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The expression on the right is obviously symmetric in « and 3.

THEOREMS STATED BY RAMANUJAN (VII): THEOREMS ON

CONTINUED FRACTIONS
G. N. Warsont.

In this paper I discuss the theorems numbered! (4)-(7) in Section IX
of Ramanujan’s letter of January 16, 1913; this section contains
theorems on continued fractions, and (4)-(7) are the theorems concerned
with continued fractions associated with q -series and modular functions.

The theorems are as follows :

@ If u=%

* Werke, 3 (1866), 180.

+ Received 29 August, 1928; read 8 November, 1928.
! The theorems numbered (1) and (8) in Section IX have been dealt with by Mr. Preece in
No. VI of this series of papers; (2) will be discussed separately later.

Journal of the London Mathematical Society (1929) 4 39 - 48
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It is not obvious that the values of z just specified are the only zeros
of f(2); to prove that this is the case, we proceed to construct a function
with no other zeros, and to identify it with f(z2).

Let

8@ = I (144" D1+ 91—~ A1 —g-2],

and then ¢(z) is expansible into a Laurent series, thus

¢(2) = § Am2™,

m=-—w

It is easily verified from the definition of ¢(2) that

¢(2) = —g* P(2g%),

and hence that A,..3=—g*"*%A,. It follows at once that ¢(2) is expres-
sible in the form
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by reversing the order of the terms in the first series on the right. Since
the product on the left is obviously equal to unity, we deduce the value
of A at once from Euler’s identity, and consequently we have

¢(Z)' ﬁ (1 _qu) —_ 5 (_)m qw(15m+l)zs’li+ § (_ )mqi(Sm-?)(am—l) zl-nm-
m=1

m==-co m==—co

We now perceive tha

= ¢ = TL[A+g" )1+ 91—g")1—g?)]

ﬁ [(1 —_— qIOn—S)(l _qwn—2)

=gy =g~

n=1
_ ® (1_ .'m—s)(l_ 5n-2)
= Lla=FHa—gnt

since numbers of the forms 10n—8, 10n—2, 10n—7, 10n—3 are
equivalent to numbers of the forms 5n—3, 5n—2; and the last expres-
sion 18 equal to 1/F(q).



LI

EMTRVWEEMNRIEILIELIFADE 2RSN2 20D 5.

m il Lie {03 T, % ® Dynkin K23 —AEEDADE D
ATL (77, > 1)7 Dn (n > 4)7 E67 E77 ES

m SU(2) DA
m HIRG R A

A



ADE Dynkin

Es

Er




BCFG Dynkin

Bn (n > 3) o o O——=——0
Cn (Il > 2) o o o—=—0
Fy o O————0 [¢}

Ga o=——=o



AGHED H R

TRTN =2 BHEIGIER CHAN & E & RS EMEEE e T
ENE2E2E25L, HEEARD ADE ~#thFEons e
Y 5.

1 HEEAKXIX A, %G



ANV

Hilbert Z5f Hp O (|, ) 1T 2 ERERILE {e;}2°,
(e, €j) =0y, (i,§>0)
NEZoNL &, HBEET o £EREETF o %
a(ep) = 0
a(en) = Vne,1,  (n>1)
a*(en) = Vn+lep (n>0)
TEATS. (a* 1 ZaDHETHD.)



m HMER ([X, Y] = XY — YX)

[a,a"] =1
s RY VOEEEF
N =a*a
[Np, a*] = a*
[Np,a] = —a

m RV VD nflH 2 RE

en = —=(a")"(e),  (n=0)

V!

Npe, = ne,



m Hamiltonian

Hp = Np

LN e S

Try, ¢ = 1+q+F+¢3+--



Tz I)VI AV

2UouEFZL— 2 )y RZEM Hp O (|, ) ITT 5 EMRESR
%E fO)fl

WEZoN-L &, BREEF L, ENEEF v %
b(fo) = 0, b(fi) = fo
b (fo) = fi, b*(fi) =0
TEATS.



m XA/ {X,V} = XY + YX)
(,5Y =1,  {bb}={b" b} =0

B JIIFVOBEERETF
Np = b"b
[Np, b*] = b*
[Np, bl = —b



m Hamiltonian

Hrp = Ng
CRPa I MESE
Try, qHF =1+4g¢
| |
L(fo)=fo,  T(h)=-A,
m 7 BB

Try, FqHF =1—gq



R PR

R VT IIVIFVDREERD.
m Hamiltonian
H=Hp®I+1I® Hp
B EEIZHEIZ H=Hg+ Hr 2 EL. I HHIZT 2 EL.
m Witten 53
1—g¢q
1—g¢q

TrHB®%FFqH = =1



R PR

R VT IIVIFVDREERD.
m Hamiltonian
H=Hp®I+1I® Hp
B EEIZHEIZ H=Hg+ Hr 2 EL. I HHIZT 2 EL.
m Witten 53
1—g¢q
1—g¢q

TrHB®%FFqH = =1

q IR S 7R



R PR

ZD XS RAHBOERITITBRIIEDFEL D 5.

m X FRE AT
Q=ab"+ a*b

m R D AR ARER
F2:I> {I,Q} =0, QQ:H



R PR

[Q,H] =0, 'H] =0

Q, HizT)I—F (Hdt).

(v, H(v)) = (v, @*(v)) = (Q(v), Q(v)) = 0,
H(v) = Ev,v# 072 61%

(v, Hw)) =E(v,v) >0=E >0



R
m [H,T] =0 &Y KA ATEE

m E>0%4561F
H(vy) = Evy, T(vg) = vy
H(v_)=FEv_, TI'(v-)=—v_

Uy = \/:LEQ(Ui)

H(v)=0= Q(v) =0

Tng@HF FqH
& q 1T S TRV



1 O P & 1%

m ZEHE DA FUZ BT A 2 KA G & B A2 RF D
LI L=bD.

m EREEEEZES DT—RIZETHEH L.



IR B & 1

22/ 1 RoT4-REE] 1 ¥Roc

NN

n AN

Virasoro A& & 5 5 ERRIT Lie fAEAS AL

RGN FIE 2 0> TR A T gE



ZIRTE N = 2P & 1%

m Virasoro R DERFMELD —FETH 5 N = 2 #f Virasoro X
BeXEInTnab.

m KGR D 3 2N MMEDB D S B AT

w R, RBCRTE DBIEAE.



—IR N = 2 L5 R

m RO R & BT B L ChROBR L ITENE 0
Nhh, Zhzeridd.

m —fRITIE RN, AT ¢ RIEABBEIRES 5.

B HLERBADNELED, Piaed theZ %L TWD
95, (k)



ERES

e SR AT

H={reC|ImT >0}
"

e [z] = exp(2nv/—1z)
"

g=elr] (r€H)



e P FEER

TWRGEN = 2 IR BEE T A EREN XN mE
Z5.

n ZHUSHTR D BB DL TH 5.
n ROBHEAZ AT

n LIEUVIEIHRIZEIRTE 5.



e P FEER

SRR Z(7,2) 3 H x C LD ERIBIE TR OBIBEE X% 2727,

. a b
m FED <C J

ar+b =z e cz?
202 ) _e|S 7z
(c7’—|—d’c7’—|—d> e|:267’—|—d:| (7:2)

m EED (r,s) € (RZ)2 IZ6 LT

> € SLy(Z) 2 LT

Z(r, 2+ rm+5) = (=1 +9)e [—2(7’27 + QTZ)] Z(T, 2)



e P FEER

mg=elr], y=elz] B LE, ROFDEMZFD.

Z(1,2) = 3a(2)q",  y7*3u(2) € Z[yP, yT M

n>0



e P FEER

mg=elr], y=elz] B LE, ROFDEMZFD.

Z(1,2) = 3a(2)q",  y7*3u(2) € Z[yP, yT M

n>0

VB DRIECE R T <“ b) _ <‘1
c d 0
Z(Ta _Z) = Z(Tv Z)

k-,



chi-y FE%L

chi-y FREL & FEIEN 5 & v, %

30(2) = y_&/QXy

TEAT 3.

= (FH) x, BRI Ch O /" OEBRBSHAT, ROBE
LTW5,

¢

Xy-1 =Y Xy



Witten 5%

RETFREIC K DB L 0, MHEBIIROME 26T 5
(9.

m Z(7,0) & 7 ITRFE TR 5.
Z DEEE Witten 58 & S\, X L& T.

JE{IR5)
X:= Z(Tv 0) = Xy’yzl



Jacobi D7 — X B

0 — g1z |
19(7—7 u) = xié H (1 : (1 _)(qln)Zq )7 (35 = e[u])

n=1

m GFEBTHS.
1, —u) = —9(T, u)
mu DL LTRAZEE, MERZT rr+5 ((r,s) €22 D
BERT—NDEZRD.

mu—>0DEE
I, u) ~ —u



Jacobi D7 — X B

m EED (¢8) € SLy(Z) TN LT

ar+b wu 4 [T cu?
| —, — | = d — W,
<c7'+d’c7'—|—d> (er +d) 6[207+d] (,0)

m EED (r,s) € Z2 IZRHLT

W1, u+r7+5) = (—1)""e |:—;(7"2T + 2ru)] I, u)



HEFRIRZ IHA & AR5 R

Wiy wy & 12U FOIEQORHBE T 5. HERKLIHA
f(mlv"'axN) &

[ty Y ey) = tf (21, ..., 2n), VEeC

EHRIZTETEH. ZOLE, fITEA (wi,...,wy) DEFRSIE
AXTHsHEV.



HEFRIRZ IH & AL 5

Wiy wy & 12U FOIEQORHBE T 5. HERKLIHA
f(Z'l,---,-Z'N)‘i

[ty Y ey) = tf (21, ..., 2n), VEeC
EA-TETEH. ZOLE, fIFEA (w,...,wy) DEFRELIR
RNTHdEWNS.

nf=-=0nf=f=0DH—DMD (z1,...,2y5) = (0,...,0)
THDLHET 5. fﬁﬁﬁ’(®&)M4ﬁ£5%ﬁOtui



Landau-Ginzburg # A4

DL fIZHRHLT, fRBRTYYvILIZRDON =2
Landau-Girzburg & & I (XN 2 — kT N = 2 @ILP5G M
DEIES 5.

Z DOFEFIFEIX

N
Z(r2) = H I, (1 — wy)2)

U560 00

ThH5.



Landau-Ginzburg # A4

Z DM S 0 S BBEA e AT,

N

5:21—% Zw
N

221—% Zwl

m hiF wih € Z 72 % Y 70 IEEAL



Landau-Ginzburg # A4
m chi-y $58

m Witten $5580 (=722 {85 D Milnor #)

xziﬁl(;_g



ADE

~ /)

-

N

\

g rk (h, dv, da, d3) [, 22, 23)
Ay k=1 (b1 % b o + 22 + 22
h
Dy A4l 2E-1h) o vmsd+ad
Eg 6 (12346) i + 23 + 13
E7 7 (18,4,6,9) 319 + T + 13
Es 8 (30,6, 10, 15) ) + 75 + 13
u wi:di/h (i=1,2,3).

m vk 1% g DR
m h X g D Coxeter £.



ADE LG %4

=
2
c=1—-<1
[ h<
m
X =rk
m



Coxeter 5%

g my

Ay 1,2,...,h—1

Dy L3, h=3h—13
Eg 1,4,5,7,8,11

E; 1,5,7,9,11,13,17

Eg 1,7,11,13,17,19,23,29

m; + My 41— = h






Bl :g= A,

22T, HEFEANEZMS &
Z(r,z) =1(r,z) + I(1,—2)

Zfd. 212U,



7 7 4 v Lie f8%K

g: Hiff Lie &%, (|): Cartan-Killing JE2

gV =g®C[t,t ] ®Ck

[a® t" + Ak, b @ t™ + k| = [a, b] @ t"7™ + (a| b)nSptm,o0k



7 7 4 v Lie f8%K

p IRESRBLIFIINZEBWT S ADEENRH L. ZORHT
W rIELRILE EIEENBIEAERE LD, ETHRELER
fHOFEL D 5.

m 77« v Lie & ZDOAES RN U TERBRK & X
15 Virasoro Rl & F ORKFZELTFENH 5.

B 7714V LieREDL RN EDORBELSRFIZILANLVED
Wess-Zumino-Witten &8 » I3 5 5 12 b
3 5.



7 — X %

O (T, u) = Z e [n(j27' +ju)]

JEL+ 3

MAK

em,n(Ta u)‘gm’,n’ (7—7 u/)

- p u—u
- Z mn/—m/n+2nn'j,nn’ (n+n') | T n+n

jGZn_'_n/
nu + n’u’)

x 0 I Lomi T
m~+m/+2nj,n+n ( ) TL—{-TI,/



7 7 4 > Lie {83 A ® Weyl-Kac $51%

n AV DL k= h— 2 € Zog DARHEIHD Weyl-Kac

BE
egh(T,U)—gfgh(T,U)
T, U) = — : (=1,2,...,h—1
) = ) Ora(r) )

m 9 % Wess-Zumino-Witten #8% D Virasoro FE D Hi0»
B (23 THl-o72HD) I



AV Dz Y v Bk

2R YT L (r):
| |

xe(row) = Y e (7)0im, (7, )

meEZLoy,

(r)=0 if{=m mod 2

m

n BERESHonTWS. (#ih)



Bl k=1

T — X EBOEANX & Euler DA

1(r) = g2 ) (=1)"gen ety

nez




N = 2 N

’T)\

2
Xe(T, u)ba2(T, u — 2) Z X mh(T,u—ﬁz) (a € Zy)
mEZZ}L

T—XEBOBEANEMHS &,
mk>0DL X,

Vi h(m_ai9n2 m_a,o;
:Zcm—a+4j(7_)q2k(h 3+2) yn 2t
jEL

mk=00DL &,
()=



N = 2 W RS

an(Ta Z) = X%’Ll (Ta Z) - X%ﬁ,_l(T’ Z)

m I (r,2) =0 if£+#m mod 2

= ]If_m(T, z) = —]Ifn(T, —z) = —]IZ:fn(T, z)

| |
4 ZQ ZQ
Hm(J,O) — 5”71,2 _6 h

m,—{



AVWZW BELD £ U 2 5 — RE SIS

Aﬁ” WZAFBE U 72 Wess-Zumino-Witten 8 OYPRIZFFA S N5
SRR A & 2 S ¢

m My (0G0 =1,....h—1) IZIEEBED»D M, = 1.
m 7R

Bt
D Hexexe(r)  (elr) = xe(r,0))

00=1

»n
at + b a b
T = m, V <C d) S SLQ(Z)



AVWZW BRI D E ¥ 2 5 — 25 hil B4

ADE THHINS |
h—1 —
g Ze,e/:1 J%’,Z’X@Xﬁ’
Ap—a vt Ixel

Zih:%f |x2i—1 + Xh—(2i71)|2 + 2|X% |2

Zi%:1|x2i—l|2 +Ixal* + Z?;El(mm + Xh—2:X2i)
X1+ x7|® 4 [xa + xs|* + [xs + xa1]?

Ix1 + xa7)® + Ixs + xasl® + [x7 + xu1l?

+Ixol? + (x3 + x15)X9 + x9(x3 + X15)

Ix1 + x11 + x19 + ng\z + |x7 + x13 + xa7 + )(23|2

(Cappelli-Itzykson-Zuber, Kato)



AVWZW BRI D E ¥ 2 5 — 25 KL%

m Kl g D Coxeter .
m N 1E 0 DY Coxeter $5ETH 2 HBEL.

" Shohtr = N



N = 2 W RS

T PRSI

h—1

Z(T, Z) = Z ,/%?g/ ]Ig;(T, Z)
£ =1

THALNS.



Z(r,2) =1} (1, z) + 13(7, 2)

Li(r,2) =1(2),  IL3(r,2) =1(~2)

LG R B NMERDOEMERL —H « AEELARN



H AR 72 [

B LC ADE 20 LG &2 & iG/NMER D FERFER I
—XNT5MN?



H AR 72 [

B LC ADE 20 LG &2 & iG/NMER D FERFER I
—XNT5MN?

YES!



Atkin and Swinnerton-Dyer O ffi&

qeC, 0< gl <1iTHUL
A={zeC|lq <[z] <1}
B, C* =C\ {0} LOEHEK F(z) A
Flgz) = Kz "F(z) (K€C, neZ)
i ANYES
#{F DA LEDBER} — #{F DA LD} =n
H B WVIFESFRZ F(z) = 0.



Atkin and Swinnerton-Dyer O ffi&

fRADFEIED, > 0% /NS <HHNUK

H#{F DA LDEL} — #{F O A LD}

_ 1 ~ F(z) .
2w/l Mzm 7|{:|q<1+e>] o)




T PR D 35

FEHFEEL Z (7, 2) & 2 OB E Rz & (T
P={ar+p|0<a,B<h}

WTTHE eh* [HOERZREDD, HBWIFEFEWIZ Z(1,2) =0T
H5.

y=a"& U, F(z)=2Z(r,2) £ B,

Flgz) = (_1)&hq—&h2/2x—&h2]_—(x)



F& FIFEE D — 2

A UBAEAZE729 2 DOMMMEBIL » DKL Az ZIZP
D ¢h? + 1{EBL ED EHT—3 T NIEESERIZE L.



FRAVHE PR

D% ¢ch=Dh mod 2 L5 L T 5.

Zip,s)(T,2) 1= (—1)D(T+s+m)e g(rzT + 21z + 18) | Z(T, 24 7rT+35)

(r,s) € (Zn)?



IR Witten $5%

%(r,s) = Z(r,s) (7,0)

HEFRMEIZ LD, Zhd 1 IS R WERIZR 5.
X5z, —f#%Iz

%(r,s) = Z ud(Ad)(T,S)7 Uy € 7
d|h

(Ad)(r,s) = {

DpIZRESL Z LA RES.

d ifd|randd]|s,

0 otherwise.



LG B D56

X =DV ] <1 - ui)

iES(

7,5)

Sty ={i€{l,...,N} | rw; € Z and sw; € Z}

w = (—DN, ug= % > ﬂ (d>1)

lem(ag ;... 05, )=d



P — B D REH

m [ U ADE D LG B & U/ NMERLI DRI Witten 5L —
I 5.

g 2 djn UdAd

Ap1 Ap — A

Dg+1 Ah—A%+A2—A1

Eg Ag — A — Ay + Az + Ag — Ay

E7 Ag — Ag — Ag + Az + Ag — Ay

Es Azp — A5 — Ajg — Ag + As + Az + A — Ay




Ny = Z ug(a)e,e
dlh

se ho| 00 =
(Qu)ewr — {1 if 2| =5-and d| =

0 otherwise




m [ U ADE #1 D LG #H & ff/ N o kg FFEAU
L:={rr+s|(rs) e (Zh)z} cP
THUMEZFFD.

#L = h? > ¢h?



q T DEL IR

m ¢-Pochhammer 725

o0

(@ Qoo = [[(1=2¢"), (D)oo = (@)oo (la] <1)
n=0
m T — XA
0z, q) = (%3 @)oo (4/%; ¢)oo (z£0)

(9%



m —HEARX
(2 0)oo (/3 @)oo (43 D)oo = (0)20(z, 9) = 3 (=1)"q(3)a"
nez

L, ()= ol

m BEEEA

0(q/z, q) = 6(z, q)
0(@'_1, Q) = —$_19(1‘, q)

0(q'z, q) = (~1)'q~ ) 0(z, q) (i €2)



Kronecker D/ 2

BO0<|q <|z|<12Dyld g DBHERETRVWETSL,

”  O(zy.q)
2 L—qy 0z, 90y, q)

reZ

mO0<|g<|z|<12D|gl<|yl<1DLE,

rogrys — 00
(T;O T;O) T 0w 0y, 0)



Kac-Peterson D2~ =

dg,m
qlm

ch(r) = ST S| (U s e

3
(Q)OO ,’,’520

S

r,5<0

2 m2 1
s
’ 4h 4k 8



F {7 R 5\

f=m mod2IZX LT

02-m?2 m-1

an(T,z):q ih Yy ok 2 )

0(q 2



F {7 R 5\

f=m mod2IZX LT




F {7 R 5\

f=m mod2IZX LT

02-m?2 m-1

]Ifn(q-’z):q oy k 2 T -

T INnky, N =2MuNMIEIOD chi-y FEE

rk
Sl

i=1

THEIENTMND.



TEFARND ADE —f#%1{k

FE  Kg=A,D.,E 2L T

L=
N A RVASR

yyr’-
N e

£2 o2 71

O(z"

Z N T (2, q)

,9)0(d", ¢")

Jf/(l" Q) =q ¥ x

o+e!

0(q 2 =~

THb.

i :
hgMo(q = zh, ¢h)



s
0" q) = o 0", 90" q")
O(z.q) = 0"z ¢")0(z", ¢")
ERIRT 5.
BUE

0(¢", ") =0 ICEET AL, AHAlX

- 0(q
h /—1 )
x’”foem%%@wmwﬂw

h
o)) et Zl_thxh

/=1 TEL
_a(ah (g/z")"

reZ






