Subsequential scaling limits of simple random walk on the
two-dimensional uniform spanning tree

M. T. Barlow* D. A. Croydonfand T. Kumagait

April 30, 2015

Abstract

The first main result of this paper is that the law of the (rescaled) two-dimensional
uniform spanning tree is tight in a space whose elements are measured, rooted real trees
continuously embedded into Euclidean space. Various properties of the intrinsic metrics,
measures and embeddings of the subsequential limits in this space are obtained, with it
being proved in particular that the Hausdorff dimension of any limit in its intrinsic metric
is almost surely equal to 8/5. In addition, the tightness result is applied to deduce that the
annealed law of the simple random walk on the two-dimensional uniform spanning tree is
tight under a suitable rescaling. For the limiting processes, which are diffusions on random
real trees embedded into Euclidean space, detailed transition density estimates are derived.

1 Introduction

The study of uniform spanning trees (USTs) has a long history; in the 1840s Kirchhoff used them
in his classic paper [34] on electrical resistance. Much of the recent theory in the probability
literature is based on the discovery that paths in the UST have the same law as loop erased
random walks. Using this connection, algorithms to construct the UST from random walks
have been given in [4, 14, 49]. See [12] for a survey of the properties of the UST, and a
description of Wilson’s algorithm, which will be important for this article, and [39] for a survey
of the properties of the loop erased random walk (LERW). We also remark that USTs can be
considered as a boundary case of the random cluster model — see [29].

In [48] Schramm studied the scaling limit of the UST in Z2, and this led him to introduce
the SLE process. In [41] it was proved that the LERW in Z? has SLE; as its scaling limit, and
this connection was used in [10, 45] to improve earlier results of Kenyon [31] on the growth
function of two-dimensional LERW. In [11] this good control on the length of LERW paths,
combined with Wilson’s algorithm, was used to obtain volume growth and resistance estimates
for the two-dimensional UST . Using the connection between random walks and electrical
resistance, and the methods of [9, 37], these bounds then led to heat kernel bounds for U.

In this paper we study scaling limits of U, as well as the random walk on it. While very
significant progress in this direction was made on the first topic in [2, 48], those papers are
focused on the topological properties of the scaling limit as a subset of R?. Here we work in a
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framework that allows us to describe properties of the joint scaling limit of the corresponding
intrinsic metric, uniform measure and simple random walk.

We begin by introducing our main notation. Throughout this article, &/ will represent the
uniform spanning tree on Z2, and P the probability measure on the probability space on which
this is built. As proved in [47], U is the local limit of the uniform spanning tree on [—n, n]? N Z?
(equipped with nearest-neighbour bonds) as n — co. We note that U is P-a.s. indeed a spanning
tree of Z2 — i.e. it is a graph with vertex set Z?, and any two of its vertices are connected by
a unique path in Y. We will denote by di; the intrinsic (shortest path) metric on the graph U,
and iy the uniform measure on U (i.e. the measure which places a unit mass at each vertex).

To describe the scaling limit of the metric measure space (U,dy, puy), we work with a
Gromov-Hausdorff-type topology of the kind that has proved useful for studying real trees.
(See [15] for an introduction to the classical theory, and [25] for its application to real trees). In
particular, we will build on the notions of Gromov-Hausdorff-Prohorov topology of [1, 25, 46],
and the topology for spatial trees of [23] (cf. the spectral Gromov-Hausdorff topology of [21]).
We extend the metric space (U, dy) to a complete and locally compact real tree by adding unit
line segments along edges. The measure py, is then viewed as a locally finite (atomic) Borel
measure on this space. To retain information about U in the Euclidean topology, we consider
(U,dy) as a spatial tree — that is, as an abstract real tree embedded into R? via a continuous
map ¢y : U — R?, which we take in our example to be just the identity on vertices, with linear
interpolation along edges. In addition, we will suppose the space (U, dy) is rooted at the origin
of Z2. Thus we define a random quintuplet (U, dy, pizs, ¢us,0), and our first result (Theorem
1.1 below) is that the law of this object is tight under rescaling in the appropriate space of
‘measured, rooted spatial trees’. The principal advantage of working in this topology is that it
allows us to preserve information about the intrinsic metric dy; and measure py; these parts of
the picture were missing from the earlier scaling results of [2, 48].

The final ingredient we need in order to state our first main result comes from the growth
function for LERW in Z2. This is the function Go(r) = E|L,|, where |L,| is the length of a
LERW run from 0 until it first exits the ball of radius r. In particular, from the results in
[40, 45] we have (see [8, Corollary 3.15]) that there exist constants c1,ca € (0,00) such that

ar® < Ga(r) < cor”, (1.1)

where the growth exponent x := 5/4. This exponent plays a key role in the comparison of the
intrinsic and Euclidean metrics on the UST. We remark that in [11], where the key result of [40]
was not available, the heat kernel estimates on I/ take on a more complicated form involving
the function G9 and functions derived from it.

Theorem 1.1. If P; is the law of the measured, rooted spatial tree (U, % dy, 5%y, Sy, 0) under
P, then the collection (Ps)sc(o,1) 15 tight.

As already noted, this theorem extends the results of [2, 48] to include scaling of the intrinsic
metric and uniform measure. We further note that the tightness in [2, 48] was essentially a finite-
dimensional statement, since it described the shape in Euclidean space of the tree spanning a
finite number of points, while the result above establishes tightness for the entire space.

Remark 1.2. To extend the above theorem to a full convergence result, and establish that the
scaling limit satisfies the obvious scale invariance properties, it would be sufficient to characterise
the limit uniquely from a suitable finite-dimensional convergence result. We expect that such a
characterisation will be possible once it is known that two-dimensional loop-erased random walk
converges as a process. Proving this is an open problem, but see [3, 42, 43] for recent progress
on proving the convergence of LERW to the SLEs curve in its ‘natural parameterisation’.



The tightness in Theorem 1.1 implies the existence of subsequential scaling limits for the
collection (Ps)s¢(o,1) of laws on measured, rooted spatial trees as § — 0. The following theorem
gives a number of properties of these limits. We note that (a)(ii) translates part of [2, Theorem
1.2] into our setting, and the topological aspects of (c)(i) and (c)(ii) are a restatement of parts
of [48, Theorem 1.6]. (In particular, the set ¢7(7°) that appears in the statement of our result
is identical to Schramm’s notion of the ‘trunk’ for the UST scaling limit — see Lemma 5.7.) We
do not expect the powers of logarithms and log-logarithms in (1.3) and (1.4) to be optimal.
We write degs(x) for the degree of a point x in a real tree 7, i.e. the number of connected
components of 7\{z}, |A] to represent the cardinality of a subset A C 7, and L to represent
Lebesgue measure on R2.

Theorem 1.3. If P is a subsequential limit of (Ps)se0,1), then for P-a.e. measured, rooted
spatial tree (T ,dt, pur, ¢1, p1) it holds that:
(a) (i) the Hausdorff dimension of the complete and locally compact real tree (T ,dr) is given
by
di = — = —; 1.2
fEo=5 (1.2)
(ii) (T ,dr) has precisely one end at infinity (i.e. there exists a unique isometric embed-
ding of Ry into (7,d7) that maps 0 to pr);
(b) (i) the locally finite Borel measure pr on (7 ,dr) is non-atomic and supported on the
leaves of T, i.e. pr(7°) =0, where T°:=T\{zx € T : degs(z) = 1};
(ii) given R > 0, there ezists a random ro(7) > 0 and deterministic c1,c2 € (0,00) such
that
e (logr™1) 780 < ur (Br(z,1)) < cor¥ (logr=1)%, (1.3)

for every x € Br(pr,R) and r € (0,70(7)), where Br(x,r) is the open ball centred
at © with radius r in (T ,dr);

(1i1) there exists a random ro(7T) > 0 and deterministic c1,ca € (0,00) such that
crr¥ (loglog r™1 ™ < g (Br(pr,7)) < cor® (loglog r—1)3, (1.4)

for every r € (0,79(7));

(c) (i) the restriction of the continuous map ¢ : T — R2? to T° is a homeomorphism
between T° (equipped with the topology induced by the metric d7) and its image
d7(T°) (equipped with the Buclidean topology), the latter of which is dense in R?;

(ii) max,er degr(z) = 3 = maxyepe |67 ()|;
(iii) pr = Lo dr.

The second topic of this paper is the scaling limit of the simple random walk (SRW) on
the two-dimensional UST. For a given realisation of the graph U, the SRW on U is the discrete
time Markov process XY = ((X,,)n>0, (P4)cz2) which at each time step jumps from its current
location to a uniformly chosen neighbour in ¢ (considered as a graph), see Figure 1. For x € Z2,
the law ng’ is called the quenched law of the simple random walk on U started at x. Since 0 is
always an element of U, we can define the annealed or averaged law P as the semi-direct product

of the environment law P and the quenched law Pg by setting

P(-):= /Pg(.)dP. (1.5)

It is this measure for which we will deduce scaling behaviour.
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Figure 1: The range of a realisation of the simple random walk on uniform spanning tree on a
60 x 60 box (with wired boundary conditions), shown after 5,000 and 50,000 steps. From most
to least crossed edges, colours blend from red to blue.
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Techniques for deriving the scaling limits of random walks on the kinds of trees generated by
critical branching processes have previously been developed in [18, 19, 20]; see also [36, Chapter
7] for a survey. In the present work, we adapt these to prove a general result of the following
form — see Theorem 6.1 below for details and some additional technical conditions. If we have
a sequence of graph trees (7,), n > 1, each equipped with its intrinsic metric dr,, a measure
ur,, an embedding ¢7, : T, — R? and a distinguished root vertex p,, for which there exist null
sequences (an)n>1, (bn)n>1, (¢n)n>1 with b, = o(ay,) such that (T, andr,, bupt,, Cnd1,, PT,) —
(T,d7,ur,d1,p7) in the space of measured, rooted spatial trees, then the corresponding
rescaled random walks (¢, ¢, (Xg;’&nbn))tzo converge in distribution. Further, the limiting pro-

cess can be written as (¢7 (X7 ))i>0, where X7 = (X7 )¢>0, (P )ze7) is the canonical Brownian
motion on (7, dr, ur), as constructed in [6], for example (cf. [32]). (We give a brief introduction
to Brownian motion on measured real trees at the start of Section 6.)

Combining Theorem 1.1 and Theorem 6.1 we obtain the following theorem, which establishes
the existence of subsequential scaling limits for the annealed law of the simple random walk on
U. Given the volume estimates (1.3), the general results of [16] yield sub-diffusive transition
density bounds for the limiting diffusion. These demonstrate that, uniformly over bounded
regions of space, the transition density in question has at most logarithmic fluctuations from
the leading order polynomial terms in both the on-diagonal and exponential off-diagonal decay
parts. In Section 7, we also deduce point-wise on-diagonal estimates with only log-logarithmic
fluctuations (cf. the discrete result of [11, Theorem 4.5(a)]), as well as annealed on-diagonal
polynomial bounds. We note the similarity between these results and the transition density
estimates for the Brownian continuum random tree given in [17].

Theorem 1.4. If (P;,)i>1 is a convergent sequence with limit P, then the following statements
hold.

(a) The annealed law of (p7(X[))e>0, where X7 is Brownian motion on (T, dr,ur) started
from pr, i.e.

B() = / PT o g7 ()dP, (1.6)
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is a well-defined probability measure on C(Ry,R?).
(b) If Ps is defined to be the law of ((SX(Z;” )e>0 under P, where the walk dimension d,, of U

—krdy ¢
is defined by
1
dw =1+ df = 33,

then (Ps,)i>1 converges to P.

(c) P-a.s., the process X7 is recurrent and admits a jointly continuous transition density
(pf (z, Y))zyeT t>0. Moreover, it P-a.s. holds that, for any R > 0, there exist random constants
¢i(T) and to(T) € (0,00) and deterministic constants 61,02, 603,04 € (0,00) (not depending on

R) such that

N 1/ (dw—1)
P (x,y) < e (Tt /4w p(t=1)0 exp {—62(7 ) <M> o(dr(z,y) /t)_92} :

dr(y)e )/
b e0) = ol Tty exp d e (T T dar .
for all x,y € Br(pr,R), t € (0,to(T)), where £(z) := 1V logz.
Remark 1.5. If follows that for P-a.e. realisation of (7 ,dr, pr, b1, pT), We have that

2log pf 2d 16
—lim 2282 (z,) = I — 22 for every v € 7.
t—0 logt 1+ df 13

Using the language of diffusions on fractals, this means that the spectral dimension of the
limiting tree is P-a.s. equal to 16/13, which is the same as for the discrete model (see [11]).

The remainder of this article is organised as follows. In Section 2, we prove some key
estimates for U/, which enable us to compare distances in the Euclidean and intrinsic metrics
on this set. These allow us to extend some of the volume estimates of [11]. In Section 3 we
introduce our topology for measured, rooted spatial trees, and in Section 4 we prove tightness
in this topology for the rescaled trees. The properties of limiting trees are studied in Section 5.
Following this, we turn our attention to the simple random walk on U, establishing in Section
6 a general convergence result for simple random walks on measured, rooted spatial trees, and
applying this to the two-dimensional UST. In addition, we explain how this convergence result
can be applied to branching random walks and trees without embeddings. In Section 7 we then
derive the transition density estimates for the limiting diffusion.

We write ¢ or ¢; for constants in (0, 00); these will be universal and non-random, but may
change in value from line to line. We use the notation ¢;(7") for (random) constants which
depend on the tree 7.

2 UST estimates

In this section we obtain estimates for the two-dimensional UST U, which improve those in [11].
Our arguments will depend heavily on Wilson’s algorithm, which gives the construction of U
in terms of LERW. In particular, we can construct ¢ by first running an infinite loop-erased
random walk from 0 to oo (for details of this see [45]), and then, sequentially running through
vertices z € Z2\{0}, adding a loop-erased random walk path from x € Z? to the part of the
tree already created. We remark that U/ is a one-ended tree, see [12].



We will consider three metrics on U, which we now introduce. We define dg to be the
Euclidean metric on Z2, and write Bg(z,7) = {y : dg(x,y) < r} for balls in this metric. For
x € 72, we let y(z,y) be the unique path in I between z and y. We define the intrinsic (shortest
path) metric dy; by setting dy(z,y) := |y(z,y)|, that is, the number of edges on the path v(z,y),
and write By(x,r) for balls in this metric. Finally, it will also be helpful to use a modification
of a metric introduced by Schramm in [48], given by

dyy(x,y) = diam(y(z, y)), (2.1)

where the right-hand side refers to the diameter of v(x,y) in the metric dg.
We begin by recalling the comparison between By (0,7'/%) and Bg(0,7) and the estimates
on the size of |By(0,r)| from [11].

Theorem 2.1. (See [11, Theorem 1.1, 1.2]). (a) There exist c1,ca such that for every r > 1
and A > 1,

P(BM(O, )\_17"“) 4 BE(O,T)> < 016_02)\2/3,

P(BE(o,r) ¢ By(0, Ar“)) < Ao,

(b) There exist c1,cy such that for everyr > 1 and A > 1,

P(\Bu(O,r)| > )\rdf> < cle*@)‘l/g,

P(|Bu(0ﬂ")| < A_lrdf) < crem N,

Since the law of U is translation invariant, the above result also holds for By (z,r) for any
r € Z%. However, we wish to have these bounds (for suitable 7,n) for every z € Bg(0,n);
obtaining such uniform estimates is one of the main goals of this section. If we use a simple
union bound, as for example in [11, (4.47)], we obtain an error estimate of the form n? exp(—\°),
which is only small when X > (logn)'/¢. To improve this, for a suitable § = §()\) > 0 we choose
a d-cover D of Bg(0,n) with |D| < ¢6=2. (Recall that a subset A of Z? is called a A-cover
if every point of Z? is within distance A of a point of A.) We then obtain good behaviour of
By (z,r) for all x € D, except on a set of probability |D|exp(—A¢). Using a ‘filling in lemma’
(see Lemma 2.3 below), together with some additional bounds, we are able to extend this good
behaviour to By(y,r) for all y € Bg(0,n) — see Proposition 2.10 below for a uniform version
of part (b) in particular. An example of the kind of additional result that we need is that if
dg(z,y) = 3r then every path in U between Bg(z,r) and Bg(y,r) is of length at least cr”,
except on a set of trees of small probability; note that [10, Theorem 1.2] shows that with high
probability the unique infinite self avoiding path in I/ started from x takes at least ¢r” steps to
escape a Euclidean ball of radius r, but again this does not readily extend to a uniform bound
and so further work is required.

We proceed by introducing some further notation and results from [11]. Let v, = v(x, c0)
be the unique infinite self avoiding path in U started at x; by Wilson’s algorithm ~, has the
law of the loop-erased random walk from z to co. Write 7,[i] for the ith point on ~,, and let
Tyr = Tyr(Ye) = min{i : v, [i] € Be(y,r)}. Whenever we use notation such as v;[7, ,], the exit
time 7, , will always be for the path ~,. We define the segment of the path ~, between its ith
and jth points by vz[i, 7] = (Vz[i], V=]t + 1],...,72[j]), and define v;[i,00) in a similar fashion.
For such paths, the following was established in [11].



Lemma 2.2. (See [11, Lemma 2.4]). There exists c1 such that for every r > 1 and k > 2,

P(’V{E[Tx,kra OO) N BE($77") 7& @) < Clk‘_l.

We next give the filling in lemma that we will use several times. This is a small extension of
[11, Proposition 3.2]. Note that [10, Proposition 6.2] shows that the function G(r) considered
in [11] is comparable with the function Ga(r) appearing in (1.1).

Lemma 2.3. There exist constants ci1,co € (0,00) such that for each 6 < 1 the following
holds. Let r > 1, and Uy be a fized tree in Z* with the property that dg(x,Uy) < or for
each x € Bg(0,7). Let U be the random spanning tree in Z? obtained by running Wilson’s
algorithm with root Uy (i.e. starting from the tree Uy). Then there exists an event G such that
P(G°) < c1e=25""* and on G we have that for all x € Bg(0,7/2),

dy(z,Up) < (6%r)%  dy(x,Up) < 8Y%r;  ~(x,Up) C Bg(0,r).

Proof. Except for the bound involving df, this is proved in [11]. (Note that the hypothesis there
that Uy connects 0 to Bg(0,2r)¢ is unnecessary.) The proof of the d, bound is similar. O

The following sequence of lemmas will improve the results in [11] on the comparison of
the metrics dy, dg and df,. Fix for now 7 k > 1 and = € Z2, and choose points Zj on Yy
so that z9p = x and z; = v,[s;], where s; = min{i : dp(v.[i],{20,...2j-1}) > r/k}. Let
N = N(r,k) = max{j : s; < 7y r(72)}. Moreover, define a collection of disjoint balls B, =
{B;j = Bg(#;,7/3k),j =1,...,N(r,k)}. These depend on the path 7,, and when we need to
recall this we will write B, 1 (7). Let a = 1 +&k~/% and set

Fi(z,r, k) = {V2[Tz,ar, 00] hits fewer than kY2 of By, ... s BN }-
Lemma 2.4. There exist constants cy,ca € (0,00) such that, if r,k > 1 and x € Z2, then

P(Fi(z,7k)) < cre”F

Proof. (See [11, Lemma 3.7].) Write 75 = 7 4(72), and let b = ¢*'/* > 2. Then by Lemma 2.2,
P (e [mpr, 00] N Bp(z,7) #0) < cb™! = ce ®". (2.2)

If ~;[7ar, 00| hits more than kY2 balls from the family B, j:(7Vz), then either v, hits Bg(0,r)
after time 7y, or Yz[Tar, 7] hits more than k'/2 balls. Given (2.2), it is therefore sufficient to
prove that

P (72 [ar, Tpr] hits more than k'/2 balls) < cre ek, (2.3)

Let S be a simple random walk on Z? started at x, L’ be the loop-erasure of S0, Tea0r(S)], and
L" = L'|1gar (L), 7o pr (L")]. Then by [45, Corollary 4.5], in order to prove (2.3), it is sufficient
to prove that

P(L” hits more than k'/2 balls in B, (L") ) < cre o2k,

Define stopping times for S by letting Ty = 74,4-(S) and for j > 1, setting R; = min{n > Tj_ :
Sp € Bg(x,r)} and T; = min{n > R; : S, ¢ Bg(x,ar)}. Note that the balls in B, ;(L’) can
only be hit by S in the intervals [R;, Tj] for j > 1. Let M = min{j : R; > 7, av(S)}. Then, by

the result of [38, Exercise 1.6.8], P(M = j + 1|M > j) > c¢(log(ar) — logr)/(log(4br) — logr) >



Figure 2: A sample of Aj(z,r, k) in Lemma 2.5.

ck—2/8. Hence P(M > k3/8) <c exp(—Cle/g). Now, for each j > 1, let L; be the loop-erasure
of S[0,Tj], aj be the first exit by L; from Bg(z,ar), and ; be the number of steps in L;. If L”
hits more than k'/2 balls in B, (L'), then there must exist some j < M such that L;[a;, 3;] hits
more than k'/2 of the balls in the collection B, 1 (L;). Hence, if M < k%% and L” hits more than
k'/2 balls in B, 1(L'), then S must hit more than k'/® balls in B, (L;) in one of the intervals
[R;,T}], without hitting the path L;[0,c;]. However, by Beurling’s estimate (see [38, Lemma
2.5.3], for example), the probability of this event is less than ¢; exp(—cok'/®). Combining these
estimates concludes the proof. O

Our next lemma shows that if Dy is dr-cover of Bg(z,2r), then with high probability we
can find points Y, , and W, , which are close to the boundary of Bg(z,r) and to each other,
and such that Y, , € Dy and W, , € v, N Bg(z, 7). (See Figure 2.) In the proof, we refer to the
event Fy(z,r k) = {8k‘1/47““ < Tpr(Y2) < k1/4r”}. From [10, Theorems 5.8, 6.1], we have

P(Fy(z,r, k)°) < ¢1 exp(—cok'/®). (2.4)

Lemma 2.5. Letr > 1, k > 2, x € Z?, and Dy C Z? satisfy Bg(z,2r) C Uyep, Be(y,r/18k).
Then there exists an event Ay = Ai(x,r, k), defined in (2.8) below, which satisfies

P(A5) < e H7 (2.5)

and on Ai(x,r, k) there exists T < T,,(7,) such that, writing Wy, = v,(T):

(LL) k71/47,,n <T< k.l/47ﬂf-e;

(b) a %r < dg(z,Wy,) <r;

(c) there exists Yy, € Do such that dg(Yy,, We,) < 1/3k, df,(Yxm,Wzm) < 2r/3k and also
dZ/{(Ya:,rv Wx,r) < (T/k)ﬁ

Proof. Fix k > 1 and recall that a =1 + k~1/%. Suppose that the event
Fi(z,r/a,k) 0 Fy(x,r/a® k) 0 Fy(z,r, k). (2.6)

occurs. Write 75 = 7, 5(7z), T1 = Ty/q2, and Ty = 7,/,. Let Jo = Jo(w) be the set of j
such that z; € [Ty, Ts] and Bp(zj,r/3ak) C Bg(v,r/a)\Bg(z,r/a?). Then |Jy| > ck'/5.
Since Fy(x,7/a,k) holds, at most k'/2 of the balls (Bg(z;,7/3ak),j € Jo) are hit by v,[7, oc].
So if J = J(w) is the set of j € Jy such that Bg(zj,r/3ak) N vz[7r,00] = 0, then |J| >
E7/8 — |12 > ck®/4. For each j € J we can find a point y; € Do with dp(y;, z;) < r/18k. Hence



Bg(y;, r/18k) N, [T1, T5] # 0, while Bg(y;,7/9k) Nyz[7, 00] = 0. Note that Bg(y;, r/9k) may
however intersect the path v, in the interval [T, 7,].

For the remainder of the proof it will be helpful to regard v, as a fixed deterministic path
which satisfies the conditions in (2.6). For each j € J, let X7 be a SRW started at y; and run
until it hits 7,, and let L7 be the loop-erasure of X7. Let

H; = {Xj hits -y, before it exits Bp(zj,r/3ak),|L| < co(r/3k)"} .
By [11, Theorem 2.2] we have, (taking D = Z?\~y, and D' = D N Bg(z;,7/3ak)),
P(|L’ N Bg(zj,r/3ak)| > A(r/k)") < c1 exp(—c2)).

So, by Beurling’s estimate (see [38, Lemma 2.5.3], for example), we can choose ¢y so that there
exists p > 0 such that P(H;) > p.

Recall now the implementation of Wilson’s algorithm using ‘stacks’ (see [49]). For each j
assume we have stack variables &, ; for x € Bg(z;,r/3ak). We use these to make a random
walk path X7 started at y; and run either it hits v, or leaves Bg(z;,7/3ak). Thus the event
H; is measurable with respect to 0(&;4,7 > 1,2 € Bg(zj,7/3ak)). We now consider the y; one
at a time, and continue until either we obtain a success, or we have tried k%/4 of the points Yj-
Since these events are independent, if H is the event that we obtain a success, then

P(H) < (1—p)F"" < ¢ exp(—cak®/?). (2.7)

If H occurs, with a success for y;, set Y =Y, , = y;, le¢ W = W,,. be the point where X7 hits
vz, and let T be such that ~,(T) = W. We take

Ay = Ay(z,r, k) = HO Fy(z,7/a, k) 0 Fy(z,7/a? k) N Fy(z, 7, k). (2.8)

By Lemma 2.4, (2.4) and (2.7), we have the upper bound (2.5) on P(AY).

Finally, suppose that Aj(x,r, k) occurs. By construction we have dg(Y,W) < r/3k, and
since the path X7 lies inside Bg(zj,7/3k) we also have dj;(Y, W) < 2r/3k. The definition of the
event H; gives that dy(Y, W) < ¢(r/k)". Since X7 hits ~, inside Bg(z;,7/3ak), we must have
W € Bg(z,7)\Bg(z,a"2r). Moreover, because j € J, T < 7.(7x), so since Fy(z, k,7) holds we
have T' < kY4r*. Since Bg(zj,r/3ak) N Bg(x,r/a®) = (), we must also have T' > Tr/a2, and so
T > 8k~ V4(r/a?)" > k=14, O

The next lemma allows us to compare df, and dy on a large family of paths in a ball.

Lemma 2.6. Let r > 1, k > 8, and x € Z>. Set M, = ekl/g/ﬂ, My = ek’l/g/?’, i = rM;,
and let Dy C Bg(z,2Rs) satisfy |Do| < ck*M3, |Do N Be(x,2R1)| < ck? M3, Bp(x,2Rs) C
Uyep, BE(y,7/18k). Write Dy = Dy N Be(x,2Ry). Then there exist constants by, by and an
event Ay = As(x,r, k) with

P(A5) < cexp(—k'/%/4), (2.9)
such that on As the following holds for every y € Dy:
(a) ’Yy[TLRw OO] N BE(xv 4R1) = ®;
(b) if 21,22 € [0, T R,] and dyj(z1,22) > bor, then dy(z1,x2) > Sk~ Y4%;
(c) if 1,22 € 1[0, T2, R,] and d;j(:nl,xg) < byr, then dy(x1,x2) < 2k1/ Ay,
Proof. For y € Dy, let F3(y,r, k) = {Vy[72,Rry, 0] N Be(x,4R;) = 0}. By Lemma 2.2 we have
P(F§) < c¢M;/Ms. Now set

A= () 4w )0 () Bly.rk)).

y€Dy yeD1



where A;(y,r, k) is the event defined by (2.8). From (2.5), we note that

P(AS) < ck?M2e "

+ eMERAM Myt < cexp(—k/8/4).

Now suppose that A holds, and let y € Dj. It is immediate that (a) holds. Write Wy =
Yo = y, and let Y7 = Yy, , and Wi = Wy, be the points given by the event A;(Yy,r, k).
Similarly write Y;41 and Wj4q for the points given by the event A;(Yj, k,r) for j > 1, and
continue until we have for some N = N, that Wy ¢ Bg(z,3Rs/2). Note that both dy; and
dy are monotone on the path vy, in the sense that if 1,29 € 7, and z3 € y(x1,22) then for
p =dy or p=dy then p(z1,z3) < p(x1,r2). This is immediate for d; and easily proved from
the definition of df,.

The construction of the (Y}, W;) gives that:

[\

r r
5 (Y Win) < di(Yg W) <
k‘_l/4’fﬁ < du(}/j7wj+1) < k1/47.:‘€7 du(YWWJ) < C(r/k)"‘i.

Thus we have

2r
A (W5, Wjs1) < dig(W;, Y) + (Y, Wyga) < - + 7 = 3bor,

2r
diy (Wi, Wis1) 2 dig(Yy, W) — dgg(W;,Y;) = r/a” — & =i
Here we have used the equations above to define by and bo. Similarly, we have

dy (W, Wis1) < dy(Y;, Wyg1) < kA"
dy (W, Wis1) > dy(Yy, Wis1) — dy (Y, W;) > k=455 — c(r/k)s > 1145,

Let 1,22 € [0, 7, 3R,/2]- We can assume that z1 € y(y,z2). Let j = min{i : W; €
’7(1’1,00)}. If To € ’7(1’1,Wj+1), then d}j(l’l,l'Q) S d{j(ijl,Wj) + dz‘?{(Wj,Wj+1) § b2’l“. So
if df{(xl,xg) > bor, then both W; and W, are on the path ~(z1,22), and so dy(z1,z2) >
%k:_l/‘lr", proving (b). Similarly, if both W; and Wj; are on the path y(z1,22), then we have
df,(wl,:vz) > byr. Soif d{j(xl,xg) < byr, then Wit € y(z2,00), and hence dy(x1, x2) < 2k1/4pk,
O

We now extend this result to all paths v, in a ball.

Lemma 2.7. Let r > 1, k > 8, xg € Z?, M;, R;, and b1,by be as in Lemma 2.6. Then there
exist constants bs, by (depending on k) and an event Az = As(xo,r, k) with

P(AS) < ¢1 exp(—cok!/®), (2.10)

such that on As the following holds for every v € Br(xg, R1):

(a) ValTao, Ry, 00) N BE(xo,4R1) = 0;

(b) If x1, 2 € Y2[0, 7oy, ry| and df{(svl,xg) > bsr, then dy(x1,x2) > %k*1/4r“,'

(¢c) If z1, 2 € V5[0, Tay.R,] and df,(wl,arg) < byr, then dy(x1,z2) < bakt/ Ay

(d) If x1,x2 € Bg(xo, R1) and d;j(xl,xg) > 2bsr, then dy(z1,z2) > %k:_l/‘lr"‘;

(e) If 1,22 € Bp(xo, R1) and df?{(:lil,flig) < byr, then dy(z1,22) < 2 kA,

Proof. We begin by choosing a set Dy which satisfies the conditions of Lemma 2.6. Let
As(xg,7,k) be the event defined in that lemma, and let Uy be the random tree obtained by
applying Wilson’s algorithm with initial points in D; = Dy N B(zg,2R1). Let z € Bg(xo, Ry).

10



We now apply the filling in Lemma 2.3 to Bg(z,r) taking § = 1/18k. Let G(z) be the ‘good’
event given by the lemma; we have

P(G(2)%) < cexp(—ck'/?). (2.11)

Now choose z;, i = 1,...,N so that N < c¢M} and Bg(zo,R1) C U;Bg(z;,7/4), and let
As = As(wo, 7, k) N (NY,G(2)). The bound (2.10) then follows from (2.9) and (2.11).

Let x € B(xo, R1), and let W, be the point where ~, first hits the tree Uy. Since G(z;)
holds for some z; with dg(r,2) < r/4, we have by Lemma 2.3 that dy(z, W,) < ck='/?r,
dy(z, W) < e(k~/2r)%. Since Uy = Uyep, Yy there must exist a y € Dy such that W, € ,. Let
W; be the points given in the proof of Lemma 2.6. By property Lemma 2.6(a) we have that ~,
does not return to Bg(zg,4R;) after leaving Bg(xg, R2), and therefore there exists j such that
Wy € y(Wi—1, W;). (We take W, = W if W, is one of the points W;.) Note also that property
(a) of 7, follows from the same property for 7,.

Let 21,22 be on the path v,[0, 7, r,]; we can assume that z1 € y(x, z2). If 21 € v(W,, c0)
then both x; and x2 are in 7y, and so properties (b) and (c) follow from Lemma 2.6. So suppose
that z1 € y(x, Wy). If 22 € y(x, Wj41), then

diy(w1,x2) < dgy(w, We) + dig(We, Wig1)
< dyy(x, Wa) + diy(Wj—1, Wj) + (W5, Wjs1)
< k™21 4 byr < (¢ + by)r = bsr.
So if djj(z1,72) > bgr, then 2 € y(Wji1,00), and hence dy(x1,72) > dy(W;, Wit1) >
%k*1/4r”. Similarly, if zo € ~v(Wj41,00), then d{j(ml,xg) > dg(Wj, Wit1) > bir. So if
d*f,(ml,azg) < byr, then xg € vy(z, Wj4t1), and so
dy(z1,22) < dy(z, Wa) + dy(Wj—1, Wj) + du(W;j, Wjt1)
< c(k:_l/Qr)“ 42k 4pr < b4k1/47‘”.
This proves properties (b) and (c) of v,.

Finally, let xj,z0 € Bp(xo,R1), and let W be the point where 7,, and 7;, meet. If
dyy(w1,22) > 2bgr and W € 74, [0, 7w Ry) N Va2 [0, Twg ks ), then we have max; dy)(z;, W) > bsr,
and so dy(z1,x2) > max; dy(z;, W) > %k_l/‘lr"‘. If, on the other hand, djj(z1,72) > 2bsr and
W & 72,10, Two, o) for either i = 1 or ¢ = 2, then set W’ = ~,, (74, r,) for the relevant i. Note that
W' e y(x1,x2) Nz, [0, Tz, R, and dg(wi, W') > bsr, and so dy(x1, 22) > dy(z;, W') > %k*1/4r”
in this case as well. Similarly, if dy(x1,z2) < bi7, then necessarily we have W € 74, [0, 74 R,] N

Yas [0, Tuo, ko] and max; dyy(z;, W) < byr, which implies dy(z1,2) < 2b4k'/4r%. This proves
properties (d) and (e). O

Note that there is a gap between the conditions (d) and (e) above. We could fill this by a
direct calculation, but instead we will handle this in the next result by varying r.

Proposition 2.8. Let r > 1, A > Ao (where \o is a large, finite constant), xy € 72, and
R = re? . There exists an event Ay with P(AS) < cexp(—caA'/?) such that on A4, for all
x,y € Bg(xo, R),

AN (e, y)" < dy(e,y) < Mgz, y)* if r < djj(z,y) <R, (2.12)

dy(x,y) < M if dyy(z,y) <,

dy(w,y) > A" R if dgg(w,y) > R.
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Proof. Choose k = c\*, let m be such that 2™~1 < exp(k'/8/27) < 2™, and define A, =
N7 oAz (20, 2°r, k). Then P(AS) < exp(—ck'/®) < exp(—c/A/2). Now let z,y € Bg(zo, R), and
suppose ' = dg(ac,y) < R. Then choosing the largest i € {0,1,...,m} so that r' > 2b32%r, we
have dy(x1,72) > A1 (2ir)" > eA71(')*. Similarly we have dy(z1,22) < cA(r')". Replacing
cA by A this gives (2.12), and the other two inequalities follow. ]

One consequence of the above proposition is the following approximation result, which shows
that if a set of points is an r/18k>-cover in the Euclidean metric, then it is also a cover with
respect to the metrics d*f, and dyy.

Proposition 2.9. Let r > k > 1. Define Ry := rekl/32, Ry = 'r’ekl/w, and suppose Dy C 72
satisfies
Bp(0,6Ry) € | J Bp(x,r/18K?). (2.13)
€Dy

Then there exists an event As = As(r, k) such that P(A§) < cre=e2k" and on As the following

holds:
2r

do(z, Dy) < =, 2.14
pep, u(, D) < — (2.14)
ax  dy(w, Do) < 21 (2.15)
max xr —. .
z€Bp(0,Ry) UV Z2) = s

Proof. First, choose a subset D) C Dy such that (2.13) holds when Dy is replaced by D) and
also |Djj| < ke Set Al(r, k) = NeepyA1(z,7/k, k), where Ay is defined in the statement
of Lemma 2.5. From that result, we know that

P(A) < ck*e?""P(A1(0,7/k, k)) < ce k""", (2.16)

Moreover, if A’ holds, then for x € Bg(0,2R;) N D), we can define (WW;, Yj)é-vzo similarly to the
proof of Lemma 2.6. In particular, set Wy = Yy = x, and let W;,Y} be given by the event
A(Yj—1,r/k,k), up to j = N :=inf{m : dg(x, W,,) > 2R2}. By construction, it follows that

max  dj(z,D9) < max_dy(W;_1,W;) < _max Ay (Yi—1, W;) < = (2.17)

ZG’YI(O,TZ,R2) ]:lva ]717 -aN

3

Next, choose D C D, N Bg(0,2Ry) such that Bg(0,Ry) C UxeD/Q/BE(x,r/18k2) and |Dj] <

ck*e'  Set A'(r, k) = A'(r,k) N (Neepy B(z,7,k)), where B(z,7,k) = {7v2(Tz,Rr,,00) N
Bg(0,2Ry) = 0}. By applying Lemma 2.2 in conjunction with (2.16), we obtain

P(A"%) < ce™ k" 4 ck462k1/32P(70(7'0’32, o00) N Br(0,4R;) # 0) < cre o2k,

Define Uy to be the subtree of U spanned by DJ and suppose A” holds. If z € Uy N Bg(0,2Ry),
then it must be the case that x € 7,(0, 7y r,) for some y € Dj. Hence, by (2.17), it holds that
MAaXye/,NBy(0,2R: ) df{(m, Dy) < r/k. Now, by applying Lemma 2.3 with root Uy, it is possible

to deduce

P ( dS( U ) > 7") < C *Cekl/Sz

max T, — | <Ce
weBpO.R) 4" Tk

So, if A" is defined to be the event that both A” and max,cp,(0,r,) dy(z,Up) < r/k hold, then
we have P(A"¢) < cre=e2k'° and also (2.14) holds on A™.
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To complete the proof, we will use Proposition 2.8 with (zg,r, A) given by (0,2r/k, k) to

compare the relevant distances. Since R = 2rk—Lectk!/? > 2R, for large k, we find that with
probability exceeding 1 — ce=¢2k""? it is the case that

2r 4t

d <k|— < —.
x,yeéré?éfZRl): u(x,y) - < k) - k1/4

dyy(z,y)<2r/k

Note that if A” and the above inequality both hold, then so does (2.15). Hence, in conjunction
with the conclusion of the previous paragraph, this completes the proof. O

We can now improve the volume estimates of [11]. Recall from (1.2) that df = 2/k = 8/5,
and define, for A\,n > 1,

A n) = {w: XLRY < |By(z,R)| < ARY for all z € B(0,n), R € [e > ""n", n]}.

The following result extends a fundamental estimate of [11]; the key improvement is that the
upper bound does not depend on n (once n is suitably large). Although we do not need to do
so here, we note that the same approach can also be used to obtain a similar improvement of
the resistance estimates in [11].

Proposition 2.10. There exist constants c1,ca € (0,00) such that

P(fl(/\,n)c> < cpexp(—eaA®0), for alln > X'’’’

Proof. Let k =\, r = ne"\lm, and let Ry = n, Ry = rek"’® and D5 be as in Proposition 2.9,
with |Ds| < ck*e2k 1 Set myg = inf{m : k™ > ekl/m}. Let As(r, k) be the event given in the
statement of Proposition 2.9, and

mo+1

E(rk) = () () { (k™" < |Byl, (rk™)")| < k(rk™)"}.
z€Dy m=1
A simple union bound allows us to deduce from Theorem 2.1(b) that

P(E(rk)) < Clt 2k 101 1/32 K0 < Cp—ck!/®.

Consequently we have P(E(r, k)¢ U As(r, k)°) < cexp(—cA/16).

Suppose that E(r, k) N As(r,k) holds. Let x € Bg(0,n), and s € [rk3,n]. Choose m €
{3,...,mo + 1} such that s € [rk™, rk™1). Since As(r,k) holds, there exists y € Dy with
dy(,y) < 47" /M4, Hence,

[Bu (5% | < |Bu (3, (rk™ )" 40 R10)| < [ By (y, (rk ™)) | < Rk %) < &7

Similarly, | By(z, s*)| > k=252, Since (rk3)* < n® exp(—A1/49) it follows that E(r, k)N As(r, k) C
A(N°,n), which completes the proof of the proposition. O

From this, we can prove the following distributional measure bounds, which will be used in
the proof of Theorem 1.3(b)(ii).
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Corollary 2.11. Given R > 0, there exist constants ci,...c7 € (0,00) (depending on R) such
that for every r € (0,c7),

lims P<52 i (B Lo ) < 1% (logr™! *80) < cor®, 2.18
11;:51p zeBEn(l(},I;—lR) Ly | Bu(x r)) < er? (logr™) < cor (2.18)
. 2 =51 > o0 ~1 80) < s .
hrg_s)gpP(é 163;1(1(%?*1}2) Has (Bu(:p,é 7")) > cqr® (logr™ ) ) < csr (2.19)

Proof. We just prove (2.19); the proof of (2.18) is similar. Fix R > 1, and suppose r € (0,1),
5 € (0,1). Define n := §~'R and \ := (log(R"/r))®0. Since 6~ "r € [e_/\1/40n“,n“], we have
that, on A(\,n),

g (Bu,07) 2 A0 2 a0 (o),

Hence, by Proposition 2.10, the left-hand side of (2.19) is bounded above by O™, O

Let Ny(r, s) the minimum number of dy-balls of radius s required to cover By(0, 7). Another
consequence of Proposition 2.10 is the following bound on Ny(r,7/A).

Lemma 2.12. There exist constants cy,c2,c3, g € (0,00) such that, for r > erlog MM/ g g
A > )\0:
P (Nu(ﬁ r/A) > c1(log >\)107)‘d'f) < cgeCallog N/

Proof. Let 6 > 1 be such that 2\ < #~ ! exp('/40). By Theorem 2.1(a) we have that
RPMAS

Now it is straightforward to check that one can cover By(0, r) by balls By(z;, r/\),i=1,..., M,
such that Bpy(z;,7/2)\) are disjoint and z; € By(0,r). Moreover, it is necessarily the case
that M > Ny(r,r/)\). Setting n® = Or, if A(0,n) holds and By(0,r) C Bg(0,n) then we
have |By/(0,7)] < (0r)% and |By(zi,7/2))| > 01 (r/\)% for each i. Thus we deduce from
Proposition 2.10 that

P(Ny(r,r/A) > 0\ ) < cexp(—cf/®0). (2.20)

Taking 6 = (log A\)*! completes the proof. O

Remark 2.13. Taking 0 = X in (2.20) gives the bound, for r > e and A large,

P(Ny(r,r/A) > eX!21) < cexp(—eAl/®0),

3 Topology for UST scaling limit

In this section we introduce the topology on measured, rooted spatial trees for which we prove
tightness for the law of the rescaled UST. This topology is finer than that considered in [2, 48],
since it incorporates the full convergence of real trees embedded into Euclidean space, rather
than merely the shape of subsets spanning a finite number of vertices. This point will be
important when it comes to the proof of Theorem 1.4.
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We define T to be the collection of quintuplets of the form

I = (Tv dTa HT, ¢T’ pT)a

where: (7, dr) is a complete and locally compact real tree (see [44], Definition 1.1, for example);
w7 is a locally finite Borel measure on (7,dr); ¢7 is a continuous map from (7,d7) into a
separable metric space (M, dys); and pr is a distinguished vertex in 7. (Usually the image space
(M, dyr) we consider is R? equipped with the Euclidean distance, though we will also consider
other image spaces at certain places in our arguments.) We call such a quintuplet a measured,
rooted, spatial tree. Let T, be the subset of T for which (7, dr) is compact. We will say that two
elements of T, 7 and 7" say, are equivalent if there exists an isometry « : (7,dr) — (77, d%)
for which pr o7t = iy, ¢7 = ¢!y o m and also 7(p7) = piy.

In order to introduce a topology on T, we will start by defining a topology on T.. In
particular, for two elements of T, we set A.(Z,7’) to be equal to

inf {d]% (prov ™ wro ™)+ sup (dz (v(z),¢'(2)) +du (¢T(x),¢’T(x’)))},

Zﬂl’ﬂl’l,& (CE,(E’)EC
(pT.pir)€eC
(3.1)
where the infimum is taken over all metric spaces Z = (Z,dz), isometric embeddings 1) :

(T,dr) — Z, 9" : (T',dy) — Z, and correspondences C between 7 and 7", and we define d% to
be the Prohorov distance between finite Borel measures on Z. Note that, by a correspondence
C between 7 and 7', we mean a subset of 7 x 7’ such that for every x € 7 there exists at
least one 2’ € T’ such that (z,2") € C and conversely for every 2’ € 7' there exists at least one
x € T such that (z,2') € C.

Proposition 3.1. The function A. defines a metric on the equivalence classes of T.. Moreover,
the resulting metric space is separable.

Proof. The proof of this result is almost identical to that of [21, Lemma 2.1], taking, in the
notation of that paper, I = {1} and ¢;(z, y) := ¢7(z). The main change is that when considering
a correspondence between 7 and 7", one has to require that the pair of roots (p7, p7) is included,
and, when selecting the points x;, «, as in [21], one should take z; = p7 and 2} = p’-. A second
change is that in the proof of separability, rather than approximating by metric spaces with a
finite number of vertices, one should approximate by real trees formed of a finite number of line
segments. However making these changes is routine and we omit the details. ([l

Remark 3.2. Even if (M, d);) is assumed to be complete, the space of equivalence classes of T,
is not complete with respect to the metric A, in general. Indeed, suppose (M, dys) = (R?, dg))
and consider ([0, 1], dg), L, f,0) € T., where dgl) is the d-dimensional Euclidean distance, £ is
Lebesgue measure on [0, 1], and f : [0,1] — R? is any continuous non-constant function. If we

replace dg) by Ed(El), then the sequence of elements in T, that we obtain is Cauchy as ¢ — 0, but
does not have a limit in T.. One way to ensure completeness would be to restrict to a subset of
T, for which the functions ¢ satisfy an equicontinuity condition.

To extend A, to a metric on the equivalence classes of T, we consider bounded restrictions
of elements of T (cf. [1]). Thus for 7 € T, let 70 = (170, d(;),,u(;), <bg7:), p(TT)) be obtained by
taking: 7 to be the closed ball in (7,dr) of radius r centred at pr; d(Tr) ,u(Tr) and (;5%7:) to
be the restriction of dr, ur and ¢ respectively to 7(), and pgf) to be equal to p7. As in
[1], the fact that (7,dr) is a real tree, and therefore a length space, means we can apply the
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Hopf-Rinow theorem (which implies that all closed, bounded subsets of a complete and locally
compact length space are compact) to establish that 7 is an element of T,. Furthermore, as
in [1, Lemma 2.8], we can check the regularity of this restriction with respect to the metric A,.

Lemma 3.3. For any two elements of T, T and T', the function r AC(I(T),I’(T)) is cadlag.

Proof. By considering the natural embedding of 7(") into 7("*+¢) | along with the correspondence
consisting of pairs (z, ') such that z is the closest point in 7 to 2/ € TU+¢) | we have, as in
[1, Lemma 5.2], that

A (L0, L0) < pur (TONTO) +e 4+ sup duy (67(2),67(2') 5
z,@' €T (r+e);
dT(mvxl)SE

given this, the proof is a straightforward adaption of the proof of [1, Lemma 2.8]. O

This result allows us to well-define a function A on T? by setting
A(T,T) = / e (1A (0,70 ar. (3.2)
0

Proposition 3.4. The function A defines a metric on the equivalence classes of T. Moreover,
the resulting metric space is separable.

Proof. Again, the proof is similar to the corresponding result in [1]. Positivity, finiteness and
symmetry of A are clear. Moreover, the triangle inequality is easy to check from the definition
and the fact that the triangle inequality holds for A.. So, to establish that A is a metric, it
remains to prove positive definiteness. To this end, suppose that 7 and 7’ are such that the ex-
pression at (3.2) is equal to zero. From Lemma 3.3, it follows that A.(Z(), 7/ = 0 for every

r > 0. Consequently, for each r, there exists an isometry m, : (T(T),dgf)) — (T’(T),d;(f)) such

that M(TT) om 1 = uy), ¢(Tr) = Qﬁf}r) o, and also ﬂ'r(p,(;)) = py). For n,k > 1, let (w?k)fi(lnk) be
a finite k~1-cover of 7(") containing the root pr (such a collection exists as a result of the com-
pactness of 7(™). Since 7, is an isometry, we have that (Wm(m?k))mzn is a bounded sequence
for each n,k > 1 and 1 < i < N(n,k), and so has a convergent subsequence. By a diagonal
procedure, one can thus find a subsequence (m;);>1 such that W(l‘?k) = limy oo T, (a;?k)
exists for every n,k > 1 and 1 < i < N(n,k). From this construction, we obtain that = is
distance-preserving on {m?k :n,k>1,1<i< N(n,k)} and, since the latter set is dense in
7, we can extend it to a distance-preserving map on 7. Clearly by reversing the roles of 7°
and 77, it is also possible to find a distance-preserving map from 7’ to 7. Hence, m must be
an isometry. Moreover, it is clear that this map is root-preserving, i.e. m(p7) = p/r. To check
that it is measure-preserving, i.e. uron ! = oy, one can follow an identical argument to that
applied in the proof of [1, Proposition 5.3] based on considering approximations to the measures
u(;f ) and uy) supported on (x?k)fvz(ln k) and (ﬂ(x?k))f\;(ln ’k), respectively. Finally, we note that
the continuity of ¢/ implies

Fr (™)) = lim 67" o mm, (27) = lim 677 (17") = o7(}")
Since ¢7 is also continuous, it follows that ¢7 = ¢/ o . Hence we have shown that 7 and 7'
are equivalent, and so A is indeed a metric on the equivalence classes of T.
For separability, we first note that A(Z, 7T (T)) < e ", and so T, is dense in (T, A). Since
(T.,A.) is separable, it will thus be sufficient to check that convergence in (T, A.) implies
convergence in (T, A) (cf. [1, Proposition 2.10]). So let us start by supposing that we have a
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sequence 7, that converges to 7 in (T, A.). In particular, we can find a sequence of metric
spaces Zp, isometric embeddings ¢, : T — Z,, ¢}, : T, — Z, and correspondences C,, between
7T and 7, containing (pr, p7,) such that

A (pr oty ' g, o) + WP (dz, (¥n(2), ¥p(2") + dur (o7 (2), 67,(2'))) < eny  (3.3)
z,x')ECy

where €, — 0. Now, define @bg) to be the restriction of 1, to 7(), ;L(r) to be the restriction
of 9!, to ’Z;q,(T), and C{) to be the collection of pairs (z, ') such that: either z € 7(") and 2’ is
the closest point in T to an element 2 € 7, such that (z,2") € Cy; or 2’ € 7,") and z is the
closest point in 7() to an element z” € 7 such that (z”,2’) € C,. Note that ) and ¥ ") are
isometric embeddings of T) and ’ZZL(T), respectively, into Z,,, and that Cff) is a correspondence
between 7" and ’Z}L(T) such that (p(TT), p(TTn) ) € CY(LT). If we suppose that € 7(") and ' is the

closest point in 7" to an element 2 € 7, such that (z,2”) € Cy,, then

dr,(p1,,7") < dz, (W (p7.), ¥n(pT)) + dz, (n(pT), ¥n(2)) + dz, (Y (@), ¥} (27)),

which is bounded above by r + 2¢,. It follows that dz, (z/,2") < 2e,, and therefore also
dz, (Vn (), (2')) < 3ep,. A similar argument applies to the case when z’ € 7.") and z is the
closest point in 7" to an element z” € 7 such that (z”,2') € C,. Consequently, we obtain
that

sup  dz, (V) (), 0, (2')) < 3en. (3.4)
(x7x’)EC7(LT>

From this, one can proceed as in the proof of [1, Proposition 2.10] to deduce that

d}ZD" (,U«'(;) o (%r))—l,u%) o ( ;L(T‘))—l) <en+pur (T(T+4En)\T(T’—46n)> '

Moreover, it is also elementary to deduce from (3.3) and (3.4) that
sup {97 () — 9% (+/)

. <en+ sup dy (o7 (), p7(2)).
(x,x')ECy,

(m,x’)ET(’"+45"):
dr(z,2')<den

Hence we have established that

A, (Iglr)7']_‘(r)) < Ben 4 pr (T(r+4sn)\7(7'—4sn)> + sup dy (QbT(JJ), ¢T($/)) . (3.5)
(z,)eT (rtien),
dr(z,2')<den

Since p7 is a finite measure, this expression must converge to zero for all but at most a countable
number of values of r. Thus dominated convergence implies that A(Z,,,7) — 0, as desired. [J

Next, under the additional assumption that (M, dys) is proper (i.e. every closed ball in M
is compact), we provide a sufficient condition for a subset A of T to be relatively compact with
respect to the topology induced by A. This extends the corresponding result of [1, Theorem
2.11] to include the spatial embedding.

Lemma 3.5. Suppose (M, dys) is proper. Let A be a subset of T such that, for every r > 0:
(i) for every e > 0, there exists a finite integer N(r,e) such that for any element T of A there
is an e-cover of T\") of cardinality less than N(r,€);

(ii) it holds that

sup pr (T(T)) < 00;
TecA
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(i) {p7(pr) © T € A} is a bounded subset of M, and for every ¢ > 0, there exists a § =
d(r,e) > 0 such that

sup  sup dy (¢7(2),d7(y)) <e.
TEA 4 yeT ™),
dT($,y)§6

Then A is relatively compact.
Proof. We follow closely the proof [1, Theorem 2.11]. Suppose that 7, is a sequence in a set
A C T that is assumed to satisfy the properties listed in the statement of the lemma. We
can then define U to be a countable index set such that {z] : u € U} is dense in 7, for
each n (we further assume that 0 € U and z} = p7,), and also introduce an abstract space
7' :={xz, : u € U} such that, for some subsequence (n;);>1,

dr,

7y

(2], ) — dr (@) (3.6)

u v

for each pair of indices u,v € U, where the right-hand side may be taken as a definition of the
function d7 : 7' x 7/ — R,. In fact, d7 is a quasi-metric on 7’, and so, with a slight abuse of
notation, we obtain a metric space (7', dr) by identifying points that are a dy-distance of zero
apart. Moreover, the argument of [1] gives us that the completion (7, d7) of this metric space
is locally compact, and identifies p7 := xg as the root for the space. It also describes how to
construct a corresponding locally finite Borel measure on 7, which we will call p7. Now, from
property (iii) and (3.6), it is easy to see that ¢z, (27) is bounded for each u, and so a diagonal
procedure yields that, by taking a further Subs:equence if necessary, ¢, (x) — ¢r(xy), for
each u € U, where, similarly to the definition of d7, the right-hand side provides a definition
of ¢r(xy) (that this function is well-defined on 7’ is readily checked from (iii) and (3.6)).
Moreover, it is not difficult to check that

sup  dy (¢7(2), 97(y)) <6,
x,yET’(”:
dr (z,y)<d(re)

and so the function can be extended continuously to the whole of 7. In particular, we have
so far constructed 7, and to check this is an element of T, it remains to show that (7 ,dr) is
a real tree. However, in [1, Lemma 2.7] it is shown that (7, d7) is a length space, and so it
is connected. Moreover, the four-point condition for the metric for (7,d7) follows from the
four-point condition that must hold for (7,,dr,) (see [26, (2.1)]). It follows that (7, d7) must
be a real tree, as desired.

It remains to show that 7, — 7 in (T,A). For this it is sufficient to show that Z,(f? —
T in (T, A.), at least whenever ur(0Br(pr,7)) = 0. Again, this may be accomplished
by following the argument of [1], which involves introducing finite subsets Uy; C U such that
{a : uw € Uy} and {x, : u € Uy} suitably well-approximate ’];L(Zr ) and 70, respectively.
Moreover, a consideration of the correspondence between these finite sets given by (2], x,,),
u € Uy, allows it to be deduced in our case that

lim A, (L(Z"),I(T)> <2sup sup dy <¢Tni (@), ¢Tni(y)> +2 sup  du (¢7(2), ¢7(Y)),

=00 ' izl x,yEﬂSZH): zyeT (r+o);
dr, (x,y)<6 dr(z,y)<6
1

for any 6 > 0 (cf. the extra term involving the continuity of ¢7 in (3.5)). Since the right-hand
side can be made arbitrarily small by suitable choice of §, this completes the proof. ([
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Remark 3.6. The restriction to real trees for (T., A.) has actually been unnecessary in this
section so far, and so the same topology could be extended to the setting where the metric
space part of an element — (7, dr) — is simply assumed to be a compact metric space. Similarly,
for the topology, (T, A), it would have been enough to assume that the metric space part of an
element is a locally compact length space (cf. [1]). In both cases, the restriction to the case
where the metric space is a real tree would then simply be the restriction to a closed subset of
the relevant topology (cf. [25, Lemma 4.22]).

To conclude this section, we present two consequences of convergence in (T, A.), again
assuming that (M, dys) is proper. Firstly, we prove convergence of the push-forward measures.
In what follows, Bx (x,r) is the open ball in the metric space X = (X, dx) with radius r centred
at x.

Lemma 3.7. Suppose (M,dys) is proper. If T,, — T in (T.,A.), then

pT, 0 o7 — pr o 7' (3.7)

weakly as Borel measures on (M, dy).

Proof. Note first that if 7,, — 7 in (T, A.) then for each n we can find a measurable function
fn : T, — T such that puz, o f-! — ur weakly as measures on 7, and also

sup dy (97 (fn(@)), ¢7,,(2)) — 0. (3.8)

Indeed, let Z,,, ¢, ¥, Cp, be defined as in the proof of Proposition 3.4, that is, so that (3.3) holds.
Let (l‘?)]\i(ln) be a ey,-cover of T. Set AT := By, (¢Yn(2),2e,) and A} := By, (¥n(x]), 2e,)\A?_,

1
fori=2,...,N(n). Then the sets A?, i =1,..., N(n), are disjoint and their union contains all
those points in Z, within a distance &, of 1, (7). In particular, they cover v/,(7,), so one can
define a (measurable) map f, : 7,, — 7 by setting f,,(z) := a2 if ¥/, (z) € A'. For this map, we

have

dp (g, o fit ur) < d2(ug, o fo oyt g, o W) + d2 (g, oW o ur oY), (3.9)

where d% is the Prohorov distance between measures on 7. By (3.3), the second term in (3.9)
is bounded above by &,. Moreover, by definition we have that dz, ({¥n(fn(x)), ), (x)) is strictly
less than 2¢, for all z € 7,,, and so the first term is bounded above by 2¢,. This confirms that
pz, © ft — pr. Next, observe that if f,,(z) = 27 and (2/,7) € Cp, then

A (81 (fu(@)), b7, (%)) < €0+ dur (O7(27), ¢7(2")) < en + ( Su)PT dy (1 (2), o1(2")) -
z,x')eT:
dr(z,2")<3en

By the continuity of ¢, this upper bound converges to zero as n — oo, and we have thereby
established (3.8). As a consequence, if g : M — R is continuous and compactly supported, then

\uz, 0 d7(9) — pr 0 b7 (9)] < /7 9(67, (2)) — 9(d7 (fn(2)))| o7, (de)

_l’_

/ g(br(@))z o £ (dr) / o7 ()i (da)
T T

— 0,

where the convergence of the first term in the upper bound to zero follows from (3.8) (and the
fact that uz, (7,,) — ur(T) < oo, as follows from ur, o f,; ' — p7), and the convergence of the
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second term to zero also follows from pz, o f; ' — p7. This establishes that ur, o gzﬁ}nl converges

vaguely to pr o (;5771. Finally, since the masses of the measures in the sequence converge to the
mass of the limit, which is finite, it also demonstrates weak convergence. [l

Remark 3.8. It is not difficult to extend the above proof to deduce that the conclusion of
(3.7) holds in the sense of vague convergence of measures whenever 7, — 7 in (T,A), and
in addition we have the following condition which prevents an explosion of mass in a bounded
region of the proper space (M, dys): for each r € (0,00), there exists an R < oo such that

67 (Bur(par, ) C Br, (pr,, R),  for all n, (3.10)

where pjs is a distinguished point in M. We will apply a probabilistic version of such an
argument to prove Lemma 5.2.

Our second result is that convergence in T, with respect to A. implies convergence in a
generalisation of the topology for path ensembles considered by Schramm in [48]. In that
paper, the space M considered was the one-point compactification of R?, S? say. This result
will be used when we wish to transfer the results of [48] to our setting. Given a metric space X,
write H(X) for the Hausdorff space of compact subsets of X. We write y7(x,y) for the unique
path between x and y in 7 (including its endpoints).

Lemma 3.9. If we define

(D) = A{(¢1(x),97(y), o7 (17 (2,9))) - 2,y € T},
then the convergence T,, — T in (T, A;) implies that T(Z,)) — T(L) in H(M x M x H(M)).

Proof. Suppose that 7,, — 7 holds in (T., A.), and that Z,,,,4!,,C, are defined as in the
proof of Proposition 3.4, so that (3.3) holds. We claim that if (x,z,), (y,yn) € Cp, then

A (o1 (vr(2,9)), 07, (VT Ty Yn))) < 1 o= € + ( S%p dyr (o1 (2),07(2')),  (3.11)
ZET:
dr (zz’,zz’) <ben
where dAH/I is the Hausdorff distance between subsets of M. To prove this, we start by considering
z € y7(z,y), and defining z, to be any element of 7,, such that (z, z,,) € C,. By applying (3.3)
and the fact that the metric d7 is additive along paths, we obtain

dTn(xny Zn) + d’Tn (znyyn) < d’T(x; Z) + dT(z7y) + 4571 = d']'(x, y) + 4€n < dTn(xna yn) + 6<€n-

It follows that z,, is within a distance of 3¢,, (with respect to dz;,) of vz, (T, yn). Now, if we let z/,
be the closest point in vz, (Zn, Yn) t0 2, and 2 be such that (2!, z!)) € Cy,, then it is the case that
dr(z,2)) < dr,(2n, 2h) + 26, < bep, and so dy (P71 (2), o1, (2),)) < en+drr(d7(2), d7(21)) < M.
Thus ¢7(z) is within a dy,-distance 1, of ¢7, (y7, (Tn,yn)). A similar argument yields that any
point of ¢7, (vz, (Tn,yn)) is within a dps-distance 7, of ¢7(yr(z,y)). This establishes (3.11),

from which the result follows. O

Remark 3.10. As with Lemma 3.7, this result is readily extended to the non-compact case
when (M, dys) is proper. Indeed, under this assumption, if 7,, — 7 in (T,A) and (3.10)
holds, then ¥(Z,,) — %(T) in H(M x M x H(M)), where M is defined to be the one-point
compactification of M. A probabilistic version of this argument will be used to prove Lemma
5.5.

Remark 3.11. While we do not need the result, we note that a similar argument can be used
to relate convergence in our topology to convergence in the topology of [2]. This topology is
similar to that of Schramm, but it incorporates convergence of the shape of subtrees spanning
an arbitrary finite number of vertices, rather than just two.
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4 Tightness of UST law under rescaling

The aim of this section is to prove Theorem 1.1, that is, to establish that the law of the UST,
considered as a measured, rooted, spatial tree, is tight under rescaling. The key estimates for
this purpose were already established in Section 2. As discussed in the introduction, here we
extend U to a (locally compact) real tree by adding line segments of unit length along its edges,
and define ¢y, : U — R? to be the identity map on vertices with linear interpolation along edges.
Throughout this section, we suppose that the image space (M, dys) introduced in Section 3 is
R? equipped with the Euclidean distance.

Lemma 4.1. For every r > 1, ¢ € (0,2¢), it holds that

A}im lign iélfP (there exists a 0 "e-cover for By (0,0 "r) of cardinality < N) = 1. (4.1)
—00 —

Proof. Recalling the notation Ny, introduced above Lemma 2.12. we have that the probability
in (4.1) is at least P(Ny (67 "r,6 %¢) < N). Let = O(N) be such that c0'*% (r/e)% = N;
then by (2.20) we have that limsups_ o P(Ny (6 57,6 %) > N) < cexp(—0Y/8), and since
limy 00 O(N) = 00, this proves the result.

Lemma 4.2. For every r < oo, it holds that
lim liminf P (6% (By(0,67%r)) < A) = 1.

A—oo 0—0
Proof. This is a simple consequence of Theorem 2.1(b). ]

Lemma 4.3. For every e > 0, r < oo, it holds that

lim limian< max | (x) — Pu(y)| < (5_15> =1.
n—0 6—0 x,y€By (0,67 "r):
dy (,y)<6~"n

Proof. Since |¢y(x) — ¢u(y)| < di(z,y) it is sufficient to prove that

lim 1imian( max  dS(z,y) > 5—15) —0. 4.2
n—0 §—0 z,y€By (0,c16~Fr): U( y) ( )
dy(z,y)<cad ™"

Let ' = 6 !¢, and set A,(\) := {By/(0,c107"r) C BE(O,T’eCI/\l/2)}, where ¢; is the constant of
Proposition 2.8. By Theorem 2.1(a),

P ({Bu(0,c167"r) C Bp(0, Ar) /"7 %) < eae Wt < n A > e,

and in addition (\r)Y/*6—1 < r'eA"? for X large. Thus P(A.(N)°) < coe=eN for all 6% <
Ar, A > Aq, where \; is some large, finite constant. Next let A4 be as in Proposition 2.8
(taking (zg,r, ) in that result to be (0,7/, \) in our current parametrisation), so that P(A5) <
cpexp(—csA/?) for all § < e, A > A\g. Clearly, it is enough to consider the event of (4.2) on
A (A) N Ag. On A.(\) N Ay, if 2,y € By(0,c167"r) satisfy di)(z,y) > 6 le = 1/, then by
Proposition 2.8, dy/(x,y) > A‘ldf,(x,y)" > A\"1g®§7%. Thus, by taking n < A\~'e®, dy(z,y) >
nd~—", so (4.2) is proved. O

Proof of Theorem 1.1. This is clear given the pre-compactness result of Lemma 3.5, and Lemmas
4.1-4.3. O

21



5 Properties of limit measures

In this section, we establish properties of the limit measure of the UST and will prove Theorem
1.3. Throughout, we fix a sequence d,, — 0 such that (Ps,),>1 converges weakly (as measures
on (T,A)), and write U; = (U, Srdy, 02 g, 6, 0). Letting P be the relevant limiting law,
we denote by 7 = (7, dr, ut, ¢7, pr) a random variable with law P. Again, we take the image
space (M, dy;) of Section 3 to be R? equipped with the Euclidean distance. In many of the
arguments, the following coupling result will be useful.

Lemma 5.1. There exist realisations of (Us )n>1 and T built on the same probability space,
with probability measure P* say, such that: for some subsequence (n;)i>1 and divergent sequence
(Tj)]Zl it holds that, P*—a.s.,

D;

),

= A (ggx),z(’"ﬂ) =0 (5.1)

as i — oo, for every j > 1.

Proof. Recall that by the definition of P we have that s, — I in distribution (where the
laws of random variables on the left-hand side are considered under P, and those on the right
under f’) Thus, since the space (T,A) is separable (see Proposition 3.4), we can suppose
that we have versions of the random variables built on a common probability space, with
probability measure P*, such that the convergence holds P*-a.s. From the definition of A
and Fubini’s theorem, it follows that [;™e™"(1 A E*(AC(L{((;?,I(T))))dr — 0. Some standard

analysis now yields that there exists a subsequence (n;);>1 such that for Lebesgue almost-every
r, E*(AC(ZL{((;Z)V,’Z_'(T))) — 0. In turn, letting (7;);>1 be a divergent sequence such that the above

holds for every r;, a straightforward diagonalisation argument yields the result. O

We now show that the push-forward of uz by ¢7 is P-as. equal to Lebesgue measure on
R2.
Lemma 5.2. P-a.s., it holds that pg o %—_1 =L.
Proof. We first note that since 62y o gb&l(d*l ) — L for any realisation of the UST, it will
suffice to show that

Sppe 0 by (0,1 ) — pr 0 67" (5.2)

in distribution with respect to the topology of vague convergence of probability measures on R?.
For this, it will be enough to establish that, for any continuous, positive, compactly supported
function f,

& /R | fOn)pas 0 ¢yt (dx) — /R f@ur o ¢71(dx) (5.3)

in distribution (see [30, Theorem 16.16], for example).
Applying the coupling of Lemma 5.1 in conjunction with Lemma 3.7, we obtain

02 1t (8" (01 +) N B (0,6,7r3)) = pr (67 () 0 T (5-4)

weakly as measures on R? as i — oo, for every rj, P*-a.s. In particular, this confirms that, for
every rj, the above convergence holds in distribution (under the convention that the laws of
random variables on the left-hand side are considered under P, and those on the right under
15) By monotonicity, we also clearly have P-a.s. that, for any positive measurable f,

/RQ f(x)MT <¢’;’1() N T(”)) (dgj) — /R2 f($)u7 o gf),}l(d:[;), (5‘5)
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as r — 00.

As a consequence of (5.4) and (5.5), to establish the convergence at (5.3) along the sub-
sequence (n;)i>1, it is sufficient to show that pz o d)}l is locally finite and also that, for any
continuous, positive, compactly supported function f,

. </Bu(0,5n;rj)c f(éni‘bu(x))uu(dx))‘ —0 (5.6)

(cf. [13, Theorem 32_}) To show that the latter is true, first choose r such that the support of f
is contained within Bg(0,r) (where we write A to represent the closure of a set A), and define
A(i, ) to be the event that

lim limsup 62,
; 1
J7X0  j—o0

¢yt (Br(0,0,'7)) C By (0,6,r)) (5.7)

(i.e. similarly to the inclusion at (3.10)). It is then the case that the expression within the limits
on the left-hand side of (5.6) is equal to

E (/Bu(o,(snfrj)c f(<5m¢u(x))ﬂu(d:c)1A(i’j)C>

which is bounded above by sup,cge f(2)02 1y (Be(0,6,17)P(A(i,5)°) < cP(A(i, )¢) for some
finite constant c¢. Consequently, since

2
52,

)

lim limsup P(A(,5)) =0 (5.8)
J70 o0
by Theorem 2.1(a), we have proved (5.6), as desired.
To check that pug o gb}l is locally finite, we will show that, for every r > 0,

Jlim P (97" (Be(0,r) 2 TW) =0, (5.9)
—00

Suppose that (5.9) is not true for some r’ > 0, with the limit instead being equal to ¢ > 0. It
is then the case that for every R, there exists an R’ such that

p (qu(x) € Br(0,r') for some z € 7<R’>\T<R>) > ¢/2. (5.10)

Next, let us suppose that the sequences (n;);>1 and (r;)j>1 are given by Lemma 5.1, and
D; ;, as defined by (5.1), is bounded strictly above by §. We can then find a correspondence
Cij € Bul(0,6,]r;) x T such that |0 dig(0,2) — dr(pr, )] < 26 and also [0y, ¢y () —
or(2')| < § for every (x,2') € C;;. It is then easy to check that if r; > R’ and the event
within the probability at (5.10) holds, then so does the event that ¢y (z) € Bg(0,6,! (' + 9))
for some = € By (0,6, r;)\Bu(0,9, (R — 26)), which is a subset of {6, (Bp(0,6,1(r" +9)))

g7

By (0,6, (R —26))}. Since we know that P*(D;; > ¢) — 0 as i — oo, it follows that

lim inf P (¢, (BE(0,6,1 (" +6))) € Bu(0,5,"(R — 25))) > ¢/2.
However, replacing ' + 4§ by r and R — 26 by r; for suitably large j, we see that this contradicts
the statement at (5.8). Consequently, (5.9) must actually be true.
What we have proved already is enough to yield the lemma. We do note, though, that for
any subsequence (n;);>1, we could have applied the same argument to find a sub-subsequence
(ni;)j>1 along which the convergence at (5.3) holds. Since the limit is identical for any such
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sub-subsequence, it must be the case that the full sequence also converges to this limit, which
thereby establishes (5.2). O

Next, similarly to (2.1), define a ‘Schramm-metric’ on 7 by setting, for z,y € 7,

dF (z,y) := diam (¢7 (v (2,9))) ,

where the diameter is in the Fuclidean metric. It follows immediately from the continuity of ¢
that dg— takes values in [0, 00), and it is easy to verify from the definition that d*;— is symmetric
and satisfies the triangle inequality. In the next two lemmas, we show that d§ is a metric on
7, and that it gives the same topology as dr.

Lemma 5.3. For every r,n > 0, we have

lim P inf  d3(z,y)<e|=0. (5.11)
e—0 z,y€Br(pr,T):
dr(z,y)>n

Proof. We start by proving the discrete analogue of the result: for every r,n > 0,

lim lim supP( inf dii(z,y) < (5_16> =0. (5.12)

e—=0 50 x,y€ By (0,0~ "r):

dy(z,y)>6~"n
We argue similarly to the proof of Lemma 4.3. Again, it is enough to consider the event in
A,(AN)NAg. On A,(N)N Ay, if 2,y € By(0,c16~"r) satisfy di)(z,y) < e, then by Proposition
2.8, dy(z,y) < Ae®6~". Thus, by taking e small enough so that \e® < n, we have dy(x,y) <
nd—". This proves (5.12) with r replaced by c¢;7, and a simple reparameterisation yields the

result.

To transfer to the continuous setting, let us suppose that the sequences (n;);>1 and (7;);>1

are defined by Lemma 5.1 and that the A. distance between Q{((;Zjv) and 7() | again denoted by

D; j, is bounded strictly above by 6. Similarly to (3.11), we can then find a correspondence
Ci,j € By(0,0,r;) x T(3) such that for every (z,2'), (y,y') € C; j, we have

A% (5, tu(V(@, 1)), b1 (v (2 y))) < 6+ sup 67 (2) — b1(2),
(z,z’)GT(TJ'): dr(2,2")<58

where dg is the Hausdorff distance on R?, and so

|6, dii (2, y) — dF (', 3f)| < 26 +2 sup |¢7(2) — o7 ()]
(2,2)eT\"3’:
dr(z,2')<58

We can further assume that [0}, dy(z,y) — d7(2',y")| < 26 for every (x,2'), (y,y') € Cij. Next,
fix r,n > 0 and select j so that r; > r. It then holds that the probability on the left-hand side
of (5.11) is bounded above by

P inf dyy(z,y) <26, c | +P|20+2sup |¢7(z) — o7 ()| > ¢ | +P*(Di; >9),
:E,yGBu(O,(;Eij): (Z,Z/)ET(Tj):
dy (,y) >0, (n—20) dr(z,2')<58

where P* is the coupling measure defined in the statement of Lemma 5.1. Now, by our choice
of subsequence (n;);>1, the final expression converges to zero as ¢ — oo, for any value of § > 0.
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Since ¢ is continuous, the second term converges to zero as § — 0, for any value of ¢ > 0.
Hence we can conclude

P inf d3(z,y) <e| <limsupP inf diy(z,y) < 20, te
x,yEBT(pT,T): i—00 x,y€ By (0,65, ;) '
dr (z.y)2n dy (w,y) >0, n/2
Since the upper bound converges to zero as € — 0 by (5.12), this completes the proof. (|

Lemma 5.4. P-a.s., d5 is a metric on T, and the identity map from (T,dr) to (T,d3) is a
homeomorphism.
Proof. To establish that d; is a metric, it remains to check that it is positive definite. For this,
we note P(d5(z,y) = 0 for some x,y € T with dr(z,y) > 0) is equal to
lim lim lim P (dg(a:,y) < ¢ for some z,y € Br(pr,r) with dr(x,y) > 17) ,
r—oon—0e—0
which in turn is equal to zero by Lemma 5.3. Next we check that the identity map from (7, dr)
to (7, dg) is a homeomorphism. Clearly it is a bijection. Moreover, its continuity follows
from the continuity of ¢7. For the continuity of the inverse, we start by noting that a simple
Borel-Cantelli argument yields that, P-a.s., for every n > 0, there exists a ¢, > 0 such that
inf, ye By (pr,r): dr (z,)>n d3(z,y) > &,. In particular, this implies that if z,y € Br(pr,r) and
d3(z,y) < &, then d7(z,y) < n. Hence the identity map from (7', d5) to (7, dr) is continuous,
as desired. (]

In order to transfer results from [48], we now show that the push-forward of P by the map
T introduced in Lemma 3.9 gives precisely a subsequential limiting measure as considered in
the latter paper. In particular, in [48], Schramm studied properties of the subsequential limits
as & — 0 of the laws of T(Uy), viewed as probability measures on the space H(S? x 2 x H(S?))
(with S? the one-point compactification of R?). Whilst the space H(S? x §2 x H(S?)) is compact,
and so it is immediate that the laws of (¥(Us))s>0 are tight and admit such subsequential limits,

the next result shows that along the subsequence (0n)n>1 we actually have convergence, with
the limit being the law of T(7°) under P.

Lemma 5.5. The laws of (Z(Us, ))n>1 under P converge to the law of T(T) under P, weakly
as probability measures on H(S? x S? x H(S?)).
Proof. We again consider the coupling of Lemma 5.1. Together with Lemma 3.9, this gives that
there exists a divergent sequence (7;);>1 such that, for every r;, P*-a.s., ‘I(ggj‘)) — 5(’]_'(”))
in H(R? x R? x H(R?)), and thus also in H(S? x S x H(S?)). Z

Let dg2 be the usual metric on S?. Set 6, := SUDPg yes?\ By(0,r) ds? (2, y), and note that 6, — 0
as r — 0o. Let also

dS2><SQ><H(S2)(($v y, A), (xlv Y, A/)) 1= dg2 (, l'/) + dg2 (v, y/) + d?; (4, A/)v

where d?; is the Hausdorff distance on H(S?). Now, suppose that i and j are indices such that
the event A(i, j) holds, where A(3, j) is defined as in the proof of Lemma 5.2 (see the definition

at (5.7) in particular). Denoting by d?;XSQXH(SQ) the Hausdorff distance on H(S? x S? x H(S?)),
we claim that on A(i, j),

diXS2XH(S2) (S(Mf;g))7’~((b_fan4)) < 30y,
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and similarly, if qS}l (EE(O,T)) C T then
di?xs%d—t(S?) (T(I(R)), S(I)) < 36,.

Since the two statements can be proved in the same way, let us consider only the latter. We need
to show that if z € T\T" and y € T then (¢7(z), d7(y), ¢7(vr(z,y))) is within a distance of
oy of ‘Z(I(R)) with respect to the metric dg2, g2 (s2). First, define xg, yo to be the closest point
of T to z, y, respectively, so that the triple (¢7(xo), 7 (yo), b7 (v7(x0,70))) is an element
of T(TM)). By definition, we have that v7(zo, z)\{zo} is a subset of 7\7") and so its image
under ¢7 must fall outside of B(0,7). A similar observation holds in the case that y ¢ 7). It
follows that dgz 2« w(s2) ((¢7(2), ¢7 (), d7(v7(2,9))), (97 (20), &7 (%0), ST (V7 (20, %0)))) < 367,
as desired.

Given (5.8), (5.9) and the conclusions of the previous two paragraphs, it is not difficult
to show that T(U;s ) converges to T(T) in distribution. The full convergence result can be
obtained from this By applying a subsequence argument as in the proof of Lemma 5.2. ([

As a consequence of the previous lemma, we immediately inherit a number of results from

[48].

Lemma 5.6. (See [48, Theorem 1.6, Corollary 10.4]). For P-a.e. realisation of T, the following
properties are satisfied:

(a) For every (a,b,w) € T(T), if a # b, then w is a simple path, that is, homeomorphic to [0,1].
If a = b, then w is a single point or homeomorphic to a circle.

(b) Considered as a subset of S?,

trunk := U w\{a, b} (5.13)

(a,bw)eT(T)

1s a dense topological tree.
(c) For each x € trunk, there are at most three connected components of trunk\{z}.
(d) The Hausdorff dimension of trunk is in (1,2).

Note that, by construction, the set trunk defined at (5.13) is actually a subset of R?, and is
also a dense topological tree when considered a subset of this space. In the following lemma, we
show further that trunk is topologically equivalent to the set 7° introduced in the statement of
Theorem 1.3. For the proof of this result, we observe that 7° can equivalently be defined by

T° = U 77(x7y)\{x7y}' (5'14)

ryeT

Define, for x,y € trunk, df;unk(a:, y) := diam (Yrunk (2, y)), where Yrunk (2, y) is the unique path
between z and y in trunk, and the diameter is taken with regards to the Euclidean metric.
We remark that although the metric dfwnk behaves quite differently to the Euclidean one, the
topologies these two metrics induce on trunk are the same — see the proof of Theorem 1.3 for

details (cf. [48, Remark 10.15]).

S )

Lemma 5.7. P-a.s., ¢1 is an isometry from (T°,d3) to (trunk,d>.

Proof. We start the proof by establishing that

o1 (vr (2, 9)\{z, 9}) = o1 (v7 (2, 9) \{o7(2), 67 (1)} (5.15)
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for every xz,y € 7. The inclusion D is easy, and so we work towards showing C. Let z €
o1 (vr(x,y)\{z,y}) for some = # y, and suppose that it is also the case that z = ¢7(x). By
assumption, we know that z = ¢7(2’) for some 2’ € yr(z,y)\{z,y}. Now, by Lemma 5.5,
because ¢7(2') = ¢7(x) we can apply Lemma 5.6(a) to deduce that ¢ (y7(z,2’)) is either a
single point or homeomorphic to a circle. Actually, since dr(x,z’) > 0, Lemma 5.4 tells us that
dg(x,a:') > 0, and so it must be the latter option that holds true. We continue to consider
two cases. Firstly, if ¢7(y) # ¢é7(x), then Lemma 5.6(a) tells us that ¢ (y7(z,y)) must be a
simple path. However, the circle ¢7(y7(z,2")) is a subset of ¢7(yr(z,y)), and so we arrive at
a contradiction. Secondly, if ¢7(y) = ¢7(z), then one can again apply Lemma 5.4 to choose
2" € yr(x,y) such that ¢p7(2") # ¢7(x). Clearly, we have that either z € ¢ (vr(x,2”)\{z,2"})
or z € ¢pr(yr(2”,y)\{z",y}). Since 2" & {z,y} and o7 (2") & {d7(x), 7 (y)}, the situation
reduces to the first case, and yields another contradiction. Hence, we can not have z = ¢7(x).
Similarly, z # ¢7(y), so the claim at (5.15) is proved.
Now, from (5.13), (5.14) and (5.15), it is clear that

or(T%) = |J o1 (el )\{z.9}) = | é7 (77 (2,9) \{67(2), ¢7(y)} = trunk,

z,yeT z,ye€T

and so the map ¢7 : 7° — trunk is a surjection. To complete the proof, we will again use
the fact that, for every z,y € 7 with ¢7(x) # o7 (y), é7(vr(z,y)) is a simple path, and note
that the proof of this result in [48] includes showing that the endpoints of this path are ¢7(x)
and ¢7(y). In particular, if z,y € T° are such that ¢7(z) # ¢7(y), then we know that the
simple path ¢7(yr(z,y)) from ¢7(x) to ¢p7(y) is contained in trunk. Recalling that trunk is
a topological tree, which implies there is be a unique path Yirunk(d7(x), ¢7(y)) between ¢ (x)
and ¢7(y) within this set, it must be the case that ¢7(v7(x,y)) = Yrunk (P17 (), ¢7(y)). On
the other hand, if z,y € 7° are such that ¢7(z) = ¢7(y), then, by Lemma 5.6(a), it must
hold that ¢7(yr(z,y)) = {¢7(x)}, where we note that we can exclude the possibility that
¢1(yr(z,y)) is homeomorphic to a circle, since trunk is a topological tree and can not contain
such a subset. Hence we obtain that ¢7(v7r(z,y)) = Yerunk(@7(2), ¢7(y)) in this case too.
Consequently, dg(a:, y) = dfmnk(qﬁf(x), o7 (y)) for every z,y € 7°. This confirms that ¢7 is an
isometry, as desired. ([l

Before we complete the proof of Theorem 1.3 we mention another property of the trunk that
will be needed. This is that the trunk can be used to reconstruct the dual trunk, that is, the (sub-
sequential) scaling limit of the dual graph of the UST (see [48, Remarks 10.13 and 10.14]). More
precisely, for any two points x,y € S?\trunk, there exists a unique path in S?\trunk between
them. Denote this path by Yyt (Z, ¥), and set trunk’ := Uz yes?\ trunk Yerunkt (T ¥)\ {2, y}. This
is the dual trunk, which is distributed identically to trunk.

Proof of Theorem 1.3. Tt readily follows from Theorem 1.1 and the unboundedness of (U, dy;)
that the diameter of (7,dr) is infinite, and so it has at least one end at infinity. Thus to
complete the proof of part (a)(ii), it will suffice to show that there can be no more than one
end at infinity. To this end, note that, for any r > 0,

P ((7,dr) has > 2 ends at infinity) < Rlim P (C7r(r,R) > 2),
where Cr(r,R) is the event that there exist z,y ¢ T such that yr(x,y) N T # 0.
By applying the coupling of Lemma 5.1, it is possible to bound the inner probability by

lim sups_,o P(Cry (2077, 67" R/2)), where Cy(r, R) is defined similarly to Cr(r, R), with 7 re-
placed by U. (Since we have already presented similar coupling arguments in the proofs of
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Lemmas 5.2, 5.3 and 5.5, we omit the details.) Now, for A > 0,
P (Cy(26~"r,6 "R/2))
< P (cﬁ(xa—lrl/”, 6‘1R1/’“‘/)\)> 4P <Bu(0, 25~"1) ¢ B0, )\5_17“1/”))
4P (BE(O,)\_Ié_lRl/”) z Bu(O,(S‘“R/Z)) :

where CJ/(r, R) is the event that there exist x,y ¢ Bg(0, R) such that v(z,y) N Bg(0,7) # 0.
Hence, from Theorem 2.1(a) and [2], we obtain, for R > A > 2 and R > A7,

ke AZpl/m) ~1/6
P (Cz,{(2(5 H’I”,(S HFi/2)) <c (W) + c3A / .
Taking A = R'/3%_ this converges to 0 as R — oco. It follows that the P-probability of (7,dr)
having > 2 ends at infinity is zero, as desired.

For part (b)(i), we begin by noting that A C ¢ (¢7(A)) for any set A. Consequently, from
Lemma 5.2, we obtain pur({z}) < L{¢r(z)}) = 0 for every = € 7. Moreover, by Lemma 5.7,
ur(T°) < L(¢7(7°)) = L(trunk) = 0, where the final equality is a consequence of the fact that
trunk has Hausdorff dimension strictly less than two (as recalled in Lemma 5.6(d)).

To establish part (b)(ii), it will suffice to check that, given R > 0, there exist constants
¢1,C2,C3,C4,C5,c6 € (0,00) such that, for every r € (0,1),

f’( inf  pr (BT(x,r)) < 11 (log 7“_1)_80) < eor®,
z€B1(p7,R)

15( sup  pr (BT(:L‘,T)> > ¢4 (log r_1)80> < esrs.
z€BT1(pT,R)

Indeed, one can then apply a simple Borel-Cantelli argument along the subsequence r, = 27",
n € N, to deduce the result. We observe that the above inequalities can be deduced from
the definition of P and Corollary 2.11 by applying the coupling of Lemma 5.1. Furthermore,
note that part (a)(i) is an elementary consequence of (b)(ii) (see [24, Proposition 1.5.15], for
example).

Part (b)(iii) can also be obtained using a Borel-Cantelli argument in conjunction with the
following: there exist constants ¢1,ce € (0,00) such that

p (M (Br(pr,7)) > )\rdf> < e (5.16)

p (W (Br(pr,7)) < A‘lrdf) < cree?, (5.17)

for all » > 0, A > 1. Again applying the definition of P and the coupling of Lemma 5.1, it is
possible to deduce the bound at (5.16) from Theorem 2.1(b). The proof for the bound at (5.17)
is similar.

The first statement of part (c)(i) depends on Lemmas 5.4 and 5.7. In particular, these two
results imply that ¢ is a homeomorphism from (7°,dr) to (trunk, df;unk). To replace the
topology generated by dfwnk with the Euclidean one, we will show that the identity map from
(trunk, dfmnk) to (trunk, dg) is also a homeomorphism. Clearly it is a continuous bijection, and
so we need to show its inverse is continuous. To do this, suppose that x,,x € trunk are such
that dg(zn,2) — 0. Now, in light of ¢7 : (7°,d7) — (trunk,d; ) being a homeomorphism,
the map ¢7 : 7 — R? can be viewed as the extension of the identity map trunk — R? to a

continuous map on the completion of (trunk, dfrunk), and it therefore follows from the discussion
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in [48, Remark 10.15] that |¢'(z)| is equal to one if z is not contained in trunk'. In particular,
since trunk N trunk’ = @, there exist unique y,,y € 7 such that ¢7(y,) = =, and ¢7(y) = .
Moreover, since z,,x € Bg(0,7) for some r < oo, there must exist an R < oo such that
Yn,y € Br(pr,R) — this is an easy consequence of (5.9). Hence, by compactness, for any
subsequence n;, there exists a sub-subsequence yy,; such that dT(ynij ,y") — 0 for some 3/ € 7.
By the continuity of ¢7, it follows that dp(é7(y'), ¢7(y)) = limj—cc dp(¢7(Yn,,), o7(Y)) =
lim; o dE(:cnij,x) =0, and so 3/ = y. Noting that v,y are necessarily in 7°, Lemmas 5.4 and
5.7 thus yield dtsrunk(xnij ,T) = dg(ynij ,y) — 0. Since the initial subsequence (n;) was arbitrary,
this implies d | (zn, ) — 0, as desired. The denseness of ¢7(7°) in R? follows from Lemmas
5.6(b) and 5.7. Furthermore, applying Lemma 5.6(c) together with the homeomorphism between
7° and trunk yields that max,c7 degs () = 3, which is the first claim of part (c¢)(ii). To check
the remaining claim of part (c)(ii), we note that if = is contained in trunk', then |¢p7!(z)| is
equal to the degree of z in trunk' (again, see the discussion in [48, Remark 10.15]). Since
trunk’ also has maximum degree 3 (by Lemma 5.6(c) again), this establishes the desired result.
(Recall that |¢5"(x)| = 1 for = ¢ trunk'.) Finally, point (c)(iii) will be a simple consequence
of Lemma 5.2, at least if we can show that L£({z : |¢7'(z)| > 2}) = 0. However, from our
previous observations, we know that the set {z : |¢(x)| > 2} is contained in trunk', which
has Hausdorff dimension strictly less than two (by Lemma 5.6(d)). O

6 Simple random walk scaling limit

In this section we prove Theorem 1.4. The general convergence result for simple random walks
on graph trees (see Theorem 6.1 below) that we apply extends [18, 19, 20] from the setting of
ordered graph trees (in particular, in those articles graph trees and real trees were encoded by
functions). Work is also needed to extend to the non-compact setting of this article.

Let us start by introducing some notation. Let (7},),>1 be a sequence of finite graph trees.
Write dr, for the shortest path graph distance on T),, and pg, for the counting measure on
the vertices of T,,. Suppose that ¢, is a map from the vertices of T, into M — until otherwise
noted, we assume that M is a separable normed vector space, and write the metric induced
by its norm as djs. Fix a distinguished vertex pr, of T,,. We extend (T),,dr,, 11, , o1, , PT,)
to an element of T. by adding line segments of unit length along edges of the graph tree,
and (isometrically) interpolating ¢7, between these along the relevant geodesics. The process
(XtT ")¢>0 is the discrete time simple random walk on Tj,, and Pl its law started from x. We
extend (¢, (X/™))¢>0 to an element of C(R,, M) by interpolation along geodesics.

The limit space we consider in Theorem 6.1 is the natural generalisation of that of [20].
In particular, let T} be the collection of those elements 7" of T, such that p7 is non-atomic,
supported on the leaves of 7 (recall that the leaves of a real tree 7 are those points x € 7 such
that 7\{x} is connected, i.e. which have deg;(x) = 1), and also there exists a constant ¢ such
that

liminf inf »~“uz (B (z,7)) > 0. (6.1)
r—0 xeT

For a locally compact real tree (7, dr) equipped with a locally finite Borel measure pg of
full support, it is shown in [6] how to construct an associated ‘Brownian motion’ (cf. [32], which
deals with the case when (7, dr) is complete). For readers’ convenience, let us briefly summarise
this construction. In particular, first define the length measure A7 on 7 to be the restriction of
one-dimensional Hausdorff measure to 7° := 7\{z € 7 : degs(z) = 1}. Moreover, let A be the
collection of locally absolutely continuous functions on 7, where we say a function f : 7 — R is
locally absolutely continuous if and only if for every e > 0 and subset A C 7 with A7(A) < oo,
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there exists a § > 0 such that: if vr(z1,y1),...,v7(zk, yx) C A, k € N are disjoint arcs with
Ele dr(zi,y;) < 9, then Ele |f(x;) — f(yi)| < e. Given a function f € A, there exists a
unique (up to Ar-null sets) function g that is locally in L!(7, A7) such that

f(o) — flx) = g()Ar(dz) + / 9(=)Ar(d2),

YT (bT (PT ,:E,y) 7y)

/yq— (b1 (p1,2,y),2)

for all z,y € T, where by (pr,x,y) is the unique branch-point of pr,  and y in 7 [6, Proposition
1.1]. (Note that the above difference can be interpreted as an oriented integral from x to y,
and is independent of the choice of pr.) The function g in the previous sentence is called the
gradient of f, and is denoted V f. Next, define

er(f.9) = 5 [ V@) g(a)r(do)

for all f,g € Fr, where F:={f € A: Vf € L*(T, 1)} N L*(T, 1) N Coo(T). Here, Coo(T)
is the space of continuous functions on 7 that vanish at infinity. By [6, Propositions 2.4 and
4.1, and the proof of Theorem 1], (é7,Fr) is a local, regular Dirichlet form on L?(7, u7).
The Brownian motion on (7, dr, ur) is the continuous, pr-symmetric, strong Markov process
(XT)i>0, (PF)zer) associated with this Dirichlet form (see [27]). Clearly this construction
applies to elements of T, and the additional restriction (6.1) allows one to deduce that this
Brownian motion has local times (LtT(l’)):ceT,tzo which are jointly continuous in ¢ and z (see
[20, Lemma 2.2]).

Theorem 6.1. Let (ap)n>1, (bn)n>1, (cn)n>1 be null sequences with by, = o(ay) such that

(Tna andTna bnMTnv Cn¢Tn ) an) - I (62)

in (T¢, Ac), where T is an element of T:. Then

(entr (XFn)) g — 07 (7)) 63)

in distribution in C'(R4, M), where we assume Xg” = pr, for each n, and also XTI = pr.

Since the proof of this result is close to the arguments of [18, 19, 20], we will not give all
of the details. For clarity, though, we will break it into three lemmas. The basic idea is to
approximate the processes of interest by processes on trees which have finite total length, for
which convergence is more straightforward to prove. So, let 7 be an element of T}, and (x;);>1
be a dense sequence of vertices in 7 — these will be fixed throughout the current discussion. (To
avoid trivialities, we assume that 7 consists of more than one point.) We suppose that (z;)i>1
are distinct, and none is equal to the root p7, which we will sometimes also denote by zq. For
each k > 1, define 7 (k) := Uf:fyf(pf, z;), and let w7 7(x) be the natural projection from 7" to
T (k), i.e. for ¥ € T, w7 71 () is the closest point in 7 (k) to z. Taking p®) = 7o ﬂ;}T(k),

we define X7+ 6 be Brownian motion on (T(k), dr|7(1)s 1*)). By [20, Proposition 2.1], if

(k)
we assume that X7 ®»" and X7 are both started from pz, then (XtT(k)’” )is0 — (X )iso0

in distribution in C'(R4,7). (This step is one of the places in the proof that the existence of
jointly continuous local times for the Brownian motion X7 is used.) Hence, the continuous
mapping theorem implies that

(¢T (XtT(k),mk)))tZO = (¢r (X,ff))tZO (6.4)
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in distribution in C(R4, M). Moreover, if we define B(k) := {br(p7,2i,2;) : 4,5 € {0,...,k}}
and gi)g]f) : T(k) — M by setting qbglf) = ¢7 on B(k) and interpolating along geodesics between
these vertices, then one can deduce from the denseness of (z;);>1 and continuity of ¢7 that

limy 00 SUPzeT (& dM(d)T (), ¢p7(x)) = 0 (cf. [19, Theorem 8.2] and the following discussion).
Consequently (6 4) yields the following lemma.

Lemma 6.2. As k — oo,

(8 (XT9)) 5y = (07 (K7D

in distribution in C(Ry, M).

k),u®)

Before describing the connection with discrete objects, let us note that X7 ( can also

be represented as a time change of another Brownian motion on 7 (k). In particular, let k)

XT(k)”\(k) be the associated

be the one-dimensional Hausdorff measure on (7 (k), dr|7(x)), and
Brownian motion. Since A\(%) satisfies (6.1), this process admits jointly continuous local times

(Lﬁk) (7)) zeT (k)05 from which we deﬁne an additive functional A fT (z) P (dx),

and its inverse 7 (t) := inf{s : ) > t}. (NB. We use hatted notation for con51stency with
[20].) From [20, Lemma 2.4], we then obtain that if X7®)A* is started from pT, then

T (Kk),\5)
(Xf““’(t) )tzo (6:5)

is distributed identically to X T2 started from pT-

For the next part of the proof of Theorem 6.1, we fix a sequence of metric spaces Z,,, isometric
embeddings 1, : T — Zy, ¥, : (Tn,andy,) — Z, and correspondences C,, between 7 and T,
containing (p7, pr,) and such that (3.3) holds with 7, replaced by (T}, andr, , bopt, , Cn®1, 5 PT,,)
for some sequence &, — 0. (This is possible if we suppose that (6.2) holds.) Moreover, let
x' € T, be such that (x;,z}') € Cy, and define the subtree T}, (k) C T}, and projection 7, j :
T, — T, (k) similarly to the continuous case. Using elementary arguments, one can check that

lim limsup a, max dr, (z, 7, ,(x)) < lim limsup <sup dr (@, 77 731y (7)) + 5€n> =0, (6.6)
— X0 n—o0 xETn k—o0 n—oo zeT '

(cf. [18, Lemma 2.7]), which says that the subtrees T}, (k) are uniformly good approximations of

the full trees T},. As for processes, we define X™F := Tk (X Ty and J™F to be the corresponding

jump chain, i.e. if Ag’k = 0 and A?’k := min{s > A?;kl : XIn e T,(k )\{X - }} then

Jr = XIZZ .. Conversely, if 77 (t) := max{s : AP <}, then we can write
o k
xR = (6.7)
: n,k : nk 2 t—1 n,k
Define the local times of J™" by setting L;""(x) := T Yoo 1a(Js") for x € T, (k) and

t > 0, where deg,, ,(z) is the usual graph degree of = in T,,(k). We use these to define an
associated additive functional Amk by setting AP = 0 and AP = an(k) LM () p e (dz),
where fi,, j, == pr, o7, k Finally, from the inverse #™*(¢) := max{s : A" < t}, we define an
alternative time-change of J™* by setting

Xk = gk (6.8)

7ok (t)
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In the next lemma we describe how methods of [20, Section 3] can be applied to deduce a scaling

limit for these processes. The map qbgi ). T,n(k) — M is defined analogously to the continuous
case.

Lemma 6.3. Suppose that (6.2) holds, and fir k > 1. Then

(e (K)o = (08 (7)) 0,

in distribution in C(Ry, M).

Proof. In this proof, we will use an embedding of trees into ¢!, the Banach space of infinite
sequences of real numbers equipped with the metric dy induced by the norm ). |x(7)| for
2 € ¢! (the procedure was originally described in [5]). In particular, given a sequence (7 (k)) E>1
as above it is possible to construct a distance-preserving map ¢ : (7,d7r) — (¢£*,dp) that
satisfies ) (p) = 0 and ) }

T (P(0)) = b(mr 70 (7)) (6.9)
for every 0 € T and k > 1, where 7 is the projection map on ¢!, i.e. mp(z(1),2(2),...) =
(z(1),...,2(k),0,0,...). Roughly speaking, we first map 7 (1) to a line segment of length
dr(pr,z1) in the first coordinate direction of ¢!. Then, given the map ¥ on 7 (k), map the
additional line segment in 7 (k4 1) to a line segment in the (k + 1)st coordinate direction of ¢!
(i.e. orthogonally to 1 (7 (k))), attached at the image in £ of the appropriate branch-point. Such
a map is determined uniquely by insisting that (7)) C {(z(1),z(2),...) € €' : z(i) > 0,i =
1,2,...}. We can of course embed the discrete trees similarly, and we denote the corresponding
embeddings by ¥,. It is not difficult to check from our construction that, for every i > 0,

anthn(]) — P(ai). (6.10)

As a consequence of this and the fact that the maps 1/; and @Z;n are isometries, we find that
(T, andr,, , by, s anzﬂn, pr,) — (T,dT, 1, z;, p7) in the version of (T., A.) where maps are into
(M, dyr) = (04, dé) Moreover, taking projections my, yields (T}, andr, , bupiz, , Tk © nthn, p1,) —
(T,dr, pr, T © Y, pr) in the version of (T., A;) where maps are into R*. Hence, by applying
Lemma 3.7, and noting the characterisation of 1 at (6. 9) it follows that

bn,un,k © (anlz}n) - M o /lzz) (6'11)

weakly as measures on R¥, and the same conclusion also holds in terms of weak convergence of
measures on ¢1. The two conditions (6.10) and (6.11) enable us to obtain from [20, Proposition
3.1], (see also the proof of [20, Lemma 4.2]) that

o (7)), (PP oy

in distribution in C'(R4, ¢! x R}). Since the functions ¢ /Algk) are almost-surely continuous
and strictly increasing (by [20, Lemma 2.5]), one can take an inverse in the second coordinate
and compose with the first to obtain

(“n% ( t/anbn)>t20 - (@5 (XtT (B (k)))tzo (6.13)

in distribution in C'(R,¢!), for which it is helpful to recall the expressions at (6.5) and (6.8).
Now, from our choice of 27, one can check that, for every i,j > 0, cn¢r, (br, (P13, 77, 27)) —
o1 (br(p1, i, %)), where the function by, returns the branch-point of three vertices of T;,. This
allows one to transfer the convergence of (6.13) into M, and so obtain the result. ]

In light of Lemmas 6.2 and 6.3, the proof of Theorem 6.1 is completed by the following
lemma (see [13, Theorem 3.2], for example).
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Lemma 6.4. Suppose that (6.2) holds. For every e > 0,

lim lim sup PpTT’:L < sup dys <cn¢Tn <X;‘F/"anbn> ,c,@%} (X:/’I;nbn)> > 6> =0.

—00 n—oo s€[0,t]

Proof. From the definition of €,, one can obtain

lim lim 1 nd ( o) )
520 hoo e weTmyet (k) M ¢1,(2), Oz, (v)

andTn (I,y)§6

< lim lim limsup ( sup dyr (o7 (), d7(y)) + 28n>.

0—0k—0 n—ooco z,yeT:
dr (x,y)§5+§k+188n

Here, dj, is the maximum dr-distance between two adjacent vertices of B(k), where by saying
x,y € B(k) are adjacent, we mean that vz (z,y) contains no element of B(k) other than = and y.
By the continuity of ¢ and denseness of (z;);>1, the upper bound above is equal to 0. Hence
the lemma will follow from

lim limsup Pg;’}n (an sup dr, (X"’k X?/:m) > 5) =0, (6.14)

9y
k—oo n—oo s€[0,t] s/anbn

where we have applied (6.6) to replace X7» by X ™k in this requirement. Now, by making the
change from a;,! to a, and from n~! to b,, one can follow the argument of [20, Lemma 4.3]
exactly to deduce that

> 5) =0.

Note that we needed the fact that b, = o(ay), and also (6.6), (6.12) and b,u7, (1) — pr(7)
(which follows from our assumption at (6.2)). Recalling the characterisations of X™* and Xk
given in (6.7) and (6.8) respectively, we can complete the proof of (6.14) by combining the limit
above with the convergence statements of (6.13) and Lemma 6.2 (cf. [20, Proposition 4.1]). O

lim lim sup PpTT"n (anbn sup AR AmF

2 2
koo m—oo s<t s/a2 s/a2

The following measurability result will be useful when we come to look at random walks on
random trees. Its proof is similar to that of [18, Lemma 8.1(b)].

Lemma 6.5. The map T — Pg; o qS}l defines a measurable function from T% (equipped with
the subspace o-algebra) to the space of probability measures on C'(Ry., M).

Proof. Suppose that 7,, — 7 in T?. A straightforward adaptation of [46, Proposition 10] then
yields that if (z');>1 is a sequence of ur,-random vertices of 7, and (z;);>1 is a sequence of

ur-random vertices of 7, then, for each fixed k > 1,

(7;17 dTn? BTy ¢Tn7 PT.> (:’U:L)icZI) - (Tv dTv HT, ¢Ta PT, (ajl)f:1> ’

in distribution in a version of (T, A.) where metric spaces are marked by k points (so that the
supremum in (3.1) is taken over correspondences that include not only the root pairs (p7, ),
but also the marked pairs (x;, ), i = 1,...,k, say). Since the latter space can be checked to be
separable in the same way as was discussed for (T., A.) in the proof of Proposition 3.1, one can
apply a Skorohod representation argument to deduce that there exist realisations of the relevant
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random variables such that the above convergence occurs almost surely. As a consequence, the
proof of Lemma 6.3 can be applied to deduce that for fixed k > 1, as n — oo,

Por, o¢r, = Bpr U7 0 o7

(k)
in distribution as probability measures on C (R, M), where PpTT(k)’HT is the law of X7 ()n®

started from p7, and the objects indexed by n are defined analogously to the limiting ones. In

: : . Thwy 1. :
particular, this establishes that the map from 7 to the law of Pp,[( WT ngl is continuous,

and therefore measurable, on T;. Moreover, since p7 is non-atomic and has full support, then
we may assume that (x;);>1 is almost-surely dense in 7', and that all the vertices are distinct
(and not equal to the root p7). Hence, by Lemma 6.3, it holds that

T (k),u —1 T -1
PP’T quT_’PpTOQbT

almost-surely as probability measures on C(Ry, M). Thus the map from 7 to the law of
Pg; o QS}I is a limit of measurable functions, and so is also measurable on T}.. Since PZ; o ¢}1 is
a function of only 7~ (and not the particular sequence (z;);>1), the result follows from a standard
argument. [l

Suppose that 7 is a random element of T, built on a probability space with probability mea-
sure P, and P-a.s. takes values in T}. The previous lemma tells us that the annealed law of the
process ng(XT), where the Brownian motion X7 is started from the root, i.e. fTC PZ; od)}l(-)dP
(cf. (1.6)), is a well-defined probability measure on C(Ry, M). By a Skorohod representation
argument, we also obtain the following as an immediate corollary of Theorem 6.1.

Corollary 6.6. Let (T,,,dr,, ut,, ¢1,, P1,,), 7 > 1 be a random sequence, and (an)n>1, (bn)n>1,
(cn)n>1 be null sequences with b, = o(ay), such that (6.2) holds in distribution, and the limit T
almost-surely takes values in T;. Then the annealed laws of the processes

(Cn¢Tn (Xg&nb) ) >0

(cf. (1.5)) converge to the annealed law of p7(X7T), where we assume that XOT” = pr, for each
n, and also XJ = pr.

As with Lemmas 3.7 and 3.9, Theorem 6.1 and Corollary 6.6 can be extended to the non-
compact case with an additional assumption. To begin with the deterministic case, suppose
(T)n>1 is a deterministic sequence of locally finite graph trees for which (6.2) holds in (T, A),
where 7 is such that p7 is non-atomic, supported on the leaves of 7, and satisfies (6.1) when
the infimum is taken over Br(pr, R) for any R; we denote the subset of T whose elements
satisfy these properties by T*. (Note that for an element of T*, it is possible to define Brownian
motion X7 on (7, dr, ur) by the procedure of [6], as described above the statement of Theorem
6.1.) Moreover, assume that, for ¢ > 0,

Rh_r}r(l)o liznﬂsgp Pg;*}n (r (XT”, Br,(pr,,a,'R)) < t/ayb,) =0,
where, here and in the following, 7(X, A) := inf{t > 0: X; ¢ A} is the exit time of a process
X from a set A. It is then the case that (6.3) holds. Similarly to Remarks 3.8 and 3.10, we do
not include the full details of this argument, but instead restrict our presentation to describing
the probabilistic version of the argument needed to handle the simple random walk on ¢/. In
particular, given Theorems 1.1 and 1.3, the key additional ingredient for this is the following,
where we recall P is the annealed law of the simple random walk on U, as introduced at (1.5).
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Proposition 6.7. Fort > 0,

lim hmsupIP’( (XM,BM(O,(S_”R)) < t(g—ndw) =0.
R—oo 50

Proof. Given the volume growth and resistance estimates of [11, Proposition 4.2], we can apply
an identical argument to that used to prove the corresponding limit in [22, Theorem 1.1]. O

We are now ready to prove the main simple random walk convergence result for the UST.
In the proof, we let (Ps,)n>1 be a convergent sequence with limit P, and suppose that 7 is a
random variable with law P. Unless otherwise noted, we take (M, dys) to be R? equipped with
the Euclidean distance.

Proof of Theorem 1.4(a),(b). As in the proof of Lemma 5.2, the separability of (T, A) allows
us to find realisations of Us , n > 1, and 7 built on a common probability space with prob-
ability measure P* such that U5 — 7 holds in (T,A), P*-a.s. This yields the existence of
a subsequence (n;);>1 and divergent sequence (r;);>1 such that, for every r;, P*-a.s., we have

(r5)

convergence in (Tc, A.) of the radius 7; restrictions along the subsequence (n;);>1, i.e. U’ con-

verges to 7). Moreover, since the Lebesgue measure of those r > 0 for which ,LLT(@T(T)) >0
is zero, P-a.s., we may further assume that MT(BT(TJ)) = 0 for every rj, P-a.s. Noting that the
map 7T — T ") is continuous at those elements of T satisfying p7(07()) = 0 (cf. the proof of
Proposition 3.4, and equation (3.5) in particular), this final condition ensures that, for every
rj, TU3) is T-measurable. Now, from Theorem 1.3(b)(ii), it is the case that 7(") takes values
in T%, P-a.s. (Observe that if / < /2 and # € 7(), then there exists an 2/ € 7" such that
By (x,r") D Br(a2',7'/2), and so there is no problem in deducing the lower volume estimate
of (6.1) for the ball T(") from the lower volume estimate from 7. The further two properties
— that ,u(Tr) is non-atomic and supported on the leaves of 7(") — are immediate from the full 7
statements.) Hence, by Corollary 6.6 (with a,, = 6}, , by, = =62 o> Cn; = Op,), it follows that, for
every 7, the annealed law of

By (0,655
<5mX512(dw )> ,
ng ot t>0
where XPu(0:9n775) ig the simple random walk on By(0,0,r;), converges as i — oo to the

i (rj) (rj) . . .
annealed law of ((ﬁgq—"])(XtT ")i>0, where X7 7" is Brownian motion on the measured real tree

(T(5) d(r’ ) ,ug:j )), and we assume processes are started from the roots of the relevant trees.
Given the measurability of 7 (") described above, this limit law can be expressed as

/PPTT‘”’ o g7 () dP. (6.15)

Furthermore, since the limit does not depend on the subsequence, we obtain annealed distribu-
tional convergence of the rescaled discrete processes along the full sequence (0y,)n>1.

Next, suppose XY and X Bu(0:0n75) are coupled so that their sample paths agree up to
(XY, By(0,6,7r;)) (for example, by taking XPBul00n775) to be XY observed on By (0, 0,7 15)).-
It then holds that, for ¢t < oo and € > 0,

BL{ (076;Hrj)
>
syrdw g

IP’( sup oy, _ﬁdw - X

s€[0,t]

e) <P (T (X4, Bu(0,6,"r;)) < téfﬁdw) .

Hence we deduce from Proposition 6.7 that the left-hand side converges to 0 as n — oo and
then j — oo.
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Finally, we need to take care of the situation when r; — oo for the continuous trees. We
have already established that Pg;rj ' o ¢}1 is T-measurable for every r;. To show that this is
also the case for PpTT o qb}l, it will suffice to check that PpTT(T) — Pg; as r — oo, P-a.s. This will

follow if we can check that

PPTT (lim T (XT,BT(pT,r)) = oo) =1, (6.16)

r—00

for P-a.e. realisation of 7. To this end, first note that

PZ; (hm T (XT,BT(pT,r)) < oo) = lim lim lim PT(W (T (XT(Tj),BT(pT,r)) < t) ,

r—00 t—00 r—00 j—00 P
(6.17)

where we note that the laws of X7 and X7"” agree up to the exit time of By (pr,r) whenever
r; > r. Now, suppose that Us , n > 1, and T are coupled as in the first part of the proof.
It is not difficult to check from the definition of A. that the convergence in (T., A;) of the
radius 7; restrictions still holds P*-a.s. if d,¢y is replaced by 5Zgz~5u and ¢7 is replaced by
¢, where ¢y(x) := (dy(0,z),0) and ¢7(z) := (d7(0,),0), respectively. Thus an application
of Theorem 6.1 (with M = R) and a subsequence argument yields that, for every r;, P*-
a.s., (5gdu(0,Xﬁl’2(¢2;i"ﬁT"')
n — oo. Conseqlnlently,

/Pg;(Tj) (7‘ <XT(Tj),BT(pT,r)> < t) dpP

() ri) -
= /PpTT ! sup dr (pT,XST(J ) >r|dP
s€[0,t]

< / lim inf P 0 7) (Sup dyy (o,xﬁﬁ;‘f ”’"j)) > 5,7%/2) AP

n—o0 s€[0,1]

))t>0 converges to (dr(pr, X; (Tj)))tzo in distribution in C'(R4,R) as

< liminfP (T (XBu(O@? "71), By (0,4, “r)) < t6, "“d“’> :

n—oo

where we note that the necessary measurability of the law of dr(pr, X T(Tj)) can be checked
similarly to the measurability of Pg;(” ) o¢}1. Taking limits as j — oo, 7 — oo and then ¢ — oo,
we obtain from another application of Proposition 6.7 that the upper bound above converges to
zero. Thus the dominated convergence theorem yields that the P-expectation of the left-hand
side of (6.17) is equal to zero, and so we have established (6.16), as desired. In summary, we
have now shown that PpTT o 7" is T-measurable, and so P — the annealed law of ¢7(X7), as
introduced at (1.6) — is well-defined. This establishes part (a) of the theorem. Moreover, since
Pg;r) — Pg;, P-a.s., the continuous mapping theorem and the dominated convergence theorem
yield that the annealed law at (6.15) converges as j — oo to P. Together with the conclusions
of the previous two paragraphs, this completes the proof of part (b) (see [13, Theorem 3.2], for
example). O

Remark 6.8. In [19, Theorem 8.1], it was shown that the convergence of rescaled graph tree
‘tours’ (that is, functions encoding trees and embeddings into R?) implies convergence of spatial
trees. It only requires a simple extension of the proof of that result to add the measure, and
thereby deduce that convergence of tours also implies convergence in the topology of (T., A.)
(with R? replaced by R?). Consequently, (the R? version of) Theorem 6.1 provides an extension

36



of the random walk convergence result of [19, Theorem 8.1], and can also be used to deduce
a scaling limit for the simple random walks on critical branching random walks satisfying the
various assumptions on the offspring and step distribution detailed in [19, Section 10].

Remark 6.9. In [20, Theorem 1.1], (see also [18, Theorem 1.1],) a scaling limit was established
for simple random walks on ordered graph trees. The proofs of these results used the convenience
of encoding ordered graph trees by functions to simplify various technical details. Theorem 6.1
provides the additional framework needed to handle unordered graph trees. Indeed, suppose
that we have a sequence of finite rooted graph trees such that

(Tn’ andTn? bTLIU/Tn7 an) - (T7 dT? /’LT7 pT) ) (618)

for some null sequences (ay,)n>1 and (by,)p>1 with b, = o(ay,) in the Gromov-Hausdorff-Prohorov
topology of [1] for rooted, compact metric spaces equipped with Borel measures. Moreover,
assume that the limit satisfies the additional properties on the measure that hold for elements
of T¢. It is then the case that, by applying the procedure described in the proof of Lemma 6.3,
one can find isometric embeddings ¢ : T — ¢* and ¢, : T), — ¢*, n > 1, such that

(an&n (szlnbn)>t20 - <& (XtT)>t20’

in distribution in C(R,, ¢!), where X is the simple random walk on T, started from pr, , and
X7 is the Brownian motion on (7, dr, ji7) started from p7r. We note that a similar, but slightly
stronger result was recently established independently in [7] — the most important difference
being that the argument of the latter work required a weaker lower volume growth condition.

The above result can also be extended to the random case by embedding trees into ¢!
in a canonical random way — specifically, by choosing the vertices (x;);>1 € 7 to be a pr-
random sequence. The only additional complications come from some measurability issues,
but these can be resolved using similar ideas to those applied in the proof of Lemma 6.5.
To summarise the conclusion, suppose that (7},),>1 is a sequence of finite rooted (unordered)
graph trees for which (6.18) holds in distribution for some random measured compact real tree
(7 ,dr, pr, pr). Moreover, assume that p7 is a non-atomic probability measure, supported on
the leaves of T and satisfies (6.1), almost-surely. It can then be checked that the annealed laws
of (anz/)n( t Vb ))t>0, where Q,Z;n is the canonical random isometric embedding of T}, into ¢,
converge to the annealed law of Brownian motion on 7 randomly isometrically embedded into
(. For example, taking a, = n~/2, b, = n~!, this result applies to the model of uniformly
random unordered trees with n vertices, in which each vertex has at most m € {2,3,...,00}
children, as studied in [28]. Moreover, applying the argument of [21, Section 5.2] (where critical
Galton-Watson trees were considered), a corollary of this is that the mixing times of the simple
random walks on the random discrete trees, when rescaled by n3/2, converge in distribution to
(a constant multiple of) the mixing time of the limiting diffusion.

7 Heat kernel bounds for the scaling limit

As in Section 5 and the proof of Theorem 1.4(a),(b), let (Ps, ),>1 be a convergent sequence with
limit P, and suppose that (T,dr, pr, ¢, p7) is a random variable with law P. Tt follows from
[6, Remark 3.1] and [27, Theorem 1.5.2] that the Dirichlet form (E7, Fr) given in Section 6 is
the same as that of [32, Section 5]. In particular, this is the form associated with the natural
‘resistance form’ on (7, d7), and so we can apply [33, Theorem 10.4] to deduce the existence of
a jointly continuous transition density (p7 (z, Y))zyeT >0 for the process X T,
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Let Ry be the resistance associated with (€7, Fr), defined by setting, for two disjoint subsets
A BCT,
Rr(A,B)"":i=if{&7(f,f): f€Fr, fla=0,flp=1}.

Since 7 is complete and, by Theorem 1.3(a)(ii), has a single end at infinity, we deduce from
[6, Theorem 4] that X7 is recurrent. As a consequence, combining [27, Theorem 1.6.3] and [6,
Proposition 3.5] yields that the resistance between two points corresponds to (a multiple of)
the distance between them, i.e. Ry ({z},{y}) = 2dr(x,y) for all x,y € T, x # y (see [6], for
example). Hence we can use [16, Theorem 3] to obtain estimates for p/ (x,y) from the volume
estimates of Theorem 1.3(b)(ii).

Proof of Theorem 1.4(c). We have already discussed the claims about the existence and joint
continuity of the heat kernel, and the recurrence of X7. So, we will simply present here a few
key points that are needed to apply the heat kernel estimates of [16, Theorem 3]. As already
noted, the resistance metric coincides with (a multiple of) the tree metric dz in our setting,
and so we can replace Ry in the conclusion of [16] by d7. Moreover, the fact that (7, dr) is
a real tree automatically means the ‘chaining condition’ of [16] is satisfied, i.e. there exists a
constant ¢; such that for all z,y € 7 and all n € N, there exist zop = z,21,...,xNy = ¥y such
that d7(zi—1,2;) < cidr(x,y)/n, Vi =1,...n. (Clearly, we can take ¢; = 1 and equality in the
latter statement.) Finally, note that in [16] volume estimates were assumed to hold uniformly
over the entire space, but Theorem 1.3(b)(ii) only gives uniformity over balls of finite radius.
However, it is straightforward to check that the arguments of [16] are enough to give the stated
heat kernel estimates. O

For the remaining heat kernel estimates we derive, the following tail bound for the resistance
from the root to the radius of a ball will be useful.

Lemma 7.1. There exist constants c¢1,c2,0 € (0,00) such that for all ™ >0, A > 1,

P (RT (pr, Br(pr,7)°) < )\717“) < 616702)\9, (7.1)

Proof. As we have done several times previously, we will apply a coupling argument, and start
by supposing that we have a realisation of random variables such that U5 — 7 holds almost-
surely along the sequence (0y,)n>1. Let Nz (r,7/)) be the minimum number of d7-balls of radius
r /) required to cover By (pr,r). From the definition of (T, A), it is elementary to check that if
Nr(r,r/X) > Np, then so is Ny (40, "r, o, "r/8X) for large n. It follows that

P (N7 (r,7/X) > eA®) < limsup P (Ny (46, "7, 6, "r/8)) > cA®) | (7.2)
—ep\1/80

which by Remark 2.13 is, for a suitable choice of ¢, bounded above by cie . Now, the proof
of [35, Lemma 4.1] gives that Ry (pr, Br(pr,7)¢) > r/8N7(r,7/4), and so, for any A > 4°¢,

P (Ry (pr, Br(pr,v)%) < 1/A) < P (Nr(r,c/or/2/%) > 81) .
Combining this bound with (7.2) yields the result. O
Given (5.16), (5.17) and (7.1), the next two results can be proved in exactly the same way

as the corresponding parts of [17, Theorem 1.6] and [17, Proposition 1.7], modulo a different
volume growth exponent.

38



Theorem 7.2. (a) P-a.s., there exists a random to(T) € (0,00) and deterministic constants
c1,2,01,09 € (0,00) such that

cit ™83 (loglogt ™)™ < p] (pr, p1) < ot 73 (loglogt )2,

for all t € (0,tp).
(b) There exist constants c1,ca € (0,00) such that

et ™83 < Epf (pr, pr) < cat ™13,

for allt € (0,1).
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