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Abstract

For each n let Yt(n) be a continuous time symmetric Markov chain with state space
n~1Z¢. Conditions in terms of the conductances are given for the convergence of the Yt(n)
to a symmetric Markov process Y; on R%. We have weak convergence of {Yfm ct <t}
for every tg and every starting point. The limit process Y has a continuous part and may

also have jumps.

1 Introduction

For each n, let Yt(n) be a continuous time symmetric Markov chain with state space S,, = n~'Z¢
and conductances C™(z,y). This means that Y™ stays at a state x for an exponential length
of time with parameter ) 4o C™(z,z) and then jumps to the next state y with probability
C™(z,y)/ >, 4o C™(z, z). It is natural to expect that one can give conditions on the conduc-

tances such that for each starting point and each ty, the processes {Yt(n);t < to} converge
weakly to a limiting process and that the limiting process be a symmetric Markov process. The
purpose of this paper is to give such a theorem.

The earliest convergence theorem of this type is that of [DFGW] in the context of a central
limit theorem for random walks in random environment. A more general result is implicit in
[SZ]. In [BKu08] the first two authors of the current paper extended the theorem in [SZ] in two
ways: chains with unbounded range were allowed and the rather stringent continuity conditions
in [SZ] were weakened. A chain with unbounded range is one where there is no bound on the
size of the jumps. In all of these papers the limit process is a symmetric diffusion on R<.

The paper [HK07] considered conductances that were comparable to the distribution of a
stable law and the limit process is what is known as a stable-like process. Here the limit process
has paths that have no continuous part. A theorem for convergence of pure jump symmetric
processes on R? can be found in [BKK]; as noted there the methods can be readily modified to
give a result on the convergence of symmetric Markov chains whose limiting process has a more
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general jump structure than stable-like. Finally, we should mention the well-known results of
[SV, Chap. 11] on non-symmetric Markov chains.

The current paper is devoted to proving a fairly general convergence theorem for symmetric
Markov chains. We point out three significant differences from earlier work.

e Our Markov chains can have unbounded range and the limit process is associated with a
Dirichlet form with both local and non-local components. This means the limit process
has a continuous part and may also have a discontinuous part.

e We dispense with any continuity conditions on the conductances. Instead only convergence
locally in L! is needed.

e The proofs are considerably simpler than previous work.

Let us give a heuristic description of our results, with the main theorem stated precisely in
Section 5 as Theorem 5.5. First of all, the limiting symmetric Markov process is associated to
the Dirichlet form
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Here a(z) = (a;;(x)); is a symmetric uniformly positive definite and bounded matrix function.
The first term on the right hand side represents the continuous part of the limit process; if the
second term on the right hand side were not present, one would have a symmetric diffusion,
and the Dirichlet form would be the one arising from elliptic operators on R? in divergence
form. The double integral on the right hand side represents the jump part, and very roughly
says that the process jumps from z to y with jump intensity j(z,y).

We write our conductances as C" = Cg + C, where Cf, and C? are the local (continuous)
and non-local (jump) parts, resp. Let us discuss the local part first. If one wants to understand
the behavior of the limiting process at a point z, say, to look at a(z), a bit of thought leads
to the realization that jumps by the Markov chains that jump over but do not land on x
contribute. Thus, in one dimension, one looks at a quantity a™(z) involving sums of terms
involving C{(y, z) with y < z < z. In higher dimensions one uses a similar idea: one looks at
the contribution of Cf(y, z) where x lies on the shortest path from y to z; a path here means
that at each step the path goes from a point to one of its nearest neighbors. There is no single
shortest path in general, so we form (aj;(7));; in terms of an average of expressions involving
C%(y, z), the average being over all shortest paths from y to z that pass through z. There
are some very mild regularity conditions on C", but the main hypothesis is that the a}} (x) are
uniformly bounded and converge to a;;(x) locally in L'.

The conditions on the jump part are even weaker. We form a measure j"(x,y)dz dy in
terms of the C”. We then require that for each N, the measure j"(z, y) dz dy restricted to By =
(B(0,N) x B(0,N))\ (B(0, N1) x B(0, N7!)) converges weakly to the measure j(z,y) dx dy
restricted to By, where B(0, ) is the ball of radius r centered at 0.

Our results can be applied to the homogenization problem for random media. When the
conductances C™(x,y) are random, we can obtain tightness of the laws of {Y™} and the
convergence of the sequence {Y ™} under mild conditions using Proposition 6.1 in this paper.
We give an example of this at the end of Section 5.



The organization of this paper is as follows. After giving some definitions and setting up
the framework in Section 2, we obtain upper and lower bounds and regularity results for the
heat kernels for Y™ in Sections 3 and 4. The formulation of the main theorem is given in
Section 5 and the proof is given in Section 6.

2 Framework

Forn € N, let S,, = n~'Z%. Let |-| be the Euclidean norm and B, (z,7) := {y € S,, : |z—y| < r}.
For n € N, let C"(-,-) be a symmetric function defined on (S, x S,) \ A into R, where

A = {(z,x) : x € §,}. Here symmetric means C"(x,y) = C"(y,z) for all x # y. We call

C™(z,y) the conductance between x and y. Throughout the paper, we assume the following;

(A1) There ezist c¢1,co > 0 independent of n such that

c <uv = Z C™(z,y) <cy forall x€S8,.

yESH

(A2) There exist My > 1,0 > 0 independent of n such that the following holds: for any x,y € S,
with |z —y| =n"", there exist N > 2 and x1,- -+ , x5 € By(x,n *My) such that x; =z, tx =y
and C™(x;, xi41) > 0 fori=1,--- N —1.

(A3) M := sup sup <n2 Z (LA y]?)C™(z, z + y)) < 00.

n IESn yesn

An example of C™(x,y) that satisfies (A1), (A2) and (A3) is the following:

Calfjo—y>13
ndt2|g — yldta’

Col1>ja—y>n—1y
nd+2|x _ y|d+ﬁ

c1lfjp—yj=n—1y < C"(2,y) < + ¢3l{jo—yl=n—1} T
where «, 3 € (0,2).

Let p = n~? for all x € S, and for each A C S,,, define p"(A) = 3 _, pz and v"(A) =
> yeaVy- Note that L*(S,, u") = L*(S,, v") by (Al). Now, for each f € L*(S,, u"), define

e = S Y () - F@)PC @), (2.1)
z,yESn
Fr o= {f€L¥Su,u"): E(f, f) < oo} (2.2)

For p > 1, define ||f[|5,, = > .cs. ‘f(x)}pug. The following lemma is standard.

Lemma 2.1 For each n, F" = L*(S,, "), and for f € L*(S,, u™), we have

E"(f.f) < 2m* M| f[3,

where M is the constant appearing in (A3)



PROOF. Let f € L*(S,, u"). Since |x —y| > n~! for any z,y € S, with z # y, we have

" 26; (f(z) = f))’Cz,y) < n>* ze; (f(@)* + f(y)*)C"(x,y)
. < 2n2dz_£:>n];;w)2 > Cxy)
e
< mﬁdE:fufléj (LA ]z —y|*)C™ (2, y)
Tes
< %?WWEZf@V;QMNWﬂ@W
250

O

Using Lemma 2.1, it is easy to check that (€™, F™) is a regular Dirichlet form on L*(S,,, u™).
Further, 7" = L*(S,, u") is equal to the closure of the space of compactly supported functions

on S, with respect to the norm (E"(-,-) + || -|[3,,)"/%. Let Y™ be the corresponding continuous

time Markov chains on S, and let p" (¢, z,y) be the transition density for Yt(")

n)

with respect to

1. The infinitesimal generator of Yt( can be written as

A f(x) = (fly) = f@)CM (@, y)n® =D (fy) - f@)M,

n
yESH yESH Ha

for each f € L*(S,,u"). We remark that the fact that we take the reversing measure to be
constant simplifies matters considerably:.

Remark 2.2 Note that under (A1), {¥;™} is conservative. Indeed, define a symmetric Markov
chain {X{} by
C(x,y)

n
Vﬁl?

Pr(Xx™ =) = for all z,y € S,.

Then the corresponding semigroup satisfies PIX’"l(:L’) = > s, IP””(XI(") =vy) = 1by (Al), so
inductively we have PXm1 = 1 for all m € N, so that { X7} is conservative. But {¥;™} is a time
changed process of {X,gff )}. To see this, let {U;"" :i € N,z € §,,} be an independent sequence of
exponential random variables, where the parameter for U;”" is 17, that is independent of X,Sf ),

and define T, = 0, T,\}" =3, U X CSet Y = X, i T <t < Tgﬂzl; then the laws of
Y™ and Y™ are the same, and hence Y™ is a realization of the continuous time Markov chain
corresponding to (a time change of) X, Note that by (A1), the mean exponential holding
time at each point for Y™ can be controlled uniformly from above and below by a positive
con(st)ant, so we conclude Pj'1 =1 for all ¢ > 0, where P;* is the semigroup corresponding to
{v,"}.



3 Heat kernel estimates

In this section we derive some heat kernel and exit time probability estimates. Our methods
are by now fairly standard. We derive a Nash inequality by comparison with a nearest neighbor
random walk. We omit the large jumps from our Dirichlet form, and use a theorem of [CKS] to
obtain heat kernel and exit time probability estimates for the process without the large jumps.
Then we use a construction of Meyer to reintroduce the large jumps.

3.1 Nash inequality
For f € L*(S,, u"), let

n?—d

Ewllh == 2 (f@)—fw) (3.1)

z,yESn
—1

lz—y|=n

which is the Dirichlet form for the simple symmetric random walk in S,,. We set C¥y(x,y) to
be 1if z,y € S, with |[x — y| = n~! and 0 otherwise. By [BKu08, Proposition 3.1] there exists
c¢1 > 0 independent of n such that for any f € L*(S,, u"),

LAWY < c€un(F, PIFIT < ar&(F, AT, (3.2)

and
pi(tz,y) <et™¥? forall x,y €S, t>0. (3.3)

For r € (n~1,1], let £ be the Dirichlet form corresponding to {¥,"™" := r=1Y{" ¢ > 0}.

ret
By simple computations, we have

(nr)?

(. f) = > (fly) = f@)*C"(ra,ry),

,yESnr
where S, = {z/r:z € S,} = (nr)~'Z%. Define
Pt x,y) = it (Pt ra, ry). (3.4)
Then p™"(t,z,y) is the heat kernel for £™". By (3.3), we have

Ptz y) < at™? forall x,y € Syt > 0. (3.5)

For A > 1, let Yt(n)’T’A be a process on S, with the large jumps of Yt(n) removed. More

),T‘)\

precisely, Y;(n " is a process whose Dirichlet form is

£ ) =5 S (@) — £ ),

z,yESnr
lz—yl<A

for each f € L*(S,,, u™"). We denote the heat kernel for Yt(n)’M by pv" Mt x,y), 2,y € Spp-

bt



3.2 Exit time probability estimates

In this subsection, we will obtain some exit time estimates. Note that similar estimates are
obtained in [Foo, Proposition 3.7] and [CK09].

Proposition 3.1 For A > 0 and 0 < B < 1, there exists to = to(A, B) € (0,1) such that for
everyn € N, r € (0,1] and x € S,

P* ( sup |V, — Y| > rA) =P <sup " =y s A) < B. (3.6)

t<r2tq t<to

PROOF. Let A > 0. Since we have (3.5) and p™™*(t,z,y) < p™"(t,x,y), by Theorem (3.25) of
[CKS], we have
PN @ y) < et exp (—EB(2L, 7)) (3.7)

forallt <1 and z,y € S,,,., where

E(t,z,y) = sup{(y) — ()| —t A(¥)*: A(¥) < oo},
AW)? = (e Tale"]loe V [[e* Tarle™ oo,

and I'y , is defined by

Da]©) = D () = v(&)’C (rn,r&)(nr)?, € € Spr. (3.8)

n,£€ESnr
[§=nl<A

Now let R = |z — y| and let ¥/(§) = s(|§ — | A R). Then, |¢(n) — ¥ ()| < s|n — €], so that

(e¥=v(&) _ 12 < |p(n) — ¢(5)‘262|w(n)7w(<>| < cs?|n — QQGQWJ(W)*WEN

for n,& € S, where |n — &| < A. Hence

OD ()6 = Y (DO 120 (e, ) (nr)?
nESnr
le—nl<x
< ase Y = €PN, re) ()’
nESnr
le—nl<x
= 6182625)\ Z ’77/_6/‘20”(77/76/)”2
n'€Sn
&/ =/ | <xr
< 0182625)\( Z In" = &1PC™ (', & )n* + (Ar)* vV 1) Z Cn(n/’g/)HQ)
n'€Sn ' €Sn
&~/ <1 SAES

S 02()\2 Vi 1)82625)\ S 036?)8)\(]_ 4 1/A2)

for all £ € S, where (A3) and r < 1 are used in the third inequality. We have the same bound
when 1 is replaced by —v, so A(1)? < c3e®*(1 4 1/A?). Now, let A = A/(6d), to < 1AM =

6



1A (A*/(6d)*) and s = (3\) " log(1/t'/?) > 0. Then, for each t < ¢, and R > A,

mAtx,y) < eatTE exp (—sR + cate™ (1 +1/X%))

< csexp <<d — %i) log <tl%>> < csexp ( — %l log (%)) (3.9)

p

A

Thus,

7,7, nr > — Rd 1
Z p" ’)‘(t,x,y),uy < c/ R™exp ( - log (m»d}%
B (z,A)° A

— Al /100 R exp ( _ R'dlog (ﬂ%))dﬁ < B/4 (3.10)

for all t < t, if we choose ty small, depending on A and B. Thus, applying [BBCK, Lemma
3.8], we obtain

P* (sup DARKS AL P A) < B/2. (3.11)

t<to

We now use a construction of Meyer to obtain the estimate for Y. Note that for any z € S,,,,

" rle—y*) A1 _,
J(z) = Z C™(ra,ry)(nr)? < Z (] )\27“2‘) C™(rx,ry)(nr)?
e 0T
1 : M (6d)*M
= 5 Y (W a)o e < Gy = OO
Y'ESn

where (A3) is used in the last inequality. So, if we let U; := inf{t > 0: [ TV ds > Sy},
where 5] is the independent exponential distribution with mean 1, we have

P(Uy <ty) <1 — e 6D/ B9 (3.12)

by taking ¢y small. Using an argument that relies on a construction of Meyer (see, for example,
Section 4.1 in [CKO08]), we obtain

IP’g”(sup \Yt(n)’r - Y()(n)"r\ > A) = IP‘”(sup \Yt(n)’r - Yo(n)"r\ > AU, > to)
t<to t<to

+ P (sup [V, = V" > AU <o)

t<tg

<P (sup AR A A) + P (Uy < to)

t<to

< B/2+ B/2 =B,

where (3.11) and (3.12) are used in the last inequality. O



Corollary 3.2 For 0 < A", B’ < 1, there exists Ry = Ro(A’, B") > 0, such that for every
neN,re (0,1 andz € S,

t<r2 A’ t< A

P* < sup [V, —v™| > rRO> =P (sup " =y s RO) <B. (3.13)

PROOF. In the proof of Proposition 3.1, take A > 1, A\ = AY2/(6d) (instead of A\ = A/(6d))
and A > 1. Then, since A2 < A < R, we have (3.9) by changing A to AY2. So as in (3.10),
there exists Ry large such that for t <ty =: A" and A > Ry, we have

o 1
Z pn’T’A(t,ZL’, y)u’y” < cAd/Q/ R/41 exp < . R’dlog <ﬁ))dR,
Bo(od)e Al/2 1/

U s () 7 s (- T k)

< cAY? exp < —
< B/4.
Also, similarly to (3.12), we have
P(U; < tg) <1 — ¢ 6D0/4 < B9

for all A > Ry, by taking R, large. With these changes, we can obtain the result similarly to
the proof of Proposition 3.1. |

4 Lower bounds and regularity for the heat kernel

Our methods in this section are also fairly standard. We use a weighted Poincaré inequality
and a differential inequality along the lines of [SZ] and [BKu0§].

We introduce the space-time process Zs(n) = (Us, Ys(")), where U, = Uy + s. The filtration
generated by Z™ satisfying the usual conditions will be denoted by {j-:s; s > 0}. The law of the
space-time process § — Zs(n) starting from (¢, z) will be denoted by P®2) . We say that a non-
negative Borel measurable function ¢(¢, z) on [0, 00) X S, is parabolic in a relatively open subset

B of [0,00) x S, if for every relatively compact open subset B; of B, ¢(t,x) = E (t.2) [q(Z%) )}
for every (t,x) € By, where 733, = inf{s > 0: z{" ¢ B},

We denote Ty := t(1/2,1/2) < 1 the constant in (3.6) corresponding to A = B = 1/2. For
t >0 and r > 0, we define

Q" (t,z,r) = [t,t + Tyr®] x By(z, 1),

where B, (z,7) ={y €S, : |z —y| <r}.
It is easy to see the following (see, for example, Lemma 4.5 in [CKO03] for the proof).

Lemma 4.1 Foreachty> 0 andxg € S,,, ¢"(t,x) := p™(to—t, z, o) is parabolic on [0,ty) X S,.

8



For A C §,, and a process Z; on S, let
" =74(Z) =inf{t >0: Z; ¢ A}, T =T4(Z):=inf{t >0: Z, € A}.

The next proposition provides a lower bound for the heat kernel and is the key step for the
proof of the Holder continuity of p" (¢, x,y).

Proposition 4.2 There exist ¢; > 0 and 0 € (0,1) such that for each n € N, if |x — x|, |y —
zo| < V2, 2y, 10 €S,, t € (n71 1] and r > Y2 /0, then

P (Y™ = Y Thwom > 1) = cit™ P74,

To prove this we first need some preliminary lemmas. The proof of the following weighted
Poincaré inequality can be found in [SZ, Lemma 1.19] and [BKu08, Lemma 4.3].

Lemma 4.3 Let .
gn(T) = 1 l_Ie":"i| r €Sy,
i=1

d

where ¢y is determined by the equation ), s gn(x)py =n®. Then there exists c; > 0 such that

)

(= (0)?) <> (1) S (ra+5-10),  rerrs),

1€ESH 1=1

where

(Pgn =D FDga(D)pf

lESK

and €' is the element of Z¢ whose j-th component is 1 if j =i and 0 otherwise.

We will need the following inequality.

d ¢ b a \? 1/2 1/2\2
<E—a)(b—a)S—(C/\d)<10gw—10gm) +(d/ —C/), a,b,c,d>0. (41)
To prove this, first note that by simultaneously interchanging a with b and ¢ with d if necessary,
we may assume ¢ < d. By homogeneity of the inequality in d/c and b/a, we may assume
a = ¢ = 1. Using the inequality A + 1/A —2 > (log A)? with A = b/d/? and the fact that
d>1,

<Cgl - 1)(5— 1) = (1 — d¥/?)? —d1/2<d1i/2 + %/2 —2)
< (d—1)* - (10g %ﬂy,

which is (4.1).

We now give a key lemma.



Lemma 4.4 There is an € > 0 such that

Pt x,y) > et Y2, (4.2)
foralln €N, (t,z,y) € (n71,1] x Sy, x S,y with |z —y| < 2t1/2.
PRrROOF. It is enough to prove the following: there is an € > 0 such that

d Z log <p"””(%, k, [+ m))gm(l) > %logg, (4.3)
1€Snr
for any n € N, r € (n7!,1] and k,m € S, with |k — m| < 2. Indeed, by the Chapman-
Kolmogorov equation, symmetry, and the fact that g,.(j) < 1 for all k,m € S,
PV (L km) = (nr) ™Y " (5 kg + k)™ (5 m G 4 k) gan ().
JESnr

Thus, by Jensen’s inequality, (4.3) yields
rip(r? rk,rl) = p"(Lk D) >e  D>1]k—1 <2

Taking ¢ = r?, this gives (4.2).
So we will prove (4.3). Let k,m € S, satisfy |k —m| < 2 and set w,(l) = p™" (¢, k,l + m).

Define
Z IOg ut gm’ )

lESn'r

By Jensen’s inequality, we see that G(t) < 0. Further,

Applying (4.1) with a = u:({), b = w(I +m), ¢ = gpr (1), d = gnr (I +m), we have
G'(t)
(nr)*4 Z Z <gm (L+m) gm(l)) <ut(l +m) — ut(l)>0”(7‘l,7‘(l +m))

s ez, - il M)l

> (nr)? Z Z (Gnr (L +m) A gm(l))<log _wllm) log M>20n(Tl,T(l +m))

€87 MESnr gnr(l + m>1/2 gnr(l)1/2
_ (nT)Zfd Z Z (gm(l +m)1/2 —gnr(l)l/Q)QC”(rl,r(l+m))

lESnr MESnr
c(m“)2_d Z ng(l)<logut <l + Z_:"> —log uy(l) + %( ; 1r B ]lﬂ))Q
— ()Y T (g M) = g ()PP C (el (L4 m)) = T — 11,

lESn'r .7:1
1€Snr MESnr

10



where the last inequality is due to (A2) and the definition of g, (here ¢’ is the element of Z4
whose k-th component is 1 if £ = j and 0 otherwise). Note that

(gnr (1 + m)1/2 - gnr(l)1/2)2 < Cl(’m‘Z A D) (Gur (I +m) + gnr (D).

Thus

IT <ca(nr)*™ > > (gar(l+m) + gor (D) (Jm)* A )C™ (71, 7(1 + m))

lESnT mMESnr

=2c5(nr)> ) " Y g (D(Im)* A DC (1L, 7(1+ m))

1€Snr MESnr

<ea( supn® 3 (PlmP* Ar)C e r(tEm))) - (r) D gunll)

leSnT‘

meESnr lESnr
§c4< sup n? Z (Im' )2 AV)C™ (I, 1 + m’)) < cs,
Vesn  pyes,

where we used r < 1 in the third inequality and (A3) in the last inequality. Further, since
(a—l—b)2 Z %CLQ _ b2,

I >c(nr)* Z zd:gm(l){%<logut <l + 7%) - logut(l)>2 B <%<

b+ =)}
lE€Sny j=1

= DY zd:gm(l)<logut<l + %) - logut(l)>2 - %(m‘)_d S gne(l)

> ()Y igmm(logut(z + n—) ~log utm)Q —

lESn'r ]:1

Combining these, we have

Q) > c6<m~>2dzi(logut(uj—i)—1ogut<z>)2gm<z>—c5

ZGSnr ]:1

> or(nr)™ > (loguy(l) — G(t))?gur(l) — cs,

lESTLT

where we used Lemma 4.3 in the last inequality. Given these estimates, the rest of the proof is
very similar to that of [BKu08, Lemma 4.4]. O

Remark 4.5 There is an error in the proof of [BKu08, Lemma 4.4]. The estimate |gp(l +¢€) —
gp(D)| < e1D7Yel(gp(l +€e) A gp(l)) in page 2051, line 23, is not true when D < |e|. However,
one can easily fix the proof by arguing as in the proof here.

The next lemma can be proved exactly in the same way as [BKu08, Lemma 4.5].

11



Lemma 4.6 Given 6 > 0 there exists k such that for each n € N, if x,;y € S, and C C S,
with dist (x, C) and dist (y, C) both larger than kt'/? where t € (n™1, 1], then

Py, "™ =y, T8 < t) < 6t~
PROOF OF PROPOSITION 4.2. We have from Lemma 4.4 that there exists € such that
PP (V" =y) = p"(t, x, y)py > et 20
if |z — y| < 2tY/2. If we take 0 = £/2 in Lemma 4.6, then provided r > (x + 1)t'/2, we have

]P)x(}/;(n) — y77_gn( S t) S gt*d/and‘

Z0,r)
Subtracting,
n n 6 — —
]P’x(}/;( ) = Y 7By (z0,r) = t) > §t V2
if |z — y| < /2, which is equivalent to what we want. O

For (t,z) € [0,1] x S, and 7 > 0 let Q"(t,z,r) := [t, t + yr?] x B,(z,r), where v =
v(1/2,1/2) < 1. Here v(1/2,1/2) is the constant in (3.6) corresponding to A = B = 1/2.

Given the above estimates, we can prove the uniform Holder continuity of the heat kernel
p™(t, z,y) similarly to [BKu08, Theorem 4.9].

Theorem 4.7 There are constants ¢ > 0 and 3 > 0 (independent of R,n) such that for every
0< R<1, everyn > 1, and every bounded parabolic function q in Q™(0,xo,4R),

_ 16
lq(s, ) — q(t,y)] < cllalloen R (Jt = "> + |z — y]) (4.4)

holds for (s,x), (t,y) € Q"(0,x0, R), where [|q|lco,r := SUD (t,y)€[0, v(4R)2]x Sn, lq(t,y)|. In particu-
lar, for the transition density function p"(t,z,y) of Y,

n n - 8
D" (s, 21, 51) — P (t w2, y2)| < ety P (Jt— sV 4 oy — o]+l — ), (45)
oranyn - <ty <l,t, s €l ana (T;, Y;) € On X O with 1 = 1, 2.
f Loty <1, t to, 1] and S, xS, withi=1,2

PROOF. Given the above estimates, we can prove the analogues of Corollary 4.6 and Lemma
4.7 in [BKu08] exactly in the same way as is done there. Thus the proof of Theorem 4.7 is
almost the same as that of [BKu08, Theorem 4.9] except for the following small change.

The following computation is needed to obtain the first inequality of (4.13) in [BKu08]:

-2

sup n? Z C™(z,y) < (g) sup Z <|z — g2 A 1>Cn(z,y)n2 < 2
€Sn

2
€Bn(, g €Bn(z, S
z€Bnp(x,r) YES\Bu(w) zE€Bp(z,r) y

where (A3) is used in the last inequality (note that 2r < s <1). O
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5 Weak convergence of the process

Recall that Yt(n) are the continuous time Markov chains on S, corresponding to (£, F™) in
(2.1) and (2.2). Since the state space of Y™ is S, while the limit process will have R? as its
state space, we need to exercise some care with the domains of the functions we deal with.
First, if g is defined on R?, we define R, (g) to be the restriction of g to S,:

R.(g)(z) =g(z), 1€S8,.

If g is defined on S, we define E,g to be the extension of g to R? defined by

Eng(x) = g([aln),

where [z],, = ([na1]/n, [nxs]/n, ..., [nzg]/n) for x = (1, 29,...,24) € RL

In order to consider the convergence of the processes and to identify the limit process, we
need to show the convergence of the semigroups of the Dirichlet forms (€™, F™) in an appropriate
sense.

Let us first give a rough idea of the conditions we impose, and after that we will give a
precise statement. We take a sequence ¢, decreasing to 0, and arrange for Cf4(x,y), the part
of the Dirichlet form determined by C"(x,y) with |z — y| < &,, to converge to the local part
of the limiting Dirichlet form, and for C(z,y), the part of the Dirichlet form determined by
C™(z,y) with |z — y| > €,, to converge to the non-local part of the limiting Dirichlet form.
The conditions on C7 are reasonably intuitive, namely, that a measure derived from the C7%
converge weakly in the appropriate sense.

The conditions on Cf are much more complicated. Let us first consider the case d = 1.
Suppose f, g are C2°, the smooth functions with compact support, let f,(z) = f([z],), gn(z) =
g([x],), and u,(x) = U} f,,, where U? is the resolvent corresponding to £". We write

€8 g0) = 5 D D lunlw) = ua(w)|CE (. 9)[9a(y) — gu(a)]

= 520D P (s, )un(t) — wn(s)]Ce(y) Y PO (w,2)[g(2) — g(w)],

where P(®¥)(w, z) is 1 if w and z are nearest neighbors in S, and the line segment connecting
w and z is contained in the line segment connecting = and y, and 0 otherwise. Writing

Ay f(x) =n(f(z+1/n) = f(z)), A ynf(x) =n(f(z) — f(z —1/n)),

~1
n
E8(um,g0) = " S S S0 PO £ 1) Pz, 2 £ 1/ m) O, )}
wo oz z,y
X Ail/nun(Z)Ail/ngn(w>

—1
n
= 5 D > Ghi(0.2) A /tin(2) A /g (w),

13



where G7, is defined by the second equality. If we let F7}(2) = >, GT(w, 2) and realize that

A:I:l/ngn(UJ) ~ g/(w) ~ g/(Z)

since |w — z| < g, — 0), then we have that £}(u,, g,) is approximately equal to
c g y
1 — mn
3 E T E(2) A nun(2)g'(2).

We show that A4y /,u,(z) converges weakly in L?, and if F}} converges almost everywhere, then
Fl{ () Aty nun(2) converges weakly in L?, and hence the sum converges. Therefore the natural
hypothesis for our theorem is that F[} converges a.e. (In fact we can relax this condition a bit;
see (A4) below.)

When d > 1, there is no canonical path connecting two points z and y. We form G7;
similarly to the above, but we take the collection of shortest rectilinear paths connecting x and
y, and take an average over all such paths.

We now specify some notation in order to make a precise statement of our convergence
theorem. For n € N, set

|z —yln = n|zy —y1| Fn|oe —yo| + -+ nfrg —yq| forz,y €S,

Note that 1 < |z — y|, < dn|x — y| holds for any z,y € S, with = # y, where |z — y| is the
Euclidean distance between = and y. Clearly |z — y|, is always a non-negative integer.

Let ay = e;if i = 1,2,....,d and a; = —e;_gif 1 = d+1,...,2d. A shortest path o
from x to y is a sequence of points p; € S, for i = 0,1,2,...,k = |x — y|,, which we denote
by ¢ = o(po,-..,pk), so that po = x,p, = y and for any ¢ = 0,1,...,k — 1, there exists
j€{1,2,...,2d} such that

D¢ = Dev1 + l043'-
n
Let P(x,y) be the set of all shortest paths o from = to y. The number of all such shortest
paths o is
(lz — yln)!
nlzy — yi|) ! (nlze — ya|)! - (n]zg — yal)!
For o € P(z,y), define a function D, defined on S, x S,, as follows:

H(Ia y) = (

1

0, otherwise.

,  if there exists ¢ such that w = p, and z = pyy 1,

D,(w,z) == {
For any function u defined on §,, and for any z,y € S,,, we easily see that

LS ST (w2 (ulw) - u(=)).

H(.I, y) c€P(z,y) 2,WESH

u(r) —uly) =

Now let




ForheR, x € R and i =1,2,....d, let
u(x + he;) — u(x)

Viu(z) =

h
We then have the following.
Lemma 5.1
1A
o) a0 = L3S (P k) P ) P
i=1 2€S,,

Proor. We have

Z D, (w, z) (u(w) — u(2))

— Z D,(z + a;/n, 2) (u(z + ay/n) — “(z))
> (TR
+D,(z — e;/n, z) (u(z — e;/n) — “(Z))}
- —Z{ (= + ex/m, )V u(z) = Dale — e/, )V ()
So
u(r) —u(y)

= H, Z ZD w, 2) — u(z))

IS c€P(z,y) WESK
d
i=1 z€8y
d

Z <P“’ z+ei/n,z)Viu(z) — P7(z — e;/n, z)Vi_l/nu(z)).
eSn

m

Z <DU(Z +e;/n, 2)Viu(z) — Dy(z — e;/n, z)Vi_l/nu(z))

cEP(z,y)

SI’—‘

3|’—‘

15



Moreover, for each i =1,2,...,d, and z,y € S,,,

S P - efn A () = 3 Pz e )Vl e

zGSn ZGSn
= —nz P¥(z, 24 e;/n)(u(z) — u(z + e;/n))
z€S,
= Z P*¥(z, 2 + €;/n) Vi ,u(2).
2ESy
We thus obtain the desired equality. O

Remark 5.2 Here P%¥(-,-) is defined by averaging over the set of all shortest paths be-
tween x and y. However, we could take an average over other collections of paths. Let
x=(x1, -+ ,2q),y = (Y1, - ,ya). Other possible collections of paths are the following:

(i) Let H(x,y) be the d-dimensional cube whose vertices consist of {(z1, -, z4) : z; is either
x;ory; fori=1,--- d}. Let P(z,y) be the set of shortest paths between x and y that consist
of a union of the edges of H(z,y), and take the average over P(z,y). In this case II(z,y) in
the definition of P*¥(-,-) is d!.

(ii) Let L,, be the union of the line segment from x to (y1, 2, - ,x4), the line segment
from (y1, 22, -+ ,xq) to (Y1,y2, 23+ ,xq), -+ -, and the line segment from (y1,- -, ya_1,2q) tO
y. Set P(x,y) = {L.,} and II(z,y) = 1. This was used in [BKu08].

Next, let us fix a decreasing sequence {e,} such that 1 > ¢, N\, 0, and define functions
Cé(x,y), C(z,y) on S, x S, as follows:

n L Cn(‘x?y)? lf |$ - ?J| S Eny
Colwy) = { 0, otherwise,

and C%(z,y) == C"(z,y) — Ci(z,y), z,y € Sy

Now define the following Dirichlet forms corresponding to the conductances Cf(x,y) and

C"(x,y), which we consider as the ‘continuous part’ and the ‘jump part’ of the Dirichlet form
(&M, Fm); for f € LA(S,, u"),

Exf.0) = e 3 (F@) = Fw) (9(e) — 9(0)) il ),
&g = Y (1) = 1) (o(e) — ) Can).

Then clearly E™(f, g) = E&(f,9) + EF(f, g)-

16



Using Lemma 5.1, we can write EZ(u, v) as follows:
n2—d
Ea(uv) = —— D (u(@) —u(y)) (v(®) — v()Celz,y)

z,y€Sn

LSS (e o)

z,yESy 1,j=1 z,wESy,

X <P’U’y(w +ej/n,w) — P (w, w + ej/”))Vil/nu(z)v{/nv(wcg(w’ y)-
(5.1)
Fori,7=1,2,...,dand w, 2z € S, set
Gyw.2) = 3 (Pt enz) — PoHe s+ en)
x,yESn
X (P’”’y(w + Ej/n, w) - P:B,y(w, w + eJ/”))Og(x’ y)’
then we see that
£olu,0) 2nd Z > Vi)V, 0(w)Gw, 2). (5.2)
1,j=1w,z€Sy,
Let
Fi(z) =) Gh(w,2), z€S8,, i,j=12,....d (5.3)
wWESH

Note that if (A4) below holds, then by the fact that C%(z,y) = 0 for |z — y| > &,, we have
Ely e LY(Sn, ™).

From now on, we extend the conductances C™(x,y) to R? x R as follows
C™(z,y) = C"([2]n, [y]n) for z,y € R

We extend Cg(-,-), C(-, ) to R x R? and extend F}}(-) to R? similarly.

We now give an assumption needed to obtain weak convergence of the processes
(A4) There exist a decreasing sequence {€,} satisfying 1/n < e, <1 and g, \, 0, symmetric
matriz-valued functions a(x) = (a;;(z)) on RY, and symmetric functions j(z,y) on R? x
RAD so that for any i,7 = 1,2,....d, the functions Fii(x) are uniformly bounded and
converge to a;;(x) locally in L*(R?), and

1|5|2<Z@f]aw ) < NEP, @£ eRY

i,7=1

17



for some A > 0. Further, there exists a function ¢ : Ry — R, so that for any n € N,
Ch(z,y) < n_(d+2)g0(|x —yl), z,yeS, and / (LAYt o(t)dt < 0o, (5.4)
0

and for each N > 1, the measures

n?C (2, y) 1y v (|2 — y))dz dy — j(z,y)1iv-1 0 (| — y])dz dy (5.5)

weakly as n — oo.

Remark 5.3 1) Here (5.5) refers to the weak convergence of the measures on the left to the
measures on the right. Saying that the F} are uniformly bounded and converge locally in Lt
means that sup; ;,, || F}||cc < 0o and for every compact set B,

/B |Fjj(x) — ag(x)| dov — 0.

Since the Fj} are uniformly bounded, the convergence locally in L' is equivalent to the con-
vergence in measure on each compact set. In particular, a subsequence will converge almost
everywhere.

2) One may consider the weaker condition that the I} are uniformly bounded and converge
to a;; weakly. However, this condition is not sufficient for Theorem 5.5 to hold (see the example
at the end of the introduction in [SZ]).

3) If C(-,-) satisfies (5.4), then we see for any = € S,,,

Y (AP CHr ) < 0> (WA T Po(lyl) = > (1A y*)e(lyn

yeSn yeSn yESH

< Cd/ (LA lyI*)e(lyhdy = c;/ (1A )t (t)dt < oo.
Rd 0
So the condition (A3) with C™(-, ) replaced by C}(-, ) holds.

From (A4), we have

sup [ (1n ke —yP)ite.dy < [ (Unfe = yP)elia = sl)dy = /m(wh\z)so<rhr>dh<oo.

v Jyta y#e

Since a is uniformly elliptic, if we define

8(f7g) = gC(faQ) +8J(f7g>
1
= 3 ), V(@) a@)Vy@)de+5 // FW)(9(@) = g())j(x, y)dx dy,
then (€, C1(R?)) is a closable Markovian form on L?*(R%, dz). Denote the closure by (€, F).

18



Lemma 5.4 Let WY2(R?) := {f € L*(R% dx) : Vf € L*(R?, dz)}. Then,
{f e L*(R% dx): E(f, f) < o0} = WH(RY) = F. (5.6)

Moreover, if F' is a subset of L*(RY, dxz) such that (€, F') is a regular Dirichlet form on
L3R4, dz), then F' = WH2(RY).

PROOF. Let f € L? be such that £(f, f) < co. Then, Ec(f, f) < oo and Ex(f, f) is comparable
to [[Vf|3, so f € WH2(R4). On the other hand, suppose f € WH3(RY). Then &;(f, f) <
E,(f, f), where ¢ is given in (A4) and &, is the Dirichlet form for the symmetric Lévy process
with Lévy measure ¢(|h|)dh. By the Lévy-Khintchine formula (see, e.g., (1.4.21) in [FOT]),
the characteristic function of the process at time ¢ is given by e where

P(u) = /Rd <1 — cos(u - h))gp(\h\)dh, u € R
According to (A4), we have,
wla) = [0 cos(u- W)e(|h]) dh

<o / [ul?[B[2 A 1]p(|h]) dh

< co(Jul* +1).
Using Plancherel’s theorem, for f € C?(R?),

E0) =3 [ (et h = ) ohdnd
- / | Flw) o)
<o / (1 + Juf®) | ) du = es(IF12 + [V F112).

Here f is the Fourier transform of f. A limit argument shows that

Ef. ) < alllfI5 + IV (5.7)

for f € WH3(R?). Since Ec(f, f) is comparable to ||V f]|3, adding shows that £(f, f) < oo, and
the first equality in (5.6) is proved.

Now suppose (€, F’) is a regular Dirichlet form on L?(R? dx); then since W12?(R?) is the
maximal domain (due to the first equality in (5.6)), we have 7' C W12?(R%). From the above
results, we know that the (£(-,-) 4| - [|2)/?>-norm is comparable to the W 2-norm on W'2(R9).
Using this, we see that (||V -||2, F’) is a regular Dirichlet form. This implies ' = W2(R) (so
WH2(RY) = F as well) and the proof is complete. O

Under the above set-up we have the following, which is the main theorem of this paper.
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Theorem 5.5 Suppose (A1)-(A4) hold. Then for each x and each to the Pl _lqws of{Yt(n); 0<
t < to} converge weakly with respect to the topology of the space D([0,to],RY). If Z; is the
canonical process on D([0,t0), R?) and P* is the weak limit of the P _laws of Y™ then the
process {Zy,P*} is the symmetric Markov process corresponding to the Dirichlet form &€ with

domain W12(R%).
The proof of this theorem is given in the next section.

In the remainder of this section we give an example of how our results can be applied to the
homogenization problem for random media. Let S, = 277 and for simplicity consider the case
d = 1. (In this example, the state space is S, instead of Sn.) Let {&7(2,9), &5(2,9) by yes, men
be i.i.d. with values in [0, M] a.e. for some non-random M < oo, and let m = E[¢](z,y)] =
E[3(x,y)]. Define

An £ (r,y) X (z,y) .
C (.1', y) = 123n/2 1{‘$_y|§27'n/2} + 1{‘$_y|:27'n} + W for x,y € Sn, (58)

where 0 < a < 2. Then the corresponding processes {)A/t(n); t <tp} on S, converge weakly to a
symmetric Markov process whose Dirichlet form is expressed by

m W) (9(=) — 9(y))
+1 /Vf YWy(x)dx + // |x— o dx dy. (5.9)

Conditions (A1)-(A2) can be easily verified. Since

sup <22” Z (1A |y|2)é’”(x,x + y))

$€Sn

yeén
[27/2] -2 0 72
on l M 1 l M
< a2 < > (n ) gms T2 gt > (1A i) 3G=am gita Z-1+a)
i=1 i=1
27/2]
<c<2 3"/227, +24+2" 2“"27,1“—1—2”“ Z i 1Jra))<63,
= =2m 41
(A3) holds. We now prove that (A4) holds. We take &, = 272 in this case. First, let v,z € S,
with w < z and |w — 2| = k27", k = 0,1, -, [2"/?] — 1. Then by a simple computation, we
have, letting G7, (w, z) = G¥; (w, z) for w, z € Sn,
Gy (w, Z)
272k -1 o Ny
w—i27" 24+ (1 —19)27") w—i27" 2+ (I —1i)27")
_, ( ) +2- 1pegp,
— 23n/2 23n(k + Z)1+a27(1+a)n

where the last term comes from 1y;_y=2-n} in (5.8). Since EFl(z) = Yo G7 (w, z) (note that
we include the case w > z here), the total number of the £7(-, ) that are summed up (counting
multiplicity) is

[27/2]-1[2"/?]~k

2-2 ) Z [~ 425231 =2.2%/2)3
k=0
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while the sum of the £J(-, ) terms is bounded above by

. (2—a)n/2
2:2 ; ; 23n(k + l)1+a27(1+a)n - 2(2 a)n ; ; k +l 1+a — < 620 ’

which goes to 0 a.s. as n — oo. Therefore the limit of F7:(z) as n — oo is almost surely the

same as the limit of

N N+1-k -1

H, 23n/22 SN Gt (k=02 2+ (1—0)27") +2, (5.10)

- =1 =0

where we write N = [2"/2] — 1 and recall that |w — z| = k27" for |k| < N. Rearranging, this is

equal to
N+1+r—2k

23n/2 Z Z Z (z+r27" 24 527") + 2. (5.11)

“Nr=2k—N  s=1
We rewrite this as

. 1
H,=2+ WZ@SVTS, (5.12)

where V,s = £1(z + 127", 2 4+ $27"), b,s is the number of times V,, appears in the sum (5.11),
each b, is bounded by ¢V, and the sum is over a collection of pairs (r, s) of cardinality less
than ¢; N2. Since

Var H, = Z b2, Var V., < — G Z(CGN) < ¢9/N?

T8

and N ~ 272 by Chebyshev’s inequality and the Borel-Cantelli lemma H, converges a.s. to its
mean. If m is the mean of V,, and we let a11(z) = 2m/3 +2, then we conclude F7(z) — a11(2)
a.s. for each z. By a Fubini argument, except for an event of probability zero, Fﬁ( ) — a1 (z)
for almost every z. Since F 1 is uniformly bounded, we see by the dominated convergence
theorem that F7 (z) converges to ajy(z) locally in L'. (5.4) is easy to verify. Using the law of
large numbers again, we can check (5.5) where j(z,y) = m|z—y| ', Thus (A4) is verified and
the limiting Dirichlet form is given as in (5.9). Note that one can construct similar examples
for d > 2 by choosing P(z,y) as in Remark 5.2 (ii). One can also easily modify the above
example so that the limiting process is not spatially homogeneous.

6 Proof of Theorem 5.5

In this section, we will prove Theorem 5.5. The proof of the convergence of the jump part of
the Dirichlet form is along the lines of [BKK], while the convergence of the continuous part of
the Dirichlet form was briefly described in the previous section.

We first extend £" and define a quadratic form on L?(R? dx). Define

H, = {Enu : u is a function on Sn} N L*(R?, dw).
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For f = F,u € 'H,, define

00 =5 [ 0@ =) e sy

Then we see

EMf f) = n; Z (w(wy) — u(wg))20”(w1,w2)(n*d)2
e (6.1)
= n2 Z (u(wl) — u(wg))QC’"(wl, wy) = E"(u,u).
w1, w2ESy

Before proving Theorem 5.5, we state a proposition showing tightness of the laws of Y ()

Proposition 6.1 Suppose (A1)-(A3) hold and let {n;} be a subsequence. Then there exists a
further subsequence {n;,} such that

(a) For each continuous function f on R with compact support, By, (Ptnj’“ank (f)) con-
verges uniformly on compact subsets; if we denote the limit by P,f, then the operator P; is
linear and extends to all continuous functions on R with compact support and is the semigroup
of a symmetric strong Markov process on R?.

(b) For each x and each ty the P law of {K(nj’“);o < t < to} converges weakly to a
probability P*.

Given Proposition 3.1 and Theorem 4.7, the proof of this proposition is very similar to that of
[BKu08, Proposition 6.2], so we omit it.

PROOF OF THEOREM 5.5. Let U, A he the A-resolvent for Y(”) this means that
Uh(z) = E*® / e Mh(Y, ™) dt
0

for z € S, and h : S, — R. First, note that any subsequence {n;} has a further subsequence
{n;,} such that U;Z\jk (Ry,;, [) converges uniformly on compacts whenever f € C.(R9), that is,
when f is continuous with compact support. This can be proved similarly to Proposition 6.1,
so we refer the reader to [BKu08].

Now suppose we have a subsequence {n’} such that the U) (R, f) are equicontinuous and
converge uniformly on compacts whenever f e C (]Rd) Fix such an f and let H be the limit
of Uy (R f). Let g € C2(R?) and write (f, g) == [ga f(2)g(x)dx.

In the following, we drop the primes for leglblhty Set u, = UNR,f) for X > 0. We will
prove that

H € WH(RY) and  E"(un,g9) — E(H,g) (6.2)

along some subsequence. Once we have (6.2), then

E(H, g) =1lim " (un, g) = im((f, g),, — Mun, 9),,)
=(f,9) — N, 9),
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the limit being taken along the subsequence and where (hy, h), = n=*> s hi(x)ho(x) for
hi,hy : S, — R. By (6.2), H € WH2(R9), and the equality

E(H,g)=(f.9) — \H,9g) (6.3)

holds for all g € C%(R?). By Lemma 5.4, C?(R?) is dense in W'?(R?) with respect to the norm
(E(-,-) + |l - I2)/2, and so (6.3) holds for all g € WH3(R?). Since W2(R?) is the maximal
domain due to (5.6), this implies that H is the A-resolvent of f for the process corresponding to
(&, WL2(R?)), that is, H = U* f. We can then conclude that the full sequence U} (R, f) (without
the primes) converges to U f whenever f € C.(R?). The assertions about the convergence of
Pl#ln then follow as in the proof of [BKu08, Proposition 6.2]. The rest of the proof will be
devoted to proving (6.2).

The jump part.
This part of the proof is similar to that of [BKK, Theorem 4.1]. We know

E™(Uny un) = (Rp fyun), — )\Huan,n (6.4)

Since H)\uann = [|NUXR.fll2n < ||Rufllon < sup, ||Ruf|l2n (note that sup,, ||Rnf]l2n < oo
because lim,, o || Ry f||2.n = || f]|2 for f € C.(R?)), the right hand side of (6.4) is bounded by

sup || Ru 113 0.
n

> o

1 1
(R f, ), | + Mlual 3, < T2l Al |20 + XH/\uan,n =

This tells us that {E"(uy, uy,)}y is uniformly bounded.
Since the wu, are equicontinuous and converge uniformly to H on B(0, N) for N > 0, using
(5.5), we have

//N1< N ‘<N(H(y) - H(x))Qj(l’,y) dy dx

< limsup n?~¢ Z (un(y) — Un(f))QC?(xa Y)

n—oo z,yESn

N=l<ly—z|<N

< limsup E" (up, up) < ¢ < 00.

n

Letting N — oo, we have
E;(H,H) < . (6.5)

Fix a function g on S,, with compact support and choose M large enough so that the support
of ¢ is contained in B(0,M). Then

ST (ualy) = un(@))(9(y) — 9(2))C3 ()|

MRS
< (4 3 ()~ @) (3 (o) - o) CHa)

ly—z|>N
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The first factor is (€™ (uy, u,))"?, while the second factor is bounded by

gl (>t Y Y )

z€B(0,M)NSy, |y—z|>N

which, in view of (5.4), will be small if N is large. Similarly,

ST (un(y) — ual@))(9(y) — 9(2)C3 )|

z,YyESn

ly—z|<N—1
< (7 3 ) @) (0 3 ) - o)

ly—z|<N—1

The first factor is as before, while the second is bounded by

Vol (n Y Y w-alCey)

z€B(0,M)NSy, |y—z|<N—1L

In view of (5.4), the second factor will be small if N is large.
Using (6.5), we have that

’ //y—wml N](H(y) — H(2))(9(y) = g(2))i(x,y) dy dw)

will be small if N is taken large enough.
By (5.5) and the fact that the U} f are equicontinuous and converge to H uniformly on
compacts, we have

w0 Y (ua(y) — ua(@))(9(y) — 9(2))C(a,y)

T,yESn
N=1<|y—z|<N

[ [ ) = HE) ) sl dy e

It follows that

which takes care of the jump part of (6.2).
The continuous part.

Step 1. First we show that H € W?(R?).
As in the discussion of the jump part, we know {E"(up,u,)}n is uniformly bounded. On
the other hand, making use of the assumption (A2), we see

g'”(Enun, Enuy) = EM(up, up) > €y (Un, uy) = cé’]’{,N(Enun, E,uy,).
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(Recall £y is defined in (3.1) and Cyy is defined immediately thereafter.) Therefore, for
f € CLRY), the sequence {E¥ \ (Eptin, Eptiy)}y is uniformly bounded with respect to n. Letting
Qn(w) = Hle[wi,wi + 1/n), we see that for any i = 1,2,...,d,

3 2t
Exn (Pt Butr) = 5 [ (o) = B ) o )y
#y

- ”2 POy /yﬁ(Enunm—Enun<y>>2%<w, o)y da

> (Bnun(z) — Eyun(z + € /n)) (/ dy)dx
weSh n(w Qn(w+€;/n)
n? )
- T2 / (Enun(@) = Byug(z + €;/n)) da
2 wESH Qn(w)
n2

= 5 /Rd (Enun(z) — Eyun(z + ei/n))Qda:.

In other words, {n(E,u,(-) — E,un(- +e€;/n))}, is a bounded sequence in L?(R?, dz). So there
exists a subsequence {n'} and a unique v; € L*(R?, dz) so that n'(E,u, (-) — Eyuy (- + /1))
converges to v; weakly in L*(R? dz). On the other hand, if ¢ € C*(R?), it follows that

<En/un’(' + ei/n,)v 90> = <En/un’a 90(' - ei/n,)>

by a change of variables, and then

n(Ewun (- + ei/n), o) — (B, 0) = n'(Eyuw, o(- — ei/n') = ¢).

Since ¢ € CZ(RY), we see that n'(¢(- — e;/n') — ¢) converges to —d¢/dz; uniformly and in
L*(R4, dz). So we have, letting n’ — oo,

(vi, ) = —(H, 0/ 0z;),

since u,, converges to H uniformly on compact sets. This shows that v; = 0H/0x; and so
H € W12(RY).

Step 2. We next show that for some subsequence {n'},

&t g) — 5 [ VH@)-a@)Vala)de = Ec(H.g

for any g € C%(R?). Recall (5.2); since C&(x,y) = 0 if |x — y| > &, and the w, z are on the
shortest paths from x and y, it is enough to consider w’s only for |w — z| < &, in the sum of
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the right hand side of (5.2). So

E&(Un, g)

d
= ﬁ Z Z Vi/nun Z Vl/ng (w,z)

Z,]:1 ZGSn wESH

lw—z|<en

# Z Y Vimtn()Vi0(:) Y Gii(w,z)

1,7j=12€8, wESY

lw—z|<en

W Zvl/nun > (Vijgw) = V1,00 Gl (w, 2)

i,j=12€8, wESn

lw—z|<en

= I+ 13.

Let K be the support of g € C*(R?). Since 1/n < ¢, <1 and |w — 2| < &, in the summation
defining I}, the z’s must lie in the set K, NS, where K; = {z € RY: d(K,z) < 1}. By using
the mean value theorem for g and the definition of V? Jnln; we see that for some 0 < 6,0 < 1
depending on z and w,

23] =

Y V) S (T~ W00 )|

i,j=12€8, weEK|1NSn
|w—z|<en

nt=d i Z <un(z +e;/n) — un(z))

1,j=1 2S5,

X Z <839(w+«96]/n) ]g(w+96]/n)) (w,z)’

weK1NSn
lw—z|<en

sup }un(z) — un(z’)}) -supHajngoo X <n’d i Z Z }GZ(w,z)‘)

|[z—2'|<1/n J i,j=12€8, weK{NSy

lw—z|<en

sup }un(z) — un(z’)}) -sup []05;9||s0 % I3
|[z—2'|<1/n J
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We now estimate 3. Let Ky = {x € R?: d(K,,r) < 1}. Then,

I = _dzz Z ’ Z <P‘”’yz+e/n z) — Px’y(z,erei/n))

1,j=12€8, weK1NSn =,y€Sn
lw—z|<en lz—y|<en

X (P’”’y(w +ej/n,w) — P (w,w + ej/n))C’g(x, y)‘

Z Cé(z,y) Z Z <P$’y(z +e;/n,z) + P"Y(z,z + ei/n)>

z,yESn i=1 z€Sn
lz—y[<en

IN

XZ Z (PW w+ej/n,w)+ P (w, w+ej/n)>

] 1 weK{NSn
lw—zl<en

= n Z Cé(z,y) Z Z <P‘B’y(z +e;/n,z) + P"Y(z, 2 + ei/n)>

r€EKoNSn,yESn i=1 ZGSn
lz—y|<en

XZ Z (PW w+ej/n,w)+ P (w, w+ej/n)>

j=1 weEK NSy
[w—z|<en

The last equality holds since the w’s (belonging to K7) lie on some shortest path between x
and y in the summations for some z,y € S,, with |z — y| < &,. Noting now that

d

Z Z (Px’y(w—i-ej/n,w)—I—P’C’y(w,w—i—ej/n))

j=1 weK1NSp
[w—z|<en

IIM&

Z <P“”y w+ej/n,w)+ P (w, w—l—ej/n)) = n|z — y|
eSn

and similarly

HM@.

Z (PW z+e;/n, z)+ P (2,2 + e /n)) = nl|r — yl,
Sn

ze
we see that, using ( 3),

| /\

TN Re—yPCh(r,y) < Mut(Ky),

r€KaNS, VYESH
lz—y|<en

Wﬁ

where M is the constant in the assumption (A3). So, I} is uniformly bounded in n and hence
I} converges to 0 as n tends to oo since the {u,} are equicontinuous.
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Finally we consider the term I

= 5% [ Vi)V B o) Py

Observe that if f, converges to f weakly in L? and g, converges to g boundedly and almost
everywhere, then f,g, converges to fg weakly. To see this, if h € L?,

[tgon— [an= [ fatg. =+ [ [ fagn— [ sor].

The term inside the brackets on the right hand side goes to 0 since f,, converges to f weakly
and the boundedness of ¢ implies that gh is in L?. The first term on the right hand side is
bounded, using Cauchy-Schwarz, by || f.|l2 ||(gn — g)h||2. The factor || f,||2 is uniformly bounded
since f,, converges weakly in L? while ||(g, — g)h||2 converges to 0 by dominated convergence.

Since some subsequence of V! /nEnun converges to v; = 0; H weakly in L? (as proved in Step
1), and for some further subsequence F}; converges to a;; boundedly and almost everywhere
(by (A4) and Remark 5.3) and V{ nEng converges to 0;¢g uniformly on compact sets (because
g € C%(RY)), we see that, along this further subsequence, the right hand side goes to

— Z / 0;H 0jga;;dv == | VH(z)-a(zx)Vg(zr)dx.
z] 1 Ré
Hence
58 (un’a g) - EC(H7 g)
This completes the proof of (6.2) and hence the theorem. O
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