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1.1

X X ×X := {(a, b) : a, b ∈ X} R ⊆ X ×X X

(a, b) ∈ R a R b X R1, R2 R1 ⊆ R2

R2 R1
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≤ X ( 〈X,≤〉 ( ) )

a ≤ a ( )

a ≤ b b ≤ a =⇒ a = b ( )

a ≤ b b ≤ c =⇒ a ≤ c ( )

a, b, c X 2

a ≤ b b ≤ a

a, b ∈ X ≤

1 X R n ∈ N

a0, . . . , an ∈ X

a0 R a1 R a2 · · · an R a0 =⇒ a0 = a1 = · · · = an

2.1� �
X

� �
. R

{R′ ⊆ X ×X : R ⊆ R′, R′ }

Zorn R R

2.2� �
〈X,≤〉 X

a0 > a1 > a2 > · · · (ai ∈ X)

〈X,≤〉
� �

Y ⊆ X

Zermelo

(N ) X

a ∈ X t(a) ∈ N t : X −→ N X

t(a) = m t a m t
∑

a∈X t(a) t = [a, a, a, b, b, c]

a 3 , b 2 , c 1 , 0 X

M(X)
2 (well quasi-order)
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N t, u ∈ M(N) t 1 n

t n 1 n− 1 ∈ N (0 ) u

u 	 t t 0 1 u u 	 t

t u u 	 t (0

) 	

t ∈ M(N) [7, 7, 7, 6, 0, 0] 7 3

6 1 0 2 	

1.1

2.3� �
〈M(N),	〉

� �
. n ∈ N 〈M({0, . . . , n}),	〉

n

n = 0 n > 0

t0 
 t1 
 t2 
 · · · (ti ∈ M({0, . . . , n}))

ti n ti(n) 	

t0(n) ≥ t1(n) ≥ t2(n) ≥ · · · k ∈ N tk(n) =

tk+1(n) = tk+2(n) = · · · ti n

ui

uk 
 uk+1 
 uk+2 
 · · · (ui ∈ M({0, . . . , n− 1}))

M(N) X = 〈X,≤〉

M(X) ≤m

t ∈ M(X) a ∈ X 1 a b1, . . . , bk (k = 0

) u u ≤m t

t u u ≤m t

2.4� �
〈X,≤〉 〈M(X),≤m〉

� �
≤ König

3 Higman

1.2
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3.1� �
〈X,≤〉 X a0, a1, a2, . . .

i < j =⇒ ai � aj (i, j ∈ N)

� �
a0, a1, a2, . . . i < j ai ≤ aj i, j ∈ N

〈X,≤〉 3.1

2.2

3.2� �
X = 〈X,≤〉

� �
. ≤ 	 a0 
 a1 
 a2 
 · · ·

a0, a1, a2, . . . 〈X,≤〉 i < j ai ≤ aj

ai 	 aj ai 
 aj

〈X,≤〉 a0, a1, a2, . . . R′

b R′ c ⇐⇒ b ≤ c (b, c) ∈ R, R := {(aj , ai) : i < j}

R′ (aj0 , ai0), . . . , (ajn , ain) ∈

R

aj0 R ai0 ≤ aj1 R ai1 ≤ aj2 R ai2 · · · ajn R ain ≤ aj0

R j0 > i0, j1 > i1, . . . , jn > in 0 ≤ k < n

ik < jk+1 ( in < j0) aik ≤ ajk+1
( ain ≤ aj0)

a0, a1, a2, . . .

2.1 〈X,R′〉 〈X,	〉 a0 
 a1 
 a2 
 · · ·

2

(Nash-Williams 1963)

3.3� �
X = 〈X,≤〉 X

a0, a1, a2, . . .

ai0 ≤ ai1 ≤ ai2 ≤ · · · (i0 < i1 < i2 < · · · )

� �
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. X a0, a1, a2, . . .

am

m < j =⇒ am � aj (j ∈ N)

am X

am

1 ai0 ai0 ≤ ai1 ≤ ai2 ≤ · · · aik

X = 〈X,≤〉 a ∈ X L(a) := {b ∈ X : a � b}

X ≤ L(a) ≤

3.4� �
X a ∈ X 〈L(a),≤〉

� �
. a0, a1, a2, . . . X

a1, a2, a3, . . . L(a0)

1.2 Σ

Σ |Σ| Σ

Σ∗ ε Σ∗ t, u t 1

u u 
 t t = t1xt2, u = t1t2

(x ∈ Σ, t1, t2 ∈ Σ∗) t u

u 
 t t u


 ( )

Σ Σ∗

NASH

1.2

3.5(Higman 1952)� �
Σ 〈Σ∗,
〉

� �
|Σ| |Σ| = 1 |Σ| > 1

Σ Σ

(Jullien 1968)

Σ a ∈ Σ Σa := Σ\{a}

t = x(0) · · · x(n) u ∈ L(t)

u = u(0)x(0)u(1)x(1) · · · u(m), (m ≤ n, u(k) ∈ Σ∗

x(k))

u ∈ L(t) x(0) u(0) x(1)

u(1) u(0), u(1), . . .
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u(n) u t 
 u

) |Σx(k) | = |Σ| − 1 Σx(k) 3.3

3.6� �
t ∈ Σ∗ 〈L(t),
〉

� �
. t = x(0) · · · x(n) L(t) u0, u1, u2, . . .

ui

ui = u
(0)
i x(0)u

(1)
i x(1) · · · u

(mi)
i , (mi ≤ n, u

(k)
i ∈ Σ∗

x(k))

m ≤ n mi m

ui

u0, u1, u2, . . .

u0 u1 u2 · · ·

= = =

u
(0)
0 u

(0)
1 u

(0)
2 · · ·

x(0) x(0) x(0)

...
...

...

u
(m)
0 u

(m)
1 u

(m)
2 · · ·

3.3 u
(0)
0 , u

(0)
1 , u

(0)
2 , . . . u

(0)
i0


 u
(0)
i1


 u
(0)
i2


 · · ·

ui0 , ui1 , ui2 , . . . i0, i1, i2, . . . 0, 1, 2, . . .

k = 1, . . . ,m u0, u1, u2, . . .

k = 0, . . . ,m u
(k)
0 
 u

(k)
1 
 u

(k)
2 
 · · ·

u0 
 u1

3.5 3.4 3.6

Σ

X = 〈X,≤〉 X∗

≤∗ u ≤∗ t u = x0 · · · xk t

y0 · · · yk x0 ≤ y0, . . . , xk ≤ yk

3.7(Higman )� �
〈X,≤〉 〈X∗,≤∗〉

� �

4 ( )

1.1 1.2
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(

) 1

X = 〈X,≤〉 Y ⊆ X

• X X 0

• a ∈ X {b ∈ X : a < b}

a+ 1

• a0 < a1 < a2 < · · ·

{b ∈ X : i ∈ N ai < b}

supi∈N ai, sup{a0, a1, a2, . . . }

4.1� �
〈O(ω1),≤〉 1

(i) 0 ∈ O(ω1) ( )

(ii) α ∈ O(ω1) =⇒ α+ 1 ∈ O(ω1) ( )

(iii) α0 < α1 < α2 < · · · ∈ O(ω1) =⇒ supi∈N αi ∈ O(ω1) ( )

(iv) O(ω1) (i), (ii), (iii)

� �
O(ω1) α {β ∈ O(ω1) : β < α} O(α)

O(ω1)

ω := sup{0, 1, 2, . . . }

ω · 2 := sup{ω, ω + 1, ω + 2, . . . }

ω2 := sup{ω, ω · 2, ω · 3, . . . }

ωω := sup{ω, ω2, ω3, . . . }

ε0 := sup{ω, ωω, ωωω

, . . . }

ω1 O(ω1) 1 1

Cantor

ZFC

n 2 n

324 = 102 · 3 + 101 · 2 + 100 · 4 = 102 + 102 + 102 + 101 + 101 + 100 + 100 + 100 + 100

n

( ) ω
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4.2(Cantor )� �
α

α = ωβ0 + · · ·+ ωβk , α ≥ β0 ≥ · · · ≥ βk.

α = β0 α = ωα

� �
ε0 ω

α ∈ O(ε0) ε0 = ωε0

ε0

〈X,≤〉

X 1 1 X1 = 〈X1,≤1〉

X2 = 〈X2,≤2〉 X1 X2 f : X1 −→ X2

a ≤1 b ⇐⇒ f(a) ≤2 f(b).

X1
∼= X2 O(α) ∼= O(β) α = β

4.3� �
X = 〈X,≤〉 X

α ∈ O(ω1) X ∼= O(α)
� �

α 〈X,≤〉 o(X,≤)

1.1 N

t = [n0, . . . , nk] ∈ M(N)

t• := ωn0 + · · · + ωnk (n0 ≥ n1 ≥ · · · ≥ nk)

4.2

β < ωω ⇐⇒ β = ωn0 + · · ·+ ωnk (n0, . . . , nk ∈ N, n0 ≥ · · · ≥ nk)

O(ωω)

ωn+1 = ωn · ω > ωn · k = ωn + · · · + ωn (k )

k ∈ N u 	 t ⇐⇒ u• ≤ t•

4.4� �

o(M(N),	) = ωω.

� �
3.2

〈X,≤〉

o(X,≤) := sup{o(X,≤′) : ≤′ ≤ } ∈ O(ω1).
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4.5(De Jongh and Parikh 1977)� �
Σ n

o(Σ∗,
) = ωωn−1
.

� �

5 —Kruskal

Higman

Kruskal (1960) NASH

“ ”

Σ T(Σ)

f ∈ Σ, t ∈ T(Σ)∗ =⇒ f(t) ∈ T(Σ).

t ∈ T(Σ) Σ ε T(Σ)∗

f ∈ Σ f(ε) ∈ T(Σ)

t = t0 · · · tk ∈ T(Σ)∗ u = f(t)

t0 · · · tk

f

��������

��������

S(u) := {t0, . . . , tk} u ( ) |u|

ti ∈ S(u) |ti| < |u|

T(Σ) ( ) �

0 ≤ i ≤ k =⇒ ti � f(t0 · · · tk)

u �∗
t =⇒ f(u) � f(t)

u �∗
t u = u0 · · · uk t

t0 · · · tk u0 � t0, . . . , uk � tk ( 3.7 )

ti ∈ S(u) ti � u

5.1(Kruskal 1960)� �
Σ 〈T(Σ),�〉

� �
Higman

(Γ0 ) (Nash-Williams 1963) 3

3 minimal bad sequence
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5.2� �
〈T(Σ),�〉 t0 , t1, t2, . . . (

) u0, u1, u2, . . . |t0| ≤ |u0|. n ∈ N

t0, . . . , tn t0, . . . , tn, un+1, un+2, . . . |tn+1| ≤ |uu+1|.
� �

. 1

t0 t0

1 t1

5.3� �
〈T(Σ),�〉 t0, t1, t2, . . . S :=
⋃

i∈N S(ti) 〈S,�〉

� �
. S s0, s1, s2, . . . i, n ∈ N

si �∈ S(tn) n

si ∈ S(t0) |si| < |t0| si, si+1, si+2, . . .

si ∈ S(tn+1)

t0, . . . , tn, si, si+1, si+2, . . .

tk sj tk � sj sj ∈ S(tl)

tl tk � tl t0, t1, t2, . . . (

sj �∈ S(t0)∪ · · · ∪S(tn) k ≤ n < l ) |si| < |tn+1|

si �∈ S(tn+1).

s0 �∈ S(tn) n s0 ∈ S

5.1 〈T(Σ),�〉

t0, t1, t2, . . . 〈S,�〉 Σ f ∈ Σ

t0, t1, t2, . . .

f(u0), f(u1), f(u2), . . . (ui ∈ S∗)

3.7

〈S∗,�∗〉 u0,u1,u2, . . . i < j

ui �
∗
uj f(ui) � f(uj)

〈T(Σ),�〉

“ ”
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. 4 2 ∼ 3

1. 〈X,≤〉 X

2. X X = {a, b, c, . . . }

a ∈ X w(a) ∈ N s(a) ∈ N

w(a) = w(b), s(a) = s(b) 2 a, b ∈ X

a ≤ b ⇐⇒ w(a) < w(b) (w(a) = w(b) s(a) ≤ s(b)).

〈X,≤〉

3. 〈X1,≤1〉, 〈X2,≤2〉 X1 ×X2 ≤

(a1, a2) ≤ (b1, b2) ⇐⇒ a1 ≤1 b1 a2 ≤2 b2 (a1, b1 ∈ X1, a2, b2 ∈ X2)

〈X1 ×X2,≤〉 ( 3.3

)

4.

20
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