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1. INTRODUCTION AND SETTING

The law of the iterated logarithm (LIL) describes the magnitude of the fluctuations
of stochastic processes. The original statement of LIL for a random walk is due to
Khinchin in [27]. In this paper we discuss various types of the LILs for a large class
of symmetric jump processes.

We first recall some known results on LILs of stable processes, which are related
to the topics of our paper. Let X := (X});>0 be a strictly S-stable process on R in
the sense of Sato [36, Definition 13.1] with 0 < < 2 and v((0,00)) > 0 for the
Lévy measure v of X. Then the following facts are well-known (see [36, Propositions
47.16 and 47.21]).

Proposition 1.1. (1) Let h be a positive continuous and increasing function on
(0,6] for some § > 0. Then

. RO _

limsup—— =0 a.s. or =00 a.s.

t—0 h(t)
according to f05 h(t)=Pdt < oo or = oo, respectively.
(2) Assume that X is not a subordinator. Then there exists a constant ¢ € (0,00)
such that
SUPy<s<t [ X

llglilglf i/ log|10gt|)1/5 =c a.s.

Proposition 1.1(1) was obtained by Khinchin in [28]. A multidimensional version
of Proposition 1.1(2) was first proved by Taylor in [39], and then a refined version
of Proposition 1.1(2) for (non-symmetric) Lévy processes was established by Wee in
[40]. We refer the reader to [1, 10, 11, 37] and the references therein. Recently the
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results in Proposition 1.1 have been extended to some class of Feller processes (see
[29] and the references therein).

When 8 > 1, a local time of X exists, and various LILs for the local time are
known. In the next result we concentrate on a symmetric -stable process X on R.

Proposition 1.2. Assume 5 € (1,2). Then, there exist a local time {l(x,t) : x €
R,t > 0} and constants ¢y, ¢y € (0,00) such that

. sup, l(y, 1)
(1.1) h?iigp /A (loglog /1177 ¢ a.s.
and
sup, l(y,t
(1.2) lim inf upy (9, ) cy  a.s.

t—oo t1-1/8(loglogt)~1+1/8

In [23] Griffin showed that (1.2) holds, and in [41] Wee has extended (1.2) to a
large class of Lévy processes. As applications of the large deviation method, (1.1)
was proved by Donsker and Varadhan in [17]. For the case of diffusions, LILs for the
local time have further considered on metric measure spaces including fractals based
on the large deviation technique (see [20, 8]); however, the corresponding work for
(non-Lévy) jump processes is still not available. It would be very interesting to see
to what extent the above results for Lévy processes are still true for general jump
processes, e.g. see [42, p. 306]. Thus, we are concerned with the following;

Question 1.1. If the generator of the process X s perturbed so that the corre-
sponding process with new generator is no longer a Lévy process, do the results in
Propositions 1.1 and 1.2 still hold?

In this paper, we consider this problem for a large class of symmetric Markov
jump processes on metric measure spaces via heat kernel estimates.

In order to explain our results explicitly, let us first give the framework. Let (M, d)
be a locally compact, separable and connected metric space, and let 1 be a Radon
measure on M with full support. We assume that B(x,r) is relatively compact for
allz € M and r > 0. Let (&, %) be a symmetric regular Dirichlet form on L*(M, ).
By the Beurling-Deny formula, such form can be decomposed into three terms —
the strongly local term, the pure-jump term and the killing term (see [19, Theorem
4.5.2]). Throughout this paper, we consider the form that consists of the pure-jump
term only; namely there exists a symmetric Radon measure n(-,-) on M x M \ diag,
where diag denotes the diagonal set {(x,z) : € M}, such that

(1.3) 5@#02/‘ (u(x) — u(y))(v(z) —v(y)) n(dz, dy)
M x M\diag

for all u,v € .7 N C.(M). We denote the associated Hunt process by X = (X;,t >
0;P* x € M;.%,,t >0). Then there is a properly exceptional set .4~ C M such that
the associated Hunt process is uniquely determined up to any starting point outside
A . Let (P;)i=o be the semigroup corresponding to (&,.%#), and set Ry = (0, 00).
A heat kernel (a transition density) of X is a non-negative symmetric measurable
function p(t, z,y) defined on Ry x M x M such that

Puf(x) = /M Ptz 2) () p(dz),  plt + 5, 2,y) = /M plt, 2, 2)p(s, 2, y) p(dz),
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for any Borel function f on M, for all s,t > 0, all x € M \ A4 and p-almost all
ye M.

13

We will use “:=" to denote a definition, which is read as “is defined to be”. For
a,b € R, a Ab := min{a,b} and a V b := max{a,b}. The following is our main
theorem for the case of [-stable like processes on a-sets.

Theorem 1.3. [-stable-like processes on a-sets| Let (M,d, ) be as above.
Consider a symmetric reqular Dirichlet form (&,.F) on L*(M, u) that has the tran-
sition density function p(t,x,y). We assume pu and p(t,z,y) satisfy that

(i) there is a constant o > 0 such that
(1.4) car® < u(B(z,r)) < cr®, xe M,r >0,
(i) there also exists a constant B > 0 such that for all z,y € M and t > 0,
t t
1.5 A e — < p(t < B L —
19 ( d(ﬂf,y)o‘*B) P2 Y) S 4 ( d(a,y)o+s

Then, we have the following statements.

(1) If v is a strictly increasing function on (0,1) satisfying

1
1
1.6 / ds < oo (resp. = 00),
" o $(s)? ( )
then
(]‘ 7) lim sup Sup0<s§t d(XS7 I)
‘ t—0 QD(t)

Similarly, if ¢ is defined on (1,00) and the integral in (1.6) is over [1,00),
then (1.7) holds for t — oo instead of t — 0.
(2) There exist constants ¢y, cg € (0,00) such that for all x € M and P*-a.e.,

=0 (resp.=), PT-ae w, Yre M.

lim inf SUPg<sct AKX, 7) =5, liminf SUPy< ot AN, 7)
w0 (t/log|logt|)/F 7 TiSee  (t/loglogt)i/P

(3) Assume a < B. Then, there exist a local time {l(x,t) : x € M,t > 0} and
constants cz, cg, ¢g, 19 € (0,00) such that for all x € M and P*-a.e.,

= Cg-

lim su sup, Uy, ) = c¢7, liminf sup, !y, ) =c
e’ t1-a/B(loglog t)/f ~ 7 Times tl-e/B(loglogt)ite/s T Y
t t
lim sup R(t) = ¢y, liminf R(®)

oo t/B(loglogt)t—/8 o0 to/B(loglog t) o/ “o,
where R(t) := (X ([0,t])) is the range of the process X .
Note that in [13], (1.5) is proved for stable-like processes, that is

(1.8)  &(u,v) = /M (u(z) —uly))(0(z) —v(y)) nlde, dy), Vu,v e F,

xM\{z=y}

where w is a quasi-continuous version of v € %, and the Lévy measure n(-, -) satisfies

, p(dz) p(dy) , pldz) p(dy)
Cd(z, y)ots < nlde, dy) < & d(z,y)oth
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for § € (0,2). [-stable-like processes are perturbations of S-stable processes, and
clearly they are no longer Lévy processes in general. Stable-like processes are ana-
logues of uniformly elliptic divergence forms in the framework of jump processes. —
We emphasize here that, in Theorem 1.3 above, we do not assume [ < 2 in general
(see Example 5.3). Indeed, in this paper we will consider more general jump pro-
cesses that include jump processes of mixed types on metric measure spaces, which
are given in Section 5.

For the case of diffusions that enjoy the so-called sub-Gaussian heat kernel esti-
mates, LILs corresponding to Theorem 1.3 have been established in [8, 20]. However,
since the proof uses Donsker-Varadhan’s large deviation theory for Markov process-
es, some self-similarity of the process is assumed in these papers (see [8, (4.4)] and
[20, (1.7)]). In the present paper, we will not assume such a self-similarity on the
process X. Instead we consider a family of scaling processes and take a (somewhat
classical) “bare-hands” approach.

The remainder of the paper is organized as follows. In Section 2, we give the
assumptions on estimates of heat kernels we will use, and present their consequences.
In Section 3, we establish LILs for sample paths. Section 4 is devoted to the LILs of
maximums of local times and ranges of processes. The LILs for jump processes of
mixed types on metric measure spaces are given in Section 5 to illustrate the power
of our results. Some of the proofs and technical lemmas are left in Appendix A.

Throughout this paper, we will use ¢, with or without subscripts and superscripts,
to denote strictly positive finite constants whose values are insignificant and may
change from line to line. We write f < g if there exist constants ¢y, co > 0 such that
ag(z) < f(x) < cpg(z) for all z.

2. HEAT KERNEL ESTIMATES AND THEIR CONSEQUENCES

Let (M, d) be a locally compact, separable and connected metric space, and let u
be a Radon measure on M with full support such that for any x € M and r > 0,

(2.1) C,V(r) < u(B(z,r) < CV(r),

where C, > 1 and V : R, — R, is a strictly increasing function satisfying that
there exists a constants ¢ > 1 so that

(2.2) V(0)=0, V(co)=00 and V(2r)<cV(r) foreveryr>D0.

Note that (2.2) is equivalent to the following: there exist constants ¢,d > 0 such
that

(2.3)  V(0)=0, V(co)=o00 and

V(R) R\d
<cl— for all )
Vi c( ) orall0<r< R

,
Let (&,.%) be a symmetric regular Dirichlet form on L?*(M, ). In this paper we
will consider the following type of estimates for heat kernels: there exists a properly
exceptional set .4 and, for given T" € (0, 00|, there exist positive constants C; and
Cy such that for all z € M \ A, p-almost all y € M and t € (0,7),

1 t
@0 e < (g v e )
1 t
) oy Ve <)
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where ¢ : R, — R, is a strictly increasing function.
We now state the first set of our assumptions on heat kernels.

Assumption 2.1. There exists a transition density p(t, z,y) : Ry x M x M — [0, o0
of the semigroup of (&, .%) satisfying (2.4) and (2.5) with 7" = oo, and (2.2).

Assumption 2.2. ¢(0) = 0, and there exist constants ¢y € (0,1) and § > 1 such
that for every r > 0

(2.6) o(r) < cop(fr).

It is easy to see that under (2.6), lim ¢(r) = oo, and there exist constants ¢, dy >
r—00
0 such that

cO(E)dO L 9B)
¢(r)

e.g. the proof of [24, Proposition 5.1].
In this section, we assume the above heat kernel estimates and discuss the con-
sequences. Sometimes we only consider two-sided estimates on the heat kernel for
short time. We say that Assumption 2.1 holds with T' < oo, if there exists a transi-
tion density p(t, z,y) : Ry x M x M — [0, o0o] of the semigroup of (&, . %) satisfying
(2.4) and (2.5) with T < oo, and (2.2). We emphasize that the constants appearing
in the statements of this section only depend on heat kernel estimates (2.4) and

(2.5).

forall 0 <r < R,

Before we go on, let us note that (2.4) and (2.5) can be proved in a rather wide
framework.

Theorem 2.3. ([14, Theorem 1.2]) Let (M,d, i) be a metric measure space given
above with u(M) = co. We assume that p(B(z,r)) < V(r) for allz € M andr >0
where V' satisfies (2.8) below. We also assume that there exist o € M, k € (0,1]
and an increasing sequence r, — 00 as n — 00 so that for everyn > 1,0 <r <1
and x € B(xo,1y,), there is some ball B(y, kr) C B(xz,r) N B(xg,1,). Let (8, F) be
a symmetric reqular Dirichlet form on L*(M,u) such that & is given by (1.8) and
the Lévy measure n(-,-) satisfies

" p(dx)p(dy) p(dx)p(dy)
V(d(z,y))e(d(z,y)) V(d(z,y))o(d(z,y))

Assume further that ¢ satisfies (2.10) below and that [ (s/¢(s))ds < csr?/¢(r) for
all r > 0. Then there exists a jointly continuous heat kernel p(t,x,y) that enjoys
the estimates (2.4) and (2.5) with T = oo.

(2.7) < n(dz, dy) < C2y7

Remark 2.4. In [14, Theorem 1.2], an additional assumption was made on the
space (M, d) such that it enjoys some scaling property (see [14, p. 282]). However,
such assumption can be removed by introducing a family of scaled distances as in
(4.17) below instead of assuming the existence of a family of scaled spaces, and by
discussing similarly to the proof of Proposition 4.8 below.

2.1. General case. In this subsection, we state consequences of Assumptions 2.1
and 2.2. The proofs of next two propositions are given in Appendix A.1. We note
that Proposition 2.5 and its proof are due to [15].
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Proposition 2.5. If p(t,z,y) satisfies (2.5) with T = oo (in particular, if Assump-
tion 2.1 is satisfied), then the process X is conservative, i.e. for any x € M \ AN
and t > 0,

/p(t,x,y) N(dy) =1.

Proposition 2.6. Let p(t,x,y) satisfy Assumptions 2.1 and 2.2 above. Then, we
have Diam (M) = oo and u(M) = oo. Moreover, there exist constants ci,co > 0,
dy > dy > 0 such that

R\& _ V(R) Ry
: —) < < — _
(2.8) 01(7’) v CQ(T) for every 0 <r <R < o0

Proposition 2.7. Assume that the regular Dirichlet form (&,.F) given by (1.3)
enjoys the heat kernel p(t,x,y) such that Assumption 2.1 is satisfied. Then, the
Jump measure n(dx, dy) satisfies (2.7).

For the assertion of n(dz, dy), using the heat kernel estimates, we can follow the
proof of [6, Theorem 1.2, (a)= (c)].

2.2. The case that ¢ satisfies the doubling property. Throughout this sub-
section, we assume that ¢ satisfies the doubling property.

Assumption 2.8. There is a constant ¢ > 1 so that
(2.9) d(2r) < co(r) for every r > 0.

Note that, (2.9) implies that for any 6 > 1 there exists ¢y = () > 1 such that
for every r > 0, ¢(0r) < coop(r). If Assumptions 2.2 and 2.8 are satisfied, then it is
easy to see (also see the proof of [24, Proposition 5.1]) that ¢ satisfies the following
inequality

(2.10) 63@)6’3 < 2((12 < 64<5>d“

r

for all 0 < r < R and some positive constants ¢;, d;(i = 3, 4).

In this subsection, we state consequences of Assumptions 2.1, 2.2 and 2.8. The
proofs of Propositions 2.9, 2.11 and 2.12 in this subsection are also given in Appendix
Al

We first prove the Holder estimates for p(¢, x,y). As a result, under Assumptions
2.1, 2.2 and 2.8, even in the case that Assumption 2.1 holds with T" < co and that
the process X is conservative, the property exceptional set .4~ can be taken to be
the empty set, and so (2.4) and (2.5) hold for all z,y € M and ¢t > 0. We will
frequently use this fact without explicitly mentioning it.

Proposition 2.9. Suppose Assumptions 2.1, 2.2 and 2.8 hold. Then there ezist
constants 6 € (0,1] and ¢ > 0 such that for allt > s > 0 and x;,y; € M withi = 1,2

p(t7 L1, yl) - p(S, T2, yQ)‘

¢ -1 — S T1,T9 1, Y2 0.
@1) < oy 709 e a) + d, )

In particular, for allt >0 and xz;,y; € M with i =1,2

c d(wy,22) + d(y1,12) \°
(2.12) Ip(t, 21, 91) — p(t, 22, 92)| < V{o1(1)) ( o1 (1) ) ‘
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Furthermore, (2.11) and (2.12) still hold true for any 0 < s < t < T, if As-
sumptions 2.2 and 2.8 are satisfied, Assumption 2.1 only holds with T' < oo and the
process X 1S conservative.

Using Proposition 2.9, we can get

Theorem 2.10 (Zero-One Law for Tail Events). Let p(t,x,y) satisfy Assump-
tions 2.1, 2.2 and 2.8 above, and let A be a tail event. Then, either P*(A) is 0 for
all x or else it is 1 for all x € M.

For an open set D, we define
(2.13) pP(t,z,y) = p(t,z,y) — E””(p(t —7p, Xop,Y) 1 Tp < t), t>0,z,y €D

where 7p = inf{s > 0: Xy ¢ D}. Using the strong Markov property of X, it is easy
to verify that p”(t,x,y) is the transition density for X”| the subprocess of X killed
upon leaving an open set D. pP(t,x,y) is also called the Dirichlet heat kernel of the
process X killed on exiting D. The following two statements present a lower bound
for the near diagonal estimate of Dirichlet heart kernels and detailed controls of the
distribution of the maximal process.

Proposition 2.11. If Assumptions 2.1, 2.2 and 2.8 hold, then there exist constants
00, co > 0 such that for any x € M and r > 0,

(2.14) pB(x’r)(éogb(r),m',y/) >cV(r)™', o,y € B(x,r/2).

Furthermore, if Assumptions 2.2 and 2.8 are satisfied, Assumption 2.1 only holds
for T < 0o and the process X is conservative, then (2.14) holds for all x € M and
r > 0 with 6op(r) € (0,T).

Proposition 2.12. If Assumptions 2.1, 2.2 and 2.8 hold, then there exist some
constants ¢y > 0 and af, a3 € (0,1) such that for allz € M, r >0 andn > 1,
(2.15) a)" <P sup d(Xsx)<r)<ay"

0<s<cong(r)
Furthermore, if Assumptions 2.2 and 2.8 are satisfied, Assumption 2.1 only holds for
T < oo and the process X is conservative, then (2.15) holds for all x € M, n > 1
and r > 0 with cone(r) < T.

Let us introduce a space-time process Zs = (V;, X), where Vi = Vi + s. The law
of the space-time process s — Z, starting from (¢, ) will be denoted by P®**). For
any r,t,0 > 0 and x € M, we define

Qs(t,x,r) =[t, t+ dp(r)] x B(zx,r).

We say that a non-negative Borel measurable function A(t,z) on [0,00) x M is
parabolic in a relatively open subset D of [0, 00) x M, if for every relatively compact
open subset Dy C D, h(t,z) = E(t"”)h(ZfDl) for every (t,x) € D;, where 7p, =
inf{s >0: 27, ¢ D;}.

We now state the following parabolic Harnack inequality.

Proposition 2.13. Assume that Assumptions 2.1, 2.2 and 2.8 hold. For every
0 < 6 < 1, there exists ¢y > 0 such that for every z € M, R > 0 and every
non-negative function h on [0,00) x M, that is parabolic on [0,30¢(R)] x B(z,2R),

sup ht,y) <c inf 1(0,y).
(t,¥)€Q5(3p(R),2,R) y€B(z,R)
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By Assumptions 2.1, 2.2 and 2.8 and Proposition 2.7, the density J(z,y) of the
jump measure n(dz, dy) satisfies the following upper jump smoothness (UJS): there
exists a constant ¢; > 0 such that for p-a.e. x,y € M,

J(z,y) < “ / J(z,y) p(dz)  whenever r < 3d(z,y).
V(T’) B(z,r)
Noting that J(z,y) = hII(l] H(B(m fB(M ) u(dz) for prace. z,y € M, (UJS) is

a kind of smooth assumption on the upper bound of jump kernel J(x,y). Let ¢ be
the constant in Assumption 2.8, and ¢q € (0, 1) be the constant such that for almost
all z € M and r > 0,

(2.16) P* (T(er2) < cod(r)) < 1/2,

see e.g. (3.4) below. Since the density J(x,y) of the jump measure n(dzx, dy) satisfies
(UJS), Proposition 2.13 can be proved by following the arguments of [14, Theorem
4.12] and [12, Theorem 5.2]. See [14, Appendix B] and [12, Section 5] for more
details. In fact, as explained in the first paragraph of [12, Theorem 5.2] one can first
consider the case that h is non-negative and bounded on [0, 00) x F" and establish the
result for § < ¢p/c. Once this is done, one can extend it to all § < 1 and any non-
negative parabolic function (not necessarily bounded) by a simple chaining argument
and the argument in the step 3 of the proof of [12, Theorem 5.2], respectively.

3. LAWS OF THE ITERATED LOGARITHM FOR SAMPLE PATHS

In this section, we discuss LILs for sample paths of the process X. Instead of
assuming full heat kernel estimates as in Assumption 2.1, we give the estimates
that are needed in each statement. Throughout this paper (except Proposition A.4
below), we will always assume that the reference measure p satisfies the uniform
volume doubling property in (2.1) and that V' is a strictly increasing function that
satisfies (2.2).

3.1. Upper bound for limsup behavior. In this subsection we assume that the
heat kernel p(t, z,y) on (M, d, 1) satisfies the following upper bound estimate for all
x € M\ A, palmost all y € M and all t € (a,b) with a < b,

Ct
V(d(z,y))e(d(z,y))’

where C' > 0, and ¢ : R, — R, is a strictly increasing functions satisfying (2.10).

(3.1) p(t,z,y) <

Theorem 3.1. Assume that the process X is conservative. Then the following
statements hold.

(1) If a =0 and ¢ is an increasing function on (0,1) such that

|
(3.2) /0 Wdt<oo,

then

. SUPocs<t d(Xs, )
lim sup

=0, P ae w, VeeM\.N.
t—0 SO(t)
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(2) If b = 0o and ¢ is an increasing function on on (1,00) such that

/OO L dt < oo
1 ¢(80(t)) ’
then
d(Xs,
lim sup SUPo< <t d(Xs, 2) =0, P ae w, VeeM\N.

Proof. We only prove (1), since (2) can be verified similarly. Let us first check that
there is a constant ¢; > 0 such that for all z € M\ A", r > 0 and t € (0,b),

Clt

(3.3) /B(xyr)cp(t,x,z) u(dz) < a0

If t > ¢(r), then the right hand side of (3.3) is greater than 1 by taking ¢; > 1, so we
may assume that ¢t < ¢(r). Without loss of generality, we also assume that b = 1.
It follows from (3.1) and the increasing property of V' that, for all x € M \ A,
p-almost all z € M with d(z,z) > s and each t € (0,1),

Ct
V(s)o(s)

This upper bound, along with the uniform volume doubling property of y (e.g. (2.1)
and (2.3)) and (2.10), yields that

p(t,z,2) <

o0

| st <y [ p(t, 7, 2) p(d2)
B(z,r)c k=0 ¥ B(z,0F+1r)\B(z,0kr)
k+1 k
;V( ),u<B(x,6’ r)\ B(z,6 7‘))
02V e’f“ t =, t cyt
< == S -
S LTV o <O 2w <

k

Recall that 75(,,) = inf{t > 0: X, ¢ B(x,7)}. By (3.3) and t

property and the conservativeness of X, for all x € M\ At € (
Px(TB( 1) < < t)

=P*(TB(ay < t,Xor € B(x,7/2)) + P*(Tp(ay) < t, Xor € B(x,7/2))

<P (pay) <t d(Xo, ) <7/2) + PP(d(Xo, ) > 1/2)
2cqt

\ x<7_B (z,r) < t? d(X2t7XTB<LT)) 2 T/Q) + ( ;2>

20175 C5t
< sup PAd(Xg_s,2) >1/2) + .
s<t,d(z,z)>r ( ( . ) / ) ( /2) (T’/Q)

(Note that the conservativeness is used in the equality above. Indeed, without the
assumption of the conservativeness, there must be an extra term

P(TB(ET tC )

in the right hand side of the equality above, where ( is the lifetime of the process
X.)

he strong Markov
0,1) and r > 0,
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Set s = 2% for all k > 1. By (3.4), we have that, for all z € M \ A

C5Sp
P*( sup d(X,,z) = 20(sk)) = P (TBz20(s)) < Sk) < ————.
2R, (2] 2 20000)) = B Thtectn S 30 S G0 )

By the assumption (3.2) and the Borel-Cantelli lemma,
P?( sup d(Xs,x) < 2¢(sk)) except finite k > 1) =1,

0<s<sk

which implies that
SUPg< s A(Xs, )

lim sup 2, Prae w, YVreM\ .
t—0 @(t)
Therefore, the required assertion follows by considering ep(r) for small € > 0 instead
of ¢(r) and using (2.10). O

Remark 3.2. From (3.3), one can easily get similar statements for the limsup
behavior of d(Xy, ) for both t — 0 and t — co.

3.2. Lower bound for limsup behavior. We begin with the assumption that
the heat kernel p(t, z,y) on (M, d, i) satisfies the following off-diagonal lower bound
estimate: there are constants a, C' > 0 such that for every x € M \ A, p-almost all
y € M and all t € (a, c0),

C't

(3.5) p(t,z,y) > V@ 9)o(d@.g) d(z,y) = ¢ (1),

where V' and ¢ are strictly increasing functions satisfying (2.8) and (2.9), respective-
ly. The statement below presents lower bound for the limsup behavior of maximal
process for t — oo.

Theorem 3.3. Let p(t,z,y) satz’sfy the lower bound estimate (3.5) above. If ¢ is
an increasing function on (1,00) satzsfymg

(3.6) / o=

then for all x € M\ N

d( X, : d(X,

(37) lim sup Sup0<5<t ( {E) = 11m sup ( ¢ I) = 00,
t—o0 o(t) oo (1)

Proof. Without loss of generality, we can assume that a = 1 and ¢(1) = 1. First,

choose ry > 2 such that r, d ¢1, where d; and ¢; are constants given in (2.8). By
(2.8) and (2.9), we have that for all s > 1

Jo a0~ i /[ s T
k+1 k
> Z o 08)>
( ) ¢ k+1

00
)ZC (14+logg ro)(k+1) _ ~ 1
(s)

k=0

P*-a.e. w.
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In particular,
t
(3.8) inf / vy so,

and by (3.6),

> 1
(3.9) /1 dt / T e =

For any k > 1, set By = {d(Xors1, Xor) = 0(2871) v ¢71(281)}. Then for every
x € M\ A and k > 1, by the Markov property,

P?(By|Far) 2 inf P*(d(Xar, 2) = p(251) v ¢~ (2511))
2k
o .
rsp(@k+1)vg-1 21y V(1) o(r)
If there exist infinitely many k > 1 such that p(281) < ¢~1(251), then, by (3.8),
for infinitely many k£ > 1,

2k:
P?(By| For >C/ V(rd(r)
( kl 2> r>¢>*1(2k+1) V(T)¢(T)

C. / t
>—inf ————dV(r)=:1c3 >0
2 t>1 r>¢-1(t) V(T)QZ)(T) ( ) 3

dv(r).

dv(r)

and so
(3.10) > PU(By|F) = .
k=1
If there is ko > 1 such that for all k > ko, p(2F1) > ¢~ 1(28+1), then
2k C 2k+1
P*(B|-Zox 20/ —dVT:—/ —dV(r).
BilZ2) 2. € [ ey Voo =2 ey Vir

Combining this with (3.9), we also get (3.10). Therefore, by the second Borel-
Cantelli lemma, P*(limsup B,,) = 1. Whence, for infinitely many k& > 1,

A(Xoers,2) 2 (241 V 67 (2541
or

d(Xoe, 1) > ((2") v o~ (2")).

N | —

(e vl (2") >

N | —

In particular,
. d(Xt,fL') . d(XQk,I) 1
lim sup ————————— > limsu > —.
t—>oop gD(t) V (ﬁ*l (t) k—>oop @(Zk) \% ¢_1(2k) 2
By the inequality above, we immediately get that for all z € M\ A

d XS’ )
lim sup S0t X, 7) > limsup d(Xy, ) > 17
Therefore, (3.7) follows by considering kp(r) for large enough k > 1 instead of o(r)
and using (2.9). O

P*ae. w.
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To consider the lower bound for limsup behavior of maximal process for ¢ — 0,
we need the following two-sided off-diagonal estimate for the heat kernel p(¢,x,y)
on (M,d, u), i.e. for every x € M\ A, p-almost all y € M and each t € (0,b) with
some constant b > 0,

Cit <plt2,y) < Cst
V(d(z,y)o(d(z,y)) ~ 77 7 Vid(x,y)e(d(z,y)’

where V' and ¢ are strictly increasing functions satisfying (2.8) and (2.9), respec-
tively.

(3.11) d(z,y) = ¢~ (1),

Theorem 3.4. Let p(t,x,y) satisfy two-sided off-diagonal estimate (3.11) above. If
@ is an increasing function on (0,1) satisfying

3.12 / — o0,
(3.12) PO
then for all x € M\ AN,

d(X,, _ d( X,
(3.13) lim sup SUPy<sr U Xy, 7) = lim sup M =

= P?-a.e. w.
t—0 go(t) t—0 go(t) oo @

To prove Theorem 3.4, we will adopt the following generalized Borel-Cantelli
lemma.

Lemma 3.5. ([35, Theorem 2.1] or [43, Theorem 1)) Let Ay, As, ... be a sequence
of events satisfying conditions Yy .- P(A,) = 0o and P(A; N A;) < CP(A,)P(4))
for all k,7 > L such that k # j and for some constants C > 1 and L. Then,
P(limsup 4,) > 1/C.

Proof of Theorem 3.4. For simplicity, we may and will assume that b =1, ¢(1) =
and 2% < ¢y, where d; and ¢; are constants given in (2.8). Then, similar to the
proof of Theorem 3.3, under assumptions of the theorem, we have

t

3.14 inf/ iAo
( ) te(0,1] r>¢—1(t) V(T)¢(T)

dv(r) >0,

and, by (3.12),

! 1
(3.15) /O dt / T =

For some t € (0,1) and any k > 1, set s, = 27"t and

Ay =X, X)) 2 051 V 67 (1)}
By the Markov property and the lower bound in (3.11), for all z € M \ A/,
P(Ay) > inf P(d(X,y.,.2) > (i) V 6 (s1)

; Sk+1
>C 111f/ 1u(dy)
V5 itz etsove-ts VId(z9)0(d(z,y)
Sk

>c / —————dV(r) =: cacy 5, -
’ r2¢(sK)Vo~L(sk) V(T)¢(T) o
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In particular, if ¢(0) > ¢~*(0), then

7

=) VR

if ¢(6) < 671(), then

(3.16) Clo = /r2¢_1(9) Vi) dv(r).

Combining these two estimates above with (3.14) and (3.15) yields that
> PH(Ay) = o
k=1

On the other hand, for any k£ < j, by the Markov property and the upper bound
for the heat kernel (3.11),

P? (A 1 Ay) B (14, PY (d(Xe, Xo) = (1) V 67 (1)) )
<P?(Aj) sup P? (d(Xs,,,,2) = @(sk) V ¢~
<esPP(Aj)cr s, < G501,5,C1 -
From this and (3.16), we can easily see that there is a constant Cy > 1 such that

P (A N A) < CoP?(A)P?(4;).

Therefore, according to Lemma 3.5, P*(limsup A,,) > 1/Cy, which along with the
Blumenthal 0-1 law implies that P*(limsup A,,) = 1. Whence, for infinitely many
kE>1,

A(Xopr ) > 5(pls8) V 67 (50))
or
A(X102) > (058) V 67 (54)) > 5 (0 (s100) V 67 (5)
Tn particular,
d( Xy, ) d(Xs,,x)

limsup ——————— > limsu >
0 POV IID) T he (5k) V 6 (%)

Hence, (3.13) follows by considering kp(r) for large £ > 1 instead of ¢(r) and using
(2.9). O

N | —

Remark 3.6. The proof of Theorem 3.3 is based only on off-diagonal lower bound
of the heat kernel estimate for long time, while in the proof of Theorem 3.4 explicit
two-sided off-diagonal estimate of the heat kernel for small time is used. Unlike the
case of Theorem 3.3, we do not know how to prove Theorem 3.4 by using only the
off-diagonal lower bound of the heat kernel estimate.
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3.3. Liminf laws of the iterated logarithm. In this part, we discuss Chung-type
liminf laws of the iterated logarithm. To this end, we assume that the heat kernel
p(t,z,y) on (M,d, i) satisfies the following two-sided estimates with 7" € (0, oo]: for
every x € M\ A, p-almost all y € M and each 0 <t < T,

1 t
= iy < p(t, x,y),
(3.17) (V(cb (t)  V(d(z,y))e(d(z, y)))

1 t
Pt 2, y) < Co (V(¢1(t)) 4 V(d(x,y))qﬁ(d(m,y)))’

where V' and ¢ are strictly increasing functions satisfying (2.8) and (2.10) respec-
tively.

Theorem 3.7. Assume that the process X is conservative. Let p(t,x,y) satisfy
two-sided estimate (3.17) above with 0 < T < oo. Then there exists a constant
€ (0,00) such that
SUPg st (X, 7)

lim inf = P*-a.c. Ve € M.
T log logr]) — T TS

Proof. The following proof is based on the idea of proofs in [18, Chapter 3] (see also
the proof of [29, Theorem 2]). Without loss of generality, we can assume that 7' = 1,
and 4/ = () due to Proposition 2.9.

Let (a)k>1 be the sequence defined by aj, = ¢~'(e7**) so that ¢(ay) = e **. For
any k > 1, set A\, = 3|10ga*| log(1+ k), ux, = colve ® and op = Z;’ikﬂ u;, where
co > 0 and a} € (0,1) are the constants in Proposition 2.12. We will prove that
there are &, ¢; € (0,00) such that for all x € M

z 7-B(ac,’r’) 1/4
P su < C1 ex , m=>=1.
(M@%am 6(r) log[log 6(r)| 5) 1 ep{=m)

For k > 1, let Gy = {sup,, <y, , d(Xs, X5,) > ai}. By the Markov property,
the conservativeness of the process X and Proposition 2.12, for all z € M,

P*(Gy) < supPZ( sup d(Xs,z) > ay)

0<s<ug

=1—infP*( sup d(X,,z) < ay)

0<s<ug

=1—a™=1—(14k)"23 <exp(—ck™ ).

For k > 1, let Hy, = {supy.,<,, d(Xs,2) > a;}. Then, for all € M and for all
k>,

00 — 3)2 .
Caok e Yoo e ® ) log (1 + k + 1) ok

PI H < AN ~ )
(H) P(ax) ek e
where the first inequality follows from (3.4) and the doubling property of ¢.
For m > 1, define A,, = (2" Dy, where D), = {supgescq, , d(Xs,2) > 2ax}.

Since Dy C Gy U Hy,, A, C (N2 Gy) U (U™ Hy) . By using the Markov property
again, we find that for all x € M,

P7(An) < PY(MZ,,Gr) + P (UL, Hy)
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< H exp(—CQk_Q/S) + cs5 Z e <o exp(—m1/4).

Zﬁ {Sup0<8<0k_1 d(Xs, ) N 1})
ke Qak

su d(Xs, x
:Pz< nf Po<s<or_1 ( ) > 1)

m<k<2m 2ak
T xXr,za
sup B 2ar) 1) > P*( sup

m<k<2m Ok—1 m<k<2m Uk

TB(a:,Qak)

=pP* <1)

X TB(:E»T)
>P < sup < §)
2azm<r<2am O(1)log |log ¢(r)|

for some £ € (0, 00). Using this equality, by the Borel-Cantelli lemma, we conclude
that

T x,r
lim sup Blz.r)

XS
=0 @(r)log|log ¢(r)|
On the other hand, with [}, := ¢~ (e %) for k > 1, we have
TB(z,r) -1
B::{ su >b}c{7x > be li.) log | lo l }
T, G ok Tog 40 i) = b ¢a) og Loz ¢

Taking b = —4/log a’ where a} € (0, 1) is the constant in Proposition 2.12, we know
from Proposition 2.12 that P*(B,) < k~%¢. Thus, by the Borel-Cantelli lemma
again,

7_B(a:,r)

lim sup € &, 0],
P 50 og [Tog o] < &7
which implies that
lim sup TB(@r) =C, Prae w, VreM,

r—0 ¢(r)log |log ¢(r)|

for some constant C' > 0, also thanks to the Blumenthal 0-1 law. The desired
assertion follows from the equality above. 0

For the behavior of liminf for maximal process with ¢ — oo, we have the following
conclusion similar to Theorem 3.7.

Theorem 3.8. Let p(t,z,y) satisfy two-sided estimate (3.17) for all t > 0, i.e.
T = oco. Then there exists a constant ¢ € (0,00) such that

d(Xs,
lim inf “P0<s<t (Xs, ) =c, P*-a.c. w, Vo € M.

tooo ¢ 1(t/loglogt)
Proof. Since the proof is the same as that of Theorem 3.7 with some modifications,
we just highlight a few differences. Note that, by Proposition 2.5, the process X is
conservative. With the notions in the argument above, we define the sequences ay,
oy and sets Gy, Dy as ¢(ag) = e oy = Zf:_ll u; and
G = { sup  d(Xs, Xy, ) > ak}, D, = { sup  d(Xs,x) > 2ak},

0L <Ss<OL41 0<s<ok+1

respectively. To conclude the proof, we use Theorem 2.10 instead of Blumenthal 0-1
law. 0
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Remark 3.9. It can be easily observed that the behavior of lim sup does not change
if we consider supy_ <, d(Xs, x) instead of d(X;, z). However, the lim inf behavior for
d(Xy, x) can be different from that of sup,_,, d(Xs, x). For instance, if the process X
is recurrent, i.e. floo W dt = oo, then for allz € M\ A, liminf, ., d(X;,z) = 0.

4. LAwS OF THE ITERATED LOGARITHM FOR LOCAL TIMES

In this section, we discuss the LILs for local time. We assume Assumptions 2.1,
2.2 and 2.8 throughout the section. Recall that, under Assumptions 2.1, 2.2 and
2.8, (2.8) holds for V by Proposition 2.6, and (2.10) is satisfied for ¢ by the remark
below Assumption 2.8. Note that (2.8) and (2.10) are equivalent to the existence of
constants cs, -+ ,cg > 1 and Lo > 1 such that for every r > 0,

csp(r) < o(Lor) < cgo(r) and 7V (r) < V(Lor) < cs V(r).

In particular,

< dv(s) _ 1 .
(1) | Ve = w7

4.1. Estimates for resolvent densities. For A > 0, we define the A-resolvent
density (i.e. the density function of the A-resolvent operator) by

u(z,y) :/ e Mp(t, x,y) dt.
0

For each A C M, set
Ta:=inf{t >0: X; ¢ A}, o,:=inf{t >0: X, € A}

and
oY ==inf{t > 0: X, € A}.
For simplicity, we write 0 := O'?x .

For an open subset A C M with A # M, define
ua(z,y) = / Ptz y)dt, zy € A,
0

where p”(t,-,-) is the Dirichlet heat kernel of the process X killed on exiting A, see
(2.13).
Proposition 4.1. Suppose that
o 1 At

4.2 e M dt < , A>0.
4 | v = v
Then the following three statements hold.

(i) There exist c1,co > 0 such that

¢(r) ¢(r)

clm S U@ (T, x) < Cgv<r) forall x € M, r> 0.

(ii) There exists c3 > 0 such that for any vo € M, R > 0 and any z,y €
B(l’o,R/4),

o(d(z,y)) 1
V(d(z,)) unwo.r) (Ys y)

P%(0, > Th(u,r)) < €3
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(iii) It holds that
40 o
1—EY[e "] < Cay;
forall z,y € M.

Remark 4.2. The exponent on the right hand side of (iii) (which is § — a when
di =dy = a and d3 = dy = [ in (2.8) and (2.10)) is sharp in general, and we do
need this exponent later. We may be able to obtain the Holder continuity by using
the Harnack inequality in Proposition 2.13, but we cannot get the sharp exponent
with that approach (cf. Proposition 2.9). Another possible approach is to use the
properties of the so-called resistance form (see for example, [26]), but they require
various preparations, so we take this “bare-hands” approach.

Proof of Proposition 4.1. The following arguments are based on [4, Section 4] and
[7, Section 5], but with highly non-trivial modifications due to the generality and
the effects of jumps.

(i) The lower bound is easy. Set A = B(z,r). By (3.4) and (2.10), there exists a
constant ¢; > 0 such that for all x € M and r > 0,

1

P? (14 < c19(r)) < 3

and so, by conservativeness of the process (Proposition 2.5), we have

E*(14) 2 a1¢(r)P* (14 = a1é(r)) = %¢(7").

We then have

200) < B (ra) = [ walo.p) nldy) < sl a)n(4) < 2V (sl ),
A

0
T

where we used the fact ua(z,y) = ua(y,z) = PY(00 < 0% )ua(zr,z) < ua(z,z).
Thus, the lower bound is established.

Next, we prove the upper bound. Let Exp, be an independent exponential dis-
tributed random variable with mean A~!. In the following, with some abuse of
notation, we also use P* for the product probability of P* and the law of Exp,. We

claim that there exists a constant c3 > 0 such that

(4.3) P?(Expy, < 74) < (c3Ao(r)) A1, A >0,z € M.
To prove this, we first note that
(4.4) P?(t4a > t) <exp(—t/(csp(r))), rt>0,2€ M.

Indeed, since for any x € M and t,r > 0,

eV (2r)
P*(r z2r) 2 1 g/ t,x, dy) < )
( Ble2n) ) B(z,2r)p( y) 'U’( y) V(¢_1(t))

by (2.8) and (2.10), there is a constant ¢z > 0 such that

Px<TB(x,2r) P C5¢(T)) < 1/2

for all z € M and r > 0. So, by induction and the Markov property, we have for
each k € N,

Px(TA = C5(k’ + 1)¢(T)) gEu’C |:]‘{TA>C5k¢(T)}PXCSk¢(T)(TB(XO,ZT') > C5¢(7’)) < (1/2)194-1’
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which immediately yields (4.4). Using (4.4), we have

P*(Exp, < 74) :/ e MPT (14 > t)dt < / Ae M exp(—t/(c3o(r))) dt
0 0

=AA+1/(e30(r))) ™" < esAo(r),
0 (4.3) is established.
Now using (4.3) with the choice of A = (2c36(r))™!, the fact that ua(y,z) <
ua(z, ) and the strong Markov property, we have
UA(J;?:E) < UA(I,ZE) + PI(EXp/\ < TA)UA(ZE, (L’) < UA(ZE, (L’) + (1/2)UA(‘I7'T)
This, along with (2.4), (4.2) and (2.10), gives us

< x 1 o(r)
ua(z, ) < 2uMx,2) < 2/0 e Wdt < CGW.

(il) Write A = B(zo, R) and B = B(y, c.d(x,y)), where 0 < ¢, < 1 is chosen later.
Using the strong Markov property and Proposition 2.5,
UA(% y) - uB(y7 y) + Ey (1 - fy(XTB>) uA(y7 y)7
where f,(z) := P*(o) > 74). Thus,

(4.5) up(y,y) = ua(y, y) B [f, (X ).

Since f,(-) is harmonic on A \ {y}, by Proposition 2.13 (we only use the elliptic
Harnack inequality here), there exist two constants ¢y, co > 0 such that

(4'6) ( )/fy( ) Co, VZ, Zl € B(:U?c*kd(may)) \ B’

where we choose k > 0 to satisfy 1 < ¢,k < 3/2. Note that 1 < ¢,k is required
in order to guarantee that x € B(y, c.kd(x,y)) \ B. Using the jump kernel of the
process X (see Proposition 2.7) and the Lévy system formula (see for example [14,
Appendix A]), we have

T/t
Py( TBAE ¢ B(yac*kd iy y / /B( kd( XS,U) (du) ds}
y,cxkd(z,y))
/TB/\t/ 3 ,U(d )d :|
B(y,cxkd(z,y))e V(d(Xs,u))op(d(Xs,u))

C4Ey [TB A t
<

pe(k —1)d(z ,y))
where in the last line we have used (2.10), (4.1) and the fact that for any z,y € M,
EY(15) < cop(cid(z,y)) due to (4.4) (e.g. see (A.2)). Note that the constant ¢ > 0
is independent of ¢, and k. We choose k large enough and ¢, small enough such that
cs(k—1)7% < 1/2 and 1 < ¢,k < 3/2. Taking ¢t — oo in the inequality above, we
have

< C5(k’ ].)_d?’,

Py(XTB ¢ B(ya C*kd<l’,y))) < 1/2
Using this, (4.5) and (4.6), we find that
P(0) > 74)/2 = fy(2)/2 <EY[1ix, eBtycrdwynyfu(Xrs)] < EY[fy(Xr,)]
(

up(y,y) 1 old,y)
ualy,y) — “ualy,y) Vid(z,y)
where we use (i) in the last inequality. We thus obtain (ii).

:CQ
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(iii) From (4.2), we know that
)\—1 00
cl—>T K / e N ————
V(g™ (A™h) ~ Jo V(g=(1))
for some constant ¢ > 1 and A > 0. Then, for all » > 0,
_ &(r) /OO —t/¢(r) 1 (1)
R AAP G B At < el
Vir) = Jo V(p(t)) Vi(r)
which implies that for any s,¢ > 0,
8s) _ 5 0ls 1
V(s) © V(s+t)
Using (4.7), the desired inequality is trivial when d(z,y) > e by taking ¢4 =
V(e ) Tetn e N be such that e="! < d(z,y) < e and set 7, = Tp(ye-m) for

ple1)
each m € N. Then,

1 - B ) = PY(00 > Exp,)

! dt < c)\—_1
S V)

(4.7)

< PY(0) > Expy, Exp; < 7,) + Y PY(0) > Expy, 7 < Exp; < 7 1)

m=1

+ Py(Ug > Exp,, Exp, > 1)

< PY(Exp, < 7,) + Z PY(0Y > Exp;, T < Exp; < Ti1) + PY(0 > 79)

m=1

SPYEXD < 7) + D PYL{o05m, Bxpy 5oy Bl PV (BXD) < Thm1))
m=1
+PY(0? > 1)

T

< PY(Exp, <) + Z PY0Y>17,) sup  P*(Exp, < Tpyem+1)
— 2€B(y,e—m+1)
+PY(00 > 7))

n

Sag(e™) +e ) ¢e)V(e™)/VI(e™) +eple™)/V(e™)

< () V(™) < eso(d(a, 1))V (d(@,y).

where we used (i), (ii), (4.3), (2.8) and (2.10) in the fifth inequality, and (2.8) and
(2.10) in the last line. O

4.2. Existence and estimates for local times. Let (A4;):~0 be a continuous ad-
ditive functional of the process X, i.e.

o t — A; is almost surely continuous and nondecreasing with Ag = 0;

L] At € gt,

o Aps(w) = Ay(w) + As(bw) for all s,¢ > 0.
Set Ty = inf{t > 0: A, > 0}. A; is called a local time of the process X at z, if
P*(Ty =0) =1 and P¥(T4 = 0) = 0 for all y ¢ x. The reason that A, is called
a local time at x for the process X is that the function ¢ — A; is the distribution
function of a measure supported on the set {t|X; = z}, see e.g. [9, V. 3]. The next
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proposition gives us a necessary and sufficient condition for the existence of a local
time.

Proposition 4.3. The process X has a local time for all x € M, if and only if

(4.8) dt < oo.

! 1
/0 Vg~ (1))
Moreover, we can choose a version of the local time at x, which will denote by l(x,t),
by requiring the following property.
(1) The function (w,t,z) — l(x,t)(w) is jointly measurable such that the follow-
ing density of occupation formula holds for all non-negative Borel measurable
function f,

(4.9) / f(X.)ds = /M F@)l(, t) p(dz).

(2) For any x,y € M and A > 0,

(4.10) E” (/OOO e Mdl(y, t)) = ut(2,y).

Proof. According to [33, Theorem 3.2], the process X has a local time for all z € M
if and only if
uM(z,x) < oo forall z € M and some A > 0.

Using Assumption 2.1 and the doubling properties of V' and ¢,
Mz, x) = / e Mp(t,z,x)dt < oo forallz € M
0

if and only if
1
1
e M ———dt < o0,
/0 V(g™'(t))

which in turn is equivalent to (4.8).

Local times are defined up to a multiplicative constant, see [9, V. 3.13]. By [22,
Theorem 1] and [9, VI. 4.18], we can choose a version of local times satisfying the
desired properties (i) and (ii), also see the remark below [33, Theorem 3.2]. O

Below we suppose that the local time [(z,t) is always chosen to satisfy (1) and
(2) in Proposition 4.3, if (4.8) is satisfied. Note that, (4.2) implies (4.8). By the
strong Markov property and (4.10),

[e.9]

u(z,y) :Ez/ e Mdl(y,t) :Ex/ e Mdl(y,t)
0 o

0
y
:Exe—)\agEy/ e—)\t dl(’y, t) — Eace—)\agu/\(y7 y)
0
So,

(4.11) E*[e V] = u' (z,9)/u' (y, 1),
which is continuous because of the continuity of p(¢, x,y), see Proposition 2.9. O

Let dy and d3 be the constants in (2.8) and (2.10) respectively. Throughout the
remainder of this section, we always assume the following

Assumption 4.4. d; > ds.
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The functions V' and ¢ respectively characterize the underlying space and the
process in question. Assumption 4.4 means that the walk dimension of the process
is greater than the dimension of the space, which implies that the process could stay
at every point for efficiently long time; that is, the local time of the process exists.

The following lemma is easy.

Lemma 4.5. Under Assumption 4.4, (4.2) holds. In particular,

¢ 1 t
and so (4.8) is satisfied.

Proof. Let f(t) := W and

w()) = /Ooo e Mf(t)dt = A1 /Oooe_sf(s/)\) ds

Since f is decreasing, we see that

w(\) >A‘1/ e~ f(s/\) ds > xlmm/ e~ ds = co\"Lf(1/).

1/2 1/2
On the other hand, it follows from (2.8) and (2.10) that
R\ di/da V( ( )) RN\ dz2/ds
: = <t Vo=
(4.13) Cl(r) V(p=(r)) CZ(T)

holds for all 0 < r < R and some constants c¢;,co > 0. This along with the
assumption ds > dj yields that

M) SN [ )
f(l/A)‘/o Fam +/1 fam

1 [e’s)
< Cg/ e Sg42/ds g —|—/ e *ds < 00.
0 1

We have proved (4.2).
We now verify (4.12). By the increasing properties of V' and ¢, for any ¢ > 0,

/t ;ds > ;
o V(e~l(s)) T V(e7i(t))

The upper bound of (4.12) can be obtained from (4.2) as follows:

¢ 1 t 1 > 1 ct
————ds < P S—— P S s ——
[ vt <, e < wew
The proof is complete. O

From now on, we will always consider versions of the local time at x, denote by
[(z,t), satisfying the results in Proposition 4.3. The following statement is Kac’s
moment formula of the local time. Since (4.2) implies (4.10), this directly follows
from [34, Theorem 3.10.1].

Proposition 4.6. For any x,y; € M with 1 <i < n andt > 0,
BTy, t ZE” (yrrs 1) - BVt Uy, . 1),
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where the sum runs over all permutations ™ of {1,...,n}. In particular, for any
r,y e M andn > 1,
T n T n—1
E* (I(y, 1))" = nlE=1(y, 1) (B(y, )"
Proposition 4.1 combining with some general theory yields the following. (See
[16, Theorem 1.1] for the discrete version.)

Proposition 4.7. There exists a positive constant ¢y > 0 such that for all x,y,z €
M and u,6 >0,

(4.14) P*(sup |l(z,t) —l(y,t)] > 0) < 9pue—c10\/V(d(z.y)/¢(d(zy))
o<t<u

Proof. Let

(4.15) q(z,y) = (1 — E*[e 7|EY][e %)) /2,

Note that, since y — E¥Y[e~7*] is continuous (see (4.11)), by [9, V. 3.25 and 3.28]
P*(sup |l(z,t) — (y,1)] > 0) < 2eted/Ra@y),

0<t<u

Since Proposition 4.1(iii) implies that

(416)  qle,y) < (1 =B W) + (1 = B/[e™"]) < c1o(d(w,9))/V(d(z,y)),
the proof is complete. 0
The next proposition is an analogue of [20, Lemma 5.5]. Since we do not have

self-similarity of the process, serious modifications of the proof are needed. We will

also use a version of Garsia’s lemma (Lemma A.1), which is proved in Appendix
A2,

Proposition 4.8. There ezist a version of the local time l(x,t)(w) such that almost
surely (z,t) — l(z,t)(w) is continuous; moreover, there exist constants ci,cqy > 0
such that for all z € M, L,u, A >0,

Pz(d(su)p<L Os<121£)u [l(x,t) —U(y,t)] = A)
caVlotvire Ve W VL) \/v<<L/¢1<u>> A L)
S vp o0 w VL) | S((L/e W) A D)

Proof. First note that Assumption 4.4 and (4.16) (where ¢ is defined by (4.15))
imply that the local time [(x,t)(w) exists and it is jointly continuous almost surely.
In fact, since sup,¢,; u'(z, z) < oo, by (4.11) we see that for any x,y € M,

di(z,y)? == u'(z,2) + u'(y,y) — 2u' (x,y) < 2(5&5 u'(z,2))q(z,y)* < (¢)?qlz, y)*.

Moreover, by (2.8), (2.10), Assumption 4.4 and (4.16), for any xy € M and any
x,y € B(xg, 1) it holds that

(d(% y)) / ds—d
< cyd(x,y)™ ™",
W) <21
Thus, for all € B(zg,1) and ¢ € (0, ¢jc,) small enough so that (¢/(c)ch)) / (@=d2) 4
d(xg, ) < 1, we have

n({y € Blxo,1) = di(2,y) < e}) = u(B(z, (/(chcy)) @)

q(x,y) <

)
/
2
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((5/( ))1/ (ds— d2)) fgdz/(da—da)_

Therefore, by [34, Theorem 6.3.3] (With T = B(xo,1), dx = dy and p being
——1L 1), we have the almost sure continuity of the mean zero Gaussian pro-
u(B(wo,1))
cess {G1(z) : © € B(xg,1)} with covariance u'(-,-), and so by [34, Theorem 9.4.1],
{l(z,t) : * € B(xo,1),t > 0} is jointly continuous almost surely. Since this is
satisfied for any xy € M, {l(z,t) : x € M,t > 0} is jointly continuous almost surely.
Since we will use a scaling argument in the remainder of the proof, we prepare a
scaled distance and a scaled measure. Below, without loss of generality, we assume
¢(1) = 1. For each § > 0, define a metric d(s5) and a measure psy on M by

d((;)(l‘:y) ::5_1d('ray)7 V%y € Ma
pey(J) =V (©0) (), VI C B(M).

For ¢ > 0, let (M, ds), j1(5)) be the scaled metric measure space defined by (4.17),
and X© = { Xy : t = 0} be the scaled process in (M, d(s), j1(5)). We also let

Vi) (r) = VI(or)/V(6), b (r) = ¢(0r)/ ¢(5)

(4.17)

and
Bag (x,7) ={x € M : ds)(w,y) <r}.
Then, 4u(s)(Bay, (z,7)) < Vi5)(r) uniformly on 6,r > 0 and z € M,

dq ValR do
(4.18) cl(§> < QI < o <E> for every 0 > 0,0 <r < R < oo,
T Visy(r) r

and

(4.19) 03(5 “ < ¢(5)(R) < 04(E>d4 for every 0 > 0,0 <r < R < o0.
T bs)(T) T
In particular if (M,d, ) is an a-set, i.e. satisfies (1.4), then it is easy to see that
(M, dsy, ju(s)) with V(r) = r® is also an a-set, and ju(5) satisfies (1.4) with the same
constants cl, co > 0.
Note that the transition density function p(® (t,x,y) of X (®) with respect to the
measure /i) is related to that of X by the formula

POtz y) = V(0)p(¢(5)t,x,y)

for all £ > 0 and x,y € M. Thus, from Assumptions 2.1 we have that all z,y € M
and t,d € (0, 00),

O (¢, z, g()( 1 t )
P SOV Gam) " Vi s (0o e .00

1 t
Cy T < p® o).
(Vv((;)(gb(_&)(t)) " ‘/(5)(d(6)($7y)>¢(5)(d(5)(x,y))) <P (t x y)

Let [©)(x,t) be its local time with respect to the measure 14(5), which exists by Propo-
sition 4.3, (4.18), (4.19) and the assumption dp < dj. Let P4 be its probability
space.

In the following, set ' = §~'. Then, from (4.9) we see that (V (5’)/gb(5’)) (y, p(8")t)
under P? corresponds to 1) (y, t) under P{;. Thus, choosing § = (1/¢~ Yu) AL,
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we have
P=( sup sup li(w,t) Uy, 1)| > A)
d(z,y)<L 0<t<u
= PZ< sup sup V(") /o(d)
d(z,y) <L 0<t<u/¢(8")
4.20) U 6(0)0) (3. 9] > AV(E)/ ()
<Piy( s swp |1 t) =1y, 0)] > AV(E)/6(5)
dsry (@,y)<OL 0<t<u/¢(d")
<Pi( s sup 10(a, 1)~ 10y, )] > AV /6(8)).
d(5/)(x,y)<5L 0<t<1
Set U(r) = \/¢(r)/V(r) and H = By, (0, 1/2) for some xo € M, and define
o, SWPost< 199 (,8) = 19 (y, 1)
F/ [$ —1 n(d n(d y
5 ( //HxH Xp Ulde (@,9)) ) )M(a)( x) sy (dy)
(

(6"
supgeycr 100 (2, t) — 19 (y, 1)
F&/::// €XP | Cx b _1/’L/dx//lz/dy7
dsry (z,y)<1 ( < U(d(5/ Y)) > ) (6)( ) (5)( )

(z,
for small constant ¢, > 0. Clearly I's;(H) < Fy and, by (2.8) and (2.10),
R\ (ds—d2)/2 ( ) (da—d1)/2

(B < U < (8
(4.21) L\ U(r) v\
holds for all 0 < » < R and some positive constants ¢, cy. We will prove in the
end of this proof that Ef,[Fy] is uniformly bounded (with respect to ) so that
I's(H) < Fy < 0o. Assuming this fact for the moment, we can apply Lemma A.1
with U(z) = e** — 1 and ¢q(u) = U(u), and deduce
U(u)du

u

, , desry(@,y)
1O (2, t) — 19 (y,1)] < Co/ log(exDyr (H)Vigry(u) > 4+ 1)
0

for pus)-almost all x,y € Bd(é/)(flf(], 1/16) and ¢t < 1, and ¢, ¢; are independent of
zo. Due to (4.18) and (4.21), as stated in Lemma A.1 the above estimate holds
for 1€ (y, ) under P{;) uniformly (i.e. with the same constants co,c; > 0 for all

0 > 0). By (4.21) again, there exist constants ¢y, c3 > 0 independent of § such that
for fi(s)-almost all z,y € M with dy(x,y) <L and t < 1

U(u)du

oL
(4.22) 10 (1) = 1 (y,1)] <co /0 log(er i Vig (u) 2 + 1) =
<62U(5L) ( log(l + C3F6'V(5/) (5L)_2)) .

Indeed, by (4.18) and (4.21),

5L
d
log(c1 Fy Vigry(u) ™ + 1) U(u)du

u

[en]

<) (log(1 + e1Fy Vigh (SL/2M) 7)) U (5L/2%)
fe=

o0
< ¢ (log(1 + c3Fy Vigy(OL Z 9—k(ds—dz)/2
k=0

[en]
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< CQU((SL) ( 10g<]. + CgF(;/‘/((;/) (5[/)_2)) .
Plugging this into (4.20), we have

P*( sup sup [i(x,t) — Uy, 1) > A)

d(z,y) <L 0<t<u

< Piy) (U (5L) log(1 + sFiVigy (51) %) > AV()/6(9'))
= Pf(;,)<log(1 + c3Fy Vion(0L) %) = ¢y LAV (8) /(U(aL)qs(a’)))
< efcglAV(é/)/(U(5L)¢(6’)) (1 + CBEfgl) [F6’]/‘/(5’) ((5[1)2)

< GG AVE)/(UEL)$E) (1 +Ejp)| F5’]>

Vien(0L)?
C4V(¢_1(U> \/ L>2 —c_l Ly 1 —l(u K4
— iR o= AV (67 VL) /(U((L/6~ w)AL)é(¢™ )vL))(l 1E (6,)[F5,]>7

where we used Chebyshev’s inequality in the second inequality, the fact that 0L < 1
(so that V(s (6L) < 1) in the third inequality and put 6 = (1/¢'(u)) A L~" in the
last equality.

Finally, we will check the integrability of Fy. Using (4.14) for 1¢®)(y, t) under Pl
(note that (4.14) holds uniformly, i.e. with the same constant ¢; > 0 for all §' > 0),
we have

P'(Z(;,)< sup |19 (z,t) — 19 (y, )] > kU(d(5/)(x,y))> < 2tk

0<t<1

Let ¢, = ¢5/2, and

Sup()étés |l(6,) (l’, t) - l(é’) <y7 t) | )

Iisn(x,y,s) =exp | c.
@ ) ( U(ds(2,y))

Thus, we have

Ef&’)[[(5’)(x7 Y, 1)]
- 19 (z,t) — 1€ (y, ¢
< ec*(/ﬂ-f—l)P«(Zy) k< supg<i<y [ (2, 1) (y, )] <k+1
U(dw)(z,y))

k=0
(0]
L2elte Ze_c5k/2 = K < 0.
k=0

Note that this value is uniformly bounded for all ' > 0. Take an open covering
{d(é/)(m,y) < 1} C Ui(B(ar)(l'i,Q) X B((;/)(xi, 2))

such that each point in {d)(x,y) < 1} is covered by at most a (uniformly) finite
number of {Bs(2i,2) X By (i, 2)}:, say Cp. Using the doubling property of the
volume and the assumption that balls are relatively compact, such a covering is
possible. For each z,y with d(s(z,y) <1,

(8")

UB((;/)(Z'L',Q)

X,
Eion e (@,9.1) =1 =By | Loy, (0, <} B I (@91 = 050 (@0,2) — 1]]

g (K - 1)P?§’)(UB(5/)(mi,2) g 1)



26 PANKI KIM TAKASHI KUMAGAI JIAN WANG

So
Efn[Fy] = / / Efsn Lo (2,9, 1) — 1 dps)(x) disn (y)
dsry(z,y)<1

< Cg(K — 1) ZP’(Z(;/)(OB((;,)(%’Q) < 1)

Here we note that gy (B (2i,2)) < cgV(2), ie. pey(Bwy(wi,2)) is uniformly
bounded. Noting that

4
i) /B ( 4)1(5)(1/,4)%’)(@) = Efy) { /0 1B(5/)(xi,4)(Xs(6))d8:|
") (i,
B 3+03<5,)(xi,2) &)
> (8" 13(5')(1’1‘74)()(5 )dS : O-B((;/)(xi,Q) < 1
i O-B((;/)(Ii’z)
V4 7 7y (@3,2) 5
> Efy) |E) " [ /0 L g0 i) (X ))dS]l{aB(é/)m,g)sl}]

2 C7PEJ(5’)<O-B(6/)(:E2‘,2) < 1)7
where the last inequality is due to the fact that

X ooy [ [3 5
s’ Tgs /
E(&’) o {/ 13(5/)(%,4) (ng )) d8:|
0

is uniformly bounded from below. Indeed, since ¢)(1) = 1 for all &' > 0, using
Proposition 2.11 for the scaled process and the semigroup property for the Dirichlet
heart kernel, we have

3
inf )E%’) {/0 1B<s'>(w¢,4)(X§6))d3} >3 inf PE%’)(TBW)(%A) > 3)

wGB((;/)(a:i,Z ’UJEB<5/)($1',2)

—3  inf / p P @ (3 w0, y) i (dy) > cs.
’wEB(él)(Ii?4) B<5/)(:13i,2)

We thus obtain

/ 199 (y, 4) s (dy)]
B((;/) (z:,4)

< 010Ef5/) {/ l(él)(?/, 4) M(é/)(dfy)] = 4cy,
M@
so we conclude Ef;, [Fi] is uniformly bounded. O

Remark 4.9. In lines 8 and 12 of [20, p. 526], (N/(1 — ¢))"® should be changed
to N™r /(1 — c)"r/2 Because of the typos, in the statement of [20, Lemma 5.5],
exp (— es5ta?d?%/%) should be changed to exp ( — cgstId/2e/2qr5=r0/2),

4.3. Laws of the iterated logarithm for the maximum of local times and
ranges of processes. In the subsection, we always assume that Assumption 4.4 is
satisfied. In particular, according to Proposition 4.8, the joint continuous version of
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the local time of the process X, which is denoted by [(x,t) as before, exists for all
x € M. Denote by

L*(t) = sup l(x,t), t>0.
zeM

We will establish two LILs for L*(t).

Remark 4.10. Even for one-dimensional Lévy process, some mild assumptions
like Assumption 4.4 on characteristic exponent (also called symbol) are required to
establish LILs of associated local times, see [41].

First, we have the following LIL for L*(¢).

Theorem 4.11. Under Assumption 4.4, there exists a constant ¢y € (0,00) such

that ()
lim su = co, P?-a.e. w, Yz € M.
el 1]V (9 1(t/loglogt))  *

We need the following tail probability estimate for the local time I(z,t).

Lemma 4.12. Under Assumption 4.4, there exists a constant ¢; > 0 such that for
all x,y € M and t,b > 0,

bt
PY(I(z,t) > —— | <2e 0.
RS
Proof. For any € > 0, by Assumption 2.1,

PY(d(X,,2) < &) = /

B(z,)

&
p(37 Y, Z) :u(dz> < WM(B<J:7 6))7

and so . . .
/0 PY(d(Xs,x) < e)ds < Cg,u(B(q:,e))/O Vo) ds.

~1(s))
Combining this with the fact

Iz, 1) = lim m /0 ey (X,) ds,
we have
(4.23) BV (I(2,1)) < Cy /0 mds.

Furthermore, according to the estimate above and Proposition 4.6, we find that

Ey(l(x,t)"> < nl <C’2/Otmds>n, n >0,

which implies that

(4.24) EY | exp (a,t) <2
20, [t —L 4
2 Jo vy 98

The desired assertion is a direct consequence of the inequality above, the Chebyshev
inequality and (4.12). O

Remark 4.13. Alternatively one can obtain the exponential integrability (4.24)
directly from (4.23), by applying Khas'misnkii’s lemma, e.g. see [38, Lemma B.1.2].
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Proposition 4.14. There are constants ci,co > 0 such that for b > 1,

sup P* (L*(t) > V(%) < b

t>0,0eM l(t))

Proof. Let f be an increasing function such that f(1) = 1 and lim, o f(r) = oc.
By (3.4), the doubling property of ¢ and (2.10), we find that for any x € M and
t>0and b>1,

p- (L* () > Q—bt)

Vie~'(1))
20t
<P [ ) > — P* d X., > f(b 1
) o)< o) =02 V(cbl(t))) L (osizt (Xs,2) 2 f(0)9 (t)>

2bt Cot
< P* [(z,1) >
s V(¢1(t))>+¢(f(b)¢1(t))

) + le(b)_d3

< P* sup l(z,t) > —————
d(z,2)<f (661 (1) V(e=(t))

for some constant ¢; > 0.
On the one hand, by Lemma 4.12, there is a constant ¢, > 0 such that for all
reM,t>0and b>1

2bt
P sup l(z,t) > ————
(d(z,w)<f(b)¢1(t) V(sb‘l(t)))

bt bt
<P? l(z,t) = l(x,t)| > ——— Nz, t) > ————
= <d<z,x>5}?f>¢l<t>' =0 == vw—wm) +P (160)> gty )

bt
<pP® sup (2, 1) — Uz, 1) = ——c | + 270
(d(zmsf(b)w(t) Vie~'(t))

On the other hand, according to Proposition 4.8, there are constants c3, ¢4 > 0 such
that for all t > 0 and b > 1,

bt
| sup (z,t) = l(x,t)] > ——7
(d(z,xw(b)w(t) V(g=(t))

(

t V(f(b)cbl(t)))
V(e=t(t) o(f(0)o~' (1))
V()1 (t) _d(¢~ (1)) )
Vie=i(t)) ¢(f(b)o~1(1))

< crexp (—eab O F0)) = esexn (= 55).

< cg3exp <—c4b

= c3exp (—041)

where 0 := dy — d; > 0.
Combining with all the estimates above, we find that

bt ceb
supP” ( L*(t) > ———— | <cr|f(b)™® +e " +ex {_ L}}
e (10> gty ) <0 [~ ()
The proof is finished by taking f(r) = /% in the inequality above . O
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Now, we are ready to prove Theorem 4.11.

Proof of Theorem 4.11. (i)(Upper bound): According to Proposition 4.14, we find

that
bt

S P (L* R C=I0)

Then, according to Proposition A.2 and the (stronger) doubling properties of V' and
¢, we know that

)—>0, b — oo.

. L*(t) y L*(t) o
1m sup 1 = limsup (t/loglog ?) X Cp.
t—o0 t/V(¢ (t/ log lOg t)) t—o0 m (log lOg t)

(ii)(Lower bound): Let R(t) = p(X([0,])) be the range of the process. By

Theorem 3.8, there is a sequence {t,} such that t,, — co as n — oo, and

w50 < 00 ().

0<s<tn loglog t,,

Since R(t) < coV (supge,; d(Xs, x)),

_ th
A <V (67 (o))

. R(t)
(4.25) lltII_1>Cl>£lf V(0T (t/loglog 1)) < cs.

In particular,

By the fact that

(4.26) - /X ) () < LR,

we get

L*(t) t 1
lim su > lim su > —.
e 1V (07" (t/loglogh)) ~ i’ ROV (67 (t/loglogt)) ~ s

From those two inequalities above, we have proved the desired assertion by zero-

one law for tail events (see Theorem 2.10). O

Next, we turn to another LIL.
Theorem 4.15. Under Assumption 4.4, there exists a constant ¢y € (0,00) such
that
- L(t)
1 f = P*-a.c. Vo e M.
Bt/ loglogt) V(¢ ¢/ loglogt)) "+ 0T
Proof. (i)(Lower bound): Let R(t) be the range of the process. Then, by (3.4),
_ Cgt
P*(R(t) > r) <P%(sup d(X,,z) >V {ar) < ————.
(B(t) =7) (Ogsgt (X, z) (c1r)) V()
According to the doubling properties of V' and ¢,

sup P*(R(t) = bV (¢ '(t))) =0, b— oc.

zeM,t>0
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This, along with Proposition A.2 and the doubling properties of V' and ¢ again,
yields that

' R(t)
. 1 <
(4.27) 11;12113 V(¢=1(t/loglogt))loglogt “

Also due to (4.26), we get that

lim inf L)
e (t/Toglogt)/V (¢ (t/loglogt))
t 1
> liminf

> =
t=oo R(t)(t/loglogt)/V (¢~ (t/loglogt)) ~ c3
(ii) (Upper bound): Below, we turn to prove that
. L*(t)
1 f < C4,
oo (t/loglogt)/V(¢—1(t/loglogt)) ~
which along with the inequality above and zero-one law for tail events (see Theorem

2.10) yields the required assertion.
Let t;, = . Then,

lim inf L(¢)
t=oo (t/loglogt)/V (o~ (t/loglogt))
< lim sup L (t)

koo (tha1/loglogtesr)/V (07! (tyr1/ loglogtyr))
S l(‘rathrl) _l(xvtk)
+ lim inf su .
f—00 1-618 (tgy1/ loglogtr1)/V (o~ (txs1/ loglogtei1))
From Theorem 4.11, (4.13) and the assumption d3 > ds, we know that
L*(t)

lim su =0
toroe (i1 T0g 1og ti1)/V (67 b1/ Tog 1og b))
So, by the Markov property and the second Borel-Cantelli lemma, it suffices to prove

that there is a constant C' > 0 such that for any x € M,

= tit1/ loglogtyii

Pw<su Iz, —l(x,t)) < C ﬁ):oo.
2 P sup(I(e:tunn) = Uante)) < O, = Rogogterny) 7

For this, we follow the proofs of [8, Proposition 4.8] and [41, Theorem 3.2] but

with some significant modifications. Note that, using Assumption 2.1, we have that

there is a constant ¢y = ¢o(d3) € (0,1) such that for every ¢ > 0 and balls B; and
By of radius 2¢~1(t) with By N By # 0,

inf t d
it sz( .2, y) p(dy)

: 1 t
2 >, [, (v v mae) 4
t

1
> ett (v v M >
where in the last inequality we used the doubling properties of V' and ¢.
Let v = —4log(cp/2) and constants p > 2 and ¢, > 0 will be chosen later. Set
s =~t/loglogt for t > €?. According to Lemma A.4, there exists a sequence {4;}22,
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depending on x and s such that each A; is a ball of radius 2¢(s), lim; o, d(x, A;) =
0o, and the following hold:
reAy, ANA4 #0 forall ieN, A,NA; =0 foral |i—j|>2
For k > 1, set
E, = { sup (I(z, ks) — l(z, (k — 1)s)) < c.(t/loglogt)/V (¢~ (t/loglogt)),

zeM
Os<up d(X(k—l)s—i-mX(k:—l)s) < p¢_1(8)7 st S AQk}
Su<s
Let
By == {L*(s) < c.(t/loglogt)/V (¢~ (t/loglogt)},
By = { sup d(Xy, Xo) < pgb*l(s)} and Bsy := {XS € A%}.

O<u<s

By the strong Markov property, for all x € M,

o no—1
Pw (m Ek|§(n0_1)8) - ( H ]]'Ek>PX(n0_1)s(Eno)
k=1 k=1
(4.29) =
= ( H ]lEk>PX(nofl)s(Bl N By N B3,n0)~
k=1

First, let ¢1,d; and d4 be the constants in (4.13). For s > 0 and ¢, > 0 with
coery~1H@/d) > 1 using Proposition 4.14, we have

sup P*(B5) < sup P* (L*(s) > coepy” T/ 45 /v (¢71(s)))

zeM zeM
< o (coeyy AR A) TS
where in the first inequality we have used (4.13), and ¢y, c3 are positive constants

independent of s and c¢,. Second, according to Propositions 2.5 and 2.12, there is a
constant ¢4 € (0,1) such that for all s > 0 and p > 1,

sup P#(B5) < sup P* ( sup d(X,,7) > pcb‘l(S)) <

zeM zeM 0<u<s

Third, by (4.28), for any k > 1
it PR =t [ ol ) pldy) >
Combining with all the estimates above and the fact
P(D, N Dy N D3) > P(D;3) — P(DY) — P(D5),
we find that
inf P*(Ey) = inf P*(BiNByNBsy) = co— cafciery 1+(d1/d4))763 —d.

2€Ay (k1) 2€Ay (k1)

Now we choose ¢, and p depending on dy,ds and ¢;, ©+ = 1,...4, large enough such
that inf.ea,,_,, P*(Ex) > co/2. By this and (4.29), we find that for all z € M and

t>e?

—1/4

(ﬂEk) > (co/2)™° (00/2)<10gt) ,
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where ng = [longogt] +1= [%} +1. Since there is a constant C' = C(c,, p) > 0
such that

(N Bi c {L'(8) < C(t/1oglog)/V (6™ (1] loglog ) }.

we get for all x € M and t > €2,
—1/4
Pe{L"(t) < C(t/ loglogt)/V (6! (t/ loglog 1)) } > (co/2)(logt) ",

Therefore,

PYE(SLH)U(fatk+1)‘—l(xatk))‘< Cﬂfk+1/10g10gtk+1)/‘/(¢_l(tk+1/10g10gtk+1))L9§k)

zeM

> inf P <L*(tk+1) < Otign/oglog trn)/V (¢~ (trrr/ log log tkﬂ)))

zeM
> (co/2)(k+ 1),

whose summation on k diverges. This completes the proof. O

As in the proofs of Theorems 4.11 and 4.15, let R(t) = pu(X([0,t])) be the range of
the process X. As a direct application of previous theorems, we have the following
statements for the ranges.

Theorem 4.16. Under Assumption 4.4, there exist constants co,c; € (0,00) such

that
, R(t)
4.30) 1 = P*-a.e. v M
(4:30) TP V(¢~1(t/loglogt))loglogt @ @6 Ve e A
t
(4.31) lim inf E(D) =c, Pf-ae w, VreM.

t=oo V(¢! (t/loglogt))

Proof. First, the upper bound of (4.30) is already obtained in (4.27). The lower
bound of (4.30) is a consequence of (4.26) and Theorem 4.15. Next, the upper bound
of (4.31) is already obtained in (4.25). The lower bound of (4.31) is a consequence
of (4.26) and Theorem 4.11. Finally, the zero-one law for tail events (Theorem 2.10)
yields the desired results. U

5. EXAMPLES: JUMP PROCESSES OF MIXED TYPES ON METRIC MEASURE
SPACES

We now give three examples. The first one is the -stable-like processes on a-set.
This is the case dy = ds = @ and d3 = dy = ( in (2.8) and (2.10), and our results
can be written simply as Theorem 1.3 in Section 1.

The other two examples below are essentially taken from [14, Example 2.3(1) and
(2)]. We recall the framework on the metric measure space from here. Let (M, d, u)
be a locally compact, separable and connected metric space such that there is a
strictly increasing function V' satisfying (2.1) and (2.8), i.e. for any x € M and
r > 0, w(B(z,r)) < V(r), and there exist constants c;,co > 0, do > d; > 0 such
that

cy (?)dl < VIR) < ¢ <§>d2 for every 0 <r < R < o0.
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Example 5.1. Assume that there exist 0 < 8; < ff2 < oo and a probability measure
v on [y, fa] such that

B2
B(r) = / P u(dB), > 0.

Clearly, ¢ is a continuous strictly increasing function such that (2.10) holds with d3 =
B and dy = 3. Consider a regular Dirichlet form (&,.%) on L*(M, i) such that &
is given by (1.8) and the Lévy measure n(-, -) satisfies (2.7) with the function ¢ given
above. Then the associated Hunt process has the transition density function p(t, z, y)
satisfying Assumption 2.1 with the functions V and ¢ given above. Furthermore,
we have the following assertions.

(i) All the statements of theorems in Section 3 hold for sample paths of the
process X.

(ii) If dy < By, then the local time of the process X exists, and all the theorems
in Section 4 hold for local times and the range of the process X.

Example 5.2. Consider the following increasing function

o(r) = ( /ﬁ 6 o V(dﬁ)> T

where v is a probability measure on [51, f2] C (0,00). We can check easily that
for this example (2.10) also holds with d3 = ; and dy = [5. Consider a regular
Dirichlet form (&,.%) on L*(M,p) such that & is given by (1.8) and the Lévy
measure n(-, -) satisfies (2.7) with the function ¢ given above. Then the associated
Hunt process has the transition density function p(t, x,y) satisfying Assumption 2.1
with the functions V' and ¢ given above. Furthermore, we have the same conclusions
for the process X as these in Example 5.1.

Example 5.3. We give an example where f could be strictly larger than 2. Assume
that (M, d, 1) enjoys the following:

(i) pis a a-set, namely d; = dy = «.

(ii) There exists a p-symmetric conservative diffusion on M which has a sym-
metric jointly continuous transition density {q(t,z,y) : t > 0,2,y € M} with
the following estimates for all t > 0,2,y € M:

d B
ert™B exp ( —Cy (_(x,ty)

1
)B*A) <q(t,z,y)

x, ﬁ*ﬁ
d(z,y) ) >

< c3t70‘/6* exp ( — c4< "

where (5, > 2.

It is known that various fractals including the Sierpinski gaskets and Sierpinski
carpets satisfy the conditions and for those cases, typically 8, > 2. For example, for
Sierpinski gaskets, 5, = log5/log2 and o = log5/log2. (see [2, 31] for details.)

Now, for 0 < v < 1, let {&}i~0 be the strictly 7-stable subordinator; namely
let {&}i~0 be a one dimensional non-negative Lévy process with the generating
function Elexp(—u&;)] = exp(—tu?). Assume further that {& }4~o is independent of
the diffusion process above. Then the subordinate process of the diffusion by the
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~v-stable subordinator has the following heat kernel

ptoy) = [ alwogmde  forallt>0, oy €M,
0

where {n;(u) : t > 0,u > 0} is the transition density of {& }¢~o. It is easy to check
that p(t,z,y) satisfies (1.5) with 5 = 7/, so the conclusions of Theorem 1.3 hold
(see [30] for details).

APPENDIX A. SOME PROOFS AND TECHNICAL LEMMAS

In this appendix, we give some proofs of the results in Section 2, and also present
some technical lemmas that are used in the paper.

A.1. Proofs of some results in Section 2.

Proof of Proposition 2.5. Let ¢ be the lifetime of the process X and My = M \ A".
By (2.5), we have that for any ¢ > 0 and every x € My,

Ch

Pemz [ etz [

Blao1(1) s V(@)
Let u(z) := P?({ = 00). Then u(x) = limy_,o P*(¢ > t) > C1C;! > 0 for every
x € My. Note that u(Xy) = Liespu(Xe) = E*(1c=oc}|-#¢) is a bounded martingale
with limy oo u(X;) = lgc=oo}. Let {Kj;j > 1} be an increasing sequence of compact
sets so that U2, K; = M and define 7; = inf{t > 0 : X; ¢ Kj}. Since X admits
no killings inside M, we have 7; < ¢ a.s. Clearly, lim; .o, 7; = (. By the optional
stopping theorem, we have for z € M,,

w(z) = lim E*u(X,,) = E*( lim u(X,,))
j—o0

J—00

n(dy) = CLC71 > 0.

= E*(lim u(Xr)) 1< +}LTOU(X7€)1{C=OO})

J

Jj—00
> C10;'P*(¢ < 00) + P*(( = 00).
It follows that P*(¢ < oo) = 0 for every x € My. The proof is complete. O
Proof of Proposition 2.6. Fix a point xy € M and let w;(z) = p(t, xg, z). By Proposi-
tion 2.5, |Ju¢|[s = 1; on the other hand, ||u]|s < W Hence, noting V' (o0) = oo,

we have
[[el1
u(M) >
[t o0
that is, (M) = oo. Due to (1) the measure of any ball is finite, and so M is not
contained in any ball, which proves diam (M) = co. The last assertion immediately
follows from [24, Corollary 5.3] and the fact that M is connected. OJ

— 00, ©— 00,

Proof of Proposition 2.9. For simplicity, we only deal with the case that both As-
sumptions 2.1 and 2.8 hold true. The proof is essentially the same as that of [13,
Theorem 4.11], and we shall highlight a few different steps.

For each A C [0,00) x M, define 04 = inf{t > 0: Z, € A} and A; = {y € M :
(s,y) € A}. Let Q(t, z,7) = [t,t 4+ cop(r)] X B(z, 1), where ¢y € (0, 1) is the constant
in (2.16). Then, following the argument of [14, Lemma 6.2] and using Proposition
2.7 and the Lévy system for the process X (see [14, Appendix A]), we can obtain
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that there is a constant ¢; > 0 such that for all x € M \ A, t,r > 0 and any
compact subset A C Q(t, z, )

m @ p(A)

V(r)e(r)

where m ® p is a product measure of the Lebesgue measure m on R, and p on

M. Note that unlike [14, Lemma 6.2], here (A.1) is satisfied for all » > 0 not only
€ (0, 1], which is due to the fact (2.16) holds for all » > 0.

Also by the Lévy system of the process X, we ﬁnd that there is a constant ¢y > 0
such that for all z € M\ A, t,7 >0 and s >

plto)(x B( g [0 J(X du) dv
(X # Blao) [

s (/7">5/2 V(r )cf)() )) BTG

On one hand, by the doubling properties of V and ¢, we have

dV(r) V(2k—ls) 1
/r>s/2 V(r)e(r) a kz:% /re(2k—ls,2ks] h Z Qk 1 P(2+1s) S C3¢(5).

On the other hand, for all x € M \ A4 and r,t > 0, by (4.4) (whlch is proved by the
doubling property (2.9) of ¢ only),

P*(Tpay) = t) < exp(—cat/d(r)),

(A.l) P(t’w) (UA < TQ(t,a:,r)) =

which implies that

(AQ) Ex(TB(x,r)) = / Pm(TB(x,r) > t) dt < C5¢(T)‘
0

Therefore, there is a constant ¢g > 0 such that for all x € M \ A", t,r > 0 and
s = 2r,

(A3) PUI(X,y,,. ¢ BX.5) < e,

Having (A.1) and (A.3) at hand, one can follow the argument of [13, Theorem
4.11] to get that the Holder continuity of bounded parabolic functions (see the
definition before Proposition 2.13), and so the desired assertion (2.11) for the heart
kernel p(t, z,y). Furthermore, (2.12) is an immediately consequence of (2.11). [

Proof of Theorem 2.10. The proof is similar to the one of [8, Proposition 2.3|. For
completeness, we provide the full proof here. (See [3] for the original proof.) Let
e > 0 and A be a tail event. Fix xq € M. By the martingale convergence theorem,
E®[14]3:] — 14 a.s. as t — co. Choose t, large enough so that

(A4) E®|E™[14|F;] — 14] <e.
Set Y := E®[14]F},]. Then
(A.5) IP(A) —E*™(Y;A)] = |[E™(14,A) —E*(Y;4)| <e.

On the other hand, using (3.4) and the doubling property of ¢, we can take ¢; > 0
large so that

(A.6) P (sup d(X,, z9) > c16” ' (t)) < €.

s<tg
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By Proposition 2.9, we now choose t; large so that for all f € L>*°(M) and x € M
with d(x,x¢) < c1(to),
(A7> |Pt1f(x) _Ptlf(x0>| <€||f”oo

Since A is a tail event, there exists an event C' such that A = C' o 0, 44,. Let
f(z) =P*(C). Then by the Markov property at time ¢y,

(A.8) E“(1cob,) =E"EX11c =EYf(X,,) = B, f(w).
Thus the Markov property at time ¢y, and (A.8) further give us
(A.9) E*(Y;A) = E®[YEX (1¢ 0 6,,)] = E®[Y P, f(Xy,)]
and

(A.10) P*(A) = E™1, = E®EX(1g06,,) = E™[P, f(X,)].

Let Ay, = {d(X,,20) < 10 (to)}. Using (A.6) and (A.7), we see that
[EY P, f(Xey)] = Fiy f (o) E*Y|
(A.11) < 2P, (AL) + [EY Py (X ); Avg] = Py f (20) EP [V Ay ]|
<2+ |E™[Y|P, f(Xy) — Py, f(x0)]; Ag, ]| < 3e.
Similarly
(A.12) |[E® P, f(Xy,) — Py, f(x0)] < 3e.
Combining (A.5), (A.9), (4.10), (A.11) and (A.12),
Po(4) — Po(AJBY| <[P(4) — B (Y A)
BRIV B f(X)] — Pa (a0 EY]
+ | P, f(xo) E®Y — E™ Py, f( X)) E™Y| < Te.

Using this and (A.4), [P™(A) —P*(A)P™(A)| < 8¢. Since ¢ is arbitrary, we deduce
P (A) = [P™(A)]?, and so P™(A) is 0 or 1. Since P*(A) = E*P, f(X,,) =
P, (P, f)(x) is continuous in x (which is easily seen from Proposition 2.9) and M is
connected, we further conclude that either P*(A) is 0 for all x € M or else it is 1
for all x € M. The proof is complete. [l

Proof of Proposition 2.11. For any «’,y’ € B(x,r/2) and t > 0,
p(tv ZE'/7 y/) = pB(:v,r) (ta Ilu y,) + E” (p(t - TB(ac,r)a XTB(%T) 5 ?//) : TB(:I?,T‘) < t) .
On the one hand,

Cst
Em(pt_TBac,ruXT ,,7?// - TB(z,r <t)< sup p\s, 2,y <—
( (@) B ) (@) s<t;d(y,z)=>r/2 ( ) V<T/2)¢(T/2)

For any ¢ € (0,1/2), any o',y € B(z, 36r) and t = ¢(dr),

I 1 t Cl
p(t, 2 y) 2Cr <V(gb—1(t)) & v<d<xf,yf>>¢<d<xcy'>>> Z Ve

SO
C C
B(ac,r)t o > 1 2 .
U D Vor)  V(r/2)

By the doubling property of V', we find that

pB(x,r) (t, 13/, y/) 2

V(r)
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providing that § € (0,1/2) is small enough. Having this at hand, one can follow
the argument of [5, Lemma 2.3] and use the doubling property of ¢ to get the first
required assertion. The second assertion of the proposition directly follows from the
argument above. 0

Proof of Proposition 2.12. Here we only prove the case that Assumption 2.1 and 2.8
hold. According to (3.4) and the doubling property of ¢, for any r > 0 and all
x e M,

Px( sup  d(Xs, Xp) < 27“) < a;

0<s<coop(r)

holds with some constants ¢y > 0 and aj € (0, 1) independent of z and r. Then, for
any n > 1 and x € M, by the Markov property,

P/( sup  d(X,x)<r)

0<s<cone(r)

< Ex( Key<ry; Prom=0s7 0 (- sup d(X, Xo) < 2T)>

1 {Sup()gséco(nfl)(ﬂr) d
0<s<cop(r)

< asP*( sup d(Xs,z) <r).

0<s<co(n—1)p(r)

This proves the upper bound.
On the other hand, according to Proposition 2.11, there are constants dg,c; > 0
such that for all z € M and any r > 0,

pB(z’T)((Soqb(T’), :L‘/, y/) > ClV(r)—1’ ;13/’ y/ c B(% 7“/2)a

where pB@7) (¢, 2’ 1) denotes the Dirichlet heat kernel of the process killed by exiting
B(z,r). Then, choosing m = [cy/do] + 1,

P?( sup d(Xs,x) <)

0<s<domnp(r)

_ / PP (Somng(r), v, y) p(dy)

B(z,r)
> / - / pPer) (50¢(7“>7 z, xl) p(dzy)
B(z,r/2) J B(z,r/2) B(z,r/2)
pB(x’r) (50¢(7“), 1, 332)#(65372) = / pB(x’r) (50¢(7"), Lmn—1, y> p(dy)

B(z,r/2)
> (V) uBler/2) "
Thanks to the doubling property of V', there exists a constant a} € (0,1) such that
forallz € M, r>0and n > 1,

P s d(Xer)<7) > al

0<s<dgmna(r)
By the fact that
P*( sup d(Xsx)<r)=>P? sup d(X,x)<7),

0<s<cong(r) 0<s<domnp(r)

the proof is complete. 0
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A.2. Some technical results. The first result is a extended version of Garsia’s
lemma ([21, Lemma 1]), see [7, Lemma 6.1] for a version of Garsia’s lemma for a
fractal.

Lemma A.1. Let (M,d, ) satisfy (2.1) and (2.8). Suppose q : [0,00) — [0,00) is
a measurable function with q(0) = 0 and that there exist constants C1,Cy and 1, Y2
such that

r\ 7 q(fr) 7\ 72
(A.13) Cy (}—%> < ) < Oy (ﬁ) for every 0 < r < R < oc.

Let W : [0,00) — [0,00) be a non-negative strictly increasing convex function such

that lim,_,o, ¥(u) = oo. For any xo € M and Ry > 0, let H = B(xy, Ry) and
f: H — R? be a measurable function. If

//HxH ’f x,y&;)') plda) p(dy) < oo

then there exist c1,co > 0 that depends only on the constants in (2.8) and (A.13)
such that

) el (H)Y glu)du
(A14) @) - 1wl <a [ v () T

for p x p-a.e. (z,y) € B(xo, Ro/8) X B(xg, Ro/8). If f is continuous, then (A.14)
holds every (x,y) € B(xg, Ro/8) x B(xg, Ro/8).

Proof. For fixed (z,y) € B(zo, Ry/8) x B(x, Ry/8) and k > 0, let a;, := 27*"1d(z, y)
and By’ be open balls with radii a; such that By.1 C By and x,y € By C H. We
denote fj = @ka fdu. For (z,w) € By_y, we have d(z,w) < 2a,_1, so by
(A.13), C2q(2ak—1) = q(d(z,w)). Thus, since ¥ is increasing,

o (ML I g (VSN (e gy,

009(26%1) Q(d(za w))
Using this, the increasing property and the convexity of ¥ and the Jensen inequality,
" (rfk_l - fk|)
ng(Qak_l)

1 [f(2) = F0)] o s
sV (N(Bk—l)#(Bk) /Bklek Caq(2ay—1) pldw)id ))

| £ = F@)N
S B n(By) /B‘P( OIERD) )“(d Juldz)
re) T

S WBeu(By) S “Vian)?

(A.15)

where in the last inequality we used (2.1) and (2.8).



LILS FOR SYMMETRIC JUMP PROCESSES 39

On the other hand, for £ > 1
o (L (H) glw)du
< V(u)? ) u
Ak+1

F(H du

2ap_ 1)1 —

q( ag 1) (V( )2 akJrl q 2ak; 1 u
F(H du

A.16 > q(2a,_1)0 ! —

A0 o (55 [ 6 () S

e.D(H) [ o
2 _ Y1 Y1
Tage) Ca)™ |

= Clq(Qak_l)\I/_l (

= 2q(2a5_1)V™ (

Viar)? /-
Thus, by (A.15) and (A.16), for k > 1,
I'(H w rel(H d
it — fil < Cog2a_1) 0! (Cvl( ) / . 1<clv(;)2>> q(ui u

which implies

| S W) oD (H)Y alu)du
1 1
(A.17) 11211_}8;113 | fie = fol < kz:; | fr—1 = Jil < 02/0 v ( V(u)? ) u

Suppose that f is continuous at z. Then, let By = B(x,ayp), so that z,y € By =
B(z,2d(x,y)) C B(xo, Ry). By considering By = B(z,a) for k > 1, we get from

(A.17) that
@) ¢ u)du
fo) =l [ v () T

Similarly, we get from (A.17) that, if f is continuous at y then

o) = fol < o /Od(mvy) o1 (C‘;F(S;U q(uzjdu‘

Thus, if f is continuous at both = and y,

d(z,y) ai(H)\ q(u)du
— o [0 (4000 e
(@)= FW)] < 1) = il + 1) = fol < 262 | Cop) 1
The general case follows from Lebesgue differentiation theorem (e.g. see [25, Theo-

rem 1.8]). O

The following proposition gives an upper bound for LILs. Since it can be proved
by a simple modification of the proof of [8, Theorem 3.1], we skip the proof.

Proposition A.2. Let X be a strong Markov process on (M, d, ). Suppose (Fy)i=o
1S a continuous adapted non-decreasing functional of X satisfying the following con-
ditions.
(1) There exists an increasing function ¢ on R, satisfying the doubling property
and such that

sup P?(F, > bp(t)) -0 asb— .
zeM,t>0

(2) Ft—Fngt_soes, O<S<t
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Then, there ezists a constant C € (0,00) such that

lim su £ <C

t_mp ¢ (t/loglogt)loglogt ~

Remark A.3. Similar to the remark after the proof of [8, Theorem 3.1], Propo-

sition A.2 can be used to derive upper bounds for LIL of L*(t) = sup,ecy l(z,1)

and the range R(t) = u(X([0,t])) of jump processes. Note that, in our setting the

continuity of L*(¢) is a consequence of Proposition 4.14, the strong Markov prop-

erty and the Borel-Cantelli lemma; while one can use Theorem 3.7 and the fact

R(t) < o1V (supge e d(Xs, 2)) for all ¢ > 0 and some constant ¢; > 0 to obtain the
continuity of R(t).

P*-a.e. w, Yz € M.

Proposition A.4. Let (M,d, 1) be a connected metric measure space such that diam
M = oo and the volume doubling condition holds, i.e. there exists c; > 0 such that

w(B(x,2r)) < cyu(B(z,r)), x€ M,r>0.

Then, for each v € M and R > 0, there exists a sequence {A;}°, such that each
A; is a ball of radius R, lim;_,, d(z¢, A;) = 0o, and the following hold:

ill'oEAo, AzﬂAH»l%@ forall iEN, AZOAJZ(D forall |Z—j|>2

Proof. First, by [32, Lemma 3.1 (i)], there exists a constant Ny € N such that for
each R > 0, there exists an open covering { B(z;, R)}:2, of M with the property that
no point in M is more than Ny of the balls. We say a subset A of {z;}; is linked if
for each z;, 2; € A, there is a chain 20 = z;, 2%, - -+ | 2! = z; € A such that 2% ~ 2*1
(by which we mean B(z*, R) N B(z**1,R) # () for all k = 0,1,--- ,1 — 1. Take
xg € M. We may assume without loss of generality that xqg = z5. For each k € N,
we may take a linked set Gy C {z;}; N B(x,4kR)° such that §G; = co. (Indeed, if
there is no such linked sets, then because diam M = oo and M is connected, there
are infinite number of mutually disjoint and non-empty linked sets {L,} such that
tL; < ooand L; C {z};NB(zo,4kR)°. We may assume that each L; is maximal (i.e.
no elements in {z;}; N B(wo,4kR)° N L is linked to L;). Because M is connected,
from each Lj;, there exists 2; € L; such that B(;, R) N B(zo,4kR) # (. By
construction, {B(Z;, R)}; are mutually disjoint, but this contradicts to the volume
doubling assumption.) We fix one such a linked set Gy which is maximal; we may
choose Gy D Gry1 D -+ Set Go = {z; }s.

We now construct a desired chain inductively that contains a sequence {2z, }32, C
{z:}. Take z,, = zo. For each k > 0, given z,,, € G N B(zo, (4k + 2)R), take a
chain yf = 2, , y¥, -+ ,yfk such that y¥ ~ yF | fori =0, s, — 1, yf € G \ Gga1,
j=0,---s; —1 and yfk =: Zmy,, € Gry1. Then it holds that 2, ., € B(xo, (4(k +
1) +2)R). Now let g = y¥ and define 7¥, i > 1 inductively as the maximum j such
that yf ~ g¥ . Then we have a sequence g§ = 2z, J5," - ,;gf;; = Zm,,, such that
gF ~ gk and g o4 gFif [i—j| > 2. By doing this procedure iteratively, and doing the
same procedure (i.e. procedure to produce {§¥} from {y¥}) again for each adjacent

sequences (this is necessary because the sequences of balls made by the adjacent

~k ~k ~k ~k+1 ~k+1 ~k+1
sequences {yo = Zmys Y1, 7yS;C - ka+1} and {yO = Zmpe Y1 Shi1

Zmys, t could overlap many times), we have the desired chain. O
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