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Local presentation

THEOREM (STAGE A)

If 7¢ > e there is a well defined sequence of permissible
transformations:

(V@ g) o (V9 )

) :

(V(d e) gld- e))%...%(v(d e) g(d e)

such that Sing(G,) = 0 or g, ) is monomial:

(79~ O I - I(H)™ ) WP,

Example
000
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Local presentation
B V@ — v(9=7) smooth locally at x, G, 7g.x > 7.
Assume [ is a composition of smooth morphisms
v . yle=n .  _ yld-7)

A local presentation of X (at x) is defined by
(1) Positive integers0 < ey < e <---<e;.
(2) Monic polynomials,

f1(pe1)(21) = Z1pe1 +as1)zfe1 +a(1) S Ovd 1) [21]

P (z,) = 22" + a7+ a) € Openlz].
(3) I9): anideal in O4--) and a positive integer s.

Sing(g) = ({x € VI [0 (1) = p}n{x € V@ | (5" (1)) =

i=1
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Local presentation

X = V(fp), Fp the set of b-fold points of X

Define
G = Oy, W’] and F, = Sing(G),

set V(@ 2, y(d-1) generic and Z transversal to 3, then
fp = fp(Z) monic,

G' = Oy [fo(Z)WP, A% (£(Z)) WP 1 <asb-1

Sing(G) = Sing(¢).
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Local presentation

X = V(fyp), Fp the set of b-fold points of X

Define
G = Oy, W’] and F, = Sing(G),

set V(@ 2, y(d-1) generic and Z transversal to 3, then
fp = fp(Z) monic,

G' = Oy [fo(Z)WP, A% (£(Z)) WP 1 <asb-1

Sing(G) = Sing(¢).

G’ is relative differential. Then, there exists an elimination
algebra, Rg 3 C Oy [W] and

B (Rgp) C G
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Local presentation

UNIVERSAL ELIMINATION ALGEBRA
Fo(Z)=(Z - Y1)...(Z - Yn) € K[Y4, ..., Y3l[Z]
KIYi— Y] CKIZ=Yy,....Z — Ya]

KIYi = Yj]S" C K[Z-Yi,...,Z— Y|

[ |
K[Hi,....H] C K[Fa(Z), A%(Fn)l1<a<n-1
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Local presentation

UNIVERSAL ELIMINATION ALGEBRA
Fo(Z)=(Z—Y1)...(Z— Yn) €k[Ys,..., YallZ]
KLY = Y] CKIZ—Yy,...,Z — Yy
KLY; = Y5 C K[Z—-Y1,....,.Z—Yp]>

| |
K[Hi,....H] C K[Fa(Z), A%(Fn)l1<a<n-1

K[Hi WY ... H W] C K[Fa(Z)W", A%(Fn(Z)) W1 <a<n-1
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Local presentation

SPECIALIZATION FOR ONE POLYNOMIAL

K[Hi W H W] € K[Fn(Z)WD, AY(Fn(Z)) W™t <en1

Fix A 2 A[Z] and
fn(Z2)=2"+aZ" ' +---+a,c AlZ].
By specialization
G = AlZ|[f(Z)WP, A% (£ 2)) WP i<y C AlZ]IW]

U U
'Rgﬂ C A[W]
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Local presentation

SPECIALIZATION FOR SEVERAL POLYNOMIALS

Fn,(2),..., Fns(Z) universal polynomials.

K[Hy WY . H Ws] C K[Fr(Z)W™, A% (Fr(Z2)) W) <0<, 1

Fix A 2 A[Z] and
fn(Z)=2Z"+aZ" '+ +a, € AlZ] 1<i<s

There is a universal algebra for s polynomials which specializes

to
G = Alfg, W™, A% (fa )W %1 <,<ni—1, 1<i<s

and a universal elimination algebra which specializes to

B*(Rg,p) C G (free of Z).
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Local presentation

Fix V(@ 2, y(d-1) and g relative differential to 3 so that
TG > 1, then
o g ~ Ov(d) [fn1 Wn1 gy fns WnS] Wlth Ord(fnl) == n/
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Local presentation

Fix V(@ 2, y(d-1) and g relative differential to 3 so that
TG > 1, then

o g ~ Ov(d) [fn1 Wn1 gy fns WnS] Wlth Ord(fnl) == n/

© G~ Oyafo W, A% ()W "1 <i<s, 1<a<n—1-
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Local presentation

Fix V(@ 2, y(d-1) and g relative differential to 3 so that
TG > 1, then

@ G~ Oya|fa, W™, ... o, W] with ord(fp,) = n;.

© G~ Oy [y, W, A% (fr )W ™1 <i<s, 1<a,<n—1-

@ There is an inclusion 3*(Rg ) C G.
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Local presentation

Fix V(@ 2, y(d-1) and g relative differential to 3 so that
TG > 1, then

@ G~ Oya|fa, W™, ... o, W] with ord(fp,) = n;.

© G~ Oy [y, W, A% (fr )W ™1 <i<s, 1<a,<n—1-

@ There is an inclusion 3*(Rg ) C G.

THEOREM

There exists a local relative presentation
g~ OV(d) [fn1 wm 9 Aa(fm ) wm 70‘]1 <a<nq—1 © 5*(Rg,ﬁ)
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Local presentation
Fix V(@ 2, y(d-1) and g relative differential to 3 so that
TG > 1, then
@ G~ Oya|fa, W™, ... o, W] with ord(fp,) = n;.
© G~ Oy [y, W, A% (fr )W ™1 <i<s, 1<a,<n—1-
@ There is an inclusion 3*(Rg ) C G.

THEOREM

There exists a local relative presentation
g~ OV(d) [fn1 wm 9 Aa(fm ) wm 70‘]1 <a<nq—1 © 5*(Rg,ﬁ)

Example
000

REMARK
The smallest ny is of the form p€ for e > 0
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Local presentation

Fix V(@ 2, y(d-1) and g relative differential to 3 so that
TG > 1, then

@ G~ Oya|fa, W™, ... o, W] with ord(fp,) = n;.

© G~ Oy [y, W, A% (fr )W ™1 <i<s, 1<a,<n—1-

@ There is an inclusion 3*(Rg ) C G.

THEOREM

There exists a local relative presentation
g~ OV(d) [fn1 wm 9 Aa(fm ) wm 70‘]1 <a<nq—1 © 5*(Rg,ﬁ)

Example
000

REMARK
The smallest ny is of the form p€ for e > 0

THEOREM
TRgs = 7 — 1 (G differential)
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Local presentation

LOCAL PRESENTATION

Fix x € Sing(G) and 7g x > r, V(@ B, yd=1 smooth and
generic. There is a factorization

v  Poye-n L yld=r) B y(d-n)
g(d) g(d—1) g(d—r+1) g(d—r)
fy WP f, WP* f_ WP
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Local presentation

LOCAL PRESENTATION

Fix x € Sing(G) and 7g x > r, V(@ B, yd=1 smooth and
generic. There is a factorization

v  Poye-n L yld=r) B y(d-n)
g(d) g(d—1) g(d—r+1) g(d—r)
fy WP f, WP* f_ WP

Y g(d—i) ~ Ov(d—i) [finef, Aa,-(fi) Wpei_ai]1§a,§p9i*‘ ® 5i*(g(d—i—1))_
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Local presentation

LOCAL PRESENTATION

Fix x € Sing(G) and 7g x > r, V(@ B, yd=1 smooth and
generic. There is a factorization

v  Poye-n L yld=r) B y(d-n)
g(d) g(d—1) g(d—r+1) g(d—r)
fy WP f, WP* f_ WP

Y g(d—i) ~ Ov(d—i) [finef, Aa,-(fi) Wpei_ai]1§a,§p9i*‘ ® 5i*(g(d—i—1))_

® G ~ Oy [iWP", A (FYWP =]y cpoit 1<,i<r @ B7(G07N),
with0<e <e <---<e
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Local presentation

LOCAL PRESENTATION

Fix x € Sing(G) and 7g x > r, V(@ B, yd=1 smooth and
generic. There is a factorization

v  Poye-n L yld=r) B y(d-n)
g(d) g(d—1) g(d—r+1) g(d—r)
fy WP™ f, WP® fo_ WP

Y g(d—i) ~ Ov(d—i) [finef’ Aa,-(fi) Wpei_ai]1§a,§p9i*‘ ® 5i*(g(d—i—1))_

® G ~ Oy [iWP", A (FYWP =]y cpoit 1<,i<r @ B7(G07N),
with0<e <e <---<e

@ Sing(G@) = Sing(Oyw [ WP |1<i<r © B*(G19D)).

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic Il



Local Presentation The monomial case Idea of the proof:
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Local presentation
6 : V@ — v(d=7) smooth locally at x
Assume [ is a composition of smooth morphisms
v . yle=n .  _ yld-7)

A local presentation of X (at x) is defined by
(1) Positive integers0 < ey < e <---<e;.
(2) Monic polynomials,

f1(pe1)(21) = Z1pe1 +as1)zfe1 +a(1) S Ovd 1) [21]

P (z,) = 22" + a7+ a) € Openlz].
(3) I9): anideal in O4--) and a positive integer s.

Sing(g) = ({x € VI [0 (1) = p}n{x € V@ | (5" (1)) =

i=1
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Local presentation

LOCAL RELATIVE PRESENTATION AND PERMISSIBLE
TRANSFORMATIONS

There is a commutative diagram

G va@<—"—Vv9 g
% m
Rgp yld- <" V@D (Rg p)1
If G~ OpalfaW", Aa(fn)W”] ® B*(Rg,p).
then Gy ~ Ol W™ A ()W 05 (Rash) () st)

STABILITY OF LOCAL RELATIVE PRESENTATION J
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THE MONOMIAL CASE

A. Benito and O. Villamayor, ‘Monoidal transformations of
singularities in positive characteristic’
http://arXiv.org/abs/0811.4148 26 November 2008.
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Condition (CD) and the r-invariant

V smooth, E = {H;, ..., H:} smooth hypersurfaces with n.c.

@ Monomial ideal supported on E:
M = I(H)* - I(H2)2 - - I(H)>.
@ Monomial algebra:

Rees algebra Oy [MW?] for s € Z~,.
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Condition (CD) and the r-invariant
THEOREM (STAGE A)

Assume 7g > 1There is a sequence of permissible
transformations

g g1 gr
) P/ C) e\ (d)
V - 1 oo Vr

le |5 , |5
B(Cq) V1(d_1) 7Tﬁ(Cr)V(d_1)

yla—1) <2 (
Rg.s (Rg.5)1 (Rg.p)r

Sing(Gr) =0 or (Rgp)r = I(Hy)*" ... I(H)* W*®

Example
000
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Condition (CD) and the r-invariant

THEOREM (STAGE A)
Assume 7g > 1There is a sequence of permissible

transformations
g g1 gr
v(d) é V1(d) L Vr(d)

le |8 . s

V(d—1) T8(C1) V1(d_1) o T(Cr) V,-(d_1)

Rg.s (Rg.5)1 (Rg.p)r

Sing(Gr) =0 or (Rgp)r = I(Hy)*" ... I(H)* W*®

Example
000

® G ~ Oy WP, A*(H)WP" |1 cacpe—1 ® B*(Rg,3)
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Condition (CD) and the r-invariant
THEOREM (STAGE A)

Assume 7g > 1There is a sequence of permissible
transformations

g g1 gr
) P/ C) e\ (d)
V - 1 oo Vr

s |8 . e
V(d—1) B(Cq) V1(d_1) o T(Cr) Vr(d_1)
Rg,p (Rg,)1 (Rg,8)r

Sing(Gr) =0 or (Rgp)r = I(Hy)*" ... I(H)* W*®

Example
000

® G ~ Oy WP, A*(H)WP" |1 cacpe—1 ® B*(Rg,3)
® G ~ O @[fD WP, A (FDYWP =]y <qcpe_1 © BF((Rg 5)i)
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Condition (CD) and the r-invariant

DEFINITION
V(@) smooth, E = {H;,..., H,} smooth hypersurfaces with n.c.

G C Oyw[W], x € Sing(G), Tg.x > 1, V(@ 2. v(d-1) generic.
O\a-1[MW?] has monomial contact with G if locally there is a
smooth section defined by z € O(q) , S0 that

G C(zZ)WoMWs.

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic Il



Local Presentation The monomial case Idea of the proof: Example
00000000000 00000@00000 000000 000

Condition (CD) and the r-invariant

MONOMIAL CONTACT IN LOCAL COORDINATES
G C(zZ)WoMWS.

Thereisars.p. {y1,...,¥4_1}1in Ov(d71)7ﬁ(x), then z is such
that:

(M {z,¥1,...,Ya-1}isars.p. at Oy -

() G C(Z)W o (yM ...yjh’>WS (locally at x), where " ...yjh’
generates the monomial ideal M at Oy 1) gx)-

zZWe’g o MW?
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Condition (CD) and the r-invariant

LEMMA

Fix G c Oy[W]. Ifr¢ > 1 and codimension of Sing(G) is 1 in V,
then there exists Z(C V) smooth hypersurface so that

G~ Oy[l(Z)W].
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000
Condition (CD) and the r-invariant

LEMMA
Fix G c Oy[W]. Ifr¢ > 1 and codimension of Sing(G) is 1 in V,
then there exists Z(C V) smooth hypersurface so that

G~ Oy[l(Z)W].

Set

Gi lpgor = Opya [FOWP®, A (FD) WP ]1 cacpe1 © B ((Rg,)i)

A. Benito, A. Bravo and O. Villamayor U. Singularities in positive characteristic Il



Local Presentation The monomial case Idea of the proof: Example
00000000000 00000080000 000000 000

Condition (CD) and the r-invariant

LEMMA

Fix G c Oy[W]. Ifr¢ > 1 and codimension of Sing(G) is 1 in V,
then there exists Z(C V) smooth hypersurface so that

G~ Oy[l(Z)W].

Set
Gi | o) = O [FOWP", A (FD) WPy cocpe 1 © B (Rg,)i)

We say that H,-(d) satisfies condition (CD) if

(CD)  Sing(Gil,,«) is of pure codimension 1 in H{¥(c V(7).
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Condition (CD) and the r-invariant

LEMMA

Fix G c Oy[W]. Ifr¢ > 1 and codimension of Sing(G) is 1 in V,
then there exists Z(C V) smooth hypersurface so that

G~ Oy[l(Z)W].

Set
Gi | o) = O [FOWP", A (FD) WPy cocpe 1 © B (Rg,)i)

We say that H,-(d) satisfies condition (CD) if

(CD)  Sing(Gil,,«) is of pure codimension 1 in H{¥(c V(7).

Let H'¥ c V¥, then H(? satisfies (CD) iff Sing(Grl ) is of

pure codimension one in ¥ ¢ V(%
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Condition (CD) and the r-invariant

PROPOSITION
Condition (CD) holds for H;.

)

The 7-invariant of G;_1 is 1 along closed points of C;.
T

f(i) is a p®-th power of a regular parameter.
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Main Theorem: Stage B’

Set as in Theorem Stage A:

g G1 Gr
v L V1(d) L Vr(d)
e e ; |5
V-1 < V(@D Tyl
Rg,s (Rg,8)1 (Rg,8)r

(Rg.5)r = I(Hy)*' ... I(H;)® WS = N'WS$ (monomial algebra).

THEOREM (STAGE B”)
There is a monomial M of “tight” contact s.t.
(i) M= I(H)M .. I(H)"and0 < h; < ajfori=1,....r
(ii) M WS has monomial contact relative to 3, with G, locally at
any closed point in Sing(G,), i.e
Gr C(Z)W & MWS.
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Main Theorem: Stage B’

Recall
Gi ~ O‘/;(d>[f;g£) WP A (FY WP i cacpe1 © R s
IfGic (ZW o (M. y"yWs (b < q)), then
D =27 + @ 2P o+ ape

with aiWi e (y" ... yMyws.

hy>1 — 9], _=2" < H,={y, = 0} satisfies (CD) J
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@ Example

«O>» «Fr « > « Q>
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Step 1

Fix x € Sing(G) a center I(C) = (z, y1,...,Yr) and
f=2+a 2"+ + ape € O -n|z] from a local relative
presentation,

s

G yia) <1 — V1(d) G
I
Rgs V-1 <=Vl (Rg )5

x' € H9 = {y; = 0} mapping to x and
f=z"+alz" 4. tale O, -n[z] st. of f.
May assume < non-invertible at x’.1For a suitable z1, 3 =0
(condition (CB) holds). So
G1 C(zn)W o (y1) We.

Define hy: highest so that Gy C (z1) W @ (y{") W for all x'. J
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@ Local presentation

© THE MONOMIAL CASE
@ Condition (CD) and the r-invariant
@ Main Theorem: Stage B’

© IDEA OF THE PROOF
@ Step 1
@ Inductive step

@ EXAMPLE
@ Example

«O>» «Fr « > « Q>
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Inductive step

PROPOSITION

Given x € Sing(G)) ¢ V¥ and g; c (2)W o (yjfh y/ffe) ws, if
C; is a permissible center so that - = 1 along C;.
At x’ € Sing(Gj+1) N H;,1 there is an expression

Gi1 C (Z)W o <(y},/j+11>h] (yi’i)@ ylf’j{)ws

so that y;, 1 defines H; 1 and ri, 1 > 1

DEFINITION

Define h;, 1: the highest r;, ¢ so that the previous inclusion
holds.
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Inductive step

h; h;
g c(z)Wo (yj1” . .yjéle) We (%)
h; hi, r
Giv1 C(z )W © (yh” ...yjz’@yir’j;) ws
KEY POINT

We can assume that
e (z) C I(Cj)in (x).

o Iny((f)) is a p°-th power of Iny(2) at grx(O, ) ,)-

i

Example
000
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Notice that

GgrC(zyWo MWS.
implies that

Sing({z) W ® MW?) c Sing(G,).
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Inductive step

Notice that
Gr C(z)W o MWS.

implies that
Sing((z) W © MW?) cC Sing(Gr).

A resolution of (z) W & M WS,

Vi) < Vr(iq - e ,(?d)
induces a sequence of transformations of G,

Gr Gri1 9R

V@ Vr(ﬂ - e /(qd)-
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v4)
G: (T2+XYZ)W?
Rg: (XY, XZ,YZ)W!




i)

V) v® 5 Uy

G: (T2+XYZ)w? (T? + XYZ)W?
Rg: (XY, XZ,YZ)W' (XY, XZ)W!




Local Presentation The monomial case Idea of the proof: Example

Example
V4 o V1(4) D Uy V?E4) D Uy
G: (T?+XYZ)W? (T2 + XYZ)W? (T2 + XYZ)W?
Rg: (XY, XZ,YZ)W! (XY, XZ)W' (XY)w!

MONOMIAL CASE
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Local Presentation The monomial case Idea of the proof: Example

Example
V@) V@ 5 Uy Vi S Uy
G: (T2+XyZ)w? (T? + XYZ)W? (T? + XYZ)W?
Rg: (XY, XZ,YZ)W' (XY, XZ)w' (Xy)w!

gy C <T>W®I(H1)W2
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Local Presentation The monomial case Idea of the proof: Example

Example
V) V@ 5 Uy Vi 5 Uy
G: (T?+XYZ)w? (T? + XYZ)W? (T? + XYZ)W?
Rg: (XY, XZ,YZ)W! (XY, XZ)W' (XY)w!

Gi C (TYW @ I(Hy) W2

Go C{TYW @ I(Hy)I(Hp) W?
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Local Presentation The monomial case Idea of the proof: Example

Example
V@) V@ 5 Uy Vi S Uy
G: (T2+XYZ)w? (T? + XYZ)W? (T? + XYZ)W?
Rg: (XY, XZ,YZ)W' (XY, XZ)w' (Xy)w!

Gy C (TYWo C I(Hy)W?
Go C (TYW® C I(Hy)I(Ha) W2

TIGHT MONOMIAL ALGEBRA: MW?2 = [(H;)I(Ho) W?
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Local Presentation The monomial case Idea of the proof:
00000000000 00000000000 000000
Example

A resolution of M W? is achieved by a blow-up at
I(C")=(X,Y) C Oppa.

This induces a blow-up at I(C) = (T, X, Y) C Oy, i.e.,

% v 5 Uy
G: (T2 +XYZ)W? (T2 + XY)W?
Rg: (X)W (XY)w!
My W2 = YW?

and the 7-invariant of Gz has increased.
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