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Multiplicity and transversality

MULTIPLICITY

A smooth k -algebra.

f (Z ) = Z n + a1Z n−1 + · · ·+ an ∈ A[Z ],

Fn = {x ∈ Spec(A[Z ]) | νx (f ) ≥ n}. Set B = A[Z ]/f (Z ).

Fn ⊂ Spec(B)

β

��
‖

β(Fn) ⊂ Spec(A)

Zariski’s multiplicity formula.

[B : A]e(q) =
∑
i≥1

[k(Pi) : k(q)]eBPi
(qBPi ).
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Multiplicity and transversality

TRANSVERSALITY

V (d) = Spec(A[Z ]) and V (d−1) = Spec(A)

V (d) β−→ V (d−1)

X = Spec(A[Z ]/〈Z n + a1Z n−1 + · · ·+ an〉)

x ∈ Fn ⊂ X

��

� � // V (d)

}}{{{{{{{{

V (d−1)

LX ,x ⊂ CX ,x ⊂ TV (d),x

DEFINITION

β is transversal to X in x if the tangent line ` to β−1(β(x)) is not
included in LX ,x .
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Multiplicity and transversality

If C is smooth and C ⊂ Fn ⊂ X , then LC,x ⊂ LX ,x and

C ∼= β(C)

X X1

V (d)

β
��

V (d)
1

πCoo

β1��

V (d−1) V (d−1)
1

πβ(C)oo
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V (d) β−→ V (d−1)

G ⊂ OV (d) [W ], x ∈ Sing(G) ⊂ V (d), τG,x ≥ 1.

LG,x ⊂ CG,x ⊂ TV (d),x

DEFINITION

β is transversal to G in x if the tangent line ` to β−1(β(x)) is not
included in LG,x .

G G1

C ⊂ Sing(G) ⊂ V (d)

β

��

V (d)
1

πCoo

β1
��

‖

β(C) ⊂ V (d−1) V (d−1)
1

πβ(C)oo
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Elimination algebra

V (d) β−→ V (d−1)

i) G ⊂ OV (d) [W ] so that τG ≥ 1
ii) G is a β-relative differential algebra.
iii) β transversal at x .
We now define a Rees algebra, say RG,β ⊂ OV (d−1) [W ], such
that

G

Sing(G) ⊂ V (d)

β

��
β(Sing(G)) ⊂ Sing(RG,β) ⊂ V (d−1)

RG,β
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Elimination algebra

ELIMINATION AND PERMISSIBLE TRANSFORMATIONS

C ⊂ Sing(G)

G G1

C ⊂ Sing(G) ⊂ V (d)

β
��

V (d)
1

πCoo

β1��
β(C) ⊂ Sing(RG,β) ⊂ V (d−1) V (d−1)

1

πβ(C)oo

RG,β (RG,β)1
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Elimination algebra

INVARIANTS UNDER CHANGE OF VARIABLES

Fn(Z ) = (Z − Y1)(Z − Y2) · · · (Z − Yn) ∈ k [Y1, . . . ,Yn][Z ]

L = V (Yi − Yj ,1 ≤ i , j ,≤ n)

k [Y1, . . . ,Yn]L = k [Yi − Yj ; 1 ≤ i , j ,≤ n]

Sn acts linearly on k [Y1, . . . ,Yn]L ⊂ k [Y1, . . . ,Yn]

(k [Y1, . . . ,Yn]L)Sn ⊂ (k [Y1, . . . ,Yn])Sn

(k [Y1, . . . ,Yn]L)Sn = k [H1, . . . ,Hr ]

Hj = Hj(Y1, . . . ,Yn) homog of degree dj
Hj = Hj(s1, . . . , sn) w. homog. of degree dj
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ELIMINATION ALGEBRA

k [Yi − Yj ; 1 ≤ i , j ,≤ n] ⊂ k [Z − Y1, . . . ,Z − Yn]

k [H1W d1 , . . . ,Hr W dr ] ⊂ k [Fn(Z )W n,∆α(Fn(Z ))W n−α]1≤α≤n−1

k [s1, . . . , sn][Z ]/〈Fn(Z )〉 // A[Z ]/〈Z n + a1Z n−1 + · · ·+ an〉

k [s1, . . . , sn] //

OO

A

OO

si
� // (−1)iai .

G = A[Z ][fn(Z )W n,∆α(fn(Z ))W n−α]1≤α≤n−1 ⊂ A[Z ][W ]
∪ ∪
RG,β ⊂ A[W ]

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic III



Transversality and elimination algebra. Overview

THEOREM (STAGE A)
If τG ≥ e there is a well defined sequence of permissible
transformations:

(V (d),G)

β

��

. . .oo (V (d)
r ,Gr )oo

βr
��

(V (d−e),G(d−e)) . . .oo (V (d−e)
r ,G(d−e)

r )oo

such that Sing(Gr ) = ∅ or G(d−e)
r is monomial:

G(d−e)
r ∼ O

V (e)
r

[(I(H1)α1 · · · I(Hr )αr )W s]
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β : V (d) −→ V (d−e) smooth locally at x , G, τG,x ≥ e.
Assume β is a composition of smooth morphisms

V (d) −→ V (d−1) −→ . . . −→ V (d−e)

LEMMA

Fix G ⊂ OV [W ]. If τG ≥ 1 and codimension of Sing(G) is 1 in V ,
then there exists Z (⊂ V ) smooth hypersurface so that

G ∼ OV [I(Z )W ].
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THEOREM (STAGE A)
Assume τG ≥ 1. There is a sequence of permissible
transformations

G G1 Gr

V (d)

β
��

V (d)
1

πC1oo

β1��

. . .oo V (d)
r

πCroo

βr��

V (d−1) V (d−1)
1

π′
β(C1)oo . . .oo V (d−1)

r

π′
β(Cr )oo

RG,β (RG,β)1 (RG,β)r

Sing(Gr ) = ∅ or (RG,β)r = I(H1)α1 . . . I(Hr )αr W s

Gr Gr+1 GR

V (d)
r V (d)

r+1
oo . . .oo V (d)

R
oo

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic III



Transversality and elimination algebra. Overview

REFERENCES

A. Benito and O. Villamayor, ‘Monoidal transformations of
singularities in positive characteristic’
http://arXiv.org/abs/0811.4148 26 November 2008.

A. Bravo and O. Villamayor, ‘Hypersurface singularities in
positive characteristic and stratification of singular locus’.
http://arXiv.org/abs/0807.4308 27 July 2008.

O. Villamayor, ‘Hypersurface singularities in positive
characteristic.’ Advances in Mathematics 213 (2007)
687-733.

O. Villamayor U. ‘Elimination with apllications to
singularities in positive characteristic’. Publications of
RIMS, Kyoto University. Vol 44, No. 2, 2008.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic III


	Transversality and elimination algebra.
	Multiplicity and transversality
	Elimination algebra

	Overview
	


