Heat kernel estimates on the incipient infinite cluster for critical branching processes By Ichiro Fujii^∗ and Takashi Kumagai^∗

Abstract

We obtain heat kernel estimates for the simple random walk on the family tree of the critical branching process with finite variance, conditioned on non-extinction. We show that the spectral dimension of the random walk is 4/3.

§1. Introduction

There has been a lot of work by mathematical physicists on the behaviour of random walk on percolation clusters (see [6] and the references therein). Through numerical computations, it was observed that random walk on a supercritical percolation cluster on Z^d behaves in a diffusive fashion whereas at the criticality, it behaves anomalously.

On the other hand, mathematically rigorous results appear quite recently, even in the supercritical case, for the quenched estimates (i.e. almost sure estimates with respect to the randomness of the media). In [3], Barlow obtained both sides Gaussian-type quenched heat kernel estimates. Using these estimates, the quenched invariance principle was established ([7, 11, 12]).

Critical percolation clusters are believed to be finite in all dimensions, and it is rigorously proved when d = 2 or d ≥ 19. To avoid finite-size issues associated with random walk on a finite cluster, it is convenient to consider random walk on the incipient infinite cluster (IIC), which can be understood as a critical percolation cluster conditioned to be infinite. Note that the existence of the IIC is in general a highly non-trivial problem; so far it has been constructed

2000 Mathematics Subject Classification(s): Primary 60K37; Secondary 60J80, 60J35. Research partially supported by the Grant-in-Aid for Scientific Research (B) 18340027. ∗RIMS, Kyoto University, Kyoto 606-8502, Japan.

© 2006 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.

only when d = 2, and d > 6 in the spread-out case. (For trees, it is not difficult to construct the IIC, as mentioned below.)

On the IICs for Z^2 and trees, Kesten [9, 10] proved that the random walk is subdiffusive, i.e., spread more slowly than the random walk on the Euclidean lattice. In [4], heat kernel estimates for the random walk are given on the spread-out oriented percolation on Z^d × Z_+ for d > 6. As a consequence, it is proved that the random walk is subdiffusive. In [5], detailed sub-Gaussian heat kernel estimates are established for the simple random walk on the IICs of family trees of critical branching processes whose offspring distributions are binomial.

In this note, we estimate the heat kernel of the simple random walk on the IICs for more general family trees. We only assume that the offspring distribution has finite variance, so it does not need to be bounded.

In the following of this section, we give some notation, explain the framework we work on, and state our main results.

Let Γ = (G, E) be an infinite graph, with the vertex set G and the edge set E. We assume that Γ is connected. We write x ∼ y if {x, y} ∈ E, and assume that (G, E) is locally finite, i.e. μ_y < ∞ for each y ∈ G, where μ_y is the number of bonds that contain y. For A ⊂ G, set μ(A) = ∑ x∈A μ_x. Let d(x, y) be the length of the shortest path connecting x and y, and denote

B(x, r) := {y ∈ G : d(x, y) ≤ r}, V (x, r) := μ(B(x, r)).

Let X = (X_n, n ∈ Z_+, P^x, x ∈ G) be the discrete-time simple random walk on Γ. Then X has transition probabilities

P^x(X_1 = y) = 1 μ_x

, y ∼ x.

We define the discrete-time heat kernel (or the transition density) of X by

p_n(x, y) = P^x(X_n = y) 1 μ_y ; we have p_n(x, y) = p_n(y, x). Let 0 ∈ G be fixed. For each R ≥ 0, let

τ_R = min{n ≥ 0 : d(0, X_n) ≥ R}.

The spectral dimension of G, denoted d_s(G), is defined by

d_s(G) = −2 lim_{n→∞} log p_{2n}(x, x) log n

, (1.1) if the limit exists. Here x ∈ G; it is easy to see that the limit is independent of the choice of x. Note that d_s(Z^d) = d.

Next, let {G(ω) : ω ∈ Ω} be the realization of the IIC, where ω expresses the randomness of the media. For each ω ∈ Ω we can define the simple random walk X = (X_n, n ∈ Z_+, P^x_ω , x ∈ G(ω)). Let p^ω_n(x, y) be the discrete-time heat kernel of X.

Alexander-Orbach [1] conjectured that, if G(ω) is the IIC for the critical percolation on Z^d, d ≥ 2, then d_s(G(ω)) = 4/3. It is now thought that this is unlikely to be true for small d. This conjecture is true for the simple random walk on the IIC of the critical branching process with binomial offspring distributions ([5]), and for the random walk on the IIC of the spread-out oriented percolation on Z^d × Z_+ for d > 6 ([4]). We will show that the conjecture is true for the IIC for the critical branching process whose offspring distribution has finite variance.

We now introduce the random family tree and give the assertion completely. This graph is a family tree with randomness of a number of children for each vertex. We assume that {p_j }_{j≥0} is a non-negative sequence with ∑_∞

j=0 p_j = 1.

First, put a vertex which we call a root. This is said to be in the zeroth generation. We denote it by 0. The root gives birth to j_0 vertices (children) with probability p_{j0} . We denote them by (0, l_1), 1 ≤ l_1 ≤ j_0. They are said to be in the first generation. Second, each vertex (0, l_1) in the first generation gives birth to j_{(0,l1 )} vertices (children) with probability p_{j(0,l1 )} , which we denote by (0, l_1, l_2), 1 ≤ l_2 ≤ j_{(0,l1)}. They are said to be in the second generation. In general, each vertex (0, l_1, l_2, . . . , l_n) in the n-th generation gives birth to j_{(0,l1,l2,...,ln)} vertices (children) with probability p_{j(0,l1 ,l2,...,ln)} independently, which we denote by (0, l_1, l_2, . . . , l_n, l_{n+1}), 1 ≤ l_{n+1} ≤ j_{(0,l1,...,ln)}. These children are said to be in the (n + 1)-th generation. The number of children for each parent in each generation obeys the law {p_j } and is independent of each other. Finally, we connect the parent and their children with edges. We denote this random graph by G^′ and the law by P .

Let {Z_n}_{n≥0} be random variables representing a number of vertices in the n-th generation. {Z_n}_{n≥0} is called a Bienaymé-Galton-Watson branching process, and the law {p_j } is called an offspring distribution. In particular, P [Z_1 = j] = p_j . When E[Z_1] < 1, the number of vertices of G^′ is finite. When E[Z_1] > 1, G^′ is an infinite graph with positive probability. The case where E[Z_1] = 1 is critical. Here we treat the critical case, i.e., we assume E[Z_1] =

∑_∞ j=0 jp_j = 1.

In this case G^′ is a finite graph P -a.s. So we modify G^′ to have infinite vertices.

Let A be a family tree. We denote the subgraph of A restricted to (resp. up to) the n-th generation by A_n (resp. A_{≤n}). We have

Lemma 1.1. ([10, Lemma1.14]) Let A be a tree up to the k-th generation. Then

lim_{n→∞} P [G^′_{≤k} = A|Z_n ≠ 0] = |A_k|P [G^′_{≤k} = A]

and writing P_0[A] = |A_k|P [G^′_{≤k} = A], P_0 has a unique extension to a probability measure P on the set of infinite family trees.

Let G be a family tree chosen with the distribution P: we call this the incipient infinite cluster (IIC).

We assume

σ^2 := V ar[Z_1] = E[(Z_1 − 1)^2] = ∞∑ j=0 (j − 1)^2p_j < ∞.

In order to obtain the assertions, the following estimates for the volume growth and the effective resistance are essential.

Proposition 1.1. (1) There exist q_0, c_1 > 0 such that for each R > 1,

P[R_{eff} (0, B(0, R)^c) ≥ λ^{−1}R] ≥ 1 − c_1 λ^{q0}

. (1.2)

(2) E[V (0, R)] ≤ c_2R^2. (3) E[1/V (0, R)] ≤ c_3R^{−2}.

The definition of R_{eff} (A, B) in (1.2) will be given in (3.3).

We prove this proposition in the following sections.

Once this proposition is proved, then using Proposition 1.6 and Theorem 1.7 in [4], we can obtain the following results.

Theorem 1.1. (1) There exist α_1, α_2 < ∞, and a subset Ω_0 with P(Ω_0) = 1 such that the following statements hold.

(a) For each ω ∈ Ω_0 and x ∈ G(ω) there exists N_x(ω) < ∞ such that

(log n)^{−α1} n^{−2/3} ≤ p^ω_{2n}(x, x) ≤ (log n)^{α1} n^{−2/3}, n ≥ N_x(ω).

In particular, d_s(G) =^4_3 , P-a.s., and the random walk is recurrent. (b) For each ω ∈ Ω_0 and x ∈ G(ω) there exists R_x(ω) < ∞ such that

(log R)^{−α2} R^3 ≤ E^x_ωτ_R ≤ (log R)^{α2} R^3, R ≥ R_x(ω).

Hence lim_{R→∞} log E^x_ωτ_R

log R

= 3.

(2) The following estimates hold:

c_1R^3 ≤ E(E^0_ω τ_R) ≤ c_2R^3 for all R ≥ 1, c_3n^{−2/3} ≤ E(p^ω_{2n}(0, 0)) ≤ c_4n^{−2/3} for all n ≥ 1, c_5n^{1/3} ≤ E(E^0_ω d(0, X_n)) for all n ≥ 1.

(1) gives quenched estimates, i.e., estimates for a.e. ω ∈ Ω, whereas (2) is the annealed estimates (i.e., taking the average over the randomness of the media, which is denoted by E).

Remark. 1) We can not take α_1 to be 0 in general (see [5, Lemma5.1]). 2) We can deduce more estimates for the heat kernel etc. from Proposition 1.1. See Proposition 1.5 and Theorem 1.7, 1.8 in [4] (or Proposition 1.2.3 and Theorem 1.2.4 in [8]).

3) In [5], further off-diagonal heat kernel estimates are obtained, whereas we only obtain on-diagonal estimates. This is because we do not know how to maintain good uniform control of the laws P_x in our setting, where P_x is the law of the IIC conditioned that the vertex x is in the IIC.

Example 1. We have the Poisson distribution with parameter 1

p_j = 1 j! e^{−1}, j ∈ Z_+

as an example of the offspring distribution. In this case, the expectation and the variance are 1, so it has finite variance. But it is not bounded, therefore is not treated in [5].

In Section 2, we will give some estimates for the branching process and in Section 3, we will prove Proposition 1.1.

This note is based on the Master Thesis by the first named author ([8]).

§2. Bienaymé-Galton-Watson branching process

As we mentioned above, we assume

σ^2 := V ar[Z_1] = E[(Z_1 − 1)^2] < ∞.

We will use this assumption for the proof essentially.

In the following of this section, we estimate the volume of G^′_{≤n}. Let f be the generating function of the offspring distribution, so that f(s) = E[s^{Z1} ] = ∞∑ k=0 p_ks^k.

From [2, p.19 (2)] we have P [Z_n > 0] ∼ 2 nσ^2

. (2.1) Let Y_n = n∑ k=0 Z_k, g_n(s) = E[s^{Yn} ], f_n(s) = E[s^{Zn} ].

Then conditioning on Z_1 we obtain that f_{n+1}(s) = f(f_n(s)), g_{n+1}(s) = sf(g_n(s)). And f_n(1−) = 1, f^′_n(1−) = E[Z_n] = 1, f^{′′}_n (1−) = E[Z_n(Z_n − 1)] < ∞, (2.2) g_n(1−) = 1, g^′_n(1−) = E[Y_n] = n + 1. (2.3) Lemma 2.1. There exists c > 0 such that for any n > 0 E[Y^2_n ] ≤ cn^3.

Proof. Let Z^{(l)}_i , l = 1, 2, · · · be independent copies of Z_i. Then, V ar[Z_{n+1}] = E[(Z_{n+1} − 1)^2] = ∞∑ y=0 E[(Z_{n+1} − 1)^2|Z_n = y]P [Z_n = y]

= ∞∑ y=0 E[( y∑ l=1 Z^{(l)}_1 − 1)^2]P [Z_n = y]

= ∞∑ y=0 E[{ y∑ l=1 (Z^{(l)}_1 − 1)}^2 + (y − 1)^2]P [Z_n = y]

= ∞∑ y=0 {yσ^2 + (y − 1)^2}P [Z_n = y] = σ^2E[Z_n] + E[(Z_n − 1)^2] = σ^2 + V ar[Z_n] = (n + 1)σ^2.

Let i < j, then E[Z_iZ_j ] = E[E[Z_iZ_j |Z_i]] = ∞∑ y=0 E[ y∑ l=0 yZ^{(l)}_{j−i}]P [Z_i = y] = E[Z^2_i ], since E[

∑_y

l=0 yZ^{(l)}_{j−i}] = y^2. Using the two equalities above, we have

E[Y^2_n ] = E[( n∑ i=0 Z_i)^2] = n∑ i=0 E[Z^2_i ] + 2 ∑ i<j E[Z_iZ_j ] = n∑ i=0 E[Z^2_i ] + 2 ∑ i<j E[Z^2_i ]

= n∑ i=0 (iσ^2 + 1) + 2 n∑ i=0 (n − i)(iσ^2 + 1) ≤ cn^3.

The next lemma is Lemma 2.3(a) in [5]. Since the proof is the same, we omit it.

Lemma 2.2. There exist c_0 > 0, p_0 > 0 such that P [Y_n > c_0n^2] ≥ p_0 n . We will need to consider the following modified branching process. Let Z̃ = (Z̃_n, n ≥ 0) be a branching process with Z̃_0 = 1 and the same offspring distribution as Z, except that at the first generation we have

P [Z̃_1 = j] = (j + 1)p_{j+1}.

For the generating function of Z̃_1, we have

E[s^{Z̃1} ] = ∞∑ k=0 (k + 1)p_{k+1}s^k = f^′(s), and ∑_∞

k=0(k + 1)p_{k+1} = f^′(1−) = 1 by (2.2). So {(j + 1)p_{j+1}} is a probability. The generating function of Z̃_n is expressed by f as

E[s^{Z̃n} ] = E[E[s^{Z̃n} |Z̃_1]] = ∞∑ y=0 E[s^{Pyl=1 Z(l)n−1} ]P [Z̃_1 = y]

= E[E[s^{Zn−1} ]^{Z̃1} ] = E[f_{n−1}(s)^{Z̃1} ] = f^′(f_{n−1}(s)),

where {Z^{(l)}_{n−1}}_l are independent copies of Z_{n−1}. The expectation of Z̃_n is finite since we assume the offspring distribution has finite variance:

E[Z̃_n] = d ds f^′(f_{n−1}(s))|_{s=1−} = f^{′′}(f_{n−1}(1−))f^′_{n−1}(1−) = f^{′′}(1−) < ∞. (2.4)

Let ζ be a random variable. We write ζ[n] for a random variable with the distribution of

∑_n

i=1 ζ_i, where ζ_i are i.i.d. with ζ_i^{(d)}= ζ. Using (2.4) and the Chebyshev inequality, we can easily obtain the following lemma.

Lemma 2.3. There exists c > 0 such that for any n, λ > 0

P [Z̃_n[n] ≥ λn] ≤ c λ . Let Ỹ_n =

∑_n

k=0 Z̃_k. We then have the following, which corresponds to Lemma 2.3(b), 2.5(b) in [5]. Again, we omit the proof since it is the same as that of [5], given the estimates above.

Lemma 2.4. There exists c_1 > 0 such that for any λ, n with 0 < λ < c_0 4 , n > √ c_0 4λ , P [Ỹ_n[n] < λn^2] ≤ e^{− c1√λ} ,

where c_0 is the constant in Lemma 2.2.

§3. Proof of Proposition 1.1

In this section, we estimate the graph G(ω) and give the proof of Proposition 1.1.

We remark that P-a.s. G has exactly one infinite descending path from 0, which we call the backbone, and denote by B. We denote the vertex on the backbone in the n-th generation by b_n.

By [10, Corollary 2.13], we see that a parent on the backbone has l children, excluding the one on the backbone, with probability P [Z̃_1 = l] = (l + 1)p_{l+1}. On the other hand, we can easily see that a parent off the backbone has l children with probability P [Z_1 = l] = p_l.

For each x, y ∈ G, let γ(x, y) be the unique geodesic path connecting x and y. We write D(x) for the set of descendants of x. Note that x ∈ D(x). We set

D(x; z) := {y ∈ D(x) : γ(x, y) ∩ γ(x, z) = {x}}.

We also set

D_r(x; z) := {y ∈ D(x; z) : d(x, y) = r}, D_{≤r}(x; z) := ∪^r_{i=0}D_i(x; z).

We estimate the volume of balls with a center at the origin. If the root has no bond, we define μ_0 = 1 for convenience. Note that as G is a tree, we have

|B(x, r)| ≤ V (x, r) ≤ 2|B(x, r + 1)|. (3.1)

Lemma 3.1. There exists c > 0 such that for any λ > 0, E[V (0, n)] ≤ cn^2.

Proof. By (3.1), it is enough to bound |B(0, n)|. Recall that b_n is the vertex on the backbone in the n-th generation.

h(s) : = E[s^{|B(0,n)|}] = E[s^{|∪nk=0D≤k (bn−k ;bn−k−1)|}] = E[s^{Pnk=0 Ỹ (k)k} ] = Π^n_{k=0}E[s^{Ỹk} ] = sΠ^n_{k=1}E[E[s^{Ỹk} |Z̃_1]] = sΠ^n_{k=1} ∞∑ y=1 E[s^{1+Pyl=1 Y (l)k−1} ]P [Z̃_1 = y]

= sΠ^n_{k=1} ∞∑ y=1 sE[s^{Yk−1} ]^yP [Z̃_1 = y] = sΠ^n_{k=1}(sE[g_{k−1}(s)^{Z̃1} ]) = s^{n+1}Π^n_{k=1}f^′(g_{k−1}(s)) = s^{n+1}Π^{n−1}_{k=0} f^′(g_k(s)), where {Y^{(k)}_· }_k are independent copies of Y_.. Using this, we have h^′(s) = (n + 1)s^nΠ^{n−1}_{k=0} f^′(g_k(s)) + s^{n+1} n−1∑ l=0 f^{′′}(g_l(s))g^′_l(s)Π^{n−1}_{m=0,m≠l}f^′(g_m(s)).

So using (2.2), (2.3),

E[|B(0, n)|] = h^′(1−) = n + 1 + n−1∑ l=0 f^{′′}(1−)(l + 1) ≤ cn^2. (3.2)

Using Lemma 2.4, we can prove the following in the same way as Proposition 2.7 of [5].

Proposition 3.1. There exists c_1 > 0 such that for any λ, n with 0 < λ < c_0 4 , n > 3 √ c_0 4λ , P[V (0, r) < λr^2] ≤ e^{− c1√λ} , where c_0 is the constant in Lemma 2.2.

Proposition 3.2. There exists c > 0 such that for any r > 0, E[ 1 V (0, r) ] ≤ c r^2 .

Proof. First, note that V (0, r) ≥ 1. From Proposition 3.1, we have P[ 1 V (0, r) > λ r^2

] ≤ e^{−c1} √ λ for 4/c_0 ≤ λ ≤ 4n^2/9c_0. So E[ 1 V (0, n) ] ≤ 4 · 3^2 9c_0n^2 P[ 1 V (0, n) ≤ 4 · 3^2 9c_0n^2 ] + n−1∑ k=3 4 · (k + 1)^2 9c_0n^2 P[ 4 · k^2 9c_0n^2 < 1 V (0, n) ≤ 4 · (k + 1)^2

9c_0n^2

] + 1 · P[

4 · n^2 9c_0n^2 < 1 V (0, n) ]

≤ 4 · 3^2 9c_0n^2 + n−1∑ k=3 4 · (k + 1)^2 9c_0n^2 P[ 4 · k^2 9c_0n^2 < 1 V (0, n)

] + P[

4 · n^2 9c_0n^2 < 1 V (0, n) ]

≤ 4 · 3^2 9c_0n^2 + n−1∑ k=3 4 · (k + 1)^2 9c_0n^2 e^{−ck} + e^{−cn} ≤ c n^2 .

In the following of this section, we estimate the effective resistance for G. For the purpose, we first estimate the connectivity in the ball.

Definition 3.1. Let x ∈ G, r ≥ 1. Let M(x, r) be the smallest number m such that there exists A = {z_1, . . . , z_m} ⊂ G with d(x, z_i) ∈ [r/4, 3r/4] for each i, such that any path γ from x to B(x, r)^c must pass through the set A.

Since G is a tree, the best choice of such a set A will in fact be the points at a distance ⌈r/4⌉ from x.

Using the previous estimates such as (2.1) and Lemma 2.3, we can prove the following similarly (in fact, more easily) to the proof of [5, Proposition 2.10].

Proposition 3.3. There exists c > 0 such that for each m ≥ 2, r ≥ 4,

P[M(0, r) ≥ m] ≤ c m . Finally, we estimate the effective resistance. To define the effective resistance, we define a quadratic form E by

E(f, f) = 1 2 ∑ x,y∈G,x∼y

(f(x) − f(y))^2.

Let A, B be disjoint subsets of G. The effective resistance between A and B is defined by

R_{eff} (A, B)^{−1} := inf{E(f, f) : f|_A = 1, f|_B = 0}. (3.3)

Proposition 3.4. There exists c > 0 such that for any r ≥ 4, λ ≤ 1/4,

P[R_{eff} (0, B(0, r)^c) < λr] ≤ cλ.

Proof. Let A = ⋃ z∈γ(0,b_{⌈r/4⌉})\{b_{⌈r/4⌉}}

D_{⌈r/4⌉}(z, b_{⌈r/4⌉}), A^∗ = {z ∈ A : D_{⌈r/4⌉}(z) ≠ ∅}.

Then any path from 0 to B(0, r)^c must pass through A^∗ ∪{b_{⌈r/4⌉}}, so M(0, r) ≤ |A^∗| + 1. Let A^{∗∗} be the set of ancestors at level ⌈r/4⌉ of A^∗ ∪ {b_{⌈r/4⌉}}, and we define a function f on G as follows: if z ∈ γ(0, x) for some x ∈ A^{∗∗}, f(z) = |z|/⌈r/4⌉, otherwise f(z) = f(a(z, 1)), where |z| is the level of the vertex and a(z, 1) is the parent of z. Since G is a tree, we see that M(0, r) = |A^{∗∗}|. Then 1 R_{eff} (0, B(0, r)^c)

≤ E(f, f) ≤ 1 2 ( 1 ⌈r/4⌉

)^2 · ⌈r/4⌉ · M(0, r) =

2M(0, r) r , so R_{eff} (0, B(0, r)^c) ≥^r_{2M(0,r)} . Using Proposition 3.3, we deduce that

P[R_{eff} (0, B(0, r)^c) < λr] ≤ P[ r 2M(0, r)

< λr] ≤ P[M(0, r) > 1 2λ ] ≤ cλ.

By Lemma 3.1, Proposition 3.2 and Proposition 3.4, the proof of Proposition 1.1 is completed.

References

[1] S. Alexander and R. Orbach. Density of states on fractals: “fractons”. J. Physique (Paris) Lett. 43 (1982) L625–L631.

[2] K.B. Athreya and P.E. Ney. Branching processes. Dover Publications, Inc., New York, 2002. (Originally; Springer-Verlag, Berlin, 1972).

[3] M.T. Barlow. Random walks on supercritical percolation clusters. Ann. Probab. 32 (2004) 3024-3084.

[4] M.T. Barlow, A.A. Járai, T. Kumagai and G. Slade. Random walk on the incipient infinite cluster for oriented percolation in high dimensions. Preprint 2006. (Available at: http://www.kurims.kyoto-u.ac.jp/~kumagai/kumpre.html)

[5] M.T. Barlow and T. Kumagai. Random walk on the incipient infinite cluster on trees.

Illinois J. Math. 50 (2006) (Doob volume.) 33-65.

[6] D. Ben-Avraham and S. Havlin. Diffusion and Reactions in Fractals and Disordered Systems. Cambridge University Press, Cambridge, 2000.

[7] N. Berger and M. Biskup. Quenched invariance principle for simple random walk on percolation clusters. Prob. Theory Related Fields, to appear.

[8] I. Fujii. Large time behaviour of transition densities on random trees and general measure spaces. Master Thesis in Kyoto University, 2007.

[9] H. Kesten. The incipient infinite cluster in two-dimensional percolation. Probab. Theory Related Fields 73 (1986) 369-394.

[10] H. Kesten. Subdiffusive behavior of random walk on a random cluster. Ann. Inst. H.

Poincaré Probab. Statist. 22 (1986) 425-487.

[11] P. Mathieu and A. Piatnitski. Quenched invariance principles for random walks on percolation clusters. Preprint 2005.

[12] V. Sidoravicius and A.-S. Sznitman. Quenched invariance principles for walks on clusters of percolation or among random conductances. Probab. Theory Related Fields 129 (2004) 219–244.