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Multiplicity and the T-invariant

K[x1,...,Xn]

9(X1,...,xn) = Gp(X1, ..., Xn)+Gpr1 (X1, ..., Xn)+- - +Gn(X1, . .., Xn)

Gp#0 <= wx(g) = batalocal ring of the origin.
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Multiplicity and the T-invariant

K[x1,...,Xn]
9(X1,...,xn) = Gp(X1, ..., Xn)+Gpr1 (X1, ..., Xn)+- - +Gn(X1, . .., Xn)

Gp#0 <= wx(g) = batalocal ring of the origin.

Spec(k[x1,...,Xn]), X ={g =0} D Fp set of b — fold points.

X Xi Xs
V. — Vi — . — Vs (1)
Fp Fl Fs
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Multiplicity and the T-invariant
K[x1,...,Xn]
9(X1,....xn) = Gp(X1, ..., Xn)+Gpr1(Xq, ..., Xn)+- -+ Gn(X1, . . .
Gp#0 <= wx(g) = batalocal ring of the origin.
Spec(k[x1,...,Xn]), X ={g =0} D Fp set of b — fold points.
X Xi Xs
V. — Vi — . — Vs (1)
Fy Fg Fg

The monomial case.

7Xn)

Problem: Given Fp, ¢ X C V find a sequence as (1) so that F§ = ().
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Multiplicity and the T-invariant

V(9 smooth scheme of dimension d over k
X c V(9 hypersurface, b the highest multiplicity of X
Fp = {x € X | multy(X) = b}

x € Fpifand only vx(I(X)) = b

Notation: vx denotes the order in the local regular ring Oy () ,
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Multiplicity and the T-invariant
Fix X, /(X) C Ov(d)’x
{X1,...,Xq} r.s.p.

9o, (Oy) = K'[Xq,..., Xd]

Ix x initial ideal of /(X) in gron, (O ()
7x : least number of variables needed to express a generator of Ly .

Notation: 74 = 7
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Local presentation

LOCAL PRESENTATION
(V@ x) -2, (V(@-7), x.) a composition of smooth morphisms
(V@D x) — (V@ x) — ... — (V97 x.)

A local presentation of X (at x) is defined by
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Local presentation

LOCAL PRESENTATION
(V@ x) -2, (V(@-7), x.) a composition of smooth morphisms
(V@D x) — (V@ x) — ... — (V97 x.)

A local presentation of X (at x) is defined by
(1) Positive integers0 < e; < e <---<e;.
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LOCAL PRESENTATION

B

(V) x) = (V(9-7) x.) a composition of smooth morphisms

(V@D x) — (V@ x) — ...

- ( V(d_T)7 XT)

A local presentation of X (at x) is defined by
(1) Positive integers0 < e; < e <---<e;.

(2) Monic polynomials,

1P (2) = 2" + a2

FP)(ze) = 227 a2

A. Benito, A. Bravo and O. Villamayor U.
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Local presentation

LOCAL PRESENTATION
(V@ x) -2, (V(@-7), x.) a composition of smooth morphisms
(V@D x) — (V@ x) — ... — (V97 x.)

A local presentation of X (at x) is defined by
(1) Positive integers0 < e; < e <---<e;.
(2) Monic polynomials,

fT(,OeT)(ZT) — fe‘r X agr)zfeTJ 4t aﬁ(;l € Oyw-nlz:].

(3) I9: anideal in O and a positive integer s.
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Local presentation

LOCAL PRESENTATION
(V@ x) -2, (V(@-7), x.) a composition of smooth morphisms
(V@D x) — (V@ x) — ... — (V97 x.)
A local presentation of X (at x) is defined by

(1) Positive integers0 < e; < e <---<e;.
(2) Monic polynomials,

f(PeT)( ) — Zf + ag )zf —|— SRR af,Q S Ov(d—f)[zr]'

(3) I9: anideal in O and a positive integer s.

Fp = ﬁ{XE V(d |1/ ( ,O )) >pe’}ﬂ{x c V(d) ‘ Uy (ﬂ*(/(s))) }
i=1
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Local presentation

LOCAL PRESENTATION AND PERMISSIBLE TRANSFORMATIONS

Y C Fp permissible center, Y = 3(Y)

X Xi
™ d
Yo (V@x)<——"— (V9 x)

d—r
(90 oy = I(H)* - 19,
where H1(d_T) is the exceptional locus of 7
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the blow-up induces
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Local presentation

Since

B (V9 x) — (V@ x) — ... — (V9 x))
the blow-up induces

By (VD xy — (V8D iy — (VT

(1)” Positive integers 0 < ey < ex < --- < e; as before.

(2)” Monic polynomials, g,(pe[) fori=1,...,7 (the strict
transforms of the monic polynomials 1‘,.("3’)).

(3)” The ideal 11(3) in (’)Vfd_ﬂ with the same positive integer s.

(1)'+(2)’+(3)’ define a local presentation.
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Local presentation
A sequence of permissible transformations

X Xi X;
v <y T L)

induces

lﬁ 5 im

V(d—7) J V1<d—r) - T y(@=")

The monomial case.
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A sequence of permissible transformations

X Xi

yia) < V1(d) -

induces
e d
yd) < V1( ) .
lﬁ lm
o yd-n)
y(d-7) V1( )
and
y(d—7) <— V1(d*T) - ...
[(s) )

X
D)

ANyt

-

ks Vr(d—‘r)

- Vr(df‘l')

2

The monomial case.
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Strategy in characteristic zero

STRATEGY IN CHARACTERISTIC ZERO

A local presentation of X (at x) when char(k) =0 is
(1) Positive integers0=e; =ex=--- = e;.
(2) Regular parameters

f(z1) = 21 € Oy 1]

f(z,) =z € Oy-nlz.].

T

(3) I9: anideal in O and a positive integer s.

The monomial case.
000000
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Strategy in characteristic zero

Stage A): Reduction to the monomial case.

)( )(1 )(}
() <— V1(d) - = Vr(d)

is defined so that, setting

yla=n V1(d77) —_— V,(dfT)

and /(9) as above, then

The monomial case.
000000

1) = [(HE D)o (HE D)oz L IHE)er € O .
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Strategy in characteristic zero

Stage B): Resolution of the monomial case.

X Xr+1 XN
d d d
V¢ )<%4— £+% -~ = L )

is defined so that setting
d—r a-r d-7

Vf ) - V¢+1 ) - = L )

o S

r—+1

and ') € 0,4 as before, then

The monomial case.
000000
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Strategy in characteristic zero

Key Point J

The local presentation in char zero will allow us to lift sequence

d—r d—r d—r1
VO < VO o)

) Iﬁi)1 N
to a resolution
X Xri1 Xn
D VL, e

Since f; = x; and
{xe V@ |y (x)>1}={x=0,...,x, =0}

is naturally identified with V(9-7),
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Strategy in positive characteristic

STRATEGY IN POSITIVE CHARACTERISTIC

g v et yld)

A local presentation of X (at x) is defined by
(1) Positive integers0 < ey < e <---<e;.
(2) Monic polynomials,

PN z) =" + &V o+ al) € Opanlzi]

1PN (z,) = 227 +aDZP" 4 4 Al

T peT

€ Oyw-nz:].

(3) I%): anideal in O\ q--) and a positive integer s.
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Strategy in positive characteristic

THEOREM (STAGE A): REDUCTION TO THE MONOMIAL CASE.

X Xi Xr
v — v@ )

is defined so that, setting

r

Y CE V1(d—7) . yld-7)

and /() as above, then

19 = [(HE D)o ((HED)oz L IHE)er € O,
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Strategy in positive characteristic
THEOREM (STAGE B’): THE MONOMIAL CASE.
(d— d— d—
Given () = J(H\@ yer L j(HSTYoe j(HEE D yer O o,
there exists (a 7-monomial):

s) _ /(H1(d*7'))h1 . /(Héd*T))hz o /(Hr(d*T))hr

with exponents 0 < h; < a,
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Strategy in positive characteristic
THEOREM (STAGE B’): THE MONOMIAL CASE.
- (s) _ (d—) (d—7) (d—7)
Given 1™ = I(H;" )> - I(Hy™ )2 .. I(H™ ) C (’)Vr(d_T),
there exists (a 7-monomial):
/(s) (d—7)\h (d—7)\h. (d—7)\h,
1S = JHSDYm L HE Y g (HE Ty

with exponents 0 < h; < «j, so that a combinatorial resolution:

d—r (d—7) d—r
VT V) )

© ) i
r
can be lifted to a permissible sequence
X Xi XN
V(d) V1(d) . .. V/S/d)-
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Rees algebras and main invariants

B smooth over k; V = Spec(B)

G = BlHW™ W™, ... fW™] = BpsolhW" C BIW]; =0y

|Sing(g) = {x € V| vx(lh) > n}|

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Rees algebras and main invariants

B smooth over k; V = Spec(B)

G = BlHW™ W™, ... fW™] = BpsolhW" C BIW]; =0y

|Sing(g) = {x € V| vx(lh) > n}|

DEFINITION (HIRONAKA)
ord : Sing(g) — Q

ord(x) = min{ ”Xf(’k ) }
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Rees algebras and main invariants

B smooth over k; V = Spec(B)

G = BlHW™ W™, ... fW™] = BpsolhW" C BIW]; =0y

|Sing(g) = {x € V| vx(lh) > n}|

DEFINITION (HIRONAKA)

ord : Sing(g) —

ord(x) = min{ ”Xf(’k ) }

Remark: ord(x) = m/n{”X(f) = 1,...,3}
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Smooth center Y C Sing(G) = {x € V | vx(lh) > n}

Vv H=x="1(Y)

100, @ = I(H)"1,

(d
V1
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Resolution of Rees algebras

Smooth center Y C Sing(G) = {x € V | vx(lh) > n}

Vv, H=r"1Y)

IO\ = I(H)";

(d
V1

DEFINITION (TRANSFORMATION)

The monomial case.
000000

G1 = ®n>ol,W" is the transform of G = ®,>0lh W" J

(V,G)<— (V4,G1)
Y C Sing(9)

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Resolution of Rees algebras

RESOLUTION
V smooth /k, G = alWk c O

Find a sequence of permissible transformations:

(V>g) — (V1ag1) — ... (Vn,gn)
with
Sing(Gn) =0

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Rees algebras and integral closure

REES ALGEBRAS AND INTEGRAL CLOSURE

Gi1 = ®nsohW",  Go = BpsodnW", C Oyo)[W]

Gy ~ Go if same integral closure in O [Z]
Then:

@ G1 ~ Oy [lsW?] for some s.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Rees algebras and integral closure

REES ALGEBRAS AND INTEGRAL CLOSURE

Gi1 = ®nsohW",  Go = BpsodnW", C Oyo)[W]

Gy ~ Go if same integral closure in O [Z]
Then:

@ G1 ~ Oy [lsW?] for some s.
@ Sing(g1) = Sing(G2).
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Rees algebras and integral closure

REES ALGEBRAS AND INTEGRAL CLOSURE

Gi1 = ®nsohW",  Go = BpsodnW", C Oyo)[W]

Gy ~ Go if same integral closure in O [Z]
Then:

@ G1 ~ Oy [lsW?] for some s.
@ Sing(g1) = Sing(G2).
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Rees algebras and integral closure

REES ALGEBRAS AND INTEGRAL CLOSURE

Gi1 = ®nsohW",  Go = BpsodnW", C Oyo)[W]

Gy ~ Go if same integral closure in O [Z]
Then:
@ G1 ~ Oy [lsW?] for some s.

@ Sing(g1) = Sing(G2).
@ Hironaka’s functions coincide.
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Rees algebras and integral closure

REES ALGEBRAS AND INTEGRAL CLOSURE

Gi1 = ®nsohW",  Go = BpsodnW", C Oyo)[W]

Gy ~ Go if same integral closure in O [Z]
Then:
@ G1 ~ Oy [lsW?] for some s.

@ Sing(g1) = Sing(G2).
@ Hironaka’s functions coincide.
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Rees algebras and integral closure

REES ALGEBRAS AND INTEGRAL CLOSURE

Gi1 = ®nsohW",  Go = BpsodnW", C Oyo)[W]

Gy ~ Go if same integral closure in O [Z]
Then:
@ G1 ~ Oy [lsW?] for some s.
@ Sing(g1) = Sing(G2).
@ Hironaka’s functions coincide.
@ Equivalence is stable by transformations.
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Multiplicity of Hypersurfaces

A smooth/k, V = Spec(A[Z])
f=2Z"+aZ2" '+ 4 apc AZ]
G = Oy[fW"], Sing(G) = F, = n-fold points of f.
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Multiplicity of Hypersurfaces

A smooth/k, V = Spec(A[Z])
f=2Z"+aZ2" '+ 4 apc AZ]
G = Oy[fW"], Sing(G) = F, = n-fold points of f.

Spec(A[Z]) 2> Spec(A)

e

Spec(A[Z]/(f))
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Multiplicity of Hypersurfaces

A smooth/k, V = Spec(A[Z])
f=2Z"+aZ2" '+ 4 apc AZ]
G = Oy[fW"], Sing(G) = F, = n-fold points of f.

Spec(A[Z]) 2> Spec(A)

e

Spec(A[Z]/(f))

B(Fn)?
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UNIVERSAL SETTING

(Z-V)(Z—Ya)--(Z— Vo) € K[Vr..... YalIZ]
Fo(Z)=2"—5Z"" + ...+ (=1)"sp € K[s1, ..., 81][Z]
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Multiplicity of Hypersurfaces
UNIVERSAL SETTING

(Z=Y)NZ=Ya)---(Z—Yn) €k[Y1,..., Y:[Z]
Fo(Z)=2"— 2" " 4+ (=1)"sp € K[s1,.. ., 8n][Z]

KISt ... SllZ)/(Fal(2)) — AZI/(Z" + a1 20" + -+ an)

k[s1,...,58n] A

Sit (*1)"8;.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Multiplicity of Hypersurfaces

INVARIANTS UNDER CHANGE OF VARIABLES

Fo(2)=(Z =Y )NZ=Ya)---(Z—Yn) €K[Va,..., YilIZ]
L=V(Yi—Y,1<ij,<n)

K[Yy, ..., Yo =K[Yi— Y1 <ij,<n]

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic



Introduction. Rees Algebras Elimination The monomial case.
000000000000 000000 0000000 0000000000000 00000 000000

Multiplicity of Hypersurfaces

INVARIANTS UNDER CHANGE OF VARIABLES

Fo(2)=(Z =Y )NZ=Ya)---(Z—Yn) €K[Va,..., YilIZ]
L=V(Yi—Y,1<ij,<n)

k[Y1,...,Yn]L:k[)/i_ Y11 Siajvsn]

Sy acts linearly on k[Ys, ..., Y]t C k[Y4,..., Y]

(K[Y1,..., Yal5)S" c (K[Ys,..., Ya])®"

(K[, ..., Ya]-)S" = k[H,. .., H]
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Multiplicity of Hypersurfaces

INVARIANTS UNDER CHANGE OF VARIABLES

Fo(Z) = (Z - Y)(Z = Ya)---(Z— Yn) € k[V1,..., YallZ]
L=V(Y;,— Y,1<ij<n)

KIYa,..o, Yok = K[Yi = V1 <i,j, < n]

Sy acts linearly on k[Ys, ..., Y]t C k[Y4,..., Y]

(K[Y1,..., Yal5)S" c (K[Ys,..., Ya])®"

(K[, ..., Ya]-)S" = k[H,. .., H]

H; = H;i(Y1,..., Yn) homog of degree dj
H; = H;(sy, ..., sn) w. homog. of degree d;

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Multiplicity of Hypersurfaces

kst, ..., snl[£]/(Fn(2)) AlZI/(Z"+ a2 + -+ ap)

T |

K[s1,...,5n] (A, M)(loc., reg.)
Sit (—1)'a; € M;.

o(H)) = Hi(a1,...,an) = hj€ M9
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Introduction. Rees Algebras

Elimination The monomial case.

Multiplicity of Hypersurfaces
Kisi....,sllZI/(Fa(Z))  AIZI/(Z"+ a1 Z" " + -+ + ap)
K[s1,...,5n] ¢ (A, M)(loc., reg.)
Sit (—1)'a; € M;.
o(H)) = Hi(a1,...,an) = hj€ M9
@ (h;) invariantby Z — uZ + a ue U(A),ac A

A. Benito, A. Bravo and O. Villamayor U.
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Multiplicity of Hypersurfaces

kst, ..., snl[£]/(Fn(2)) AlZI/(Z"+ a2 + -+ ap)

T |

K[s1,...,5n] (A, M)(loc., reg.)
Sit (—1)'a; € M;.

o(H)) = Hi(a1,...,an) = hj€ M9

@ (h)) invariantby Z — uZ + a ue UA),ac A

@ pe V((hy,...,hy)) C Spec(A) iff B® k(p) is local.
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Multiplicity of Hypersurfaces

kst, ..., snl[£]/(Fn(2)) AlZI/(Z"+ a2 + -+ ap)

T |

K[s1,...,5n] (A, M)(loc., reg.)
Sit (—1)'a; € M;.

o(H)) = Hi(a1,...,an) = hj€ M9

@ (h)) invariantby Z — uZ + a ue UA),ac A

@ pe V((hy,...,hy)) C Spec(A) iff B® k(p) is local.
@ N{P € Spec(A) : vp(h;) > d;} = B(Fp) if n# 0in k.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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TAYLOR MORPHISM

Tay . AlZ] — AlZ,T]
Z — Z+T

Tay(f(2)) = 2o ren br(X) T AT(f(X)) = br(X)
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Elimination and differential operators

TAYLOR MORPHISM

Tay: AlZ] — AZT]
Z — Z+T

Tay(f(2)) = Xen b ()T |AT(F(X)) = b(X)|

p e Spec(S[Z]), i vp(f(Z)) > n, then up(AT(F(Z2))) > n—r

AlZI[W™ c AlZI[AM YW, AT (W )

Sing(A[Z][fW")) = Sing(A[Z][AK(f) W=k, fwm))

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic



INVARIANTS AND DIFFERENTIAL OPERATORS

Fi(2)=TI(Z—-Y))=2"—sZ" " +...8p € k[S1,. .., Sn]

K[Yi,..., Yol Kls1..... 0]

U Sn, U

KLY; — Y]] K[Hi, ..., Hp]
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Elimination and differential operators

INVARIANTS AND DIFFERENTIAL OPERATORS

Fo(2)=TI(Z-Y)=2"—s1Z" " +...s0€Kl[s1,...,8n]

K[YVi,..., Y] K[s1,. .., 8]
U Sn, U
KLY — Y] K[Hs, ..., Hy]
KZ—Yy....Z— Y] KIAFo, F]
U S, U
KLY - Y] K[Hi,. ... Ha]

Each H; is weighted hom. on the A"F, (weight n — r).

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination and differential operators

WEIGHTED PULL-BACKS OF ALGEBRAS
@ SetklZ—-Yy,...,.Z2— Y,,]Sn = K[A"Fp, Fp]. The weighted
pull-back kK[A"F,W"=" F,W"] is
AlZ][fW", AT, WT.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination and differential operators

WEIGHTED PULL-BACKS OF ALGEBRAS

@ Setk[Z—Yy,...,Z — Y,)% = K[ATFp, Fp]. The weighted
pull-back kK[A"F,W"=" F,W"] is

AZ)[fW", AT £, W]

@ The weighted-Pull-Back ofk[H; W% ... HsW%]is
Alhy W ... hsW%] c A[W].

Alhy W ... hsW9%] C AlZ|[f,W", ATf, WN—T]

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination and differential operators

WEIGHTED PULL-BACKS OF ALGEBRAS

@ Setk[Z—Yy,...,Z — Y,)% = K[ATFp, Fp]. The weighted
pull-back kK[A"F,W"=" F,W"] is

AZ)[fW", AT £, W]

@ The weighted-Pull-Back ofk[H; W% ... HsW%]is
Alhy W ... hsW%] c A[W].

Alhy W ... hsW9%] C AlZ|[f,W", ATf, WN—T]

DEFINITION
Alhy W9 ... hsW9] elimination alg. of A[Z][f,W", AT f,W"~"].

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

OUTLINE

© ELIMINATION

@ Absolute and relative differential structure

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

Bd,d—r - V@) y(d-7) smooth 7 <d

Diff;, _sheaf of relative differential operators.

DEFINITION
G = @n>0lhW" C O« [W] is a relative Diff-algebra if

Difff, , (In) € In—r.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic



Introduction. Rees Algebras Elimination The monomial case.
000000000000 000000 0000000 0000000000 e0000000 000000

Elimination: Absolute and relative differential structure

Ba.d—r: V@ — V@=7) smooth + < d

Diffﬁ’d s sheaf of relative differential operators.

DEFINITION
G = @n>0lhW" C O« [W] is a relative Diff-algebra if

Difff, , (In) € In—r.

Properties:

@ There is a smallest extension G C Gg,, . (G), where
Gg, 4_,(G) is arelative (or absolute) Diff-algebra.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

Ba.d—r: V@ — V@=7) smooth + < d

Diffﬁ’d s sheaf of relative differential operators.

DEFINITION
G = @n>0lhW" C O« [W] is a relative Diff-algebra if

Difff, , (In) € In—r.

Properties:

@ There is a smallest extension G C Gg,, . (G), where
Gg, 4_,(G) is arelative (or absolute) Diff-algebra.

o Sing(g) = Sing(Gy, , . (9)).

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

Ba.d—r: V@ — V@=7) smooth + < d

Diffﬂ’d s sheaf of relative differential operators.

DEFINITION
G = @n>0lhW" C O« [W] is a relative Diff-algebra if

Difff, , (In) € In—r.

Properties:

@ There is a smallest extension G C Gg,, . (G), where
Gg, 4_,(G) is arelative (or absolute) Diff-algebra.

@ Sing(9) = Sing(Gs, 4. (9))-
® Gpg,, , compatible with integral closure.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

RELATIVE DIFFERENTIALS AND ELIMINATION

Given G and V(@ 2, y(d-1) smooth and generic.
Assume,
G = Oy@[fW", A (f) W™ “T1<acn

then G is a relative Diff-algebra and there is an elimination
algebra,
'Rg}g C Ov(dq)[W].

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

Vsmooth [ G =alkWKkcOy[W] ord:Sing(G) — Q
Assume: ord(x) = 1 for any x € Sing(g).
At each x € Sing(9) :

® Cgx CTyx
@ Linear subspace Lg x C Cg x

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

V smooth | G =akWKkcOy[W] ord:Sing(G) — Q

Assume: ord(x) = 1 for any x € Sing(g).
At each x € Sing(9) :

(*} Cg,x C TV,X

@ Linear subspace Lg x C Cg x

DEFINITION (HIRONAKA)
7(x)=codim Lg x in Ty . J

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

V smooth | G =@alkWkcOy[W] ord:Sing(G) — Q
Assume: ord(x) = 1 for any x € Sing(g).
At each x € Sing(9) :

o Cg,x C TV,X

@ Linear subspace Lg x C Cg x

DEFINITION (HIRONAKA)
7(x)=codim Lg x in Ty . }

DEFINITION
G is of codimensional type > e if 7(x) > e for all x € Sing(G) J

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

V(@ smooth ‘k G =0l Wk Ov(d)
Assume ord(x) = 1, and G is of codimensional type > 7.

THEOREM
IfG is rel. Diff-alg. for B4 4, : V{9 — V@=7) generic, then:

e (Local Presentation)
g~ OV(d)[fn/ Wni, Aaifni Wni*|ai|] ® ﬁg,d—e(g(di‘r))-

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

LOCAL PRESENTATION

(V@ x) -2, (V(@-7), x.) a composition of smooth morphisms

(VD x) — (VD ) — . — (V) )
A local presentation of X (at x) is defined by
(1) Positive integers0 < e; < e <---<e;.
(2) Monic polynomials,

f(P )( z) = f _|_a$ )Zf _|_...+a§)2€(’)v(d—f)[27].

(3) I(S)' an ideal in O 4--) and a positive integer s.
Fb—ﬂ{xe V(@) |y, (f £(p°i ))>pe’}ﬂ{X€ V) | (3 (1)) > s}
i=1

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

V(@) smooth |4 G=alkWkc Oy
Assume ord(x) = 1, and G is of codimensional type > e.
THEOREM
If G is rel. Diff-alg. for B4 4, : V{9 — V@=7) generic, then:
e (Local Presentation)
G~ Ov(d)[fn,- wni, Acif, Wni—lai|] o 5§7d77(g(d—7))
Gl9=7) € O\1a-¢[W] (Elimination algebra).
o Sing(G) = Bu,4--(Sing(g)) C Sing(G(@")

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

V(@ smooth |, G=alkWkc Oy
Assume ord(x) = 1, and G is of codimensional type > e.
THEOREM
If G is rel. Diff-alg. for B4 4, : V{9 — V@=7) generic, then:
e (Local Presentation)
G ~ Oy [fa WM, A%, Wni—lai|] o 5§7d77(g(d—7))
Gl9=7) € O\1a-¢[W] (Elimination algebra).
o Sing(G) = By,4--(Sing(G)) C Sing(¢?~™)
e The natural restriction ord : Sing(G(9—7)) — Q to Sing(G) is
independent of By g— .

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

THEOREM
e IfG is absolute diff. algebra: Sing(G) = Sing(G(9—")

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

THEOREM
e IfG is absolute diff. algebra: Sing(G) = Sing(G(9—")
e (Stability) If Y C Sing(G) smooth, Y = =(Y) and

(V@,g) (Vi gy)

L

( V(d—T), g(d—T)) - (V1(d*7'), g1(d*7'))

And G, is relative differential.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Elimination: Absolute and relative differential structure

THEOREM (STAGE A)

There is a well defined sequence of permissible
transformations:

(V). g) ox (V9 g,

lﬁ :

(Vd o) gld- e))e.. <;(V(d e) g(d 9)

d—e)

such that gﬁ is monomial:

79 ~ Oy (I(Hh ) - I(Hy) ™) W]

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Stage B’

V smooth, E = {Hj, ..., H,} smooth hypersurfaces with n.c.

@ Monomial ideal supported on E:
M = I(H)* - I(Ho)%2 - - - I(Hy)>".

@ Monomial algebra:
Rees algebra Oy [MW?] for s € Z~y.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Stage B’

V smooth, E = {Hj, ..., H,} smooth hypersurfaces with n.c.

@ Monomial ideal supported on E:
M = I(H)* - I(Ho)%2 - - - I(Hy)>".

@ Monomial algebra:
Rees algebra Oy [MW?] for s € Z~y.

DEFINITION

G C Oy [W], x € Sing(G), 7g.x > 1, V@ BERVICES) generic.
Oyw@-n[MW?] has monomial contact with G if locally there is a
smooth section defined by z € O(q) , S0 that

G C(zZ)Woe MWs.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Stage B’

MONOMIAL CONTACT IN LOCAL COORDINATES

G C ()W MWS.

Thereisars.p. {y1,...,Yq4—1}1in Ov(d—1)’6(x), then z is such
that:

(M {z,y1,.--,Ya—1}isars.p. at Oy -

() G C(2IWo (y ...yjhf>W5 (locally at x), where ;" ...yjhf
generates the monomial ideal M at Oy 1) gx)-

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic



Introduction. Rees Algebras Elimination The monomial case.

Stage B’
Set

g g1 gr

™ d r d

V(d)<—V1( ) Vr( )

e s ; |5

— & (d_1) - ... % d—1
y(d-1) V1 V( )
Rg,zs (Rg,p)1 (Rg.5)r

0 (Rgp)r = I(Hy)™ ... I(Hy)* WS = N'W$ (monomial algebra).
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Stage B’
Set

g g1 gr

r d

v - V( ) .. Vr( )

Lﬁ , m ) |5

)y A=) T (d
V(d-1) ( Vo)
Rg.s (Rg.5)1 (Rg.p)r

so (Rg,)r = I(H)* ... I(H,)* W3 = NW? (monomial algebra).

THEOREM (STAGE B’)
There is a naturally defined sheaf of monomial ideals M s.t.
(i) M= I(H)M .. I(H)"and0 < h; < ajfori=1,....r
(ii) MW?* has monomial contact relative to 3, with G, locally at
any closed point in Sing(G,), i.e
Gr C (Z)W & MWS.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Stage B’

Gr C ()W O MWS.
implies that
Sing({(z) W & MW?) c Sing(Gr),

A resolution of (z) W & MWS?, say

d d d

induces a sequence of transformations of G,, say

gr gr+1 gR
d d d
D VD)

The monomial case.
000000

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic
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Stage B’
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