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000 Tales of Catalan numbers
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I will talk about a field of Mathematics called Enumerative Combinatorics. This field of
Mathematics concerned with counting the number of elements of a finite set S. This definition,
as it stands, is too general, and in a genuine enumerative problem, the elements of S have a
specific origin depending on a task have to be solved.
It friquently occurs that a solution to some problem in Topology, Algebraic Geometry, Repre-
sentation Theory, Mathematical Physics, Biology, ..., can be reduced to a computation of some
integer numbers, which of course depend on a task under consideration. Sometimes it happens
that the same numbers, but with a big variety of interpretations, appear as answers on com-
pletely different problems and questions. It is not always easy to explain why we have a deal
with the same numbers in so different problems !

The most famous example of this phenomena in Combinatorics is numerous and unexpected
appearances of the Catalan numbers.

Definition 0.1 The n-th Catalan number C,, is

1 2n
, n>0.
n+1 \n

Nowadays there are more then 140 combinatorial structures enumerated by Catalan numbers,
see e.g. Catalan Addendum by R.Stanley.

The fist few Catalan numbers were known from the Ancient times, but probably, the first
theorem about Catalan numbers (a theorem about the number of polygon dissections) had been
proved by L. Euler in 1760. The Belgian mathematician Eugene Charle Catalan (1814-1894)
wrote a several papers about related problems, and later his name was attributed to the numbers
Ch.

Combinatorial structures enumerated by Catalan numbers I'm going to review, include
Polygon dissections;

Parenthesizations;
Lattice paths;

Trees;

Non-crossing partitions;
Young tableaux;

Jacobi game.
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