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Théorie des groupes/Group Theory

Vertex models and crystals
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Toshiki NakasHiMA and Atsushi NAKAYASHIKI

Abstract — The one point functions of the vertex models associated with quantum affine Lie

algebras are computed by using the path description of the crystal bases of integral highest weight
modules.

Modéles de vertex et cristaux

Résumé — Les probabilités d’état local des modeéles de vertex associés aux algébres affines quantiques
sont calculées en utilisant la description des bases cristallines des modules intégrables de plus haut
poids en termes de chemins.

Version francaise abrégée — 1.a notion d’algébre enveloppante quantique U, (g) a son ori-
gine dans la théorie des modeles exactement solubles. Le paramétre ¢ qui apparait dans
U, (g) est la température et ¢=0 correspond a la température du zéro absolu. La considération
de ¢4=0 a conduit 'un des auteurs 4 introduire la notion de base cristalline, une base d’un
U, (g)-module en ¢=0. D’autre part les probabilités d’état local jouent un réle important
dans la théorie des modéles exactement solubles. Elles peuvent étre calculées par la méthode
des matrices de transfert de coin inventée par Baxter et elles deviennent ainsi des sommes
infinies le long des chemins. De plus cette somme s’exprime souvent en termes des caracteres
des U, (g)-modules de plus haut poids. Dans cette Note on clarifie les relations entre bases
cristallines et chemins, ce qui permet le calcul explicite des probabilités d’état local. Soient
g une algébre de Lie affine indécomposable, t sa sous-algebre de Cartan, {o; }; <1 son systeme
de racines simples, {hi}iEI celui des coracines simples et {Ai}ie, celui des poids fondamen-
taux. Soient ¢ le centre de f, & la racine imaginaire et p le poids tel que (A, py=1. On
prend i€l tel que &—a  soit une combinaison linaire des o; (i#iy). On note par
U, (g) I'algebre enveloppante quantique associée 2 g dont la partie torique est engendrée par
les ¢". Soit V un U (g)-module de dimension finie qui posséde une base cristalline (L, B).

Pour 4eB et iel, on note ei(b)=max{n_>;0; ??b#()}, (pi(b)=max{ng();f'i’b¢0} et
e®)=Y @) A, oB)=) 0;(B)A: Alors @ (b)—c(b) est égal au poids wt(b) de b et
Ce, () Y={¢, €(b)). On dit que B est parfaite de niveau [€E;, si elle satisfait les
conditions :

(1) {¢, e(b) )=/ pour tout b dans B.
(2) B®B est connexe.
(3) Les applications & et @ de

B,={beB; (¢, e(b)y=1} dans (P:I),={7»EZZ§(,A,.;<€, ry=1}

sont bijectives.
(4) T1 existe un poids A, tel que #(B, ))=1 et wt B)cho+ Y, Z<o0
i#io
Pour une telle base cristalline B, on note par » (k) P'image inverse de A& (P ) par @ et
on définit Iisomorphisme o de (PJ), par &(¢(1))=cA. Alors pour tout k> 0 il existe un
et un seul isomorphisme V,:B(A) - B(c* A)@B®* tel que s, commute avec les ¢; et les
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Fi et que Wy (1) =u, @6, . . -®b,. Ici, b,=b(c""'}X), B(A) est la base cristalline du
Ug (g)-module de plus haut poids A et u, est son élément de plus haut poids. Pour
Le(Pl), un A-chemin est par définition une suite {p(m) }us1 dans B telle que p(n) soit
égal a 4, pour 1> 0.

ProposiTiON. — Soit P (\; B) Pensemble des h-chemins.

(@) B et P (N, B) sont isomorphes par la correspondance b<s {p () }@ 1 donnée par
V(D) =ur, @p (AR ... ®p (1) pour k> 0.

(i) Siboet {p(n) } se correspondent, alors wt(b)= M+ Y (wt(p(m)—wt(b,)—w(p)s. Ici
o(p)=2 k(H(pk+1), p(B)—H (bys 1, b)), pour une fonction H sur B X B 4 valeurs enticres.

k1 ;

Pour x, on note par V, le U, (g)-module V sur lequel les actions de ¢, €t f;, sont rem-
placées par we; et a7t Ji- Si B est parfaite, il existe une et une seule R-matrice
R(x[y):V,®V, -V ,®V, i une constante prés. De plus les valeurs propres de R (v/y) en
g=0 sont données par (y/x)* ®>) pour b, ¥ €B. La méthode des matrices transfert de coin
permet d’exprimer les probabilités d’état local P(4) du modéle donné par cette R-matrice
comme suit : P (2)=G (2)/Y. G (a"). Ici Ga)=) g *® 2723 o p parcourt ensemble des

a’ p
A-chemins de poids dans a+Z38. Alors la proposition précédente entraine que G (@) est égale

a la fonction de corde : ) dim V(A),_;;¢4 4 ® 79,

1. CrystaLs. — 1.1. Quantized universal enveloping algebra. — Consider (i) a free Z-
module P of finite rank and its dual P*, (ii) a finite set I, and a;€P and ke P* for iel,
(iii) a Q-valued symmetric bilinear form ( , ) on P. We suppose (i) Chy, ;) is a
generalized Cartan matrix, (i) (o, @)€Z., for any i, (iii) {h; 2 >=2 (o M)/(;, o) for
any i and A.

Let U, (g) be the quantized universal enveloping algebra ([2], [4]) associated with these
data. It is the Q(g)-algebra generated by the symbols e,, f;(iel) and ¢"(heP*) which
satisfy the well-known defining relations. In this Note we follow [7] for the basic
definitions and notations. :

Denote by U, (g;;,) the Q(g)-subalgebra of U, (g) generated by e, f; and ¢" (he P¥).

A U, (g)-module M is called integrable if it satisfies:

(i) M= @ M,, where M, ={ueM|q"u=g¢"*>u for any heP*},

AeP
(it) dim M, < oo,
(iii) M is a union of finite-dimensiapal U, (g,;,)-modules for any iel.
We define the tensor product of U, (g)-modules by the following comultiplication:

Ale)=e¢,®t7 '+ 1 e, A()=f®1+1®,, A(t)=1,1,.

1.2. Crystal. — Consider a set B endowed with maps e, f;:B—>B . {0} (ie]). Itis
called a crystal if and only if it satisfies

() b'=Fb if and only b=2,5' for b, b’ eB and icl,

(i) & (b), 0;(h)< oo for beB and iel,
where &, (b)=max {n|e!b#0} and ¢, (b)=max {n|f1b#0}.

A crystal B is called a P-weighted crystal if it has a decomposition B= . B,,
LeP

and for any iel and beB,, ebeB,,, u {0}, fibeB,_, u {0}, the equality
©:(0) =& (5)=Chy, 1) holds.
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We define the tensor product B;®B, of crystals B, and B, as follows. As a set
B, ®B, is equal to the Cartesian product B, x B,.
The maps ¢, f;: B;®B, > B;®B, « {0} are given by

‘ ﬁ([71)®b2 it @;(b)>¢;(by),

(b, ®b,y)= - .
Z( ®b2) { él®fi (b,) it ;b)) =¢;(by),
g,-(bl@bz):{ ¢ (b12®b2 Tf ¢:(by) 2 (by),
b, ®e;(b,) it @; (b)) <sg;(by).

If both B, and B, are P-weighted crystals, then so is B; ®B,.
1.3. Crystal associated with representation. — Let M be an integrable U, (g)-module,
and u a weight vector belonging to M,. For each iel, we have a unique decomposition

u=y f"u,  where u,eM,,,,NKere,.

(Here f™=f"/[n]! as in [7].)
Define ¢;, f;e Bndg ,, (M) by eu=Y f" Yy, and fju=) [ Vu,.
Let A be the subring of Q (q) consisting of /€ Q (¢g) that is regular at g=0.
A crystal base of an integrable U, (g)-module M is a pair (L, B) such that
(1.1) L is a free A-submodule of M satisfying M=Q (¢)®, L,
(1.2) L= L,, where L,=LNM,,
LeP
" (1.3) gLcLandf,L<L foriel,
(1.4) Bisa Q-base of L/gL,
(1.5) B is a P-weighted crystal with e;, 7; induced from those acting on L.

Suppose that he P, ={AeP|{h, L)20}. We denote by V() the irreducible U, (g)-
module with highest weight L. Let u, be a highest weight vector of V (&), and let L (})
be the smallest A-module containing u, stable under f;’s. Set

B(?»)={beL(?»)/qL(kMb=j7‘i1 oo JywmodgL (M) IN{0}.
Then (L (L), B(X)) is a crystal base of V(A) [7].
Sometimes we replace the condition (1.4) with
B, =B+ (—B)where B’ is a Q-base of L/qL,
and define B in (1.5) to be B /{£1}. We then call (L, B,) a crystal pseudo-base.

2. PERFECT CRYSTALS AND PATHS. — 2.1. Classical and affine crystals. — Let g be an
affine Lie algebra and let t be its Cartan subalgebra. We assume that {o;|iel}ct*
and {h;|iel}ct are linearly independent and dimt=# I+1. Let 8e) Z,,0; be the

generator of null roots, and let ce) Z,,h; be the generator of the center. Set

1

t,=®Qh;ct and th= (@ Qh)*. Letcl:t* — t% be the canonical morphism. We have

an exact sequence 0 - Q6 — t* 5 th—0.
Fix ioel such that §—o, € . Zo,. For simplicity of notation we write 0 for i,.
i#ig
Choose and fix a map af :t¥ — t* satisfying cl-af =id and af-cl(o;)=0a; for i#0.
Let A; be the element of af(tf)ct* such that (hy, A;)=35,; We take
P=YZA,+Z3ct* and we set P, =cl(P)=t¥.
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Let U, (g) be the quantized universal enveloping algebra associated with P, and Uj (g)
the quantized universal enveloping algebra associated with P,;. A P-weighted crystal is
called an affine crystal and a P_-weighted crystal is called a classical crystal.

2.2. R-matrix and energy function. — Let V be a finite-dimensional U, (g)-module.

Set V,=Q[x, x ']®V, and define the actions of e, f; and ¢, on V, by adapting those
on V as x%e, x7%f and 1, respectively. The R matrix for V is a non-zero
Qlx, x™%, y, y7'I®U, (g)-linear map R (x/y, 9):V,®V, -V, ®V, satisfying the Yang-
Baxter equation [4].

Suppose that V has a crystal pseudo-base (L, B,,). Let B=B_/{+1} be the associated
crystal. Suppose also that
(2.1) B®B is connected

(2.2) there exists A, € P, such that ¥ (B®B),,,=1.

Then, there exists an R-matrix.
A Z-valued function H on B®B is called an energy function on B if for any iel and
b®b' € BB such that e; (h®b")#0 we have
H (e, (b®@b))=H (bQP') if i#0,
=H({(®>b)+1 if i=0 and o@4(b)=¢g, (D),
=H(b®bH)—1 if =0 and @q(0)<g, ().

Take a base {u;} of V whose modulo classes form B. One can show that the g — 0
limit of the R-matrix is diagonal with respect to u ®uy, and, after a suitable normalization,
is expressed by the energy function:

lim R =diag ((y/x)" ®®%)),
q—0

2.3. Perfect crystal and paths. — Let B be a classical crystal. For beB, we set
e(b)=) g (b)A; and o)=Y ¢,(b)A,. We set P ={reY Z,,A;|{c,A)=1} for
leZs,. We call B perfect of level I if

(i) it is associated with a finite-dimensional U, (g9)-module V which has a crystal
pseudo-base (L, B,,) such that (2.1-2) hold,

(ii) for any b, we have (¢, g(b) ) =1,

(i) the maps € and ¢ from B,={b|{¢, €(b) y=1} to (P,), are bijective.

For a technical reason we now assume that g is of rank = 3.

Let B(A) be the affine crystal with highest weight A, and denote by u, the highest
weight element of B (A).

THEOREM 1. — Let B be a perfect crystal of level | with an energy function H, and let
Le(P), be a dominant integral weight of level I. Let by be the unique element of B such
that € (bg)=X\. Then we have isomorphism of classical crystals

BAM)®Bx=B (A +wt(by))

given by u, ®bo > Uy 4y (5)-

For Le(PJ), let 5(A) be the unique element of B such that o (b(A)=A. We define
the isomorphism o of (PJ), by e(b(M)=0cA. We set b,=h(c*"'1) and A, =c*X\ for
kz1. Then by applying Theorem 1 repeatedly, we obtain an isomorphism of classical
crystals

» Vi BA)=B(,)®B®*
given by u, >4, ®5,® . . .®b,.
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The sequence (b,, b,, . ..) is called the ground-state path of weight . A A-path in B
is, by definition, a sequence p=(p(n)),»; in B such that p(n)=b, for n> 0. Let:us
denote by 2 (A, B) the set of A-paths. In the following theorem, we realize the crystal
B (A) as the set 2 (A, B) of A-paths.

TueoreEM 2. — B(A) is isomorphic to # (L, B) by B(A)2abr—pe? (A, B) where
Ve (0)=14,@p()® ... ® p(1) for k> 0.
The weight of b is given by the following formula:

wt(D)=A+ ). (af (wtp (k) —af (wt (b)) — < Y k(H(p(k+1)®@p (k) —H (b, ®bk))> 5.
k=1 k=1

The maps 7, and ¢; on £ (), B) have also a simple description similar to those given in
[11], [5] for g=sl(n) and in [10] for g=A,, B,, C,, D,.

3. VERTEX MODEL AND 1 POINT FUNCTION. — 3.1. Dual variable. — Let V and B be as
in the previous section. Choose and fix a base # ={v(b)|beB} of V consisting of

weight vectors such that v(b)modgL=5b. Define the Boltzmann weight of a vertex
model on a 2 dimensional square lattice & as

b,
by *‘ b4==R(b1,b3‘b2,b4;x,q)
by
where R (x, 9) (v (0,)®@v(by))= >, R(by, bs|b,, by x, @)v(b)®v(bs). We consider the
by, b
model in the region |¢|<1 and 1[ x3|< 1.
Choose and fix a dominant integral classical weight A of level I. Let (by, b,, ...) be

the corresponding ground-state path. We define b, for ne Z ., by using periodicity. We
number the set of vertices ¥, the set of edges & and the set of faces & (of &) by
2+ *x((1)2)+Z), (1/D)+Z)yxZ) » (Zx((1/2)+Z)) and Z X Z, respectively. An
edge configuration is a map E:&—B. The edge configuration E, given by
E, (i, ))=b;_j1(1)2 is called the ground-state configuration. We set

% (M ={E|E(, j)=E,(, ) for all but finite (i, j) }.
A face configuration corresponding to E€ % (A) is a map F: % — P, such that
F@+(1/2), )-F@—Q/2, p=wt(E(G /), FG@j+12)-FEj-1/2)=wt(E( ).

This is uniquely determined up to an overall constant weight. We fix it by requiring
that F(0, 0)=0 for E=E,. The 1 point function P(u|A) (at (0, 0)) is the probability
of the occurence of F (0, 0)=p in the sector defined by A. Formally it is defined as

2 %= Il R
Ee¥€ (A i,jyev

L Il R

Ec€ M (i j)eV

Here R is a shorthand for
REG—(1/2), ), EG, j—1/2))|EG, j+(1/2), EG+(1/2), )); x, q).

By applying the corner transfer matrix method [1], and then Theorem 2, we get
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"THEOREM 3. — Suppose that B is a perfect crystal of level I. Then we have
Y dimV (L), ;g 4@ nid
P(u|h)=""

Y. dimV () g *®9
4

This theorem generalizes partial results obtained in [3], [11], [5], [12].

3.2. Perfect crystals. — If By and B, are perfect crystals of the same level, then so is
B,®B,. The following is the Table of perfect crystals B of level / we have so far found
(except for those obtained by tensor product). The last column in each row shows the
crystal obtained from B by removing all the color 0-arrows.

Affine Lie algebra g Classical part g, Crystal without 0-arrows
AP (nz2) A, B(UAY k=1, ...,n)
BV (nz3) B, B(UAD
CP(nz2) G, B (LA
DY (nz4) D, B{A).B(UA,-y),B(A,)
AR (nz2) B, BUA)®B ((~DA)S. ..
Agzn)—l Yl§3) Cn B (l AI)
D@, (n=2) B, BUAD®B (I~ DA)D...® B(0)
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