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Interaction abstract machine (IAM)

®[Danos & Regnier '99]
® call-by-name evaluation

®designed after Geometry of Interaction [Girard '89]

semantics of

linear logic
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(e 1) () (A2.2) N

() (M) (A2 .2)

(Az.zz) (A\y.y) (Az.2)) V | 5'

(Az.xx) (Ay.y) (Az.2)) f P

(Ao ) (Ay-y) (Az.2)) J A
Gean) (Qua) ) | >
() () (A2 .2) —® S
(v ) (M) (Az.2) |
(Az.zx) (Ay.y) (Az.2)) 1-——————— —
() (M) (Az.2)

() () (A2 2))
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Interaction abstract machine (IAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

fixed graph

(Ar.zx) (Ay.y) (A2.2))

(Av.z ) (Ay.y) (Az.2))

O ) () (A=.2) | |

O ) () (Az.2) -

(Az.zz) (A\y.y) (Az.2)) | l? ’ f 7 5'

(Az.xx) (Ay.y) (Az.2)) 1] v i

(e ) () (Az.2) 1. \
(Az.xx) (Ay.y) (Az.2)) | o | ; J
(Ae.xz) (Ay-y) (Az.2) B 1 N
(e ) () (Az.2) S |
(Az.xx) ((A\y.y) (Az.2)) L - —
(Az.xx) (Ay.y) (Az.2))

(e ) () (3=.2)
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Interaction abstract machine (IAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

fixed graph

(Ar.zx) (Ay.y) (A2.2))

(Av.z ) (Ay.y) (Az.2))

O ) () (A2 2) |

() (M) (A2 .2) .

(Az.zz) (A\y.y) (Az.2)) f 7 5'

(Az.xx) (Ay.y) (Az.2)) P

(A x) (Ay.y) (A=.2)) S A
() (M) (02 .2) e e Lo
() () (A2 .2) .
(v ) (M) (Az.2) |
(Az.zx) (Ay.y) (Az.2)) 1-——————— —
() (M) (Az.2)

() () (A2 2))
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Interaction abstract machine (IAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

fixed graph

(Az.zx) ((Ay.y) (Az.2))

(Av.xx) (Ay.y) (Az.2))

(Ax.z ) (Ay.y) (Az.2)) _

(Ax.zz) (Ay.y) (Az.2)) O

(A x) (Ay.y) (Az.2)) |

(Ax.zz) (A\y.y) (Az.2)) i 1

(e ) () (Az.2) AR 2
Cwwa) (Oua)0ez) | DR
(e ) () (Az.2) —® Q
(e ) () (Az.2) |
(A x) (Ay.y) (A=.2)) e —
(2 (O ) (32.2)

(Az.xx) (Ay.y) (Az.2))

(Ar.zz) (Ay.y) (Az.2))
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Interaction abstract machine (IAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

fixed graph

(Az.zx) ((Ay.y) (Az.2))

(Av.xx) (Ay.y) (Az.2))

(Ax.z ) (Ay.y) (Az.2)) _

(Ax.zz) (Ay.y) (Az.2)) O

(A x) (Ay.y) (Az.2)) |

(Ax.zz) (A\y.y) (Az.2)) i A1

(e 2) () (02-2) e "
Cwwa) (Oua)0ez) | N
(e ) () (Az.2) —® Q
(e ) () (Az.2) |
(A x) (Ay.y) (A=.2)) e —
(2 (O ) (32.2)

(Az.xx) (Ay.y) (Az.2))

(Ar.zz) (Ay.y) (Az.2))
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Interaction abstract machine (IAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

fixed graph

(Az.zx) ((Ay.y) (Az.2))

(Av.xx) (Ay.y) (Az.2))

(Ax.z ) (Ay.y) (Az.2)) _

(Ax.zz) (Ay.y) (Az.2)) O

(A x) (Ay.y) (Az.2)) |

(Ax.zz) (A\y.y) (Az.2)) i ‘

(e 2) () (02-2) e "
Cwwa) (Oua)0ez) | N
(e ) () (Az.2) —® Q
(e ) () (Az.2) |
(A x) (Ay.y) (A=.2)) e —
(2 (O ) (32.2)

(Az.xx) (Ay.y) (Az.2))

(Ar.zz) (Ay.y) (Az.2))
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Storeless abstract machine (SAM)

®[Danvy & Zerny '13]
®call-by-need evaluation

® syntactical environment

Terms

T
Values wv:
Evaluation contexts E
Substitution contexts A ::

:m|3\:rt|tt|t[:r{—t] Pure terms

to=1|
Pure values 7= Azx.t

|A[:c<—f]

(tw, E) ))): (8)

(z, Ev(E2[z = t])) term —o (8, E1(E2(z)[z + ()]))term (9)
(T, E)term —o (T, E)ctat (10)

(Az.E, E(AT))ctar —b (_ E( (()z 1)) term (11)

(U, E1(Ex(z)[x + A])) et —3s (T, E1(A(Ea[x < 1)) otar (if € FVy(E2)) (12)
(7, E1(Ea(z)[r = Al))ctar —s (T, El{ (E2))) etat (if = & FVy(Ez)) (13)

Figure 5 Call-by-need Storeless Abstract Machine (SAM)
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Storeless abstract machine (SAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

(Az.xx) ((Ay.y) (Az.2))

redex searching
term rewriting
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Storeless abstract machine (SAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

(Az.xx) ((Ay.y) (Az.2))
(A x) (Ay.y) (Az.2))

redex searching
term rewriting
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Storeless abstract machine (SAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

(Az.xx) ((Ay.y) (Az.2))
(A x) (Ay.y) (Az.2))

(v )z + (Ay.y) (Az.2)] redex searching
term rewriting
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Storeless abstract machine (SAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Ae.xx) ((Ay.y)

: z))
(Az.x f?(()\yy)( z.2))
(v )z + (Ay.y) (Az.2)] redex searching
(rx)[r +— (M\y.y) (A\z.2)] term rewriting
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Storeless abstract machine (SAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Ae.xx) ((Ay.y) (Az.2)
) O 0

( )
( )
(i T ;z: - (/\y.y) ()\::.::): term rewriting
()] (Az.2)

v x)[r < (Ay.y) (A\z.z)
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Storeless abstract machine (SAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

(Ax.zx) ((Ay.y) (Az.2))
(Arr ) (Ay-y) (Az.2))
(i z) v (My.y) (A\z.2)] term rewriting
(zz)[z + (Ay.y) (Az.2)]
(v )z + (\y.y) (A\z.2)
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Storeless abstract machine (SAM)

(Ax.xx) (Ay.y) (Az.2)) | Az.z

L .

(
(
(2
(2
(J,
(2
(2

Ae.xx) ((Ay.y) (Az.2)
Ao x) (Ay.y) (Az.2)

{4—:;[J<—)\ z]]

redex searching
term rewriting
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Storeless abstract machine (SAM)

(Ax.xx) (Ay.y) (Az.2)) | Az.z

Av.rx) ((Ay.y) (Az.z)
Ao x) (Ay.y) (Az.2)

|

B
£

r 1
» -
[
-

r 1
T
[
-

r 1
. -
[
-

(
(
()]
()
()|
()
(i )
((

[}

redex searching
term rewriting
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Storeless abstract machine (SAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

(Ar.xx) ((Ay.y) (Az.2))

(Ar.xx) (Ay.y) (Az.2))

(wx)[x + (Ay.y) (Az.2), redex searching
(rx)[x +— (M\y.y) (Az.2)] term rewriting
(z )|z + (\y.y) (A\z.2)

(x)[z = (Ay.y) (A\z.2)

(x {)_{ — yly + Az.z]]

(()\ [E %)\z.z][y(—)‘z.z]
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Storeless abstract machine (SAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

(Ar.xx) ((Ay.y) (Az.2))

(e 0) () (12 2)

(wx)[x + (Ay.y) (Az.2), redex searching
(rx)[x +— (Ay.y) (Az.2)] term rewriting
(x @)z (Ay.y) (Az.2)

(x)[z = (Ay.y) (A\z.2)

(xx)|x — yly + Az.z]]

(()\ 2)x)|x = Az.z|ly  Az.z]
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Storeless abstract machine (SAM)
(Ax.xx) (Ay.y) (Az.2)) | Az.z

(Ar.xx) ((Ay.y) (Az.2))
e ) (Ap-p) (Az.2)
(wx)[x + (Ay.y) (Az.2), redex searching
(rx)[x +— (M\y.y) (Az.2)] term rewriting
(x @)z (Ay.y) (Az.2)
(x)[z = (Ay.y) (A\z.2)
(xx)|x — yly + Az.z]]
(N\z.z)x)|x = Az.2] [y + Az.z]
2z xl[e  Az.zlly Az 2]
z|z 4 x)|x ¢ Az.z]|ly ¢ Az.zZ]
(A" 2z = N 2w Az 2]y «+ Az2.2]

66 Muroya (U. B’ham.)



IAM vs. SAM

|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching
fixed graph term rewriting
(Ar.xx) (Ay.y) (Az.2)) (Az.xx) (Ay.y) (Az.2))

(A ) (Ay.y) (Az.z)) (Ar.w ) (Ay.y) (Az.2))

(.t ) () (A2.2)) (o) = () (Ae.2)]

(Az.z ) (Ay.y) (Az.2)) (v @)z + (Ay.y) (\z.2)]
(Ar.zxz) ((Ay.y) (Az.2)) (xz)|z + (Ay.y) (Az.2)]

(a2 2) () (Az.2)) (e0)le < () (A=)
(Ar.xx) ((Ay.y) (Az.2)) (x E}[z — yly < Az.2]]
(Ar.xx) (Ay.y) (Az.2)) (Az.z)@)[x + Az.z][y + Az.2]
(Az.zxz) ((A\y.y) (Az.2)) z[z x] [x 4 Az.2][y + Az.2]
(Az.xx) (Ay.y) (Az.2)) z[z = x][w  Az.z][y « Az.z]
(Az.xx) (A\y.y) (A\z.2)) (A" 2z = A2 [o = Azz][y + Az 2]
(Az.xx) (Ay.y) (Az.2))

(Az.zx) ((Ay.y) (Az.2))

(Ar.xx) (Ay.y) (Az.2))
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IAM vs. SAM

|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching

fixed graph term rewriting

o) ((Ay.y) (Az.2))
.1 T) ((/\y y) (A\z.2))

£

(Az.wx) ((Ay.y) (Az.2))
(Ar.ra) (Ay.y) (Az.2))
(AL L0 \z.z))

space
efficient
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IAM vs. SAM

|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching

fixed graph term rewriting

£,

(Ay.y) (Az.2))

(Ar.xx) (Ay.y) (Az.2)) x)
) ((/\y y) (Az.2))

(Ar.ra) (Ay.y) (Az.2))
(Az.x )L z.%

space
efficient

unified

(Ar.x o) ((Ay.y) (Az.2)) z[z = o[ = Az 2]y « Az.2]

(Az.zz) ((\y.y) (Az.2)) framework? (A2 [z = Ao = Az ][y = Az 2]
(Az.xx) (Ay.y) (Az.2))

(Az.zx) ((Ay.y) (Az.2))

() () (A=)
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Quantitative analysis
by Gol-style token passing

semantics of
linear logic
of 2

space-time trade-off
of program execution cost

abstract machines for lambda-calculus
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IAM vs. SAM

|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching

fixed graph term rewriting

£,

(Ay.y) (Az.2))

(Ar.xx) (Ay.y) (Az.2)) x)
) ((/\y y) (Az.2))

(Ar.ra) (Ay.y) (Az.2))
(Az.x )L z.%

space
efficient

unified

(Ar.x o) ((Ay.y) (Az.2)) z[z = o[ = Az 2]y « Az.2]

(Az.zz) ((\y.y) (Az.2)) framework? (A2 [z = Ao = Az ][y = Az 2]
(Az.xx) (Ay.y) (Az.2))

(Az.zx) ((Ay.y) (Az.2))

() () (A=)
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Dynamic Gol machine (DGolM)

Gol token passing
graph rewriting

|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching
fixed graph term rewriting

unified

Ay.y) (Az.z

(Av.zr) (Ay-y) (Az.2)) [z =l = Az 2][y = Az.2]

(Az.zz) (A\y.y) (A\z.2)) framewo rk? (A" 2z = A2 [o = Azz][y + Az 2]
(Az.xx) (Ay.y) (Az.2))

(Ar.xx) ((Ay.y) (Az.2))

(Ar.xx) (Ay.y) (Az.2))
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Dynamic Gol machine (DGolM)

Gol token passing

graph rewriting
|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching
fixed graph term rewriting

unified

Ay.y) (Az.z

(Av.zr) (Ay-y) (Az.2)) [z =l = Az 2][y = Az.2]

(Az.zz) (A\y.y) (A\z.2)) framewo rk? (A" 2z = A2 [o = Azz][y + Az 2]
(Az.xx) (Ay.y) (Az.2))

(Ar.xx) ((Ay.y) (Az.2))

(Ar.xx) (Ay.y) (Az.2))
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Dynamic Gol machine (DGolM)

Gol token passing
graph rewriting

|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching
fixed graph term rewriting

unified

Ay.y) (Az.z

(Av.zr) (Ay-y) (Az.2)) [z =l = Az 2][y = Az.2]

(Az.zz) (A\y.y) (A\z.2)) framewo rk? (A" 2z = A2 [o = Azz][y + Az 2]
(Az.xx) (Ay.y) (Az.2))

(Ar.xx) ((Ay.y) (Az.2))

(Ar.xx) (Ay.y) (Az.2))
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DGolIM = 1AM + proof-net cut elimination
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

graph rewriting
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DGolIM = 1AM + proof-net cut elimination
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

graph rewriting
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DGolIM = 1AM + proof-net cut elimination
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

graph rewriting
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DGolIM = 1AM + proof-net cut elimination
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

graph rewriting

(% “'i
|
.
| Y ¥
~ L~ |
v/ s T— | |
: )
} 4 .
L - ;
&9, 3 A
| .
T |'
{ |
+/ \ 4
|
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DGolIM = 1AM + proof-net cut elimination
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

graph rewriting

(% .“'I
r‘ |
| i
~’ N
v/ T | |
‘ ) s &Y
| |
“***' Cign a 1
| . o
T |'
A |
- l
A
N T T T T - ]
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DGolIM = 1AM + proof-net cut elimination
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

graph rewriting
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DGolM = |AM + proof-net cut elimination
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

graph rewriting

I dE g ]
o ‘ | - | | o | -
redex | | o -
detected ST . |
O
{
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DGolM = |AM + proof-net cut elimination
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

graph rewriting

—® 3( © & i

(1) trigger | 1? f e !

rewriting [T ® | Lo o ® @y
h,,’\'\ J ,@__4] ‘ ‘ L | 1 4\
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DGolM = |AM + proof-net cut elimination
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

graph rewriting

I dE g ]
o ‘ | - | | o | -
redex | | o -
detected ST . |
O
{
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DGolIM = 1AM + proof-net cut elimination
(Ax.xx) (Ay.y) (Az.2)) | Az.z

Gol token passing

graph rewriting

| )
| L]
(2) keep | | + @
passing 1A |
- |
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DGolM: flexible interleaving
DGolM

Gol token passing

graph rewriting
passes-only

L
|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching
fixed graph term rewriting

time
efficient

space
efficient

unified
framework?
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DGolM: flexible interleaving
DGolM

Gol token passing

graph rewriting

passes-only \_/ +.. rewrites-first
2N

L
|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching
fixed graph term rewriting

time
efficient

space
efficient

unified
framework?
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Quantitative analysis
by Gol-style token passing

semantics of
linear logic
of 2

space-time trade-off
of program execution cost

abstract machines for lambda-calculus
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DGolM: flexible interleaving
DGolM

Gol token passing

graph rewriting

passes-only \_/ +.. rewrites-first
2N

L
|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching
fixed graph term rewriting

time
efficient

space
efficient

unified
framework?
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DGolM: rewrites-first interleaving
DGolM

Gol token passing

graph rewriting
rewrites-first

SAM (call-by-need)

redex searching
term rewriting

time
efficient
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Rewrites-first DGolM: states

» Definition 2. Let £ be a fixed countable (infinite) set of names. The state of the transition

system s = (G, p, h, m) consists of the following elements:

w a named well-bozed graph G = (G, {¢), that is a well-boxed graph G with a naming lg
that assigns a unique name o € L to each node of G

wm a pair p = (e,d) called position, of an edge e of G and a direction d € {1,]}

ws a history stack h defined by the grammar below, o € L.n € [N:

ho=0O|Ax, :h|Cuty:h|®q:h|By:h|lg:h|Dy:h|CE:h.

wm a multiplicative stack m defined by the BNF grammar m == |1:m | r: m.
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Rewrites-first DGolM: states

multiplicative-exponential proof net

» Definition 2. Let £ be a fixed countable (infinite) set of n e state of the transition

system s = (G, p, h, m) consists of the following elements:

w a named well-bozed graph G = (G, {¢), that is a well-boxed graph G with a naming lg
that assigns a unique name o € L to each node of G

wm a pair p = (e,d) called position, of an edge e of G and a direction d € {1,]}

ws a history stack h defined by the grammar below, o € L.n € [N:

ho=0O|Ax, :h|Cuty:h|®q:h|By:h|lg:h|Dy:h|CE:h.

wm a multiplicative stack m defined by the BNF grammar m == |1:m | r: m.
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Rewrites-first DGolM: states

multiplicative-exponential proof net

» Definition 2. Let £ be a fixed countable (infinite) set of n e state of the transition

system s = (G, p, h, m) consists of the following elements:

w a named well-bozed graph G = (G, {¢), that is a well-boxed graph G with a naming lg
that assigns a unique name o € L to each node of G

m a pair p = (e,d) called position, of an edge e of G and a dirg

S simplified
data of |IAM

w= a history stack h defined by the grammar below, a €

ho=0O|Ax, :h|Cuty:h|®q:h|Ba:h|ly:h

m a multiplicative stack m defined by the BNF grammar
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Rewrites-first DGolM: transitions

pass transitions
(h,m)  (Axq:h

14 @~

(h, m)

selected
Gol token

passing

' - (84 2 h, m)
§ e el @2
(h,m)  (la:h,m) (h,m)  (Da:h,m)

Figure 3 Pass Transitions ($ € {®, %}, n > 0)

rewrite transitions

proof-net
cut elimination

Ny :Cutg:@,:h

Cut,j D “h Cutg: h

) H.J W -
'- ' D Cud !Q:Cutﬁ:C}F:ﬁg:h lo:Cutg:fs: h

Figure 4 Rewrite Transitions (n = 0)
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Rewrites-first DGolM:

pass transitions

selected
Gol token
passing

(R, m) (Cut,, : h, m)
e @ J -0 | @a’T

(I, m) (e :

(h, m) (CL :h,m)

& -

transitions

rewrite transitions

proof-net
cut elimination
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Rewrites-first DGolM: transitions

pass transitions
=9
selected
Gol token
passing

rewrite transitions
>

proof-net
cut elimination

(if “>x POssj ble)

(if only -
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Translate lambda-terms

“call-by-value translation” of intuitionistic logic to linear logic
[Girard '87]

only values
can be copied

I; T
wowr P e FV(”%@ .
(it € FV(1)) g i

(if z €F FV(t))

Figure 6 Inductive Translation (-)7 of Terms to Well-boxed Graphs

96 Muroya (U. B’ham.)



Rewrites-first DGolM: implement call-by-need

SAM (call-by-need) e ; ca-ipeg T

» Theorem 9 (weak simulation). Let a configuration ¢ and a state s satisfy ¢ < s.
1.

2

4.

» Definition 8 (binary relation <). A reachable configuration ¢ and a state ((G, £g),p, h,m)
satisfies ¢ < ((G,fg),p, h,m) if and only if £ is an arbltr'l:ry naming, ((G,4z).p,h.m) is

(if e = (¢, E)term)

DGolM

rooted at the unique open edge of &, and (G, p) =

(=) ]

If a transition ¢ —y ¢ of the SAM is possible, there exists a sequence s —5—>p—2, 8’ such
that ¢' < &.

If a transition ¢ —¢ ¢ of the SAM is possible, there erists a sequence s —s—>o 8’ such
that ¢’ < s'.

If a transition ¢ —o ¢ of the SAM is possible, there exists a sequence s —2 s such that
O<N<4andcd <5¢.

No transition — is possible at the state s’ if ¢’ = (T, A) ctat.

correctness via weak simulation
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Rewrites-first DGolM: implement call-by-need

time cost analysis a la [Accattoli '16]

» Theorem 13 (time cost). Let C,D be fized natural numbers, and r: so —* s be a sequence
of transitions of the DGoIM_... If there exists an execution (to, {-))term —* (t, E) of the SAM

such that sg < (T, (*))term and s = (E, E), the total time cost T'(r) of the sequence r satisfies:

T'(r) = O(([tol +C) - (Irlp + D).

» Corollary 14. The DGolIM_. is an efficient abstract machine, in the sense of Def. 11.

time
efficient

» Definition 11 (classes of abstract machines [1, Def. 7.1]). 1. An abstract machine is ef-
ficient if its execution time cost is linear in both the input size and the number of

[-transitions.
An abstract machine is reasonable if its execution time cost is polynomial in the input

size and the number of S-transitions.
. An abstract machine is unreasonable if it is not reasonable.

)\//

Muroya (U. B’ham.)
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DGolM: rewrites-first interleaving
DGolM

Gol token passing

graph rewriting
rewrites-first

SAM (call-by-need)

redex searching
term rewriting

time
efficient
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Quantitative analysis
by Gol-style token passing

semantics of
linear logic
of 2

space-time trade-off
of program execution cost

abstract machines for lambda-calculus
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DGolM: flexible interleaving
DGolM

Gol token passing

graph rewriting

passes-only rewrites-first

L
|AM (call-by-name) SAM (call-by-need)

Gol token passing redex searching

fixed graph term rewriting

time
efficient

space
efficient

unified
framework?
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Future work

®flexible interleaving
OlAM (call-by-name) -- SAM (call-by-need) spectrum
Ocall-by-value?

®token-guided rewriting of “higher-order” data-flow graphs?

OTensorFlow (https://www.tensorflow.org/)

Oself-adjusting computation (
http://www.umut-acar.org/self-adjusting-computation)
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