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Geometry of Interaction (Gol)

e semantics of {Iinear logic proofs [Girard '89],

functional programming languages

“Gol interpretation”

* token machine representation [Mackie '95]

l

compilation technigues and implementations
[Mackie '95] [Pinto '01] [Ghica '07]

3 Muroya (U. Tokyo)
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Geometry of Interaction (Gol)

e token machine representation of Gol interpretation
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Memoryful Gol — Input

CBV A-terms with algebraic effects

algebraic operations [Plotkin, Power '01]

e nondeterministic choice M UN

* probabilistic choice MU, N
e actions on global states

lookup;(M,,,..., M, ) update ,(M)

) U|Val|

Muroya (U. Tokyo)



Memoryful Gol — Output

stream transducers (Mealy machines)

(X, c: X xA—-T(XxB), z0e X): A— B

ao /by @ ao /52: automaton style
Xl "

Bf
c string diagram style

AiTCLO
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Memoryful Gol — Output

stream transducers (Mealy machines)

(X, c: X xA—-T(XxB), z0e X): A— B

®
(]
®
mf\ . ¢ o~ I*AIAAALAIA A*‘ 'IA

- Res(T)
transaucers objects: sets
arrows: transducers modulo behavioral equivalence

(X, c: X x A—T(X x B), 20 € X)|~: A — B

string diagram style

Muroya (U. Tokyo)



Memoryful Gol — Output

stream transducers (Mealy machines)

(X, c: X xA—-T(XxB),zge X): A— B

(20, ao 'H{ﬂfl,bl (2,02)}

_(xl,bl) —> 1/4,_
_(QEQ,bQ) —> 3/4_

probabilistic
] computation

Muroya (U. Tokyo)

computation with
global states




I\/\emOryfu\ Gol [Hoshino, —, Hasuo '14]

¢ (Ax:nat.x+x)(3U5) :nat

sound translation
* based on Geometry of Interaction

* via coalgebraic component calculus
[Barbosa '03] [Hasuo, Jacobs '11]

transducers - composition operators for software components

2 ° (many-sorted) process calculus

Muroya (U. Tokyo)



Memoryful Gol — Translation

Det. (component calculus)
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Memoryful Gol — Translation

Det. (component calculus)

seguential parallel
composition composition
CoD i CHD

Y, X, X xY, X, Y, X xY,
YxBLT(Y x0),|o| XxAST(X xB),| = ‘ XxASTXxB),|Blyxc%TY xD),| =
Yo €Y zg € X (z0,90) € X XY ) § zg € X Y €Y (zo,70) € X XY

Muroya (U. Tokyo)



Memoryful Gol — Translation

Det. (component calculus) s L a
e operator operation
operator ';,

Tr(C) : |

=)

(a: I-ary algebraic operation)

Muroya (U. Tokyo)



Memoryful Gol — Translation

Det. (component calculus) s L a
e operator operation
operator ;

)T F(C)

,T(B++C
A} tC

(a: I-ary algebraic operation)

Muroya (U. Tokyo)



Memoryful Gol — Translation

Det. (component calculus) s L a
e operator operation
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Memorytul Gol — Translation

Def. (translation(I' = M : 7))

For atype judgement (' FM: 7)(I'=x1 : T1,...,Xn : Tn)

we inductively define

(CFM:7) =

13
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Memorytul Gol — Translation

Def. (translation(I' = M : 7))

THXx:0M:0—7)=

J

A
.\ . * 4 [
(]Fl—M N:T[) = | (TFM:i0—1) | (]F;N;ap AX. x + X 1
] (7] [¢]
*
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Memorytul Gol — Translation

Def. (translation(I' = M : 7))

TSRy

(C'Fx;:m) = [

R

+ + ...... +
bbb b
(T Fop™ (M1, Mar(op)) 1 T) = || Crmim | oo [0ty o)
IR R
+ R +
b
T Fop’():7) = |op0 / /
15
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Memorytul Gol — Translation

Def. (translation(I' = M : 7))

(' Fn:nat) = hDGn ::/ ::/

I'y)x :nat,y:nat - x+ y: nat) =
y y

(T',x : nat - x + x : nat) = hDC8u

Muroya (U. Tokyo)



Memorytul Gol — Translation

Theorem II1.3 (soundness of (—|). For closed terms M and N
of the base type nat, - M = N : nat implies (- M : nat) ~
(F N : nat)).

behavioral equivalence

e (almost full fragment of) Moggi’s equations for
computational lambda-calculus
e equations for algebraic operations

MUM=M
Elopr(My, ..., M,)] = opr(E[M],..., E[M,])

17 Muroya (U. Tokyo)
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Memoryful Gol with recursion

v

¢ (Ax:nat.x+x)(3U5) :nat

translation
* based on Geometry of Interaction
* via coalgebraic component calculus

transducers
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Memoryful Gol with recursion

v

¢ (Ax:nat.x+x)(3U5) :nat

translation
* based on Geometry of Interaction
* via extended coalgebraic component calculus




Memoryful Gol with recursion

Det. (component calculus over transducers)

| % ¥ '
\ C D f ) \

¥ o Y - 3
Y oo A operator A
composition

countable copy

sequential
composition

lifted algebraic
operation

operator



Memoryful Gol with recursion

Def. (extended component calculus) -
) : ’ fixed point
countable operator
parallel ¢

composition FiX(C)

22



Memoryful Gol with recursion

composition

Def. (extended component calculus) | .
; ’ “fixed point”
countable operator
parallel ¢




‘Fixed point” operator

Lem. (Fix as a fixed point operator)

- (A4C4N A

A} N x A

satisfies

23
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‘Fixed point” operator

Lem. (two styles of “implementation”)

——1
N

L[M IT

ljlm' C |J'| ~ @Girard style

~ Mackie style

Muroya (U. Tokyo)



‘Fixed point” operator

Lem. (domain-theoretic characterization of Fix)

Under the assumption that

e Setr is a Cppo-enriched category with Cppo-enriched (countable) cotu-
plings

e compositions op of Set is strict in the restricted form: fopr L = 1 and
1l op(ny og) =1 hold for any f: X - TY and g: X — Y in Set

e premonoidal structures X ® —, — ® X of Sety is locally continuous and
strict for any X in Set

1t holds that:

25 Muroya (U. Tokyo)



‘Fixed point” operator

Lem. (domain-theoretic characterization of Fix)

A* *N x A K
Fix( 8 ) — o HUCE. . is a supremum of an w-chain
Ab v x4
I ireis
o iR | | RS al||=ta <
AL e = o< - | s = -
A+ \k A+ kk

where (X, c: X xA—T(XxB), 20€ X)< (Y, c:Y x A= T(Y x B), yo € Y)
LLX=Y Az=y A cCdin Setr(X x 4, X x B)

26 Muroya (U. Tokyo)



Memorytul Gol with recursion

- 0

¢ (Ax:nat.x+x)(3U5) :nat

translation
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Memorytul Gol — Translation

Def. (translation(I' = M : 7))

For atype judgement (' FM: 7)(I'=x1 : T1,...,Xn : Tn)

we inductively define

(CFM:7) =
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Memorytul Gol — Translation

Def. (translation(I' = M : 7))

THXx:0M:0—7)=

J

o
.\ . * 4 [
(]Fl—M N:T[) = | (TFM:i0—1) | (]F;N;ap AX. x + X 1
] (7] [¢]
+
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Memorytul Gol — Translation

Def. (translation(I' = M : 7))

TSRy

(C'Fx;:m) = [

R

+ + ...... +
bbb b
(T Fop™ (M1, Mar(op)) 1 T) = || Crmim | oo [0ty o)
IR R
+ R +
b
T Fop’():7) = |op0 / /
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Memorytul Gol — Translation

Def. (translation(I' = M : 7))

(' Fn:nat) = hDGn ::/ ::/

I'y)x :nat,y:nat - x+ y: nat) =
y y

(T',x : nat - x + x : nat) = hDC8u
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Memorytul Gol with recursion

Def. (translation(I' = M : 7))

(C'+rec(f:0 >T1,x:0).M:0 = 7)) =

Mackie style

32
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Memorytul Gol — Translation

Theorem II1.3 (soundness of (—|). For closed terms M and N
of the base type nat, - M = N : nat implies (- M : nat) ~
(F N : nat)).

behavioral equivalence

e (almost full fragment of) Moggi’s equations for
computational lambda-calculus
e equations for algebraic operations

MUM=M
Elopr(My, ..., M,)] = opr(E[M],..., E[M,])
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Lo uy

Examples

((Ax.x) (34 b)) =

(g¥ong) (= 2Y)

35
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Examples

-

—~
P4

4

((rec(f,x).
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Examples

case(inly (*) L inrg 1(%), y.1, z.f )

((rec(f,x).if true Ll false then 1 else fx)0) =

37 Muroya (U. Tokyo)



Memorytul Gol recursion

s 0000

¢ (Ax:nat.x+x)(3U5) :nat

sound (& adequate) translation
* based on Geometry of Interaction
* via extended coalgebraic component calculus

—

transducersi

38 Muroya (U. Tokyo)



Memorytul Gol recursion

s 0000

¢ (Ax:nat.x+x)(3U5) :nat

sound (& adequate) translation
* based on Geometry of Interaction
* via extended coalgebraic component calculus

—

transducersi

38 Muroya (U. Tokyo)



