIM, SE-JIN OH?

ABSTRACT. We prove that, for simple modules M and N over a quantum affine
algebra, their tensor product M ® N has a simple head and a simple socle if M @ M
is simple. A similar result is proved for the convolution product of simple modules
over quiver Hecke algebras.

INTRODUCTION

Let g be a complex simple Lie algebra and U,(g) the associated quantum group.
The multiplicative property of the upper global basis B of the negative half U (g)
was investigated in [3, 13]. Set ¢?B = {¢"b| b€ B, n € Z}. In [3], Berenstein and
Zelevinsky conjectured that, for by, by € B, the product b b, belongs to ¢?B if and
only if by and by g-commute, (i,e., boby = ¢"b1by for some n € Z). However, Leclerc
found examples of b € B such that b & ¢”B ([13]).

On the other hand, the algebra U (g) is categorified by quiver Hecke algebras
([10, 11, 14]) and also by quantum affine algebras ([4, 5, 7, 8]). In this context, the
products in U (g) correspond to the convolution or the tensor products in quiver Hecke
algebras or quantum affine algebras. The upper global basis corresponds to the set of
isomorphism classes of simple modules over the quiver Hecke algebra or the quantum
affine algebras ([2, 15, 16]) under suitable conditions. Then Leclerc conjectured several
properties of products of upper global bases and also convolutions and tensor products
of simple modules. The purpose of this paper is to give an affirmative answer to some
of his conjectures.

In this introduction, we state our results in the case of modules over quantum affine
algebras. The similar results hold also for quiver Hecke algebras (see §3.1).

Let g be an affine Lie algebra and Uy (g) the associated quantum affine algebra. A
simple U/ (g)-module M is called real if M @ M is also simple.
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Conjecture ([13, Conjecture 3]). Let M and N be finite-dimensional simple U,(g)-
modules. We assume further that M is real. Then M ® N has a simple socle S and a
simple head H. Moreover, if S and H are isomorphic, then M ® N is simple.

In this paper, we shall give an affirmative answer to this conjecture (Theorem 3.12
and Corollary 3.16). In the course of the proof, R-matrices play an important role.
Indeed, the simple socle of M ® N coincides with the image of the renormalized R-
matrix r,  c NOM — M ®N and the simple head of M ® N coincides with the
image of the renormalized R-matrix r, vy MON = NQM.

Denoting by M V N the head of M®N, we also prove that N — M V N is an
automorphism of the set of the isomorphism classes of simple U;(g)-modules (Corol-
lary 3.14). The inverse is given by N — N V *M, where *M is the right dual of M. It

is an analogue of Conjecture 2 in [13] originally stated for global bases.

Acknowledgements. We would like to thank Bernard Leclerc for many fruitful dis-
cussions and his kind explanations on his works.

1. QUIVER HECKE ALGEBRAS

In this section, we briefly recall the basic facts on quiver Hecke algebras and R-
matrices following [7]. Since the grading of quiver Hecke algebras is not important in
this paper, we ignore the grading. Throughout the paper, modules mean left modules.

1.1. Convolutions. We shall recall the definition of quiver Hecke algebras. Let k be
a field. Let I be an index set. Let Q be the free Z-module with a basis {a;}icr. Set
Q" =>"ic; Z>oa;. For B =37 oy, € QF, weset ht(5) =n. Forn € Zsgand § € QT
such that ht(5) = n, we set

]5:{1/:(V1,...,Vn) €[n|04u1+"'+al/n :6}
Let us take a family of polynomials (Q;;)i jer in k[u, v] which satisfy

Qij(u,v) = Qji(v,u) for any i, j €I,
Qii(u,v) =0 for any i € I.
For 7,5 € I, we set

= Qij(% v) — Qij(wa v)

Qij(uav7w) = Y — w

€ klu, v, w).

We denote by &,, = (s1,...,8,_1) the symmetric group on n letters, where s; :=
(7,44 1) is the transposition of 7 and i+ 1. Then &,, acts on I™ by place permutations.
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Definition 1.1. For § € QT with ht(8) = n, the quiver Hecke algebra R(() at (
associated with a matriz (Q;); jer s the k-algebra generated by the elements {e(v)},ers,
{Zk 1<k<n, {Tkh1<k<n—1 salisfying the following defining relations:

e(v)e(V') = 0, .e(v), Z e(v) =1,
velp
Ty = Ty, Tre(v) = e(v)zy,
Tme(V) = e($m(V)) T, TkTm = TmTk if |k —m| > 1,
The(V) = Quwpi (T, Tri1)e(v),
—e(v) ifm=k and vy = vy,
(ThTm — Ts(m)Ti)e(V) = < e(v) ifm=k+1 and vy, = v,
0 otherwise,

@Vk,yk+1(xk7xk+17xk+2> if Vi = Vgy2,

(Tk+1Tka+1 — Tka+1Tk)€(V) = .
0 otherwise.

For an element w of the symmetric group &,,, let us choose a reduced expression
w =8 -5, and set
Tw = Tiy *** Tiy-
In general, it depends on the choice of reduced expressions of w. Then we have the
PBW decomposition

(1.1) R(B)= @ Kklz1,...,z.)e(v).

velP, wes,

We denote by R(fS)-mod the category of R(f3)-modules M such that M is finite-
dimensional over k and the action of x; on M is nilpotent for any k.

For an R(/)-module M, the dual space
M* :=Hom, (M, k)
is endowed with the R(f)-module structure given by
(r- f)(u):= f((r)u) for fe M*, re R(S) and u € M,

where 1 denotes the k-algebra anti-involution on R(f) which fixes the generators
{e)}vers, {xktr<hen, {Th}ichan-

For 3,v € Q" with ht(5) = m and ht(y) = n, set

c@N= > e eR@E+).

Ve]m«l»n,
(Vl ----- VTVL)EIB 5
(Vm+1 ----- Vm#»n)el’y
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Then e(3,7) is an idempotent. Let

R(B) @ R(y) = e(B,7)R(B +7)e(B,7)
be the k-algebra homomorphism given by

() ®e(v) > e(uxv) (we T, ver)
T @1 = zre(B,y) (1 <k<m),

1® 4 te(Bir) (1< k<)
Q1= me(f,y) (1 <k<m),

17 = Tare(B,7) (1 <k <mn).

Here p * v is the concatenation of p and v, i.e.,
kU= (41 ey foms 1y e ey V).

For an R(f)-module M and an R(y)-module N, we define their convolution product
M o N by

(1.2) Mo N =R(B+7)e(B,7) R(ﬁ%Rm(M ® N).

Set m = ht(/) and n = ht(y). Set
G = {w € Gppn | Wpm) and W|pni1min) are increasing} .
Here [a,b] :=={k € Z | a < k < b}. Then we have

(1.3) MoN= @ 7,(M&N).
WEGm . n

We also have (see [12, Theorem 2.2 (2)])

(1.4) (MoN) ~N*oM*.

1.2. R-matrices for quiver Hecke algebras.
1.2.1. Intertwiners. For ht(8) =n and 1 < a < n, we define ¢, € R(3) by
(
(Tata — TaTa) (V)
= (a:a+17'a — Taxa+1)e(u)

(1.5) Le(v) = = (a4 — Tat1) + 1)e(v)
i = ((xa—&-l - 'Ta)Ta - 1)6(7/) if Vg = Vgt1,

[ Tae(V) otherwise.
They are called the intertwiners.

Lemma 1.2.
(1) (pge(y) = (anyya+l (‘/Ea’ xa+1) —I— 5Va7Va+1>e(y)'
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(i) {@x}1<k<n satisfies the braid relation.

(iii) For w € &, let w = 4 - Sq, be a reduced expression of w and set @, =
Pay *** Pa,- Then g, does not depend on the choice of reduced expressions of w.

(iv) Forw € &, and 1 <k <n, we have Ty = Ty()Puw-

(v) Forwe &, and 1 <k <n, ifwlk+1) =w(k)+ 1, then ©uTr = Tuw@) Puw-

For m,n € Z>y, let us denote by w[m,n| the element of &,,,,, defined by

k+n ifl1<k<m,
k—m ifm<k<m-+n.

(1.6) wlm,n|(k) = {

Let 8,7 € Q" with ht(5) = m, ht(y) = n, and let M be an R(f)-module and N
an R(v)-module. Then the map M ®@ N — N o M given by u® v = @yfnm (v @ )
is R(fB)® R(y)-linear by the above lemma, and it extends to an R(/ + -y)-module
homomorphism

(1.7) Ryn: MoN — NoM.
Then we obtain the following commutative diagrams:

Rp v Ry, v

(1.8) LoMoN MoLoN and LoMoN LoNoM

- \ lRL,N
RL,MON RLO]\/I,N

MoNOL NoLoM.

1.2.2. Spectral parameters.

Definition 1.3. For € QF, the quiver Hecke algebra R(B) is called symmetric if
Qi j(u,v) is a polynomial in w — v for all i,j € supp(f). Here, we set supp() =
{ie [ 1<k <n} for B=370 .

Assume that the quiver Hecke algebra R(/3) is symmetric. Let z be an indeterminate,
and let ¢, be the algebra homomorphism

vt R(B) — k[z] © R(f)
given by
Vo) =ap+ 2, Vo) =7 Yu(e(v)) =e(v).
For an R(f)-module M, we denote by M, the (k[z] ® R(f))-module k[z] ® M with
the action of R(f) twisted by v,. Namely,

e(v)(a®@u) =a®e(v)u,
(1.9) rr(a®@u) = (za) @ u+ a ®(ziu),
Tr(a®@u) = a®(mu)
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for v € I°, a € k[z] and w € M. For u € M, we sometimes denote by u, the
corresponding element 1 ® u of the R(f)-module M..
For a non-zero M € R(f)-mod and a non-zero N € R(v)-mod,

let s be the order of zeroes of Ry, n: M, 0N — N o0 M,; i.e., the
(1.10)  largest non-negative integer such that the image of Ry, y is contained
in z°(N o M,).

Note that such an s exists because Ry, n does not vanish ([7, Proposition 1.4.4 (iii)]).

Definition 1.4. Assume that R(S) is symmetric. For a non-zero M € R(/3)-mod and
a non-zero N € R(y)-mod, let s be an integer as in (1.10). We define

L MoN—-NoM
by
TN = (27" Ras. ) | 2=0,

and call it the renormalized R-matrix.

By the definition, the renormalized R-matrix r,,  never vanishes.
We define also
rN7M3NOM—>MON
by
Yo = ((—2) "R, |2=o,

where ¢ is the multiplicity of zero of Ry ..
Note that if R(3) and R(vy) are symmetric, then s coincides with the multiplicity of

zero of Ry ., and (z_sRMZ7N)|Z:0 = ((—z)_sRM,Nz)|Z:0.
Indeed, we have

RMZI,NZ2 ((U)Z1 ®<U)22)) = Pwln,m] ((U)ZQ ®(u)Z1))
€ D v K21 — 2] 70 ()2, @(W)z,)

for w € M and v € N. Here w ranges over

(1.11)

Chnm = {w € G | W and W|j41n4m) are strictly increasing}

and v € N and v’ € M. Hence, r, . is well defined whenever at least one of R(j3) and
R(7) is symmetric.

The proof of (1.11) will be given later in Section 4.

2. QUANTUM AFFINE ALGEBRAS

In this section, we briefly review the representation theory of quantum affine algebras
following [1, 9]. When concerned with quantum affine algebras, we take the algebraic
closure of C(q) in U,,50C((¢"/™)) as a base field k.
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2.1. Integrable modules. Let I be an index set and A = (a;;);jer be a generalized
Cartan matrix of affine type.
We choose 0 € [ as the leftmost vertices in the tables in [6, pages 54, 55] except

Agzn)—case in which case we take the longest simple root as ag. Set Iy = I\ {0}.
The weight lattice P is given by

P=(@zr) s,

icl

and the simple roots are given by
a; = Z aj;\j+0(i = 0)d.
jel
The weight ¢ is called the imaginary root. There exist d; € Z~( such that
0= Z d; .
icl
Note that d; = 1 for i = 0. The simple coroots h; € PV := Hom (P, Z) are given by
(hi, Aj) = 0;5, (h;,6) = 0.
Hence we have (h;, o) = a;;.
Let ¢ = Ziel c;h; be a unique element such that ¢; € Z~ and

Zc={he@,;Zhi| {h,a;)=0foranyiecl}.
Let us take a Q-valued symmetric bilinear form (., «) on P such that
2(a, \)
(ai, o)

Let ¢ be an indeterminate. For each i € I, set ¢; = ¢(®®)/2.

(hi, \) = and (6,\) = (¢, \) for any \ € P.

Definition 2.1. The quantum group U,(g) associated with (A, P) is the k-algebra
generated by e;, fi (i € I) and ¢* (X € P) satisfying following relations:

=1, ¢ = for AN eP,
e = q*e;, P figr =g M for Ne Piel,

K; — Kt
i o
6ifj — fjei = 52‘]‘—71 R where Kz =q",
T qz
1—a;;

> (=1 F _raij] e el =0 ifi ],
r=0 i

1—a;;

2 (- F _r%] ST =0 i

r=0
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n_ g " |
Here, we set [n]; = ﬁ, (n);! = T1;_,[k]; and {ZZ]Z = % for each

n € Lo, © € I and m > n.
We denote by U,(g) the subalgebra of U,(g) generated by e;, fi, KF'(i € I), and

call it quantum affine algebra. The algebra U;(g) has a Hopf algebra structure with
the coproduct:

(2.1) Ale) =e; @ KM +1®e;,
A(fi)=fi®l+K;® fi.

Set
P, = PJZ$
and call it the classical weight lattice. Let cl: P — P, be the projection. Then
Py =@,; Zcl(N;). Set Py ={X€ Py|(c,\) =0} C Py.
A U, (g)-module M is called an integrable module if

(a) M has a weight space decomposition

M= P My,

AEP,

where M), = {u eEM| Ku= q<hi”\>u for all i € I},

7

(b) the actions of e; and f; on M are locally nilpotent for any i € I.

Let us denote by U;(g)-mod the abelian tensor category of finite-dimensional inte-
grable U;(g)-modules.

If M is a simple module in U(g)-mod, then there exists a non-zero vector u € M
of weight A € PJ such that A is dominant (i.e., (h;, \) > 0 for any ¢ € Iy) and all the
weights of M liein A — >, Zsoc;. We say that A is the dominant extremal weight of
M and u is a dominant extremal vector of M. Note that a dominant extremal vector
of M is unique up to a constant multiple.

Let z be an indeterminate. For a U (g)-module M, let us denote by M. the module
k[z, 27" ® M with the action of U} (g) given by

ei(u.) = 2"0(eu).,  filuz) = 2700 (fin).,  Ki(u.) = (Ku)..
Here, for u € M, we denote by u, the element 1 ®u € k[z, 27| @ M.

2.2. R-matrices. We recall the notion of R-matrices [9, § 8]. Let us choose the follow-
ing universal R-matriz. Let us take a basis { P, }, of U (g) and a basis {Q,}, of U, (g)
dual to each other with respect to a suitable coupling between U, (g) and U, (g). Then
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for U} (g)-modules M and N define

(2.2) (U @) = ¢ N Py @ Quu.,

so that Ry} gives a U, (g)-linear homomorphism from M @ N to N ® M provided that
the infinite sum has a meaning.
Let M and N be U (g)-modules in U;(g)-mod, and let 2; and z; be indeterminates.

Then R}\‘}“f N, converges in the (25/21)-adic topology. Hence we obtain a morphism of
k[[22/21]] ko= K21, 2571 © Ul(g)-modules

i v, Kllz/a]] @ (M., @ N.,) = K[ze/z]] @ (N, @ M.,).

K([z2/z1] k(z2/z21]
If there exist a € k((22/21)) and a k[z1™", 23] ® U} (g)-linear homomorphism
R: M,,®N,, = N,, @M.,

such that RUMH‘Y N., = af?, then we say that RuMm: N., 18 rationally renormalizable.
Now assume further that M and N are non-zero. Then, we can choose R so that,
for any ¢y, co € k™, the specialization of R at z; = ¢q, 20 = ¢

R|Z1ZC17Z2ZC2 : Moy ® Ney = N, @ M,

does not vanish. Such an R is unique up to a multiple of k[(z1/22)** = U,ez kX272,
We write
r =R, —rp=1: MN — N® M,

M,N
and call it the renormalized R-matriz. The renormalized R-matrix Ly is well defined
up to a constant multiple when R“Mmj N., is rationally renormalizable. By the definition,

rM,N never vanishes.

Now assume that M; and M, are simple U (g)-modules in U, (g)-mod. Then, the
universal R-matrix RE‘]{‘/}:’)ZI (M), is rationally renormalizable. More precisely, we have

the following. Let u; and uy be dominant extremal weight vectors of M; and Ms,
respectively. Then there exists a(z2/21) € k[[22/21]]* such that

RGN o, ()2 @(u2)2,) = alza/21) ((u2)z, @(wn)s,).

Then R3™, ::a(zg/zl)_1]%?}\1}1V)z17(1\42)Z2 is a unique k(z1, 2) ® U/ (g)-module homomor-

phism
R30Sy, k(21 22) @y gy (M)z, ® (Ma)s,)
(2.3)
— k(Zl, ZQ) ®k[ziﬂ,z§:1] ((M2)22 X (Ml)zl)
satisfying

(24) r]tﬁl)f,rr]t/lg (<u1)21 & <u2)22) - (UZ)Z2 ® (u1)21'
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Note that k(z1, 22) @41 41 ((My)., ® (My)s,) is a simple k(z1, 20) ® U/ (g)-module
([9, Proposition 9.5]). We call Ay, the normalized R-matriz.

Let das, ar, (1) € Kku] be a monic polynomlal of the smallest degree such that the
image of ds, v, (22/21) Ry, is contained in (Ma)., ® (My).,. We call dyy, ar,(u) the
denominator of Ry7™,. Then we have

(25) dM1,M2 (ZQ/ZI) nMOmez (Ml)zl ® (M2)22 — (M2)22 ® (M1)217
and the renormalized R-matrix

Ty Mo My @ My — My ® M,

is equal to the specialization of ds, ar,(22/21) Ri7 S, at 21 = 22 = 1 up to a constant
multiple.

Note that R"™V satisfies the following properties: the following diagrams commute

RY niv

My ® Mg, N
///’ “--\\
My @ My @ N : M; @ N ® My , N ® M, @ M,,
RN, @ Ny
e /./'-'w »‘-‘\\\\
M ® N1 ® N N1 ® M ® Ny : N1 @ Ny @ M
RN, ® N2 N1 ® RypY,

for M, My, My, N, Ny, Ny in U/(g)-mod. Hence, if RE‘]{‘Z}V ~. and R“}\}[l") N., are ratio-
z17 z9 R
nally renormalizable, then R“ﬁf@) Ma)ay,Nay is also rationally renormalizable. Moreover

we have

(2.6) (er’N ® M,) o (M, ®rM2’N) =Cry g,y or some ¢ € k.

Note that ¢ may vanish.
In particular, if My, M, and N are simple modules in U, ;( )-mod, then R“}\}}V® Ma).y N,

is rationally renormalizable.

3. SIMPLE HEADS AND SOCLES OF TENSOR PRODUCTS
In this section we give a proof of Conjecture in Introduction for the quiver Hecke

algebra case and the quantum affine algebra case.

3.1. Quiver Hecke algebra case. We shall first discuss the quiver Hecke algebra
case.
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Lemma 3.1. Let 5, € Q" and M, € R(fx)-mod (k =1,2,3). Let X be an R(51+ Pa)-
submodule of My 0 My and Y an R(Bs+ [3)-submodule of My 0 M; such that X o M3 C
M, oY as submodules of My © My © My. Then there exists an R(f3)-submodule N of
My such that X C Mio N and NoMs CY.

Proof. Set ny = ht(Bx). Set N = {ue My|u®M; CY}. Then N is the largest
R(3;)-submodule of M, such that N o M3 C Y. Let us show X C M; 0 N. Let us take
a basis {vg }aea of M.

By (1.3), we have

My o My = @ Tw(M1®M2).

WESn ny
Hence, any v € X can be uniquely written as

U = Z Tw (Ua X ua,w)

WEGn ny,a€EA

with u,,, € Ms. Then, for any s € M3, we have

UR S = Z T (Vg @ Ugy ®8) € X O My C MyOY.
WEGn ny,a€EA
Since

M,oY = P T(MRY)

weGnl ;o +n3

and G, n, C Gy, nytny, We have
U ®s €Y foranyac Aand we G, p,.
Therefore we have u,,, € N. O

Theorem 3.2. Let 8,7 € Qt and M € R(B)-mod and N € R(y)-mod. We assume
further the following condition:

(a) R(B) is symmetric and ry € Kidarons,
(3.1) (b) M is non-zero,
(¢) N is a simple R(vy)-module.

Then we have

(i) Mo N has a simple socle and a simple head. Similarly, N o M has a simple socle
and a stmple head.

(ii) Moreover, Im(rN’M) 15 equal to the socle of M o N and also equal to the head of

N o M. Similarly, Im(r s equal to the socle of N o M and to the head of

M,N)
Mo N.

In particular, M s a simple module.
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Proof. Let us show that Im(r,, , )
M o N be an arbitrary non-zero R(f+y)-submodule. Let m and m’ be the multiplicity
of zero of Ry (), : No(M). — (M).oN and Ragary,: Mo(M), — (M).0oM at z = 0,
respectively. Then by the definition, r,, = (27" Ry ). )|z=0: N 0 M — M o N and

is a unique simple submodule of M o N. Let S C

= (z=™ Rar (). )|o=o: M © M — M o M. Now, we have a commutative diagram

’
27T Ry ()

So (M), (M),o0S

| |

Mo No (M), (M), oMo N.

I
Moz" ™Ry (M), 2=™ Ry (ary,oN

Mo(M),oN

Therefore z=™ ™ Rg ar).: S 0 (M), — (M), 0 S is well-defined, and we obtain the
following commutative diagram by specializing the above diagram at z = 0.

SoM MoS

| |

MoNoM NM Ao Mo N JMeMN_ a e Aro N

Here, we have used the assumption that r,,

v is equal to idp o up to a constant
multiple.

Hence we obtain (M @ rNM)(S o M) C Mo S, or equivalently
SoMcC Mo (rN’M)‘l(S).

By the preceding lemma, there exists an R(7)-submodule K of N such that S C MoK
and K o M C (r, ,,)”'(S). By the first inclusion, we have K # 0. Since N is simple,
we have K = N and we obtain N o M C (rN7M)_1(S), or equivalently, Im(rNyM) cs.
Noting that S is an arbitrary non-zero submodule of M 0N, we conclude that Im(rN’ o)

is a unique simple submodule of M o N.
The proof of the other statements in (i) and (ii) is similar.
The simplicity of M follows from (i) and (ii) by taking the one-dimensional R(0)-

module k as N. Note that r,  andr,_, coincide with the identity morphism idy,. U

A simple R(f)-module M is called real if M o M is simple
Then the following corollary is an immediate consequence of Theorem 3.2.

Corollary 3.3. Assume that R(f) is symmetric and M is a non-zero R(f3)-module in
R(B)-mod. Then the following conditions are equivalent:

(a) M is a real simple R(S)-module,

(b) rMM S kidMoM;
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(C) EndR(Qﬁ)(M O M) ~ kidMoM.
We have also the following corollary.

Corollary 3.4. If R(3) is symmetric and M is a real simple R(3)-module, then M°™:=

P — ) )
Mo.--oM is a simple R(nf)-module for any n > 1.

Proof. The quiver Hecke algebra version of (2.6) implies that L) rom ppon is equal to

idy o(m+n) up to a constant multiple. O

Thus we have established the first statement of Conjecture in the introduction in
the quiver Hecke algebra case.

Lemma 3.5. Let f,v € QF, and let M € R(f)-mod and L € R(f + )-mod. Then
there exist X, Y € R(v)-mod satisfying the following universal properties:

(3.2) HomR(ﬁﬂ)(M 0/ L)~ HomRm(Z, X),
(3.3) Hom 5, (L, Z © M) = Hom (Y, Z)
functorially in Z € R(7y)-mod.
Proof. Set X = Hom 5, (M © R(7), L). Then we have
Hom p 5, (M © Z, L) ~ Hom g gy ¢, g\ (M ® Z, L)
~ Homp ) (Z, Hom 5 (M, L)).

Similarly set Y = <HomR(5+7)(M* o R(v), L*)) . Then we have by using (1.4)

Hom p5, (L, Z 0 M) ~ Hom 5, (M0 Z", L")
~ Hom p 5 o g,y (M* @ Z*, L7)
~ Hom (2", Y") = Hom (Y, Z).
U

Proposition 3.6. Let 5,7 € Q. Assume that R(S) is symmetric, and let M be a
real simple module in R(f)-mod, and L a simple module in R(S + ~v)-mod. Then the
R(y)-module X :=Hom 5. (M 0 R(v), L) is either zero or has a simple socle.

Proof. The R(y)-module X satisfies the functorial property (3.2). Assume that X # 0.
Let p: Mo X — L be the canonical morphism. Since L is simple, it is an epimorphism.
Let Y be as in Lemma 3.5, and let ¢: L — Y o M be the canonical morphism. For an
arbitrary simple R(7)-submodule S of X, since Hom R(ﬁﬂ)(MoS, L) ~ Hom R(v) (S, X),

the composition M oS — MoX 2 L does not vanish. Hence, by Theorem 3.2, L is the
simple head of M 0 S and is the simple socle of So M. Moreover, L = Im(r,, S). Since
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the monomorphism L — S o M factors through i by (3.3), the morphism i: L — YoM
is a monomorphism.
As in the proof of Theorem 3.2, we have a commutative diagram

MolL LoM
Mot IioM
Ly YOM
MoYoM : YoMoM.
Then we obtain M oi(L) C (r,, )~ (i(L)) © M. Hence, by Lemma 3.1, there exists an

R(v)-submodule Z of Y such that rMyy(M o0 Z) Ci(L)and i(L) C Z o M. The last

inclusion induces a morphism L — Z o M and it induces a morphism Y — Z by (3.3).
Since the composition Y — Z — Y is the identity again by (3.3), we have Z =Y.
Hence Im(r,,,.) Ci(L), which gives the commutative diagram

By the argument dual to the above one (also see the proof of Proposition 3.8), we have
a commutative diagram

MoX L XoM.
p 13

Hence £: L — X o M is a monomorphism, and Im(r is isomorphic to L. By (3.3),

M,X)
there exists a unique morphism ¢: Y — X such that ¢ factors as

L X oM.

Let us show that Im(¢p) is a unique simple submodule of X. In order to see this, let .S
be an arbitrary simple R(f)-submodule of X. We have seen that L is isomorphic to the

head of M oS and isomorphic to Im(r,, ). Since the composition M0S — MoX BELEN
X o M does not vanish, we have a commutative diagram by [7, Lemma 1.4.8]

MoS M5 SoM
Mox — ™% _ xoM.
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Since Im(r,, ;) ~ Im(r,, ) ~ L, the morphism §: L — X oM factors as L — SoM —
X o M. Hence (3.3) implies that ¢: Y — X factors through Y — S — X. Thus we
obtain Im(y) C S. Since S is an arbitrary simple submodule of X, we conclude that

Im(y) is a unique simple submodule of X. O

Let 8,7 € Q™. For a simple R(/3)-module M and a simple R(7y)-module N, let us
denote by M V N the head of M o N.

Corollary 3.7. Let 8,7 € Q. Assume that R(B) is symmetric, and let M be a real
simple module in R(G)-mod. Then, the map N — M V N is injective from the set of
the isomorphism classes of simple objects of R(y)-mod to the set of the isomorphism
classes of simple objects of R(5 + ~)-mod.

Proof. Indeed, for a simple R(y)-module N, M V N is a simple R( + 7)-module by
Theorem 3.2, and N C X :=Hom . (M 0 R(y), M V N) is the socle of X by the

preceding proposition. O

If L(i) is the one-dimensional simple R(a;)-module, then L(i) is real and M V L(i)
corresponds to the crystal operator f;M and L(i) V M to the dual crystal operator
fivM in [12]. Hence, V is a generalization of the crystal operator as suggested in [13].

Proposition 3.8. Let 3,7 € QF. Assume that R(B) is symmetric, and let M be a
real simple module in R(S)-mod, and N a simple module in R(vy)-mod. Then we have
EndR(BJr,y)(M O N) ~ kidMON.

Proof. Set L = Mo N. Let X, Y € R(y)-mod be as in Lemma 3.5. Let p: Mo X — L
and i: L — Y o M be the canonical morphisms. Then the isomorphism M o N — L

induces a morphism j: N — X such that the composition M o N MIopox B L
is that isomorphism. Hence p: M © X — L is an epimorphism. Since N is simple and
J does not vanish, the morphism j: N — X is a monomorphism.

We have a commutative diagram

r oX Mor
MoMoXx —2% MoMoX 2 . MoXoM
iMop ipoM
Mo L Lo M.
Since r, - is idpon up to a constant multiple, we obtain a commutative diagram:

Mor
M, X

Mo (MoX) MoXoM

iMop ipoM

MolL L oM.
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Therefore we have

Mo (rM7X(Kerp)) C (Kerp) o M.

Hence Lemma 3.1 implies that there exists Z C X such that Ty (Kerp) € ZoM
and M o Z C Kerp. The last inclusion shows that M o Z — M o X — L vanishes.
Hence by (3.2), the morphism Z — X vanishes, or equivalently, Z = 0. Hence we have
Ty «(Kerp) = 0. Therefore r,, x factors through p:

Since r,, . # 0, the morphism ¢ does not vanish. By (3.3), there exists ¢: Y — X

such that ¢&: L — X o M coincides with the composition L “vyoMm M X oM.

Then we have a commutative diagram with the solid arrows:

M,N

MoN- ’ NoM

Moj p;L e joM

MoX — . X oM.
M, X

Indeed, the commutativity follows from [7, Lemma 1.4.8] and the fact that the com-

position M o N MIy Mo X MY X 0 M does not vanish because it coincides with
MoN=5L % XoM.
Thus ¢: L — X o M coincides with the composition
L~MoN-2Yy Non 22 xo .
Hence (3.3) implies that ¢: Y — X decomposes as
y Lo Nt X

Since N is simple, 9 is an epimorphism, and we conclude that N is the image of
p:Y = X.

Now let us prove that any f € Endpggiq)(L) satisfies f € kid,. By the univer-
sal properties (3.2) and (3.3), the endomorphism f induces endomorphisms fyx €
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Endp(,)(X) and fy € Endp,)(Y) such that the diagrams with the solid arrows

o TMx
WoX =1 lxoum L
(34) lMofX lf leoM and lf ifYOM
MOX‘ - Lg “““““ >7XOM I i Vo
S twxoo

commute. Sincer, . commutes with f, the left diagram with dotted arrows commutes.
Hence, the following diagram with the solid arrows

commutes. Then we can add the dotted arrow fy so that the whole diagram (3.5)
commutes. Since N is simple, we have fy = cidy for some ¢ € k. By replacing f with
f —cidy, we may assume from the beginning that fy = 0. Then fx o7 = 0. Now,
f =0 follows from the commutativity of the diagram

MoX

0 lMofX lf
N

Mox —" ..

OJ

Corollary 3.9. Let 8,7 € Qt, and assume that R(B) is symmetric. Let M be a real
simple module in R(f)-mod, and N a simple module in R(y)-mod.

(i) If the head of Mo N and the socle of Mo N are isomorphic, then M o N is simple
and Mo N ~ N o M.

(ii)) If Mo N ~ N o M, then M o N is simple. Conversely, if M o N is simple, then
MoN~NoM.

Proof. (i) Let S be the head of M o N and the socle of M o N. Then S is simple. Now
we have the morphisms

MoN —-S— MoN.
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By the preceding proposition, the composition is equal to idy;on up to a constant

multiple. Hence M o N and N o M are isomorphic to S.

(ii) Assume first M 0 N ~ N o M. Then the simplicity of M o N immediately follows

from (i) because the socle of M 0N is isomorphic to the head of N oM by Theorem 3.2.
If M o N is simple, then r) . is injective. Since dim(M o N) = dim(N o M),

r,, y: MON— NoMisan isomorphism. U

Note that, when R(/3) and R(y) are symmetric, for a real simple R(5)-module M and
a real simple R(7y)-module N, their convolution M o N is real simple if Mo N ~ No M.

3.2. Quantum affine algebra case. The similar results to Theorem 3.2, Corol-
lary 3.7 and Corollary 3.9 hold also for quantum affine algebras. Let U(g) be the
quantum affine algebra as in § 2. Recall that U, (g)-mod denotes the category of finite-
dimensional integrable U (g)-modules.

First note that the following lemma, an analogue of Lemma 3.1 in the quantum affine
algebra case, is almost trivial. Indeed, the similar result holds for any rigid monoidal
category which is abelian and the tensor functor is additive.

Lemma 3.10. Let Mj, be a module in U(g)-mod (k = 1,2,3). Let X be a U(g)-
submodule of My ® My and Y a Ui(g)-submodule of My ® Mz such that X @ Mz C
M;®Y as submodules of My ® My @ Ms. Then there exists a Uj(g)-submodule N of
My such that X C Mi @ N and N®@ M; C Y.

Corollary 3.11.
(i) Let My be a module in U;(g)-mod (k = 1,2,3), and let p;: L — M; ® My and
p9: My® Mz — L' be non-zero morphisms. Assume further that My is a simple
module. Then the composition

(3.6) LM 222 Mo My My 22292 Mo I

does not vanish.
(ii) Let M, Ny and Ny be simple modules in U, (g)-mod. Then the following diagram
commutes up to a constant multiple:

I
o M, N{ ® Ny ____

/ T

MEMON — MM N, Ny ® Ny ® M.

r
M, Ny

Proof. (i) Assume that the composition (3.6) vanishes. Then we have Im ¢; ® M3 C
M; ® Ker ¢5. Hence, by the preceding lemma, there exists N C M; such that Im ¢y C
M; ® N and N ® M3 C Ker . The first inclusion implies IV # 0 and the last inclusion
implies N # M. It contradicts the simplicity of Ms.

(ii) By (i) (N ®rM,N2) o (rMJV1 ® Ny) does not vanish. Hence it is equal to Ty N @ Ny

up to a constant multiple by (2.6). O
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Since the proof of the following theorem is similar to the quiver Hecke algebra case,
we just state the result omitting its proof.

Theorem 3.12. Let M and N be simple modules in U;(g)-mod. We assume further
(37) rMMEkidM®M.

Then we have

(i) M ® N has a simple socle and a simple head.
(ii) Moreover, Im(r s equal to the head of M @ N and is also equal to the socle

of N@ M.

MN)

Recall that a simple U, (g)-module M is called real if M @ M is simple. Hence M in
Theorem 3.12 is real.

For a module M in U;(g)-mod, let us denote by *M and M* the right dual and the
left dual of M, respectively. Hence we have isomorphisms

HomU,()(M®X Y):HomUL,I(g)( JMY),
Hom , o) (X ®*M,Y) ~ Hom,, (XY ® M),
Hom, o (M*® X,Y) >~ Homy;, (X, M®Y

(X OM,Y) =~ HomUé(g)(X,YG@M*

(3.8) )
Hom Ul (a )

functorial in X, Y € U;(g)-mod.

Corollary 3.13. Under the assumption of the theorem above, the head of Imr, @ *M

18 1somorphic to N.

Proof. Set S = Imr, . Since Hom ;. J(S,N@M) =~ Hom ;. y(S®@*M, N), there
exists a non-trivial morphism S ® *M — N Since N is simple, we have an epimorphism

S®*M — N.

Since *M ® *M ~*(M ® M) is a simple module, the tensor product S ® *M has a simple
head by the preceding theorem. Hence, we obtain the desired result. O

For simple U/(g)-modules M and N, let us denote by M V N the head of M @ N.

Corollary 3.14. Let M be a real simple module in U,(g)-mod. Then, the map N
M V N s bijective on the set of the isomorphism classes of simple U, (g)-modules in
U,(g)-mod, and its inverse is given by N +— N V *M.

Lemma 3.15. Let M be a real simple module in Uj(g)-mod and N a simple module
in Uy(g)-mod. Then we have End ;g (M @ N) ~ kidy g N
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Proof. By Corollary 3.11, we have a commutative diagram up to a constant multiple

M*@MeN M® N @ M*.

r N M®r
M*,M® ® M* N

By Theorem 3.12, Im(r
to the composition

is the simple socle of M ® M*, and hence r is equal

M*,M) M* M

M*oM —1— M M*

up to a constant multiple. Here 1 denotes the trivial representation of U;(g). Hence
we have a commutative diagram up to a constant multiple

/rM*7M®N\

M*® M@ N o N MN®QM*.
Let f € EndUé(g)(M® N). Let us show that f € kidy; g . Since T ey COmMmutes
with f, the following diagram with the solid arrows
M@ M®N N M@ N® M*
(3.9) lM*®f Sy lf@aM*
v
M*e@MaN —28 _ N M®N@M*

is commutative. Hence we can add the dotted arrow fy so that the whole diagram
(3.9) commutes. Since N is simple, we have fy = cidy for some ¢ € k. Then by
replacing f with f —cidy; ¢y, We may assume from the beginning that fy = 0. Hence
the composition

MoMoN X vroMeN <2 N

vanishes. Therefore (3.8) implies that M ®@ N Ly M ® N vanishes. O

Corollary 3.16. Let M be a real simple module in Ué(g)—mod, and N a simple module
in U, (g)-mod.

(i) If the head of M ® N and the socle of M @ N are isomorphic, then M @ N is
simple and M @ N ~ N ® M.
(il)) f M@ N ~ N® M, then M @ N is simple.

This corollary follows from the preceding lemma by an argument similar to the one
in the proof of Corollary 3.9.
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4. PROOF OF (1.11)
We shall show (1.11). We keep the notations in Section 1. We set

Tap = Z (xo —xp)e(v) and 7. = Z Tee(v)
velP+, velP+7,
Va,v€supp(8)Nsupp(7) Ve€supp(7), ve+1€supp(f)
for 1 <a,b<m+nand 1 <c<m+n. They are elements of R(S + 7).

We denote by A the commutative subalgebra of R(/5+ ) generated by Z,, and e(v)
where 1 < a < b < m+mnand v € I°. Let us denote by R, s the subalgebra of
R(3 + 7y) generated by A and 7, where 1 < ¢ < m + n.

Then @y me(y, 5) belongs to R, 3.

These generators satisfy the following commutation relations:

(o~ ~ ~
LabTe — Tels,(a),sc(b)

= > (fla=c+1)=dla=c)—db=c+1)+6(b=c))e(v),

ve=Vc+1€supp(B)Nsupp(y)

?3 = Z Ql/a,l/aﬂ (xaa xa+1>e(1/)7
(41) Va,Va+1€supp(f)Nsupp(y)

FA - T =0 if ja—0 > 1,

Ta+1TaTa+1 — TaTa+1Ta

= Z an,yaJrl (‘TUJ xa+1,$a+2)€(l/).
\ Va,Va+1 ESupp(ﬁ)mSUPp('Y)a Va=Vqg+2

Indeed, the last equality follows from

Tat1TaTarl = E Ta+1TaTat1 €(v) and
14
TaTat1Ta = E TaTat1Ta €(V).
14

Here the sums in the both formulas range over v € I°*7 satisfying the conditions:
Vo € supp(7), Yat1 € supp(3) Nsupp(7), and vq42 € supp(f).

Note that the error terms (i.e., the right hand sides of the equalities in (4.1)) belong
to the algebra A because we assume that R(f3) and R(y) are symmetric. Hence we
have
i'a,b;c - 7A:cimsc(a),sc(b) €A
T2 € A,

;a;b = ;ba:a if ’CL — b’ > 1,
Tat1TaTasl — TaTas1Ta € A.

(4.2)
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Now for each element w € &,,,1, let us choose a reduced expression w = s,, - - - 54
We then set

0°

Tw = Tay " * Tay-
Then, similarly to a proof of the PBW decomposition (1.1) (e.g., see [10, 14]), the
commutation relations (4.2) imply

Rig= Y Tud
w€6m+n

In particular, we obtain

R,5C b Tw (Twl ® Tm) A.
ween,ma
’w166n,w266m

It immediately implies (1.11), because we have, for 1 <a <b<m+n,v € I", u € I°,
v € e(w)N and u € e(u)M,

Fap((0)2 ®(u),)
( ((% — xb)v)zQ ®@(u)., if 1 <a<b<nand v, v, € supp(f),

(Z2 - Zl)((“)Zz ®(u)21) + (xaU)ZQ ®(u)21 - (U)ZQ ®($b—nu)21
fl1<a<n<b<m-+nand
Vo € supp(B), p—n € supp(7y),

(V)., ®((xa_n — xb_n)u)ZI ifn<a<b<m+nand g p, o—n € supp(y),

L0 otherwise,

and (Tw1 & Twz) ((U)22 ®(“)z1) = (Twlv)zz ®(Tw2u) 21
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