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Local Presentation The monomial case Idea of the proof: Example

Local presentation

THEOREM (STAGE A)
If τG ≥ e there is a well defined sequence of permissible
transformations:

(V (d),G)

β

��

. . .oo (V (d)
r ,Gr )oo

βr
��

(V (d−e),G(d−e)) . . .oo (V (d−e)
r ,G(d−e)

r )oo

such that Sing(Gr ) = ∅ or G(d−e)
r is monomial:

G(d−e)
r ∼ O

V (e)
r

[(I(H1)α1 · · · I(Hr )αr )W s].
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Local presentation

β : V (d) −→ V (d−τ) smooth locally at x , G, τG,x ≥ τ .
Assume β is a composition of smooth morphisms

V (d) −→ V (d−1) −→ . . . −→ V (d−τ)

A local presentation of X (at x) is defined by
(1) Positive integers 0 ≤ e1 ≤ e2 ≤ · · · ≤ eτ .
(2) Monic polynomials,

f (pe1 )
1 (z1) = zpe1

1 + a(1)
1 zpe1−1

1 + · · ·+ a(1)
pe1 ∈ OV (d−1) [z1]

...

f (peτ )
τ (zτ ) = zpeτ

τ + a(τ)
1 zpeτ−1

τ + · · ·+ a(τ)
peτ ∈ OV (d−τ) [zτ ].

(3) I(s): an ideal in OV (d−τ) and a positive integer s.

Sing(G) =
τ⋂

i=1

{x ∈ V (d) | νx
(
f (pei )
i

)
≥ pei}∩{x ∈ V (d) | νx (β∗(I(s))) ≥ s}
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Local presentation

X = V (fb), Fb the set of b-fold points of X

Define
G = OV (d) [fbW b] and Fb = Sing(G),

set V (d) β−→ V (d−1) generic and Z transversal to β, then
fb = fb(Z ) monic,

G′ = OV (d) [fb(Z )W b,∆α(fb(Z ))W b−α]1≤α≤b−1

Sing(G) = Sing(G′).

G′ is relative differential. Then, there exists an elimination
algebra, RG,β ⊂ OV (d−1) [W ] and

β∗(RG,β) ⊂ G′.
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Local presentation

UNIVERSAL ELIMINATION ALGEBRA

Fn(Z ) = (Z − Y1) . . . (Z − Yn) ∈ k [Y1, . . . ,Yn][Z ]

k [Yi − Yj ] ⊂ k [Z − Y1, . . . ,Z − Yn]

k [Yi − Yj ]
Sn ⊂ k [Z − Y1, . . . ,Z − Yn]Sn

‖ ‖
k [H1, . . . ,Hr ] ⊂ k [Fn(Z ),∆α(Fn)]1≤α≤n−1

k [H1W d1 , . . . ,Hr W dr ] ⊂ k [Fn(Z )W n,∆α(Fn(Z ))W n−α]1≤α≤n−1
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Local presentation

SPECIALIZATION FOR ONE POLYNOMIAL

k [H1W d1 , . . . ,Hr W dr ] ⊂ k [Fn(Z )W n,∆α(Fn(Z ))W n−α]1≤α≤n−1

Fix A
β∗−→ A[Z ] and

fn(Z ) = Z n + a1Z n−1 + · · ·+ an ∈ A[Z ].

By specialization

G = A[Z ][fn(Z )W n,∆α(fn(Z ))W n−α]1≤α≤n−1 ⊂ A[Z ][W ]
∪ ∪
RG,β ⊂ A[W ]
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Local presentation

SPECIALIZATION FOR SEVERAL POLYNOMIALS

Fn1(Z ), . . . ,Fns (Z ) universal polynomials.

k [H1W d1 , . . . ,HrsW drs ] ⊂ k [Fni (Z )W n,∆α(Fni (Z ))W ni−α]1≤α≤ni−1

Fix A
β∗−→ A[Z ] and

fni (Z ) = Z ni + ai
1Z ni−1 + · · ·+ ai

ni
∈ A[Z ] 1 ≤ i ≤ s

There is a universal algebra for s polynomials which specializes
to

G = A[fni W
ni ,∆αi (fni )W

ni−αi ]1≤αi≤ni−1, 1≤i≤s

and a universal elimination algebra which specializes to

β∗(RG,β) ⊂ G (free of Z).
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Local presentation

Fix V (d) β−→ V (d−1) and G relative differential to β so that
τG ≥ 1, then

G ∼ OV (d) [fn1W n1 , . . . , fnsW ns ] with ord(fni ) = ni .

G ∼ OV (d) [fni W
ni ,∆αi (fni )W

ni−αi ]1≤i≤s, 1≤αi≤ni−1.

There is an inclusion β∗(RG,β) ⊂ G.

THEOREM

There exists a local relative presentation
G ∼ OV (d) [fn1W n1 ,∆α(fn1)W n1−α]1≤α≤n1−1 � β∗(RG,β)

REMARK

The smallest n1 is of the form pe for e ≥ 0

THEOREM

τRG,β = τG − 1 (G differential)
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Local presentation

LOCAL PRESENTATION

Fix x ∈ Sing(G) and τG,x ≥ r , V (d) β−→ V (d−r) smooth and
generic. There is a factorization

V (d) β1−→ V (d−1) −→ . . . −→ V (d−r+1) βr−→ V (d−r)

G(d) G(d−1) G(d−r+1) G(d−r)

f0W pe1 f1W pe2 fr−1W per

G(d−i) ∼ OV (d−i) [fiW pei ,∆αi (fi )W pei−αi ]1≤αi≤pei−1 � β∗i (G(d−i−1)).

G(d) ∼ OV (d) [fiW pei ,∆αi (fi )W pei−αi ]1≤αi≤pei−1 ,1≤,i≤r � β∗(G(d−r)),

with 0 ≤ e1 ≤ e2 ≤ · · · ≤ er .

Sing(G(d)) = Sing(OV (d) [fiW pei ]1≤i≤r � β∗(G(d−r))).
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τ (zτ ) = zpeτ
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1 zpeτ−1
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Local presentation

LOCAL RELATIVE PRESENTATION AND PERMISSIBLE

TRANSFORMATIONS

There is a commutative diagram

G V (d)

β
��

V (d)
1

π1oo

β1��

G1

RG,β V (d−1) V (d−1)
1

π′1oo (RG,β)1

If G ∼ OV (d) [fnW n,∆α(fn)W n]� β∗(RG,β),

then G1 ∼ OV (d)
1

[f (1)
n W n,∆α(f (1)

n )W n]�β∗1((RG,β)1) (f (1)
n s.t.)

STABILITY OF LOCAL RELATIVE PRESENTATION
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Condition (CD) and the τ -invariant

THE MONOMIAL CASE

A. Benito and O. Villamayor, ‘Monoidal transformations of
singularities in positive characteristic’
http://arXiv.org/abs/0811.4148 26 November 2008.
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Condition (CD) and the τ -invariant

V smooth, E = {H1, . . . ,Hr} smooth hypersurfaces with n.c.

Monomial ideal supported on E :

M = I(H1)α1 · I(H2)α2 · · · I(Hr )αr .

Monomial algebra:

Rees algebra OV [MW s] for s ∈ Z>0.
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Condition (CD) and the τ -invariant

THEOREM (STAGE A)
Assume τG ≥ 1There is a sequence of permissible
transformations

G G1 Gr

V (d)

β
��

V (d)
1

πC1oo

β1��

. . .oo V (d)
r

πCroo

βr��

V (d−1) V (d−1)
1

π′
β(C1)oo . . .oo V (d−1)

r

π′
β(Cr )oo

RG,β (RG,β)1 (RG,β)r

Sing(Gr ) = ∅ or (RG,β)r = I(H1)α1 . . . I(Hr )αr W s

G ∼ OV (d) [fW pe
,∆α(f )W pe−α]1≤α≤pe−1 � β∗(RG,β)

Gi ∼ OV (d)
i

[f (i)W pe
,∆α(f (i))W pe−α]1≤α≤pe−1 � β∗i ((RG,β)i)
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Condition (CD) and the τ -invariant

DEFINITION

V (d) smooth, E = {H1, . . . ,Hr} smooth hypersurfaces with n.c.

G ⊂ OV (d) [W ], x ∈ Sing(G), τG,x ≥ 1, V (d) β−→ V (d−1) generic.
OV (d−1) [MW s] has monomial contact with G if locally there is a
smooth section defined by z ∈ OV (d),x so that

G ⊂ 〈z〉W �MW s.
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Condition (CD) and the τ -invariant

MONOMIAL CONTACT IN LOCAL COORDINATES

G ⊂ 〈z〉W �MW s.

There is a r.s.p. {y1, . . . , yd−1} in OV (d−1),β(x), then z is such
that:
(I) {z, y1, . . . , yd−1} is a r.s.p. at OV (d),x .

(II) G ⊂ 〈z〉W � 〈yh1
1 . . . yhj

j 〉W
s (locally at x), where yh1

1 . . . yhj
j

generates the monomial idealM at OV (d−1),β(x).

zW “∈” G �MW s
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Condition (CD) and the τ -invariant

LEMMA

Fix G ⊂ OV [W ]. If τG ≥ 1 and codimension of Sing(G) is 1 in V ,
then there exists Z (⊂ V ) smooth hypersurface so that

G ∼ OV [I(Z )W ].

Set

Gi |H(d)
i

:= O
H(d)

i
[f (i)W pe

,∆α(f (i))W pe−α]1≤α≤pe−1 � β∗i ((RG,β)i)

We say that H(d)
i satisfies condition (CD) if

(CD) Sing(Gi |H(d)
i

) is of pure codimension 1 in H(d)
i (⊂ V (d)

i ).

Let H ′(d)
i ⊂ V (d)

r , then H(d)
i satisfies (CD) iff Sing(Gr |H′(d)

i
) is of

pure codimension one in H ′(d)
i ⊂ V (d)

r
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Condition (CD) and the τ -invariant

PROPOSITION

Condition (CD) holds for Hi .

m

The τ -invariant of Gi−1 is 1 along closed points of Ci .

m

f (i) is a pe-th power of a regular parameter.
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Main Theorem: Stage B’

OUTLINE

1 LOCAL PRESENTATION
Local presentation

2 THE MONOMIAL CASE
Condition (CD) and the τ -invariant
Main Theorem: Stage B’

3 IDEA OF THE PROOF
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Inductive step

4 EXAMPLE
Example
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Local Presentation The monomial case Idea of the proof: Example

Main Theorem: Stage B’

Set as in Theorem Stage A:

G G1 Gr

V (d)

β
��

V (d)
1

π1oo

β1��

. . .oo V (d)
r

πroo

βr��

V (d−1) V (d−1)
1

π′1oo . . .oo V (d−1)
r

π′roo

RG,β (RG,β)1 (RG,β)r

(RG,β)r = I(H1)α1 . . . I(Hr )αr W s = NW s (monomial algebra).

THEOREM (STAGE B’)
There is a monomialM of “tight” contact s.t.

(i) M = I(H1)h1 . . . I(Hr )hr and 0 ≤ hi ≤ αi for i = 1, . . . , r .
(ii) MW s has monomial contact relative to βr with Gr locally at

any closed point in Sing(Gr ), i.e.,
Gr ⊂ 〈z〉W �MW s.
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Main Theorem: Stage B’

Recall

Gi ∼ OV (d)
i

[f (i)
pe W pe

,∆α(f (i)
pe )W pe−α]1≤α≤pe−1 �RG,β

If Gi ⊂ 〈z〉W � (yh1
1 . . . yhi

i )W s (hj ≤ αj ), then

f (i)
pe = zpe

+ a1zpe−1 + · · ·+ ape

with ajW j ∈ 〈yh1
1 . . . yhi

i 〉W
s.

h` ≥ 1 ⇐⇒ f (i)
pe |y`=0 = zpe ⇐⇒ H` = {y` = 0} satisfies (CD)
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Step 1

OUTLINE

1 LOCAL PRESENTATION
Local presentation

2 THE MONOMIAL CASE
Condition (CD) and the τ -invariant
Main Theorem: Stage B’

3 IDEA OF THE PROOF
Step 1
Inductive step

4 EXAMPLE
Example
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Local Presentation The monomial case Idea of the proof: Example

Step 1

Fix x ∈ Sing(G) a center I(C) = 〈z, y1, . . . , yr 〉 and
f = zpe

+ a1zpe−1 + · · ·+ ape ∈ OV (d−1) [z] from a local relative
presentation,

G V (d)

β
��

V (d)
1

π1oo

β1��

G1

RG,β V (d−1) V (d−1)
1

π′1oo (RG,β)1

x ′ ∈ H(d)
1 = {y1 = 0} mapping to x and

f1 = zpe

1 + a1
1zpe−1

1 + · · ·+ a1
pe ∈ OV (d−1)

1
[z1] s.t. of f .

May assume z
y1

non-invertible at x ′. For a suitable z1, ai = 0
(condition (CD) holds). So

G1 ⊂ 〈z1〉W � 〈y1〉W s.

Define h1: highest so that G1 ⊂ 〈z1〉W � 〈yh1
1 〉W

s for all x ′.
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Inductive step

OUTLINE
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Local presentation
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Local Presentation The monomial case Idea of the proof: Example

Inductive step

PROPOSITION

Given x ∈ Sing(Gi) ⊂ V (d)
i and Gi ⊂ 〈z〉W �

(
y

hj1
j1
. . . y

hj`
j`

)
W s, if

Ci is a permissible center so that τ = 1 along Ci .
At x ′ ∈ Sing(Gi+1) ∩ Hi+1 there is an expression

Gi+1 ⊂ 〈z1〉W �
(( yj1

yi+1

)hj1
. . .
( yj`

yi+1

)hj`y ri+1
i+1

)
W s

so that yi+1 defines Hi+1 and ri+1 ≥ 1

DEFINITION

Define hi+1: the highest ri+1 so that the previous inclusion
holds.
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Local Presentation The monomial case Idea of the proof: Example

Inductive step

Gi ⊂ 〈z〉W �
(

y
hj1
j1
. . . y

hj`
j`

)
W s (∗)

Gi+1 ⊂ 〈z1〉W �
(

y
hj1
j1
. . . y

hj`
j`

y ri+1
i+1

)
W s

KEY POINT

We can assume that
〈z〉 ⊂ I(Ci) in (∗).
Inx (〈f (i)

pe 〉) is a pe-th power of Inx (z) at grx (O
V (d)

i ,x
).
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Inductive step

Notice that
Gr ⊂ 〈z〉W �MW s.

implies that

Sing(〈z〉W �MW s) ⊂ Sing(Gr ).

A resolution of 〈z〉W �MW s,

V (d)
r V (d)

r+1
oo . . .oo V (d)

R
oo

induces a sequence of transformations of Gr ,

Gr Gr+1 GR

V (d)
r V (d)

r+1
oo . . .oo V (d)

R .oo
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Example

OUTLINE

1 LOCAL PRESENTATION
Local presentation

2 THE MONOMIAL CASE
Condition (CD) and the τ -invariant
Main Theorem: Stage B’

3 IDEA OF THE PROOF
Step 1
Inductive step

4 EXAMPLE
Example
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Example

V (4)

G : (T 2 + XYZ )W 2

RG : (XY ,XZ ,YZ )W 1
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Example

V (4) V (4)
1 ⊃ UX

π0oo

G : (T 2 + XYZ )W 2 (T 2 + XYZ )W 2

RG : (XY ,XZ ,YZ )W 1 (XY ,XZ )W 1
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Example

V (4) V (4)
1 ⊃ UX

π0oo V (4)
2 ⊃ UY

π0oo

G : (T 2 + XYZ )W 2 (T 2 + XYZ )W 2 (T 2 + XYZ )W 2

RG : (XY ,XZ ,YZ )W 1 (XY ,XZ )W 1 (XY )W 1

MONOMIAL CASE
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Example

V (4) V (4)
1 ⊃ UX

π0oo V (4)
2 ⊃ UY

π0oo

G : (T 2 + XYZ )W 2 (T 2 + XYZ )W 2 (T 2 + XYZ )W 2

RG : (XY ,XZ ,YZ )W 1 (XY ,XZ )W 1 (XY )W 1

G1 ⊂ 〈T 〉W � I(H1)W 2

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic II



Local Presentation The monomial case Idea of the proof: Example

Example

V (4) V (4)
1 ⊃ UX

π0oo V (4)
2 ⊃ UY

π0oo

G : (T 2 + XYZ )W 2 (T 2 + XYZ )W 2 (T 2 + XYZ )W 2

RG : (XY ,XZ ,YZ )W 1 (XY ,XZ )W 1 (XY )W 1

G1 ⊂ 〈T 〉W � I(H1)W 2

G2 ⊂ 〈T 〉W � I(H1)I(H2)W 2
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Local Presentation The monomial case Idea of the proof: Example

Example

V (4) V (4)
1 ⊃ UX

π0oo V (4)
2 ⊃ UY

π0oo

G : (T 2 + XYZ )W 2 (T 2 + XYZ )W 2 (T 2 + XYZ )W 2

RG : (XY ,XZ ,YZ )W 1 (XY ,XZ )W 1 (XY )W 1

G1 ⊂ 〈T 〉W� ⊂ I(H1)W 2

G2 ⊂ 〈T 〉W� ⊂ I(H1)I(H2)W 2

TIGHT MONOMIAL ALGEBRA: MW 2 = I(H1)I(H2)W 2
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Example

A resolution ofMW 2 is achieved by a blow-up at

I(C′) = 〈X ,Y 〉 ⊂ OV (3) .

This induces a blow-up at I(C) = 〈T ,X ,Y 〉 ⊂ OV (4) , i.e.,

V (4)
2 V (4)

3 ⊃ UX
πCoo

G : (T 2 + XYZ )W 2 (T 2 + XY )W 2

RG : (XY )W 1 (XY )W 1

M1W 2 = YW 2

and the τ -invariant of G3 has increased.
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