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ABSTRACT. This paper surveys some recent progress in [8] for the study of homogenization of
symmetric jump processes in one-parameter stationary ergodic environment. We further present
some additional homogenization results under assumptions that are variants of [8], and identify
the limiting effective Dirichlet forms explicitly. The jumping kernels of Dirichlet forms are of
a-stable-like, and the associated coefficients as well as the coefficients of symmetrizing measures
are allowed to be degenerate and unbounded.
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1. INTRODUCTION

1.1. Background. Consider the behavior of particles in inhomogeneous media. Due to the
inhomogeneity, their short time behavior may depend on the location of the particles, whereas
their long time behavior often tend to be homogeneous due to the averaging effects. Such an
averaging process is called homogenization. The aim of homogenization theory is to provide the
macroscopic rigorous characterizations of the microscopically heterogeneous media. It has been
a very active research area in mathematics for a long time, and a vast literature exists on this
topic, see e.g. [1, 4, 21, 23, 34].

The local inhomogeneity of the media can be naturally modelled by random structures of
the media, and the problems of stochastic homogenization have been widely studied. The first
rigorous result for second order elliptic operators in divergence forms with stochastically homo-
geneous random coefficients was independently obtained by Kozlov [24] and by Papanicolaou
and Varadhan [25]. The crucial points of their approaches are the construction of the so-called
corrector field, which is the solution of certain associated elliptic equations, and the proof of
sub-linear growth of the corrector. After these two works, a lot of homogenization problems were
investigated for various elliptic and parabolic differential equations.

Because there are various communities in mathematics, the goals in the study of homogeniza-
tion problems are bit different. In probability community, the typical goal is to establish the
invariance principle, namely to show (€X;/.2)i>0 converges to a constant time change of Brow-
nian motion as € — 0, where (X;);>0 is the random process in the random media. Whereas in
PDE community, the goal is to prove that the suitably scaled solution of the resolvent equation
on the random media converges to the solution of the resolvent equation on the homogeneous
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media — we will explain it more precisely in Section 1.2, after Lemma 1.2. It is well-known that
the convergence of stochastic processes is equivalent to the tightness of the processes and the
convergence of finite dimensional distributions. In the symmetric framework, the latter is (more
or less) equivalent to the (pointwise) convergence of the resolvent, so the invariance principle is
stronger than the convergence of the resolvents. We note that, PDE community treats homoge-
nization problems under much more general framework; indeed there are vast literatures in PDE
that consider homogenization for operators where there is no corresponding stochastic processes
(for instance homogenization for fully non-linear PDEs).

In order to clarify the problem, let us give one recent result on the quenched invariant principle
for random divergence forms by Chiarini and Deuschel [7]. Consider a second order elliptic
differential operator L% of divergence form with random coefficients:

L¥u(z) = div(a® (z)Vu(z)), =€ RY,

where a“(+) is a symmetric d-dimensional matrix with w € € being a realization of the random
environment. Assume that a“(x) = a”™*(0), where 7, is the shift of the environment (see Section
1.2 for details). Suppose the following hold:
(i) There ewist A\, A : Q — [0,00] with x — A(T,w) ' + A(rw) € LS (R dz) for a.e. w € Q
such that

AMw)[€]2 < (a(0)€,6) < Aw)|E?* for all € € RY and a.e. w € Q.
(ii) There ezist p,q € [1,00] satisfying 1/p+ 1/q < 2/d such that
E [A77+ AP] < o0.

Theorem 1.1. ([7, Theorem 1.1]) Assume (i) and (ii) above, and let (X} )i>0 be the diffusion
process whose generator is LY. Then, for a.e. w € ), the law of the process (EXt“?SQ)@o on

C(]0,00),R%) converges weakly as € — 0 to Brownian motion with the covariance matriz equal
to D= (dij)lgi,jgdy where

1 . .
dij = Jim ~Ef | X[°X*] 1<) <d,

which exist and are deterministic constants. Here Xy = (X%, - ,X;i’w). Moreover, D s a
positive definite matrix.

The moment condition (ii) plays an important role in the quenched invariance principle. The
quenched invariance principle for nearest neighbor random walk on random conductance model
is established in [5] under the moment condition with p = ¢ =1 when d = 1,2. It is conjectured
that the optimal moment condition for the quenched invariance principle for symmetric diffusions
in stationary ergodic environments to hold is p = ¢ = 1; see 2| for the recent study subject to
the periodic environment. Note that for the homogenization in the PDE literature, based on
the two-scale convergence method in [36], the convergence of resolvent under L2mnorm may be
established under the moment condition p > 1 and ¢ > 1, see |17, 29] for related results in the
discrete setting.

The study of homogenization for non-local operators can be traced back to the paper |20],
where homogenization for one-dimensional pure jump processes with periodic coefficients was
considered by using the probabilistic approach. See [35] for a multi-dimensional generalization
with diffusion terms involved. For further developments on homogenization of non-local operators
with periodic coefficients, the reader may refer to |15, 16, 30| for probabilistic approaches, and |26,
32, 31| for analytical approaches (even in the setting of nonlinear integro-differential equations).
See [11, 17, 18, 22, 27] and the references therein for recent development on homogenization of
non-local operators with random coefficients. In a recent preprint [8], we studied homogenization
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problem for symmetric non-local operators with random coefficients and gave a characterization
of the homogenized limiting operators. In this paper, we survey the results obtained in [8], and
present some additional homogenization results for non-local operators with random coefficients
under conditions that are variants of those in [8]. In a recent paper [22], Kassmann, Piatnitski
and Zhizhina investigated homogenization of a class of symmetric stable-like processes in ergodic
environment whose jumping kernels are of product form. In that paper, homogenization problem
of symmetric stable-like processes in two-parameter ergodic environment was also studied. In [22],
random coefficients of the jumping kernel are assumed to be uniformly elliptic and bounded. In
fact, all known results concerning stochastic homogenization of jump processes in one-parameter
ergodic environment requires that the coefficients are of very special forms (such as the product
form). The contribution of [8] is to study homogenization problem for symmetric non-local
operators in one-parameter ergodic environment systematically under more general settings. In
particular, the corresponding random coefficients can be degenerate and unbounded. We will
survey the main results of [8] in Section 2. We will also present homogenization results under
some variant settings of [8]. In Subsection 1.2, we will describe the precise setting, and in
Subsection 1.3 we will give main theorems of this paper.

1.2. Setting. Throughout the paper, we let d > 1, and (2, F,P) be the probability space that
describes the random environment. Let {7;},cge be a measurable group of transformations on
(Q,3,P) with 79 = id and 7, 0 7, = T4y for every z,y € R?. 7w := 7,(w) is the environment
w €  ‘seen from’ the point x € R%. We assume that {72} zera 1s stationary and ergodic; namely,
(i) P(r,A) = P(A) for all A€ F and z € R%
(ii) if A € F and 7,4 = A for all z € R?, then P(A) € {0,1};
(iii) the function (z,w) + T,w is B(R?) x F-measurable.

Consider a random variable p : © — [0,00) such that for every w € Q p(mw) > 0 for a.e.
r € R, and E[p] = 1, and a random function x : R? x R? x Q — [0, 00) that satisfies

Kz, y;w) = Ky, w), k(e + 2,9+ 2w) = k(z,y;w)  for z,y,2 € RY, we (1.1)
and )
Kz, x4+ z;w

T / (1A 2% R dz € L} (R%; dx) for P-ae. we Q. (1.2)

We write pu(dz) := pu(7,w) dz, which has full support on R%. Let T' be an infinite cone in R?
having non-empty interior that is symmetric with respect to the origin; namely, I' is a non-empty
open subset of R? so that rz € T for every € T and r € R.

We now define a regular symmetric Dirichlet form (€%, F%) on L*(R%; u*(dzx)) for each w € Q
as follows. For a € (0,2), define

(0.0 =5 [ 0= 06~ g0 [ ey dady,

where A := {(z,z) € R%} is the diagonal of R x R¢, and F* the closure of C>°(R%) with respect
to the norm &€¥(-,-)'/2, where

E1(1.1) = 80 )+ [ 1) w(a). (13)

It holds that under (1.2), EX(f, f) < oo for all f € CX(RY). Clearly, (€¥,F™) is a regular
symmetric Dirichlet form on L?(R%; u*(dx)). Hence there are a Borel subset N € R? having zero
E¥-capacity, and a symmetric Hunt process X“ := {Xf, t>0;P* z e R? \ N“’} on Rd\N“’; see
for instance [19, Chapter 7]. We note that X*“ is a time change of the Hunt process corresponding
to the Dirichlet form (¥, F) on L?(R% dx). When T' = R? and x(x, y; w) is bounded from above
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and below by positive constants, this Hunt process is a symmetric a-stable-like process studied
in [12].

For any € > 0, define X% = {X;“;t > 0} := {EX;‘}EQ;t > 0}. We have the following.

Lemma 1.2. (|8, Lemma 1.1]|) For any e > 0, the scaled process X*“ has a symmetrizing measure
p= (da) = (7, jew) dz, and the associated regular Dirichlet form (€5, F5¢) on L*(R%; p= (dx))
s given by

0,0 =5 [, 0 = TN — o) TENED N ey dnay, (1)

and F&¥ is the closure of C2°(R®) with respect to the norm (-, -)Y/2, where the & -norm is
defined on L*(R%; u= (dx)) similarly to (1.3).

Denote by (L%, Dom(LY)) (resp. (£L5%, Dom(L5*))) the L2-generator of the Dirichlet form
(€¥,9%) on L%(R%; u®) (resp. (€5, F%%) on L2(R% us*)). That is, for f € Dom(LY),

. 1 / Kz, y;w)
f Yy _f x 1 —x dy7
00 p(Tzw) {yE]Rd:|y—z\>5}( (®) ))\y—x!‘”"‘ ty=eetd

and for f € Dom(L5%),

(fy) — flay)E/EV/E)

Lsawf(x) = llm Wﬂ{yixep}dy

6—0 :U’(T:Jc/z-:w) /{yG]R‘i:yx|>6}
It is easy to see that for each £ > 0, g(-) € Dom(£L5%) if and only of g()(-) := g(e-) € Dom(L¥),
and
L5g(x) = e L9 (x/e).
For any A > 0 and f € C.(R%), let u‘;’w be the solution to the following resolvent equation
(A= Ls’w)u?w =f

in L2(RY; 45 (dz)). We like to investigate under what circumstances, there is a subset Qo C
of full probability so that for every w € Q and for every f € C.(R%),

lim a5 — wsl pagmasue o (dn)) = O

where uy is the solution of
A=L)ur = f.

Here £ is the L%-generator of certain regular symmetric Dirichlet form (€,F) on L?(R%; dx)
whose jumping kernel is non-random but can be degenerate. This is a standard framework in
homogenization problems in the community of PDE; see for instance [28, 34| for backgrounds
and [3, 6, 22] for recent study on homogenization problems related to non-local operators.

Let K(z) be a non-negative bounded and symmetric measurable function on R?. Define a
regular Dirichlet form (X, FK) on L2(R%; dx) by

U0 =5[] T T o) O ey dedr, (15

and FK is the closure of C°(RY) in with respect to the norm €X(-,-)1/2, where the &;-norm is
defined on L?(R%; dx) similarly to (1.3). The limiting Dirichlet form (&€, F) for the homogenization
problems considered in this paper is of this type. We emphasize that the symmetric cone I' in
(1.4) and (1.5) can be a proper subset of R? in this paper.
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1.3. Main theorems. Unlike elliptic differential operators, we have a variable (y — x)/e by
shifting operators 7, /. and 7,/ in the coefficient

k(z/e,y/e;w) = k(0, (y — x) /g3 7 ew) = K(0, (z — y) /&5 7y /ew)
of the scaled process X® which corresponds to the long range property of the jumping kernel
(see (1.4)). This prevents us to directly applying the ergodic theorem to deduce the almost sure
convergence as indicated below. We need to impose some reasonable conditions on x(z, y;w).
Our main theorems in this paper are variants of |8, Theorem 1.3]. We assume the following
conditions on the coefficients x(z,y;w).

(C1) For every w € Q and x,y € RY,

(2, ysw) = v(y — 23 w) + V(2 — ¥ myw), (1.6)
where v : R x Q +— [0,00) satisfies that for a.s. w € €,
lim Wz, z) (v (2/e;73)ew) — 0(25 74 jew)) dzdx =0 for every h € C®(R*).  (1.7)
e—0 JRdxRd

Here, U(x;w) is a non-negative measurable function on R% x Q so that for any z € RY,
E[o(z;-)] = C1, Ep(z;:)] < Cy (1.8)
for some constants C,Coy > 0 and v > 1.

(C2) There are a constant p > 1 and non-negative random variables A1 < Aa on (Q,F,P) such
that

E[A7! + Y] < oo, (1.9)
and for a.s. w € €,

A (Tow) + Ay (Tyw) < K2, y;w) < Ao(Tow) + Aa(Tyw)  for every x,y € RY. (1.10)

We have four remarks concerning the above condition.

Remark 1.3. () Tt is easy to see that any k(z,y;w) of form (1.6), which satisfies (1.7) with
some non-negative 7 : R x Q — [0, 400), enjoys the property (1.1) and that for a.s.
w € €,
lim h(z,z) (k (0, z/e; Tx/aw) — Re (2 Tz/gw)) dzdx =0 (1.11)
e—0 JRdxRd

for every h € C2°(R*), where Rc(z,w) := D(2;w) + D(—2; 7, jew).

On the other hand, any x(x, y;w), satisfying (1.1) and (1.11) with &, being some non-
negative 7 : R% x © — [0, +00) (independent of €), admits a representation of the form
(1.6) so that (1.7) is satisfied. This is because x(z,y;w) = £(0,y — x; T,w) and so by the
symmetry of k(x,y;w) in (z,y) we have

Kz, ysw) = 5(k(z,y50) + 6y, 130)) = 5(6(0,y — 2370w) + 5(0, 2 — Y5 Tyw)).

Hence we can write k(z,y;w) as
K@, yw) = vy — 25 7w) + vz — ¥ myw),
where
v(zyw) := k(0,z;w)/2.
(ii) Schwab [33] studied the stochastic homogenization for some fully non-linear integro-
differential equations associated with (non-symmetric) a-stable-like operators, where the

coefficient k(z, z;w) satisfies for any w € Q, 2,z € R? and ¢ > 0,
(a) k(z, z;w) = k(z, —z;w);
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(b) k(z,z/e;w) = k(z, z;w).
See [33, (1.14) and (1.13)]. Clearly, (1.7) is more general than (b) above. (To see this,
we take v(z;T,w) = k(z, z;w), and then v(z;7,w) = v(2; T,w).) From the viewpoint of
assumption (a), (C1) can be viewed as a symmetrized version of [33]. See [32] for related
works on the periodic homogenization.

(iii) (C2) is just (A2) in [8]. Under (C2), by using (the continuous version of) the Birkhoff
ergodic theorem (see [21, Theorem 7.2] or [8, Proposition 2.1]) and the Holder inequality,
one can verify that (1.7) implies that for a.s. w € Q, the function

(7, 2) = v (2/e5 T pew) = D(25 Ty ew)
weakly converges to 0 in L}OC(R%; dx dz) as € — 0; that is, for a.s. w € Q,
lim Wz, z) (v (2/e; 73 )ew) — 02574 jew)) dzdz =0 for every h € B.(R*);
€20 JRax R4
see the proof of [8, Lemma 3.1] or that of Proposition 3.2 below.

(iv) In our setting we always assume that (1.2) holds true. In fact, (1.2) is a consequence of
(C2). Indeed, suppose (C2) holds. Then by the Fubini theorem, for any R > 1,

/ / (1A |2[2) x”"dt“’)d dz
B(0,R) JR4 |z|dte
E[A E[A
< (1 A |Z’2) 2(T$ )] + [ 2(T$+2w)] dz dx
d+a
B(0,R) /R4 2]

1A |2]?
Az/ / dEL dz dx < oo.
B(0,R) JIRA |2|

In particular, we have PP-a.s.,

/ / (1A 2% wxd—ijw)dzdx<oo
B(0,R) JR4 ||
for every R > 0.

For € > 0, let U® be the M-order resolvent of the Dirichlet form (€5, F=¢) given by (1.4).
Our first main theorem is the following.

Theorem 1.4. Suppose that (C1) and (C2) hold and that E[uP] for some p > 1. Then there is
Qo C Q of full probability so that for every w € Qo, f € Co(RY) and X > 0,

UY¥f converges to UK f locally in LY(R% dz) ase — 0,
and

il_r% Hinf - U)\I{fHLz(Rd;;ﬁv“’) - 07 (]‘]‘2)

where UK is the A-order resolvent of the symmetric Dirichlet form (€K, FK) on L*(R%; dx) given
by (1.5) with
K(z) = E[p(z;)] + E[p(—2;)].

Clearly, by taking the smaller one, we can assume p > 1 in the condition E[uP] < oo is the
same as the p > 1 in (C2). We note that since for any g € C1(R%),
867w(Uj\5’wf7 ) + )‘<U€wf? >L2 (Ré;usw (dx)) <f7 >L2 (Ré;pew (dx))»
K(U){(fa g) + )‘<U)\ fyg>L2(]Rd;dx) - <f7 g)LQ(Rd;dx)ﬂ
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using the Birkhoff ergodic theorem, we have
i%<U£{fyg>L2(Rd;uva(dx)) = (U 1, 9) 12(m;d) and L (f, 9) L2 metsue (da)) = (> 9) L2 (R:d)-
We conclude from (1.12) that
lim (U1, 9) = E*(UX' £, 9)-

e—0
The same result as Theorem 1.4 holds for the case where the jump variable z is periodic. To
be precise, consider the following assumption:

(C1*) The coefficient k(z,y;w) is given by (1.6) for some non-negative measurable function
v(z;w) on RY x Q, which satisfies that the function z — v(z;w) is 1-periodic in the sense that it
can be seen as a function defined on the d-dimensional torus T := (R/Z)?, and B[] < oo with

7(w) == /w v(zw)dz.

Here is our second main theorem.

Theorem 1.5. Suppose that (C1*) and (C2) hold and that E[uP] for some p > 1. Then the
conclusion of Theorem 1.4 holds with

K(z) :=2E[v].

The proofs of Theorems 1.4 and 1.5 are similar to that of [8, Theorem 1.3] and we will
give a sketch of the proofs in Section 3. We like to mention a recent paper [31] on the study
of homogenization of a class of symmetric Lévy processes on R? with (deterministic) periodic
jumping kernels.

It is natural to consider further the invariance principle of the scaled processes on the path
space. In order to obtain it, we need to establish the tightness of the scaled processes, as
mentioned in the introduction. In fact, if the initial distribution is absolutely continuous with
respect to an invariant measure, then the tightness can be obtained by using the so-called forward-
backward martingale decomposition (see [11, Proposition 3.4| for the corresponding statement
in the discrete setting). Hence one can obtain the convergence of the processes on the path
space under such initial condition (or under some weaker topology), see [11, Theorems 2.2 and
2.3] for more discussions in the discrete case. When (z,y) — &(x,y;w) is bounded between two
positive constants, we can use heat kernel estimates from [12] when T' = R? or parabolic Harnack
inequalities from [13] when I" C R? to establish the tightness, and therefore the weak convergence
of the scaled processes starting from any point. However, it is highly non-trivial to prove such
convergence if the process starts at any fixed point (in other word, if the initial distribution is
a Dirac measure), when (z,y) — k(z,y;w) is not bounded between two positive constants. We
will address this problem in a separate paper.

In this paper, we use := as a way of definition. For all z € R? and r > 0, set B(z,r) = {2z €
R?%: |z — 2| < r}. For p € [1,00] and Lebesgue measurable A C R?, we use |A| to denote the
d-dimensional Lebesgue measure of A, Cy(A) the space of bounded and continuous functions on
A, LP(A;dz) the space of LP-integrable functions on A with respect to the Lebesgue measure,
and L, C(IRd; dz) the space of locally LP-integrable functions on R? with respect to the Lebesgue
measure. Denote (-, ) 2(gd,(4r)) the inner product in L?(R% u(dx)). Denote by B(R?) the
set of locally bounded measurable functions on R%, by By(IR%) the set of bounded measurable
functions on R?, and by B.(R?) the set of bounded measurable functions on R? with compact
support. C1(R?) (respectively, C.(R?) or C>(R?)) denotes the space of C''-smooth (respectively,

continuous or C™-smooth) functions on R¢ with compact support.
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2. SURVEY OF THE RESULTS IN [§]

In this section, we survey the main results from [8]. Consider the following assumption con-
cerning K(x, y;w).
(A1) The coefficient k(z,y;w) is given by (1.6) for some non-negative measurable function
v(z;w) on RY x Q, which satisfies that
(i) There is a constant | > 0 such that for any n > 0 and x,21, 22 € RY,
|Cov (va (215 ), vn(22: Tw()) |+ = |B [vn(215 ) - v (22 7w ()] = Elvn(21; )] E[vn (225 )] |
< Ci(n) (1A |z|7h,

where v, = v An and C1(n) is a positive constant depending on n.
(ii) There is a non-negative measurable function v on R such that E[v(z/e;-)] converges
weakly to v(z) in L}, . (R% dx) as e — 0; that is, for every h € L (R% dx),
lim [ A Ep(z/e-)] ds = / h()5(2) da.
e—0 JRd Rd
We note that the mixing condition (2.1) in assumption (A1) is weaker than the mutually
independent stable-like random conductance models investigated in [11, 9, 10]. Indeed, (2.1)
only requires the mixing condition on the position variable z, not on the jumping size variable
z; while in [11, 9, 10| the mutual independence is imposed on both variables x and z, which was
crucial to verify (A4*) (ii) in [11] (see also [9, Section 4]).

Theorem 2.1. ([8, Theorem 1.3]) Suppose that (A1) and (C2) hold, and that E[uP] < co for
some p > 1. Then the conclusion of Theorem 1.4 holds with

K(z):=v(z) + v(—=2).

(2.1)

Another model considered in [8] is k(z,y;w) of product form, motivated by [22, (Q1)]. We
consider the following assumptions.
(B1) For every w € Q and z,y € RY,

k(z,y;w) = v (Tpw)va(Tyw) + vi(Tyw)ve(Tew), (2.2)

where v and vy are non-negative random variables on (Q, F,P).
(B2) There are non-negative random variables A1 < Ag on (Q,F,P) with

E[A7" 4+ A3] < o0
so that for a.s. w € QQ,

A (Tpw) A (Tyw) < Kz, y;w) < Ao(Tw)Ao(Tyw)  for every x,y € RY.

The following fact is proved in [8, Proposition 1.4].

Proposition 2.2. Suppose that k(z,y;w) is given by (2.2) for some non-negative random vari-
ables v1 and vy on (0, F,P). Then condition (B2) holds if and only if v1 and vy satisfy that

E [(1/11/2)_1/2 + (11 + 1/2)2] < 00.

Any k(z,y;w) of form (2.2) enjoys the property (1.1). Similar to Remark 1.3(iv), we can verify
that (1.2) is satisfied when (B1) and (B2) hold. Under (2.2), the corresponding symmetric
Dirichlet form (€¥,F*) has the expression

0= [ 0 TN oy ey for e
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In this case, we are able to drop the mixing condition (2.1) from Theorem 2.1.

Theorem 2.3. ([8, Theorem 1.6]) Suppose that (B1) and (B2) hold, and E[uP] < oo for some
p > 1. Then the conclusion of Theorem 1.4 holds with constant

K(z) := E[v1] E[vs].

As an application of Theorem 2.3, we have the following example that improves [22, Theorem
3, Case (Q1)], where the coefficients \;(7,w) (i = 1,2) are assumed to be uniformly bounded
between two positive constants and I’ = R%.

Example 2.4. ([8, Example 1.7]) Let I' be an infinite symmetric cone in R? that has non-empty
interior. For any € > 0, let L5 be a Lévy-type operator given by

L5 F(z) = pov. / (f(y) - F(2)

where A1 and Ay are two non-negative measurable functions on (2, F,P) such that

Ao € L2(;P), MNP e LY P) and Mo/M\ € LP(Q;P),

)\I(Tx/aw))@ (Ty/aw)
|y _ $|d+o¢

Ir(y — z)dy, (2.3)

for some p > 1. Then as € — 0, L=* converges in the resolvent topology to

£1(@) = . [(F0) = Fla) = trly =) do
where )
_ (B[]
Co = E[Tjh]' (2.4)

At the first sight, the constant coefficient Cy should be E[A; Az], but with the idea of the time
change, it turns out the correct one should be (2.4). It is worth emphasizing again that in this
site model the mixing condition (2.1) of the media given in Assumption (A1) is not needed.

3. PROOFS OF THEOREMS 1.4 AND 1.5

In this section, we give the proofs of Theorems 1.4 and 1.5. In fact, most of the arguments in
the proofs except Proposition 3.2 below are the same as those in the proofs of [8, Theorems 1.3
and 1.6], so we will only sketch ideas except the proof of Proposition 3.2.

3.1. Some general results in [8]. In this subsection, we give some general results concerning
homogenization of stable-like Dirichlet forms. For any € > 0, let L5“ be the generator of
the Dirichlet form (€5%,F%%) on L?(R% ¥ (dx)) given by (1.4). Let L be the generator of
the Dirichlet form (EX,FXK) of (1.5) on L2(R%; dx). The goal of homogenization theory is to
construct homogenized characteristics and clarify whether the solutions for the operators L%
are close to the solution for the operator L. As mentioned in Section 1.2, we are concerned
with the following question: when does the solution to the equation

(A = Lo = f (3.1)

on L*(R%; u®« (dz)) for any A > 0 and f € C.(R?) converge in the resolvent topology, as € — 0,
to the solution to the equation

A =LBYu=f (3.2)
on L?(R% dx)? We address this question under the following assumption.

Assumption (H): There is Qo C Q of full probability so that
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(i) For every w € Qo and for any sequence of functions {f- : € € (0,1]} such that f. € F&
for any € € (0,1], and

limSUp (Hfs”oo + 8€7w(f€7 fE)) < o0,

e—0

{f- : € € (0,1]} is a pre-compact set as ¢ — 0 in L'(B(0,r);dx) for every r > 1 in
the sense that for any sequence {e, : n > 1} C (0,1] with lim,_ge, = 0, there are a
subsequence {ey, : k > 1} and a function f € Llloc(]Rd;da:) so that f,, converges to f in
LY(B(0,7);dx) for every r > 1.

(ii) For every w € Qo and any g € C°(RY),

K(z/e,y/e;w)
hm lim sup // (g(x) — g(y))? =2 dady = 0
e—0 {0<|z—y|<n} ’.CC - y’d—‘ra

and

K(z/e,y/w)
hmhmsup// g(x) — g(y)?—~L=2 2 e dy = 0.
=0 {|x—y|>1/17}( (®) =) |z — y|tte

e—0

(iii) There is a constant p > 1 such that for every w € Qg and R > 0,

P
limsup/ (/ k(z/e,y/e;w) dy) dr < 0.
e—0 JB(,R) \/B(0,R)

(iv) For every w € Qq, any n > 0, f € By(R?) and g € O (RY),

- ) o) — o) D
lim /R d /| g T = F@) — o) T ey — ) o dy

e—0 |x

- T)— T) — M y — z)dz
_/Rd /{77<96—y|<1/n}(f( ) = f()(9(x) g(y))| y|d+a]1r( ) da: dy,

where K(2) is a measurable symmetric function on R?® such that C, < K(z) < Cy for
some constants C1,Co > 0.

Let U™ be the A-order resolvent of the regular Dirichlet form (€5, F5¢) on L?(R%; = (dz)),
and UJ the A-order resolvent of the regular Dirichlet form (€, F%) on L*(R%dzx). It is well
known that Uy f and UL f are the unique solution to (3.1) and (3.2), respectively.

The following theorem concerning the convergence in L}OC(IRd; dx) and the resolvent topology
is given in |8, Theorems 2.2 and 2.3|.

Theorem 3.1. Suppose that assumption (H) holds and E[uP] < co for some p > 1. Then, there
is a subset Q1 C Q of full probability measure so that for every w € Q1 and f € C.(R%),

UL“ f converges to U f in L, .(R%dz) ase—0
and

lim [[US f = U £l 2 e (amy) = 0-

Thanks to this theorem, in order to prove Theorems 1.4 and 1.5 it is enough to prove that
assumption (C) implies assumption (H). We will prove it in the following subsections.
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3.2. Weak convergence of bilinear forms. In this subsection, we give a proposition to guar-
antee the weak convergence of non-local bilinear forms. Recall that I' € R? is an infinite
symmetric cone that has non-empty interior. Note that when d =1, ' = R.

Proposition 3.2. (i) Suppose that (C1l) holds. Then there is a subset Q1 C 0 of full
probability measure so that for every w € Qy, any n >0, f € B(R?) and g € B.(R%),

| (o +2) ~ F@) (g + 2) ~ g(z) v
lim /Rd /n<|z|<1/n,z€F} E k(z/e, (x4 2)/e;w) dzd

e—0 |d+a
-/ / e t2) = f@)ola+2) = 0@) gy, ) + Blp(—2 ) de de.
Re J {n<|z|<1/n, z€T'} 2]

(ii) Suppose that (C1*) holds and that there is a non-negative random variables A on (0, F, P)
with E[AP] < oo for some p > 1 so that for a.s. w € €,

w(z,y;w) < A(Tpw) + A(Tyw)  for every z,y € RY. (3.3)

Then there is a subset Qo C Q of full probability measure so that for every w € Qa, any
n >0, f € B(RY) and g € B.(RY),

m Ulot2) = Fo)is (x+z)—g(a;))n x/e, (v + 2)/e;w) dz dx
: /l;d/{ﬁ<2|<l/n,zeF} ’Z‘d+o‘ (/’( + >/7 )d d

e—0

(o t2)— @) (o +2) —ge)
B 2/]Rd /77<|z<1/77,z€1"} | E[ ]d da-

|d+a

Clearly (C2) implies (3.3).
The proof of the proposition will use the following lemma from [8], which is an extension of

the Birkhoff ergodic theorem, and the ideas of its proof.

Lemma 3.3. ([8, Lemma 3.1(i)]) Let (Q,F,P) be a probability space on which there is a sta-
tionary and ergodic measurable group of transformations {7, },cge with 7o = id. Suppose that
v(z;w) is a non-negative measurable function on R x Q such that the function z — B [v(z;-)P]
is locally integrable for some p > 1. Then there is a subset Qo C Q of full probability measure so
that for every w € Qo and every compactly supported f € LI(R? x RY; dx dy) with ¢ = p/(p —1),

i%//IRdXRdf(w,z)u(z;Tm/aw) dzdx://RdXRd Fa, B (2 )] d= da. (3.4)

Proof of Proposition 3.2. (i) Under (C1), there is Qy C 2 of full probability so that for every
w € N, for any n, € > 0, f € B(RY) and g € B.(R?),

/ / (flx+2) — f(‘ ) (g(z + 2) — g(:v))ﬂ ()2, (z + 2)/e;w) dzdzx
R* J{n<|z|<1/n,z€T}

|d+a

/ / (flx+2)— f(‘ Dote ) 9D, (2/e: 7 jew) dzda
R4 J{n<|z|<1/n, z€T}

Z|d+a

(fz+2) — f(@))gla+2) —g(@)) N doda
/]Rd /77< 2|<1/n, z€T'} |z|dte v (=2/8 Tatz)/ew) dzd

= ZI;.
=1
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By changing variables x + z — = and z — —z in the term I35, it holds that I] = I5, where we
used the fact that I' = —T.
Note that for every n > 0, f € B(R?) and g € B.(R),

(f(z+2) = f(@)(g(x + 2) — g(x))

F(z,2) = Lipejs<1/n, zery Z]d+o

is a bounded and compactly supported function on R x R?. Recall that we assume (1.7) with
E[7(2;-)Y] < Oy for all z € R? and some v > 1. According to (1.7), Remark 1.3(iii) and Lemma
3.3, there is a subset €3 C g of full probability measure so that for any w € 1, n > 0,
f € B(RY) and g € B.(R%),

c (flz+2) = f(2)(9(x +2) —g(z))
hm[ = lim /]Rd /n<z|<1/n,z€F} V(2 Tpjew) dz dx

e—0 |Z ’d—i—a

L] e )= FONote ) =) 1)
R4 J{n<|z|<1/n, zeT'}

|d+a

Putting all these estimates above together immediately yields that

. (fat9 - F) oG+ o)
1 /]Rd /{n<z|<1/n,z€l"} | ( /6’( * )/6’ )d a

e—0 Z|d+a
(fla+2) — @) (g +2) —g@) p o
_Q/IRd /n<| |<1/n,z€T} |z|d+e E[r(z; )] dz dz.

Again by changing variables £ + z — = and z — —z in the right hand side of the equality above,
we obtain the desired assertion.

(ii) Suppose that (C1*) holds. Then, we can still define I7 for ¢ = 1,2 as in (i). As before,
we only need to consider the term I7.

For any bounded set D = Dy x Dy C R? x R? with D; (i = 1,2) being a connected interval
in R%, we have

// v(z/€;Tyjew) dz dx
D1 ><D2

= Z //u(z/e;rx/gw)dzdx+
D1 JQ§

1:Q5 C D2
-3,
j=1

where Q5 = [2f — £/2, 25 + £/2]¢ with zf € eZ<. Note that

/ v(z/&;Tyew) dz zed/ V(25 Ty /ew) dz:ed/ V(23 Tpew) dz
H [28/e—1/2,2¢5 [e+1/2]¢ Td (35)

:EdD(Tm/Ew)v

/ / v(z/€; Ty ew) dz dx
Dy JQ;ND2

QEmDQ;éQ) QsNDSAD

where 7(w) := [ v(z;w) dz. We have

si= [ (X 1) () do

1: QSCDQ
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Observe that for connected interval Da,
li 1) — =0.
tim (37 j@51) — D2l =0
i:Q;T_CDQ
Thus, thanks to the Birkhoff ergodic theorem, for a.s. w € €Q,
limsup |Jf — |D1 X Da] - E[D]’ =0.
e—0

Furthermore, note that [{i : Q5 N Dy # 0,Q5 N DS # 0} < c3e~ @~V for some constant c3 > 0
independent of . Then, by (3.5) and Birkhoff ergodic theorem again, we can get that for a.s.
w € €,

lim |J5| < lim 638/ V(T ew)dx = 0.
e—0 e—0 D1

Putting both estimates for J{ and J} together, and then letting e — 0 we conclude that for a.s.
w €,

lim //DlXD2 v(z/&; Tp/ew) dzdx = |D| - E[D]. (3.6)

e—0

With the aid of (3.6), we now can use the idea of the proof for [8, Lemma 3.1(i)] to obtain the
desired assertion. Indeed, let

S = {F(:c,z) = Zai]lAixgi(m,z) :me{l,2,---}, a; €Q, A;,B; € %@(Rd)}.
i=1

Here Q denotes the set of all rational numbers, and Bg(IR%) denotes the collection of all bounded
cubes in R? whose end points are rational numbers.

According to (3.6), it is easy to see that there exists a subset g C € with full probability
measure such that for every w € 1 and F' € .7,

lim // F(z,2)v(z/e; 7y /ew) dz dx = // F(z,2)E[p] dz dz. (3.7)
e—0 ) JRdx R RIxR4

Similarly, by (3.3) with EE[AP] < co and the argument for (3.7), we can also find a subset Qa C
with full probability measure such that for every w € 3 and A, B € %g(RY),

lim // v(2/e; Ty ew)? dzdx = // E[7P] dz dx, (3.8)
=0/ JAxB AxB

where p > 1 is from the assumption.

For general bounded compactly supported function F on R? x R, take A, B € %’Q(Rd) SO
that supp[F] C A x B. Since Cp(A x B) is dense in LY(A x B;dzdy) for ¢ =p/(p — 1) and .¥¥
is dense in Cy(A x B) under uniform norm, there is a sequence of functions {F, },>1 C . such
that

lim ||F, — FHLQ(AxB;dmdy) =0.
n—oo

Hence, by (3.7) and (3.8), we know that for every w € Qo,

lim sup ‘// F(x,2)v(z/e; Ty ew) dz dx — // F(z,2)E[p] dzdx
e—0 RIxRA RIxR4

< lim sup ’// (F(z,2) = Fo(, 2))v(2/e; 7y jew) dz dx
R4xR4

e—0

_'_

[t~ Pt eI
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//AXB Fo(x, 2)v(z2/e; 7y jew) dz d — /Axan(x’z)E[ﬁ] d> do

< | F = Fallpa(ax Bde dy)

ol eorsn) (o)’

1/p
<UF — Full s suteay ( /| Ew dzdm) .
X

Letting n — oo, we get that for any w € {23 and any bounded function F' with compact support,

//]Rded F(x, 2)v(z/e; Ty ew) dz dx — //}RdXRd F(x,2)E[p] dz dx

+ lim sup

e—0

lim sup =0.

e—0

Now, taking
(f(z+2) = f(@)(g(z + 2) — g(x))

F(z,2) == Ly<iz1<1/m, zer} |z]dte

we arrive at that for every w € (g,

i I — (fz+2)— f(z))(9(z + 2) — g(x)) 3 do de
= /]Rd /{n<z|<1/n,zer} E[ ]d dz,

e—0 |Z|d+a

which in turn yields the required assertion. U

3.3. Pre-compactness of functions in L'-space. In this subsection, we give the compactness
for a sequence of uniformly bounded functions whose associated scaled Dirichlet forms are also
uniformly bounded. The following is a key compactness result established in [8, Proposition 3.4].

Proposition 3.4. Suppose that (C2) holds. Then there is a subset Qo C Q of full probability
measure so that for every w € Qq, any collection of functions {fe : € € (0,1]} with f. € F¥ for
any € € (0,1] having
lim sup ([} feloo + E5(fe, f2)) < 00
E—

Then, {f- : e € (0,1]} is pre-compact as € — 0 in L*(B(0,7);dx) for every r > 1.
Below is the key lemma for the proof.
Lemma 3.5. ([8, Lemma 3.5|) Suppose that (C2) holds. Then there is subset Qo C Q of full

probability measure so that the following holds for every w € Qo. Suppose that {f: : € € (0,1]} is
a collection of functions with f. € F&% for e € (0,1] and

limsup E5( fe, fo) < oc.

e—0
Then for everyr >1,0< |h| <7r/3 and 1 <1 < d,
limsup sup / |fe(x + he;) — fe(x)| dz < CO(T)ha/2 (hm sup E(fe, fa)1/2> , (3.9)
e—0 x0€B(0,r) J Bap(x0,r) e—0

where {e; : 1 < i < d} is the orthonormal basis of R?, By (x0,7) := {y € B(zo,7) : |y —
0B (xo,7)| > 2h} and co(r) is a positive measurable function depending on r but independent of
h and w.

The proof of this lemma is partly motivated by (and hence resembles) the proof of the compact
embeddings in fractional Sobolev spaces; see [14, Theorem 4.54, p. 216].

Given Lemma 3.5, the proof of Proposition 3.4 is relatively easy.
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Proof of Proposition 3.4. According to [14, Theorem 1.95, p. 37], the following (a) and (b) imply
that {f- : ¢ € (0,1]} is a pre-compact set, as ¢ — 0, in L'(B(0,r); dz) for every r > 1.

(a) For every r > 1 and ¢ > 0, there exists a constant §; := 1(r, (;w) such that for every
h € R? with |h| < 01 such that

e—0

limsup/B o )~ @l < (3.10)

(b) For every r > 1 and ¢ > 0, there exists a constant & := d2(r, ¢) such that for every h € R¢
with |h| < 2 such that
| fe(@)] dz < C. (3.11)

lim sup

e—0 /13(0,7")\352 (0,r)

(3.10) can be shown by (3.9) and the triangular inequalities. For any ¢ > 0, we have
/ @) do < £l BO,7)\ B 0,7)] < e2(0)] £l
B(0,r)\Bs(0,r

where c2(r) is a positive constant independent of ¢ and . This implies (3.11). O

Note that we use the negative moment condition on Aj in (1.9) only in arguments for the
statements in this part (in particular, Lemma 3.5).

3.4. Proofs of Theorems 1.4 and 1.5.
Proofs of Theorems 1.4 and 1.5. By Theorem 3.1, it is enough to verify that assumption (C)
implies assumption (H).

According to Proposition 3.2(i) (resp. Proposition 3.2(ii)) and Proposition 3.4, assumption (C)
implies (resp. (C1*) and (C2) imply) conditions (iv) and (i) in assumption (H). On the other
hand, it follows from the proof of [8, Theorem 1.3| that conditions (iii) and (ii) in assumption
(H) hold true under condition (C2). For example, by (C2), for any bounded sets A, B ¢ R¢
and x € A, we have

[ wtafecufeswdy < 1BlAa () + [ Aa(ryye) dy
B B

Hence, using the Birkhoff ergodic theorem and (1.9), the condition (iii) of assumption (H) holds
true. Using the Birkhoff ergodic theorem again and (C2) (though requires some more delicate
computations), we can show that property (ii) of assumption (H) holds as well; see the proof of
[8, Theorem 1.3] for related details. This completes the proof. O
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