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Multiplicity and transversality

MULTIPLICITY
A smooth k-algebra.
(Z)=2"+aZ" "+ +apc AZ],
Fn = {x € Spec(A[Z]) | vx(f) > n}. Set B = A[Z]/f(2).
F, c Spec(B)
| G
B(Fn) C Spec(A)
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Multiplicity and transversality

MULTIPLICITY
A smooth k-algebra.
f(Z)=2Z"+aZ" "+ +ap € AlZ],
Fn = {x € Spec(A[Z]) | vx(f) > n}. Set B = A[Z]/f(2).
F, c Spec(B)
| G
B(Fn) C Spec(A)
Zariski’'s multiplicity formula.

[B: Ale(q) = ) _[k(P) : k(a)]es;, (aBp,).

i>1
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Multiplicity and transversality
TRANSVERSALITY

v — Spec(A[Z])and v(@=1) — Spec(A)
V(@) B, yd-1)
X = Spec(A[Z]/(Z" + a1 2" + -+ + an))

xeF,c X—— vy

L

y(d-1)
Lxx CCxx CTyay

DEFINITION

(3 is transversalto X in x if the tangent line ¢ to 3~'(3(x)) is not
included in Lx .
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Multiplicity and transversality

If Cis smoothand C C F, C X, then L¢ x C Lx x and
C=p5(0)

X Xi
V(@ "¢ V1(d)
g 151
T80 | (d—1)

V(d—1) -~ V1
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Multiplicity and transversality
V(@) B, y(d-1)
G C Oy [W], x € Sing(G) € V9, 75, > 1.

ﬁg,x C Cg,x C Tv(d)VX

DEFINITION
(3 is transversalto G in x if the tangent line £ to 3~'(3(x)) is not
included in Lg .

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic Ill



Transversality and elimination algebra. Overview
000080000 00000

Multiplicity and transversality
V(@) B, y(d-1)
G C Oy [W], x € Sing(G) € V9, 75, > 1.

ﬁg,x C Cg,x C Tv(d)VX

DEFINITION

(3 is transversalto G in x if the tangent line £ to 3~'(3(x)) is not
included in Lg .

g G1
C c Sing(G) c y(a) - rc V1(d)

H Lﬁ s
5(C) (a-1) <O a0
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Elimination algebra

v B y(d-1)

i) G C Oyo[W] sothat 7g > 1

ii) G is a pB-relative differential algebra.

iii) 0 transversal at x.

We now define a Rees algebra, say Rg 3 C Oy -1 [W], such
that

g

Sing(G) ¢ y(@

|s
A(Sing(g)) € Sing(Rg,s) € y(d-1)
Rg,p

)

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic Ill



Transversality and elimination algebra.
000000080

Elimination algebra

ELIMINATION AND PERMISSIBLE TRANSFORMATIONS

C c Sing(9)
g g1
CcSing(g)c v ~——— v
s |8
B(C) C Sing(Rg,5) C  y(d—1) <22 /(0-1)
R, (Rg.8)1
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Elimination algebra

INVARIANTS UNDER CHANGE OF VARIABLES

Fo(Z)=(Z =Y (Z - Ya)---(Z— Yn) € k[V1,..., YallZ]
L=V(Y;,—Y,1<ij<n)

KIYe,..o, Yok = K[Yi = V1 <ij, < n]

Sy acts linearly on k[Ys, ..., Y]t C K[V, ..., Y]

(K[Y1,..., Yal5)S" c (K[Ys,..., Vo))"

(K[, ..., Yn]-)S" = k[H,. .., H]

H; = H;i(Y1,..., Yn) homog of degree dj
H; = H;(sy, ..., sn) w. homog. of degree d;
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ELIMINATION ALGEBRA

KLY = Vi1 <ij<nl CKIZ-Y1,....Z ~ Yo

K[HiW ... H W] C kK[Fp(Z)W™, AY(Fp(Z)) W1 <a<n 1

K1, SallZ)/(Fa(Z)) —= AZ]/(Z" + & 2" + - + &)

T T

K[s1,...,58n] A

St (—1)’a,~.

g = AZIIW(Z)W", A% (f(Z2)) W™ T1<a<n-1 C  AlZ]IW]
@) U
ngg C A[W]
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THEOREM (STAGE A)

If 7¢ > e there is a well defined sequence of permissible
transformations:

(V@ g) o (V9 )

) :

(V(d e) gld- e))%...%(v(d e) g(d e)

such that Sing(G,) = 0 or g, ) is monomial:

70~ 0 l(I(Hh )™ - I(H) ) W]
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B V@ . v(d-€) smooth locally at x, G, 76.x > e.
Assume g is a composition of smooth morphisms

v ., yl@-9 _, . yld-e

LEMMA

Fix G c Oy[W]. If r¢ > 1 and codimension of Sing(G) is 1 in V,
then there exists Z(C V) smooth hypersurface so that

G ~ Ov[I(Z)W].
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THEOREM (STAGE A)
Assume 7g > 1. There is a sequence of permissible
transformations
g g1 gr
Vi) V() @)
N 161 y |6
ya-1) <40 L) Oy o Ly
Rg.s (Rg,8)1 (Rg.5)r
Sing(Gr) =0 or (Rgg)r = I(H1)* ... I(H,)* W5
gr gr+1 gF?
d d d
VD Vi) v
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