On the Newton-Puiseux Series

(Answers)

Exercise 1.

(a) The Newton polygon of F(z,y) = y* — 223y? — 42°y + 25 — 27 has only one edge:
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(b) The slope of the Newton polygon is —2/3 and the corresponding initial form is
H(z,y) :=y* — 223y? + 25. So we put p = 3/2 and insert y = tz# into H(x,y),

H(z,tz??) = 2%1t* =262 +1) = 25(t* — 1)2

with the solutions ¢ = 1 and t = —1. We choose the first t = 1. Thus y(z) = 2%/ is a
solution to our equation H(z,y) = 0.

We use this as our first approximation for a solution of F(x,y) = 0. To improve
this approximation, we make the substitution

r =22 and y = 25(1+y)

and insert this into the original polynomial

F(ﬁaiﬁ?(l‘i‘yl)) = 21°Fy(21,91),

where Fy(z1,y1) = yi + 4y3 + 4y} — 4x1y1 — 421 — 22. The Newton polygon of this

new polynomial F}(z1,y;) again has only one edge:
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The slope is —2 and the initial form is Hi(z1,y;) = 4y; — 4x1. Obviously, the equa-
tion Hq(x1,y1) = 0 can be solved by yi(z1) = xi/ 2, Coincidentally, this also solves
the equation Fj(z1,y1) = 0 and hence, y(z) = z3(1 + xi/Q) = 23/2 + 27/* solves
F(z,y) = 0. The other Newton-Puiseux series for F(x,y) are x3/2 —z7/4, —23/2 —jz7/4
and —x3/2 + i27/4, where i = \/—1.



