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Abstract

We consider a certain class of non-symmetric Markov chains and obtain heat
kernel bounds and parabolic Harnack inequalities. Using the heat kernel es-
timates, we establish a sufficient condition for the family of Markov chains
to converge to non-symmetric diffusions. As an application, we approximate
non-symmetric diffusions in divergence form with bounded coefficients by non-
symmetric Markov chains. This extends the results by Stroock-Zheng ([SZ]) to
the non-symmetric divergence forms. () 2000 Wiley Periodicals, Inc.

1 Introduction

Consider a diffusion operator in divergence form in R:

d
Lf(x) Z_ a,] ax]f( ))> fGCZ(Rd)>

which is uniformly elliptic and bounded: the coefficients p,a;; are real measurable
functions such that

1
(1.1) WERY, - <p()<Cp, ay(x)| <C,
0
and
(1.2) Vx e RY,VE e RY, Z aij(x)EE; > 8252
i,j=1
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Formally this corresponds a diffusion process with the non-symmetric Dirichlet
form

£(1.8)= [ VI aVeldr,  figeWA(RY),
and the based measure v(dx) = p(x)dx. We can rewrite the operator

d

gf(x) = Z ( axlax,f +Zb ax,f

i,j=1

where d(x) is the symmetric diffusion matrix
. 11
aij(x) =

p(x)2 (aij(x) +aji(x))
and b;(x) is the formal drift

1 d

Z 8xja,-j(x).

bi(x) = ijI

Then the classical theory developed by E. De Giorgi, J. Nash and J. Moser in
the fifties and sixties of the last century shows that non-negative solutions u to
the calorific (parabolic) equation (d, + .2 )u = 0 satisfy the scale-invariant para-
bolic Harnack principle, also the associated kernel have some Holder regularity
and with both upper and lower Gaussian bounds, cf. [SC]. The remarkable fact
is that no assumption on the regularity of the coefficients is needed. This is par-
ticularly useful for example when the coefficients depend on disordered random
media. These purely analytical tools can be used in order to construct the diffusion
process {Z;,t > 0} on R?, although the standard stochastic differential equation
formalism may fail, since the corresponding drift b;(x) might not even be defined.

An alternative, more probabilistic, way to construct this diffusion is the approxi-
mation by finite range random walks {Yt(") ,t >0} on the rescaled lattice .7, = %Zd .
In case of smooth coefficients a;; € C ! (Rd), this approach is well known cf. [SV].

The non-smooth symmetric case, where a;j(x) = aji(x) has been the object of
several papers. In this situation, the diffusion process can be approximated by
symmetric Markov chains. The explicit construction of [SZ] is based on a discrete
analogy of the De Giorgi-Nash-Moser theory for symmetric uniformly irreducible
walks which shows Holder regularity for the corresponding rescaled heat kernels.
These a priori estimates give compactness for the heat kernels and play a crucial
role in the proof of the convergence. Further results allowing unbounded jump
ranges converging to symmetric processes with both diffusions and jumps have
been obtained by [BK] and [BKU], however all of these results so far have been
restricted to the symmetric case for which the discrete theory of De Giorgi-Nash-
Moser has been extensively developed.

The objective of this paper is to treat the general uniformly elliptic non-symmetric
case under assumptions (1.1) and (1.2). We first identify a broad class of random
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walks on ., corresponding to diffusions in divergence form with uniform ellip-
tic coefficients as the class of random walks with bounded cycle decomposition
sometimes also called centered walks, cf. [Birk], [Ma], see also some related work
dealing with random walks on groups in [Al], [Du].

More precisely, these uniformly irreducible random walks on ., admit a cycle
decomposition with bounded range, bounded length of cycles and bounded jump
rates (cf. Assumptions 2.1 and 2.3 below). Our first objective is to show that
for such class of random walks, the diffusive scale-invariant parabolic Harnack
principle holds and we derive Holder regularity and Gaussian estimates for the
corresponding heat kernel. To our knowledge, this is the first paper that shows such
results in the non-symmetric setting, cf. Theorem 3.9 and Theorem 3.10 below.

This is the core of our paper. It should be noted that upper bounds of the Carne
Varopoulos-type have already been obtained for the time discrete kernel by Math-
ieu in [Ma], from which we get heat kernel upper bounds for the time-continuous
process via Poissonization procedure and Nash’s inequalities.

Our derivation of the lower bounds and parabolic Harnack inequality is new.
It is based on non-symmetric Dirichlet forms, the weighted Poincaré inequalities
and differential inequalities, and is partially inspired by previous derivations in the
symmetric case in [BK], [BKU] and [SZ]. However the lack of symmetry requires
special care and new methods. A key step is played by a Jensen-type inequality
(3.11) which allows us to control the non-symmetric part of the Dirichlet form.

Note that parabolic Harnack inequality also holds in the context of random
walks in random environments with bounded cycle decompositions as introduced
in [DK]. In view of the parabolic Harnack inequality, the quenched invariance prin-
ciple proved in [DK] extends easily to a quenched local limit theorem, it suffices
to apply the method presented in [BaH]; cf. Theorem 4.7.

Equipped with these regularity results for the heat kernel we can then focus on
the convergence of the associated rescaled process. In particular tightness follows
from the upper bound while the Holder regularity implies the compactness of the
corresponding heat kernels. We show that weak convergence of the random walks

{Y,("),t >0} to the diffusion process {Z;,7 > 0} takes place, once the coefficients of
the discrete non-symmetric Dirichlet form converge locally in L' (R¢) to the given
matrix a;;.

Although both regularity results and convergence theorem have some interest
in their own, we can view them as preparation to our main result: the explicit
construction of uniformly irreducible random walks with bounded cycle decom-
position on ., converging to the diffusion process in divergence form for given
measurable uniformly elliptic bounded matrix a : RY 3 x — (g i(0)1<ij<a € R?,
satisfying (1.1) and (1.2).

Our concrete construction of the cycles and weights is based on a two scale
methods. In particular it avoids an intermediate smoothing procedure of the matrix
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a(x) as proposed by [SZ] in the symmetric case. Also we give a procedure to pro-
duce a diagonalized form of symmetric matrices based on the Feshbach transfor-
mation, with no need to compute of the eigenvalues and eigenvectors. Our method
is very simple and gives explicit bounds on the range and length of correspond-
ing cycles, and thus could be easily numerically implemented, cf. Theorem 5.5
below. The paper is organized as follows. In Section 2 we give the framework
with the precise definitions of bounded cycle decomposition. Section 3 deals with
heat kernel estimates; The upper bound follows from Mathieu’s result obtained
for discrete time walks and a standard Poissonization procedure, while the lower
bound is new, based on the Jensen-type key inequality in Proposition 3.7 and the
weighted Poincaré inequalities. Section 4 presents the weak convergence of the
random walks to the non-symmetric diffusion process in divergence form. In Sec-
tion 5, for given matrix a;; we construct explicitly a family of bounded cycles such
that the corresponding process converges weakly to the diffusion process.

2 Framework

For n € N, let ., = n='Z4. Let |- | be the Euclidean norm and B, (x,r) :=
{ye Z:|x—y| <r}. Let u" :=n=¢ for all x € .%, and for each A C .7, define
1" (A) = Yyea 1ty

We call a cycle a finite oriented sequence of points

Y= (X0,X1,"" ,X;(3) = X0)

where x; = (x}-, See ,x‘; ) € Z% and [(y) is the length of the cycle. We allow cycles of
the form (xp,xo) or (xo,x1,X0). Sometimes, we identify the cycle y with a sequence
of oriented edges, namely ¥ = ((xo,X1),- -, (X;(y)—1,%0)). By writing (x,y) € ¥, we
mean that the oriented edge (x,y) belongs to the cycle. We suppose that cycles are
edge self-avoiding (meaning that (x;,xi11) = (x;,x;j4+1) implies i = j), but we do
not assume cycles are vertex self-avoiding. We define the range of the cycle vy as

Range (y) := max{|x; —xi41| : x; € 7}.
Let I'={y:i=1,2,---} be a family of cycles such that {x € Z¢ : there exists
y € I such that x € y} = Z4. We define weights of cycles by amap & : T — (0, ).
We define a quadratic form by

yell

F ={f:Z'=R| Y an&(f,.f) <=},

yell

and
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Since Y10 (f(x;) — f(xj+1)) = 0, it holds that

I(y)-1
@1 HF9= Y (For) = Flr))e) —A)

j=0
for any constant A. It should be noted that two different sets of cycles and weights
can give the same quadratic form &, that is the cycle decomposition, which has
been introduced for Markov chains on finite sets by G. Birkhoff in [Birk], is not
unique.

For a cycle ¥ = (x0,X1,---,%(y) = Xo), the reversed cycle is given by

Y = (X —15 %0 = X(y)-

Then if we set

and I = {y*: y e I'} we have
g*f) Za éay*fa) (7f)vf7g€ﬁ

yer+
Note that for each cycle y of length at most two: ¢(y) <2 we have y* = 7. In
particular the form is symmetric, &(f,g) = &(g, f) if and only if we can find a
cycle decomposition with cycles of length at most two.
Also we have

1
5 (E(f:8)+E(s. 1)) =Y a(né(f.g)Vf.s€ F

yel

where
5 1 I(y)-1
erlf.8) =5 Y, (FOxj) = ) (g(x)) — g(xj11))-

=0

The quadratic form on .%, is defined by

E"(f.8) =n*1 Y auw(wm)&,(f.8) Vf.g € F",
S

F'={f: T =R Y, (W&, (f,f) <=},
1ely

where I, is a family of (a countable number of) cycles on .7, and o, (¥,) € (0,)
is the weight of the cycle ¥,. As we will see below, the factor n>~¢ corresponds to
a diffusive scaling, where space is rescaled by % and time by n?.

Foreachn € Nandy € .7, let vy be a positive number and let v" be the measure
on ., defined by v"(A) = ¥4 Vy for A C .. We assume the following for the
triple (04,1, vy,),n € N which we call bounded cycle decomposition:
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Assumption 2.1. Bounded length, bounded weights and bounded range. There
exist My, --- ,Ms < o such that the following holds for all n € N:

M
(22)  lw) <M,0 < oy(W) < My,Range (1) < 73 for all cycles ¥y,
(2.3) Myn™ <V} <Msn™  forally € %,

In some sense, Assumption 2.1 corresponds to the boundedness condition (1.1)
for the diffusion matrix.

Under Assumption 2.1, (&",.%#") is a closed form that satisfies the following
(strong) sector condition;

E"(f.8)* <CE(f.)E"(8:8)

forall f, g € .#" that are compactly supported (see [Ma, Lemma 2.12]). Here C de-
pends only on M; in (2.2). — It fact, (6", L%(.#,,v")) is a regular (non-symmetric)
Dirichlet form, but we do not use this fact explicitly (see [MR] for the general
theory of non-symmetric Dirichlet forms). Let us introduce the scalar product

(2.4) (f:&)p =Y, FMe)Vvy

YES,

and the infinitesimal generator <" such that

<"(Z%nf’g>\,n:_ém(f7g)7 f)gefn,

That is
A"f(x) =Y ¢"xy)(fO)—fx)
YES

with

) n2d n2 g, (x,y

D) =" T ) ey = )

X Ynern X

and

an(x,y) =Y}, (%) {(xpien)-
%€l

Under our assumption, it is easy to see that L*>(.%,, u") = L*(.%,,v") C .F".
Also, note that from (2.2), we can deduce the following:

(2.5) an(x):= Y an(x,y) <Mgforall xeX.
YESL y#X

Indeed, since the range is uniformly bounded, each point will only have a bounded
number of cycles (at most 2(2M lM3)d). These cycles have at most M| elements and
the weights are bounded by M», so taking Mg = 2(2M1M3)dM1M2 suffices.
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Let Yt(n) be the corresponding continuous time Markov chains on .#,. In fact,

Y,(n) can also be constructed from a discrete time Markov chain. Let {Xn({')} be the
discrete time Markov chain defined by

2.6) Pr(x™ =y) = p(x,y) = 2 () for al x,y € .5,

an(x)
Let {U"™" :i € N,x € .%,} be an independent sequence of exponential random
variables, where the parameter for U;" is n*>~¢a,(x)/v", that is independent of
(X"}, and define
2.7) 7" =0, " = 3 U,f(k@"n.

k=1

Set 2(") —x"ir " < < Tn(l'_lgl; then the laws of Y™ and Y are the same,
and hence Y is a realization of Y, Note that under Assumption 2.1, the mean
exponential holding time at each point for Y™ can be controlled uniformly from

above and below by n°.

Remark 2.2. Note that under Assumption 2.1, {Yt(")} is conservative. Indeed, let-

ting {PX""} be the semigroup corresponding to X, PX" 1(x) = Yoo, ]P’X(Xl(") =

y) = 1 by (2.6). So inductively we have PX "1 =1 for all m € N, so that {Xn(f’)} is

m

conservative. As we mentioned above, {Yt(")} is a time changed process of {X,s,”) }
and under Assumption 2.1, the mean exponential holding time at each point for
Y™ can be controlled uniformly from above and below by n2, so we conclude
P'l =1forallt > 0.

We make a second important assumption, which corresponds to the uniform
elliptic condition given in (1.2) for the diffusion matrix:

Assumption 2.3. Uniform Irreducibility. There exist 6 > 0 and N > 1, such that
forallx € S, andi=1,....,d we can find k = k(x,+e;) < N such that

(2.8) p,({")(x,x:lze,-/n) :IP’X(Xk(”) =xte/n)>8,Vi=1,2,--- d,

where e; is a unit vector in Z¢ whose i-th component is 1.
Moreover, there exist M7 > 0 such that the following hold for all n € N and x € 7:

(2.9) an(x) > Mj.

Remark 2.4. Given I',, we can define the graph distance associated with I',, as
follows: For each x,y € ., we write x ~ y if there exists a cycle ¥ = (xg,...,x; =
Xo) such that either x; = x,x;4; =y or x; = y,x;1; = x holds for some 0 < i <
I(y) — 1. That is, in view of the above if and only if pgn) (x,y) +p§") (y,x) > 0. For
each z,w € .},, a path between z and w is a sequence z = z,21,22," ** ,Zm = w such
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that z; ~ zj41 for 0 <i <m—1. m is called the length of the path. Now for each
X,y € S, let

dy(x,y) =min{m: o = (ay,--- ,0,) is a path between x and y},

if x # y and let d,(x,x) = 0. This d, is the graph distance on .#,. Sometimes it
is convenient to work with the graph distance rather than the Euclidean distance.
However, since lengths of cycles are uniformly bounded, bounded range and uni-
form irreducible, there exist ¢y,c; > 0 such that

(2.10) c1dy(x,y)/n < |x—y| < cady(x,y)/n  Vx,y € S,,VneN.
So we will use the Euclidean distance in this paper.

Let p"(t,x,y) be the transition density for ¥,

P(t,x,y) =P = y) v

with respect to V", namely,

Then the semigroup P

YES
has the infinitesimal generator .</":
d
2.11) (B f8) = (" (B f)8), = —E"(F'f.8).
In particular the density is a solution of the backward equation: for all y € .,
p(t,x,y) = —|—/ Zq x,2)(p"(s,2,y) — p(s,x,y)))ds, Vx € 7.
€S

(n)

Denote Y,*’(") as the dual process of ¥,"/, &*", o/*", P""" be its corresponding

Dirichlet form, generator and semigroup:

(212)  E(f,8) =—(F"f,8) =E"(g, /), (P'f:8) =/ B"8) -

That is, the Dirichlet form is expressed in terms of the reversed cycles. The corre-
sponding heat kernel can be expressed by

pr(t,x,y) = p"(t,y,x).

3 Heat kernel estimates

We assume Assumptions 2.1 and 2.3 throughout this section. We derive some
estimates for the transition density. We first deal with the upper bound in Section
3.1 and then prove the corresponding lower bound in Section 3.2.
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3.1 Heat kernel upper bound and exit time estimates
For p > 1, define || f||5., = x)‘pu}}. For f € L>(.%,, u"), let

(3.1) G ="5 L (-1

X,yeSn

beyl=n1

which is the Dirichlet form for the rescaled simple symmetric random walk on .7,.

Lemma 3.1. Under Assumptions 2.1 and 2.3, we have the following estimates.

(32) Ein(f.f) <& (f.f), forall fec.F",
(33) p'(t,xy) <cit™ 2, p(e,x,y) S et forall x,y € .St > 0.

PROOF. First, note that under Assumption 2.3, we have

My <infa,(x) —1nf Z an(x,y)
X
Vy#X
and therefore with a,(x,y) > M; pgn) (x,5),

n2—d
= = L) (£(x) — f) >M7 Zpl () (f(x) = F (),

where d, (x, y) = (an(x,y) +an(y,x))/2. Also, using the Cauchy-Schwarz, we have
(f(x) = F(7))* < kLo (f () — f(xi41))* where xo = x,x, = y. So,

(n) Y (n) 2K,
(V) (f(x)—f(y)* <k szl x5, (f(x) = f()) Sﬁf (f. /).

Using this, in view of Assumption 2.3, we get

En(fr f) < 52 ) Zpk (2, 3)( f(y))2§c1<§"(f,f),

which gives (3.2). Now using (3.2) and [BK, Proposition 3.1], there exists ¢; > 0
independent of n such that for any f € .#",
4/d

(3.4) A0 < e (L DI < (DI,

Given (3.4), one can deduce (3.3) by a 51m11ar way as that of the case of symmetric
Dirichlet forms (see, for example [CKS], for the proof of the symmetric case). [J

4/d

Forr >n~!,let £ be the Dirichlet form corresponding to {Y,(") =rly (2 t) Jt

0} with based measure V™", where V" (A) := r~?v"(rA) foreach A C .7, := {x/r:
x €%} = (nr)~'Z¢. By simple computations, we have

& (f.8) = ()Y (%) 6y, (8,
T
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where r=ly, = (r~'xo,r 1xy - ,rilx,(y)). Define

(3.5) Pt x,y) =t (P rx, ry).

Then p™'(t,x,y) is the heat kernel for & with respect to v"".

Lemma 3.2. There exist c1,cy > 0 such that for all m,n,r € N, the following holds.

IP’X(:updn(x,X,fn)) > 1) < ¢t L {pymsry eXp(—car® /m).
<m

PROOF. Since X,Sf) started at x cannot reach z € ., with d,(z,x) > M3m, we may

assume M3zm > r. By [Ma, Theorem 2.8], we have
(3.6) P (X5 =) < 1V exp(—cady(x,y)2 /m).
Summing over all y € .%, with d,(x,y) > r and noting c3R? < Yydu(xy)<nk Vy <
c4R? for all R € N, we have
P"(dn(x,Xn(f’)) > r) < csexp(—cer? /m).
Now applying [BBCK, Lemma 3.8], we obtain the desired estimate. U

Proposition 3.3. For A > 0and 0 < B < 1, there exists ty = ty(A,B) € (0, 1) such
that for everyn e N, r > nYandx € .7,

G371 P ( sup [¥," —y/"| > rA> =P <sup y 0y > A> <B.

t<r2ty t<ty

Further, the same estimates hold for the dual processes Y*" and Y*")7,

PROOF. The first equality of (3.7) holds by definition of Yt(")’r. Let N,(") =sup{m €
N: Tn(fl) <t} where {T,,(,")}m isasin (2.7). Then, Yt(") = X(Vé)), and Ex[Nt(")] < cn?t,

n

JP’X(N,(") = 0) > exp(—cn*t) by Assumption 2.1. So for each A > 1,
Py — v | > rA) =P* (YY) ¢ B(x,rA))

rt

< P(YY) ¢ B(x,rA),NY) < Ar%m?) + PX(NY) > Ar’mn?)

rt

(n) |
= W(kgilignzdn(x’xk ) 2 mA)+ lrztan [N ]

(rnA)?
38 < ( )
(38) = 2P\ TS 2m 1
where we used (2.10) in the second inequality, and Lemma 3.2 in the last inequality.

Now fix A and consider first the case r > (An)~!. In this case, since rnA > 1,
we have

C1
) l{MglrzthZrnA} + 17

(rnA)? A?
C2€Xp<—C3[ )1{M3)Lr2tn22mA} §czexp(—C4ﬂ).

Aritn?]+ 1
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Take § > 0 small enough so that c;exp(—c48~"') < B/4, and choose £ such that
to/(A%8) <min{1,B/(4c;)}. Then, for ¢ < to, choosing A = A%3 /¢t (which is larger
than 1 by the choice of #y), we have
t
(RHS of (3.8)) < coexp(—c48 1) —|—f% < B/2.
For the case r < (An)~!, since rA < n~!, we have
P — 1" > ra) = P(vS) ¢ B(x.ra)

< PY(N%) > 0)=1-P(N% =0)
< 1—exp(—c1n®r’t) < 1—exp(—c1A%t) < B/2
for all ¢ < #o by choosing ¢y such that exp(—c1A~%ty) > 1 —B/2.

So for both cases, we conclude P*( ]Yr(;;) - YO(") | >rA) <B/2forallt <ty. (Note
that the choice of constants are independent of n € N.) Thus, applying [BBCK,
Lemma 3.8], we obtain (3.7). The dual process version holds similarly by using
the dual process version of Lemma 3.2. U

For A C ., and a process Z; on .%;, let
' =1{(Z):=inf{r >0:Z ¢ A}, Ty =T (Z):=inf{r >0:Z € A}.

Lemma 3.4. Given & > 0 there exists K such that for eachn € N, if x,y € ., and
C C ., with dist (x,C) and dist (y,C) both larger than kt'/> where t > n~", then

Py =y, T < 1) < 8192,

PROOF. The proof is similar to that of [BK, Lemma 4.5], but some minor changes
are needed due to the non-symmetry of the process. We sketch the proof, mention-
ing where to modify because of the lack of symmetry.

First, using (3.3), (3.7) and the strong Markov property, we have

(39) B = T <1/2) < S (1),

We next consider }P’X(Y,(") =y,t/2< T8 <t). If Sc =sup{s <t: v e C}, then
clearly
Py =yt /2 <TE<t) <P X" =y,1/2 <S¢ <1).
Using the dual of the heat kernel p, the following equality holds (cf. [BK, (4.7)]
for symmetric case).

vl’l
310) P =yr/2<Se <) =P = ) <i/2)

X
Now, arguing similarly to the proof of (3.9) and using (2.3), the right hand side of
(3.10) is bounded from above by g(mz)*d/ 2, and combining with (3.9) proves the
proposition. O
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3.2 Lower bounds and regularity for the heat kernel

In order to establish the lower bound, we use a weighted Poincaré inequality
and a differential inequality along the lines of [SZ, BK, BKU]. Since our process
is non-symmetric, we need a new inequality (Proposition 3.7 ii)) to establish the
differential inequality. We also use (3.3), Proposition 3.3 and the dual process.

The next proposition provides lower bounds for the heat kernel killed on exiting
balls and is the key step for the proof of the Holder continuity of p"(z,x,y).

Proposition 3.5. There exist ¢; > 0 and 6 € (0,1) such that for each n € N, if
|x —xo|, |y —x0| < 1172, X9, %0 € St >0 and r > t1/2/6, then

~d/2_ —d

]PX(Y,(") =Y, Tp(yyr) > 1) Z 1t "

X0,7)

To prove this we first need some preliminary lemmas. Noting (2.3), the proof of
the following weighted Poincaré inequality is almost the same as in [SZ, Lemma
1.19] and [BK, Lemma 4.3].

Lemma 3.6. Let
)=ci(n He il X €S,

where c|(n) is determined by the equatlon Yoc.7, 8n(x)VY = 1. Then there exists
¢y > 0 such that

d e
a((F~ D) < T Y (F0+S—10) rer(),

8, V" e, i=1

where

g,, vt = Z f gn v[

e,

Since our process is non-symmetric, we cannot apply the usual proof of near di-
agonal heat kernel lower bounds for symmetric processes directly. The next lemma
plays the key role to overcome the difficulty of non-symmetry in proving a function
inequality (3.20) in Proposition 3.8.

Proposition 3.7. i) For each | € N, there exist c; > 0 such that
(3.11) lie“f—c—lzl:a2>l
' / = 1 = J=

forall (o, ,04) € Rl with ¥ ; ot; = 0.
ii) For each | € N and M > 0, there exist ¢y, c3 > 0 such that

(3.12) Z (€% —1)e"i/" + ¢y [ —C3ZOC >0,
foralln>1, (061,-",OC[),(W[,"',W[)ERlWichj(Xj:Zjozoandman|Wj|S
M.
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PROOF. i) We will prove (3.11) for / + 1 instead of /. Since oy = —Zj-:] o, we
need to prove

1 l l
F(OC],-'- ,OC]) = Zeaj—f—eizézlaj—cl Za}—cl(zaj)z Zl+1
j=1 j=1 j=1

forall (a,---, o) € R!. Ttis easy to see that if one of &y, - - , &y, (—Zézl o) goes

to oo, then F(a,---, ;) goestoooand F(Qy,- - -, @) is continuous. So the infimum

of F(ay,---,0) over all R is attained at least at one point. Let (aj, -+ ,a;) be one

of such points. Then,

(3.13)

o F(ar, - ,a;)=gla;) —g(—Zaj) =0,Vie{l1,2,---,l}, where g(x) =" —2c)x,
j

so g(a;) = g(— Y ;a;) for all i. Note that g(x) attains the global minimum at x =
log(2c;), and if g(x) = g(y) for x <y, we have either x =y or x < log(2c¢;) < y.
Next,

0,0 Flar,--,a;) = 8y (e —2¢c1) +e L% —2¢y, Vik € {1,2,--- 1},

so defining Hr (a) as a Hessian matrix of F at a = (ay,--- ,a;), we have

(3.14)

ViHE(a)v = Z(e“f - 261)\13 + (e L% — 261)(21/]')2 >0, V= (v, --,v) €R.
J J

Taking v; = —v; and vy = 0 for k # i, j in (3.14), we have

(3.15) e —2c1+e% —2¢; > 0.
Also, taking v; = 1 and v; = O for k # i in (3.14), we have
(3.16) e —2ci +e Li% —2¢; > 0.

Now suppose there exists i such that a; < log(2c¢;). Without loss of general-
ity, we may assume i = 1. Then, by (3.15) and (3.16), we have a; > log(2c¢;)
for k # 1 and —Y ;a; > log(2c1). By (3.13) and the property of g mentioned

above, we have ay = --- =a; = — ¥ ;a; =: 5. Now define T : R — R/ by T (x) =
(= X;xj,x2,+,x). Then clearly T o T is an identity map and F (x) = F (T (x)). So,
T(a) = (s,---,s) also attains the minimum of F and s > log(2¢;). We can obtain

the same conclusion if a; > log(2¢;) for all i. Therefore, we conclude that there is
a point (s,---,s) € R/ with s > log(2c;) that attains the minimum of F.

Define f(s):=F(s, - ,s) = le* —e ™ —c11s*> — c11%s* for s > log(2c; ). By easy
calculations, we see that f”/(s) = 0 when s = 2(I+ 1)~ !logl and f"(x) > f"(2(I +
1)"ogl) = (I 4+ 1)+ —2¢/1(1+1). So by choosing ¢; < 2~ 17~(=1/(+1),
f"(x) > 0 for all x > log(2c;). This means f’(x) is monotone increasing. As
f1(0) =0, f'(z) <0 for log(2¢;) <z<0and f'(y) >0 fory > 0. Thus, f(s) >
f(0) =1+ 1 so we obtain the desired result.
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ii) Denote the left hand side of (3.12) as y(a) where o = (¢, -+, 04), and let
0; = a; +w;/n. Then we have

_ ) c ~ 2 2y s Ly
Ot) _Zeaj_l_(Zenj—l>—|—n§—2C3zaj2+c3(za?+ngwjaj_nzgwi)
Zen —1) + +C3Z 2032 é’

where i) is used with ¢z = ¢; /2. Now, since ¥, iwj =0, there exists ¢y > 0 such

thatzjﬁ—zchzij/nZ. So
W 1 )
—CMZ 2 —|—f—2C3272 Z ﬁ{CZ_(CM"i'ZC?a)ZM } Z Oa

by taking ¢, > (cpr + 2c3)IM?, and the proof is completed. O

Given the above lemma, the following key estimate can be proved by some
modifications of the proof of [BK, Lemma 4.4].

Proposition 3.8. There is an € > 0 such that
(3.17) p(t.x,y) > et 2,
foralln €N, (t,x,y) € (n!,00) X %, x .7, with |x —y| < 2t'/2,

PROOF. It is enough to prove the following: there is an € > 0 such that

(3.18) ) log< 1.k l+m))gn,(l) V" > Lloge,
ISSZ

(3.19) Y tog (P (1ok, 4+ m) g 1)V} = Sloge,
1€

forany n € N, r > n~! and k,m € .%, with |k —m| < 2. Indeed, by the Chapman-
Kolmogorov equation and the fact that g,,(j) < 1 for all k,m € .%;,,,

P (Lkm) > Y p" (5 k j+R)p (5 om, 4 K)gn )V
JE€ESur

Taking logarithm on both side, by Jensen’s inequality,

log p™"(1,k,m) > )" log (p””(%,k,j+k))V}-’”+ Y log (p*’”(z,m JHK) g (j ))V}”-
jét%,r jefsﬂnr

Thus, (3.18) and (3.19) yield
rpt (P ek, rl) = ptT(Lk D) >e  n>1 k-1 <2.
Taking ¢ = r2, this gives (3.17).
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So it is enough to prove (3.18) and (3.19). Since the arguments are parallel, we
only prove (3.18). Let k,m € ., satisfy |k —m| < 2 and set u,(I) = p™"(t,k,l+m).
Define

G(t) =), log(ur(1))gur (1) V"

S 7

By Jensen’s inequality, we see that G(z) < 0. Further, by (2.11) and (2.12),

du . gur(l) g 2 8
G(t)= )2V = =& (uy, ) = —(nr) Y @ () Ere (g, ).
0= L GOS0 (0 5250 = 0 L) g 52
Write r~ !y = (xo,X1,-++ ,Xy(y,) = Xo) and define

1 l(w) d k
n)zﬁkz'l J] Wwj = nr(Fy, — Z\x!
=1 i=

where x’J‘. is the k-th coordinate of x;. Note that there exists M which is independent
of ¥, such that sup; [w;| < M due to (2.2), and Zi.(y” ! w; = 0. Further, g,-(x;) =
c1(rn)e Fne™i/ () - Applying Proposition 3.7 ii) with 0 = logu; (xis1) — logu, (x;),
we have

&nr ) xt+l (Yn)_l
—&- Ly (ur, = u ) = Z gnr(Xi) — Z gnr(Xi)

t i=0 i=0

(Yn)* ,
= c1(rn eiFYn M _ 1 ewi/(nr)
1(rn) l;) ( e )

che~"n (e Y (logu (xis1) — logu (x))* = &2/ (nr)?)

cle P (ea Y (logu(xis1) ~logun (x)) %™/ ) — 3/ (nr)?)

i

v

v

where ¢ (nr) > ¢} for all nr is used in the first inequality, and nr > 1 and sup i wj| <
M are used in the last inequality. Thus, since a (%) < M for any cycle ¥, (due to
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Assumption 2.1 1)), we have

G(t)= —(nr)zfd;a(ﬁ)gr*w; (ur, %)

> (mr > L () che " (es Y (o (xi1) — Togu (30))2™/ ) — ¢ (nr)?)
Y i

> es(nr)?™ Y a(ny) ) (logus (xi1) —loguy (x;) ) gur (i) — csM Y e~ [ (nr)

% i %

> cr(nr)*~ Y a(yy) ) (logus (xi1) —loguy (i) gur (i) — c3

Y i

> co(nr)? 4 Z i (logul (l+ Zi) —logut(l))zgnr(l) —cg

1€ j=1
(3.20)
> clo(nr)_d Z (logu, (1) — G(t))zgn,(l) —cg.
€Sy
Here the fourth inequality can be verified similarly to the proof of (3.2), and we
used Lemma 3.6 in the last inequality.
Given these estimates and (3.3), (3.7), the rest of the proof is very similar to
that of [BK, Lemma 4.4], so we omit it. U

PROOF OF PROPOSITION 3.5. We have from Proposition 3.8 and (2.3) that there
exists € such that

(3.21) P =y) = p(txy)V) > et

if [x —y| <2¢'/2. If we take § = &/2 and C = B, (xo,7)¢ in Lemma 3.4, then
provided r > (x+ 1)¢'/2, we have

S
<)< Erad

(3:22) P =3 ) SO S 5

Subtracting (3.22) from (3.21), we have
Px(Yz‘(n) =Y Tgn(

X0,7)

£
>1)> Et“’/zn“’

if [x —y| <t'/2, which is equivalent to what we want. O

We introduce the space-time process Zs(n) = (US,YS(")), where Uy, = Uy + 5.
The filtration generated by Z(®) satisfying the usual conditions will be denoted
by {éfs, s > 0}. The law of the space-time process s — z starting from (t,x)
will be denoted by P, We say that a non-negative Borel measurable function
q(t,x) on [0,00) x .#, is parabolic in a relatively open subset B of [0,00) x ., if for

every relatively compact open subset B; of B, ¢(t,x) = E () {q(Zig))} for every
1
(t,x) € By, where 73 = inf{s >0 7" ¢ B }.
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We denote Tp :=1p(1/2,1/2) < 1 the constant in (3.7) corresponding to A =
B =1/2. For (t,x) € [0,00) X .4, and r > 0, we define

Q" (t,x,r) = [t,t+Tor2] X By (x,7),

where B,(x,r) ={y € %, |x—y| <r}.
Given the estimate in Proposition 3.5, one can prove the uniform Hoélder conti-
nuity of the heat kernel p”(¢,x,y) by standard arguments.

Theorem 3.9. There are constants ¢ > 0 and B > 0 (independent of R,n) such
that for every 0 < R < oo, every n > 1, and every bounded parabolic function q in
Qn(05x074R)»

_ B
(323 lals.) gy < cllallenR™P (I =52+ pr-y])

holds for (s,x), (t,y) € Q"(0,x0,R), where ||q|cr := SUP(, y)c[0, (4R)2] x.%, lg(z,y)].
In particular, for the transition density function p"(t,x,y) of Yy,
(3.24)

1/2

_ B
P ) = pey) | < ety TP (Je =] 4 ey =+ = al)

foranyn=' <ty <1,t,5>tyand (xi,yi) € Iy X Sy withi=1,2.

PROOF. Given Proposition 3.5, there are at least two ways to prove this. One way
of the proof is to show the oscillation inequality and then use it iteratively to prove
the uniform Hoélder continuity. See for example [FS] Section 3 or [BGK]. (Note
that the symmetry of the process is not used in the proof.) The other way of the
proof is to follow the arguments in [BK]. Corollary 4.6 and Lemma 4.7 in [BK]
can be proved exactly in the same way. Using them, Theorem 3.9 can be proved
similarly to the proof of [BK, Theorem 4.9]. (In fact, the proof is easier since [BK]
handles Markov chains with unbounded range of jumps whereas here jumps are all
bounded.) O

Given Proposition 3.5, one can also prove the uniform Gaussian heat kernel
estimates and the uniform parabolic Harnack inequality.

Theorem 3.10. 1) There exist fixed constants Cy,--- ,C4 > 0 such that

_v|2 )
CZ‘xty‘) < pn(tvxvy) < C3t—d/2 exp <_C4xty)>

(3.25) Cit~exp ( .
foralln €N, (t,x,y) € [n7!,00) x .S X .S, with |x—y| < tn.
2) There exist fixed constants Cy,Cy > 0 such that the following holds for all
n € N. If u = u(t,x) is a non-negative parabolic function on Q" (0,xo,R), then
(3.26) sup u(t,x) <G, inf u(t,x),
(t.x)€0" (TyR? /4.x0,R/2) (t,x)€Q"(3ToR? /4,x0,R/2)

forallR € [n~!, ) and all x € .7,.
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PROOF. 1) The upper bound is a consequence of (3.3) and [Ma, Theorem 2.10]. It
also follows from (3.3), (3.6) and the following relation which is due to (2.3):
2t)m

n —C nzt - (CZ”
(3.27) p(txy) <e Z o

P(X) =) /vy

m=1
The lower bound follows from (3.17) and the usual chain argument (see for ex-
ample, [FS, Theorem 2.7] or [BGK] — similar arguments work for non-symmetric
case as well).

2) Given Proposition 3.5, one can prove the parabolic Harnack inequality sim-
ilarly to [FS, Section 3] or [BGK]. In fact, the equivalence of (3.25) and (3.26)
are well-known in a general context (see for example, [BGK] — similar arguments
work for non-symmetric case as well). U

4 Weak convergence of the process

In view of both heat kernel estimates and regularity, it is clear that tightness
holds for the law of the processes. In order to identify the limiting process, we need
more detailed investigations. We adapt here the method introduced in [BK, BKU]
to the non-symmetric situation.

For a cycle v = (x1,x2,- -+ , X141 = Xo), let [(y) = [ and z; := x;| when z = x;.

For each f,g € L*(.%,,V"),

E(f.8) =Y an) Y, (£~ Flxi)e)

yel, j=0
I(y)-1 | -t
=Y a(y) Y (Fe) = Fa))(8() — 7 Y gw)
yel, =0 l(’}/) k=0

J
_ Y Y MDY ) ) - g0).
x€S, 7’}21;" l(,}/) yfgn

Starting from this form, we will show the weak convergence under Assumption 4.3
below.
First, if g is defined on R¥, we define R, (g) to be the restriction of g to .%,:

Ri(g)(x) =g(x), x€S
If g is defined on .%;,, we define E, g to be the extension of g to R4 defined by

Eng(x) = g([x]n),

where [x],, = ([nx1]/n, [nx2]/n, ..., [nxg]/n) for x = (x1,x2,...,x4) € RZ.
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We now specify some notation in order to make a precise statement of our
convergence theorem. For n € N, set

e = ¥ln = nlxr =yi[+nlx2 —ya + - +nlxa —ya|  forx,y e 7.

Note that 1 < |x—y|, < dn|x—y| holds for any x,y € .7, with x # y, where |x —y|
is the Euclidean distance between x and y. Clearly |x —y|, is always a non-negative
integer.

Leta;=¢; ifi=1,2,....dand a; = —e; g ifi=d+1,...,2d. A nearest
neighbor path ¢ from x to y is a sequence of points p; € ., fori =0,1,2,...,k
(k > |x—yl,), which we denote by ¢ = o(po,...,px), so that po = x,p;y =y and
forany £ =0,1,...,k— 1, there exists j € {1,2,...,2d} such that

1
Pe=Dpi—1+ ;.
n

Fix My > 1 and let £2(x,y) be a family of nearest neighbor paths ¢ = ¢ (po, - . -, pk)
from x to y that satisfy k < My|x — y|,. For o € £(x,y), define a function D
defined on .%, x ., as follows:

1, if there exists £ such that w = py and z = py1,
Dg(w,z) 1= i

0, otherwise.

For any function u defined on .}, and for any x,y € .}, we easily see that
1
u)—u() = ——= Y. Y Do(w2)(u(w)—u(2).
12 (x,y) P (xy) LWwE S,y
Now let .
PY(wz) = ——— Z Dg(w,z).
E2(x,y) ceP(xy)

ForheR,xeR%andi=1,2,...,d,let
u(x+ he;) —u(x)
Y .
We then have the following. (See [BKU, Lemma 5.1] for the proof.)

Viu(x) =

Lemma 4.1.

u(x) —u(y) =

S| =
1=

(pw(z +ei/n,z) — P (z,z+ ei/”)) Vli/n”(z)'
i lZeyn

Remark 4.2. Let x = (xq,---,x4) and y = (yy,---,yq) be elements in .%,. Below
are some examples of & (x,y):

(i) Let L,y be the union of the line segment from x to (y;,x2,---,X4), the line
segment from (yj,xz,---,Xx4) to (y1,y2,%3++ ,%4), ---, and the line segment from
(1, ,Ya—1,Xa) to y. Set Z(x,y) = {Ly} so that %7 (x,y) = 1. This was used in
[BK], and we do use this in the next section.
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(ii) Set Z(x,y) be the set of nearest neighbor paths from x to y such that k =
|x —yl|, for each 0 = 6 (po,...,px) € Z(x,y). In this case

’ (n|x1—yl\)!(n\xz—yzl)!---(n]xd—yd\)!
(iii) Let H (x,y) be the d-dimensional cube whose vertices consist of {(z1, -+ ,z4) :

z; is either x; or y; for i = 1,--- ,d}. Let &(x,y) be the set of nearest neighbor
paths from x to y that consist of a union of the edges of H(x,y). In this case
1P (x,y) =d!.

Using Lemma 4.1, we can write " (u,v) as follows:
4.1

) = 20 Y Y MDY ) e ) () ()

xELS”n yeln l(’}/) YeSn
rax ey

d

— LT IIE YL (P e/ - P Gae)

x€.%, v€ln yesn i, j=1z,we.Sy
y2x yey

X (vay(w—i—ej/n,w) —Px’y(w,w—|—ej/n))V"1/nu(z)V{/nv(w).
Fori,j=1,2,...,d and w,z € .7}, set
Glizw):= Y, ) o) Y (P”*(z—i—ei/n,z)—P”‘*(z,z—i—ei/n))

xey’n veln l(’}/) YEIn
rax yey

(4.2) X (P”(w—l—ej/n,w) —P"’y(w,w+ej/n)>;

then we see that

423) (,v) = — Z Y Vi@V, v(w)Gl(zw).
n i,j=1lwzeS,

Fori,j=1,2,...,d and z € .¥,, let
Fjj(z) == ), Gji(z,w)

weE.S,
@44 =YY ‘;‘((YV;(PW(H@/;@,Z) P (z,z+ei/n) ) Y n(x
XeSy Yg;n \}Eefyn

where x;,y; are the j-th coordinate of x,y respectively. Here the equality in (4.4) is
because

Y (P Owtei/nw) =P (wwete;/n)) = nx; —y,).
we.Sy

Note that by Assumption 2.1, F}} is uniformly bounded, i.e. sup; ; , ||F}}||e < oo.

bl lj
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From now on, we extend the conductances G;(x, y) to RY x R? as follows:
G}i(x,y) = G}([xla, V]a)  forx,y €R.
We extend F7}(-) to R? similarly.

We now give an additional assumption needed to obtain weak convergence of
the processes.

Assumption 4.3. i) There exist a matrix-valued functions a(x) = (a;;(x)) on R?
(which is non-symmetric in general) so that for any i,j = 1,2,....d, the functions
F/i(x) converge to a;j(x) locally in L'(R9).

ii) There exists a Borel measure v on R? such that v converges vaguely to v as

n — oo,

Remark 4.4. 1) Saying that the F}} converge locally in L' (R%) means that for every
compact set B,

18 =aijle = [ 1F5(0) = ai(0)|dx 0.

Since the F}} are uniformly bounded, the convergence locally in L'(RY) is equiv-
alent to the convergence in measure on each compact set. In particular, a subse-
quence will converge almost everywhere.

2) One may consider the weaker condition that the F/; are uniformly bounded and
converge to a;; weakly. However, this condition is not sufficient for Theorem 4.6
to hold (see the example at the end of the introduction in [SZ]).

3) By Assumptions 2.1 and 2.3, we can easily see that there exists A > 0 such that

d
ATNER < Y &iEjay(x) <ALEP, xEeR

ij=1

4) Note that by (2.3), {v"}, is tight and there is a convergent subsequence even
without the above assumption. Also, the limiting measure v is absolutely continu-
ous with respect to the Lebesgue measure on R?. Further, it holds that My | W f 2dx <
[y f2dv < Ms [, fdx for all Borel subset A of RY, in particular L?(R? dx) =
L2(R4,v).

Since a is uniformly elliptic, if we define
E(1.9):= [ VI()-a(0)Va(vds
then (&,C!(R?)) is a closable Markovian form on L*(R?, dx); cf. [MR] page 49
etc.. Denote the closure by (&,.%). Then we have the following.
Lemma 4.5. Let W'2(RY) := {f € L*(R9,dx) : Vf € L*(R?,dx)}. Then,
(4.5) {feL’(R? dx): E(f,f) <o} =W!(RY) = 7.

Moreover;, if ' is a subset of L*>(R¢,dx) such that (&,.F") is a regular Dirichlet
form on L*(R?, dx), then F' = W'2(RY).
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PROOF. Because &(-,-) is comparable to the Dirichlet integral ||(V-)|3, the first
equality of (4.5) is clear. Now suppose (&,.#') is a regular Dirichlet form on
L?>(R?,dx); then since W!?(R?) is the maximal domain (due to the first equality
in (4.5)), we have .#' C W!2(R?). Using the comparability of &(-,-) and ||(V-)||3
again, (||V - H2 Z') is a regular Dirichlet form. This implies .#' = W!2(R?) (so
W12(RY) = .Z as well) and the proof is complete. (]

Under the above set-up we have the following, which is the main theorem of
this paper.

Theorem 4.6. Suppose Assumptions 2.1, 2.3 and 4.3 hold. Then for each x and
each ty the PM¥n-laws of {Y,(");O <t <1y} converge weakly with respect to the
topology of the space D([0,19],R?). If Z, is the canonical process on D([0,1y),R?)
and P* is the weak limit of the Pl laws of Y, then the process {Z;,P*} is the
Markov process corresponding to the Dirichlet form & with domain W'2(R?) with
the based measure Vv.

We also have the following local limit theorem.

Theorem 4.7. Suppose Assumptions 2.1, 2.3 and 4.3 hold. Then the limiting pro-
cess {Z;,P*} in Theorem 4.6 enjoys the jointly locally Hélder continuous heat ker-
nel p(t,x,y) for (t,x,y) € (0,00) x RY x R, Further, the following holds for each
T >0:

(4.6) lim sulﬂg;gg\p (7 ¥y D)) = p (8,2, 9)[ = O,
where [x], = ([nx1]/n, [nx2)/n,- -, [nxq]/n).

PROOF. Given the a priori estimates of p(-,-,-) and Theorem 4.6, the proof is stan-
dard. So, we only give a sketch. By (3.3), (3.24) and by the Ascoli-Arzela theorem,
there exists a subsequence of p"(-,[-]»,[-]») which converges uniformly to a jointly
continuous function p(-,-,), say. Thanks to Theorem 4.6, it can be easily checked
that p(-,-,-) is the heat kernel of the limiting process. Since the limiting process is
unique, we can prove the convergence of the full sequence of p"(-,[|n,[]n). The
uniform convergence in (4.6) is again a consequence of (3.24). U

To prove Theorem 4.6, we first extend &” and define a quadratic form on
L?*(R4,dx). Define

Ty = {Enu : u is a function on 5”,1} NL*(R?, dx).
For f = E,u € 5¢,, define

Ff) = Y. S|, Vim0V )Gy ey

i,j=1
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Then we see

@47 E'f,f)=n"t Z Y, Vi)V, u(w) Gz wn > = & (u,u).

i,j=lwze.%,

Before proving Theorem 4.6, we state a proposition showing tightness of the
laws of Y.

Proposition 4.8. Suppose Assumptions 2.1 and 2.3 hold and let {n;} be a subse-
quence. Then there exists a further subsequence {n;, } such that

(a) For each C* function f on R with compact support, Ey, (P,nj “Ry,, (f)) con-
verges uniformly on compact subsets; if we denote the limit by P, f, then the opera-
tor P, is linear and extends to all continuous functions on R¢ with compact support
and is the semigroup of a strong Markov process on R.

(b) For each x and each ty the ]P)[x]"«fk law of {Y, ()
to a probability P*.

;0 <t <ty} converges weakly

Given Proposition 3.3 and Theorem 3.9, the proof of this proposition is very
similar to that of [BK, Proposition 6.2], so we omit it.

In the following, we write for hy,hy : ., — R

hl,hz = Z hl <h1,h2> —d Z hl(x)hz(x),

XESy XESy
cf. (2.4), and for fi, f» € L*(R9 dx) = L*(R?,v),

Fhdyi= [ AWR@Y. ()= [ AL
PROOF OF THEOREM 4.6. Let U be the A-resolvent for Y ™); this means that
Urh(x) = E* / e M ny") dr
0

for x € ., and h : ., — R. First, note that any subsequence {n;} has a further
subsequence {7, } such that U,fbk (Rn,, f) converges uniformly on compacts when-
ever f € C.(R?), that is, when f is continuous with compact support. This can be
proved similarly to Proposition 4.8, so we refer the reader to [BK].

Now suppose we have a subsequence {n'} such that the U% (R, f) are equicon-
tinuous and converge uniformly on compacts whenever f € C.(R?). Fix such an f
and let H be the limit of U% (R, f).

In the following, we drop the primes for legibility. Set u,, = U} ( wf) for A > 0.
We will prove that

(4.8) HeW"?@RY  and  &"(u,,g) — &(H,g), Vg € C3(RY)
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along some subsequence. Once we have (4.8), then

@ﬁ(Hug) = hmg”(unvg) = 1im(<fvg>v” _A’<ul’hg>v")
= (f,8)y —A(H,3g),,

the limit being taken along the subsequence. By (4.8), H € W!2(R¢), and the
equality

4.9 @({}(Hag):<f7g>v_l<H7g>v

holds for all g € C>(R?). By Lemma 4.5, the closure of C>(R?) with respect to
(&(,) 4 (-,-),)"/? is equal to W'2(R?), and so (4.9) holds for all g € W!'2(R9).
Since W!2(R9) is the maximal domain due to (4.5), this implies that H is the A-
resolvent of £ for the process corresponding to (&, W'2(R%)), that is, H = U* f.
We can then conclude that the full sequence U* (R, f) (without the primes) con-
verges to U* f whenever f € C.(R?). The assertions about the convergence of Pl
then follow as in the proof of [BK, Proposition 6.2]. The rest of the proof will be
devoted to proving (4.8).

Step 1. The first step is to show H € W!2(R9). This can be proved similarly to
Step 1 in the proof of [BKU, Theorem 5.5], so we omit the proof.

Step 2. We will show that for some subsequence {n'},
E () — / VH(x)-a(x)Vg(x)dx = £(H,g)
R

for any g € C2(R?). Recall (4.3); since G, L(x,y) = 0if |[x—y| > M. /n for some
M, > 0 and the w, z are on the nearest nelghbor paths in Z(x,y), Z(x,x) respec-
tively, it is enough to consider w’s only for |w —z| < M /n for some M > 0 in the
sum of the right hand side of (4.3). So

@("”(umg) = nd Z Z Vl/nun Z V{/ng(W)G?j(Z7W)
i,j=1ze%, \WEV:E\ZII’\}[/H

- A Z Y V1/,1”71 l/n gz Y Gij(z,w)

i,j=1ze.%, wESn

|w—z|<M/n
Y TV L (V00— V80w
i,j=1z€.%, WESn
|w—z|<M/n
= I'+1.

Let K be the support of g € C2(R?). Since 1/n < M/n < 1 for large n and |w —
z| < M/n in the summation defining I3, the z’s must lie in the set K; N .7, where
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Ki = {x € R?: d(K,x) < 1}. By using the mean value theorem for g and the
definition of V’i Jnltn> WE See that for some 0 < 6,60 < 1 depending on z and w,

d i .
B= Y Y Ve Y (V00 Y], 6w

= ‘ 1-d Z Z (un Z—|—e,/n)—un(z))

i,j=1ze4%,
x ) <8xj (w+0e;/n) — xgz—i—(-)e,/n))G?j(z,w)‘
2 PR
< (swp fuw(@)-u@)])-swplloZellex (Y XY [Ghw))
[z—2'[<1/n J ij=1z65, wekinn

[w—z|<M/n

= sup [0~ w(D)]) - sup 1928l x I
J

[z—2'|<1/n
We now estimate /5. Let K, = {x € RY . d(Ky,x) < 1}. Then,

d
Bo=nty Y Y X ZM Y (PX’M(ZﬂL@i/n,Z)—Px7x*(z,z+ei/”))

lj 1Z6/ weK|NSn XE/ yeln Z(Y) YEIn
|w—z|<M/n r3x Yy

><(P"=y(w+ej/naw)*Px’y(w’w“j/"))‘

IN

Y Y a(y) y {Zd: )y (Px”‘+(z+ei/n,z)+Px’x+(Z7Z+€i/")>

xeKrN.Sy veln l(’}/) yesn T i=1ze.%,
yox yey

x): Y (P”w—i—e]/nw)—i-Px (ww—l—e]/n))}

gt s
Note that for x € .7, and ¥y 3 x, we have |x — x|} <M/n, |x—y[; <M/n for all
y € 7, where |x|; := Y%, |x|. So

d
Z Z <P"’y(w+ej/n,w) —i—P"’y(W,w—i-ej/n))

j:l weK| NI
|w—z|<M/n

<Z Y (P 0wes/mw)+ P (wwt-e/n) ) < Monlx— vy < MoM
j=lwe.s,
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for some My > 0 and similarly

d
Y ) (P"’x+(z+ei/n,z)+Px’x+(z,z+ei/n)) < Mon|x — x|} < MoM.
i=1ze.%,

So we obtain,

Bnt ¥ Y A0y (amp < cprko).
xEKHN.S, Y’Zl:;z I(Y) y}eg]yn

So, I5 is uniformly bounded in n and hence I3 converges to 0 as n tends to oo since
the {u, } are equicontinuous.
Finally we consider the term /7

1 ¢ : ;
o= 3 Y Y Vi /utn(2) V1 ,8(2)Fj (2)
i,j=1ze.%,

d .
= Z /RdV’l/nEnun(x)V-{/nEng(x)Fi'}(x)dx.
ij=1

Observe that if f, converges to f weakly in L?>(R?) and g, converges to g bound-
edly and almost everywhere, then f,g, converges to fg weakly. To see this, if
h e L*(RY),

[Gagnn— [ (o= [ futga—eyh+ | [ fugh— [ ren).

The term inside the brackets on the right hand side goes to 0O since f,, converges
to f weakly and the boundedness of g implies that g is in L?(R¢). The first term
on the right hand side is bounded, using Cauchy-Schwarz, by || fu||2 ||(gx — &)hl|2-
The factor || f,||2 is uniformly bounded since £, converges weakly in L?(R¢), while
||(gn — &)h||2 converges to 0 by dominated convergence.

Since some subsequence of V’i /nEnun converges to v; = dy,H weakly in L? (]Rd, dx)
(this can be verified when proving H € W!2(R?) in Step 1; see the proof of [BKU,
Theorem 5.5]), and for some further subsequence F;; converges to a;; boundedly
and almost everywhere (by Assumption 4.3 and Remark 4.4) and V{ /nEng con-

verges to d,, g uniformly on compact sets (because g € C%(R%)), we see that, along
this further subsequence, the right hand side goes to

d
Z /Rd 8xl.H8xjgaijdx:/Rd VH (x)-a(x)Vg(x)dx.

ij=1
Hence
E" (uy,8) — E(H, g).
This completes the proof of (4.8) and hence the theorem. (]
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5 Discrete approximation

In this section, we show how the results of the previous sections can be applied
to approximate a non-symmetric diffusion in divergence form by a sequence of
Markov chains with bounded cycle decomposition. In Section 5.1, we present two
special examples which will play the role of building blocks for our construction.
In Section 5.2, we apply a two scale methods for the concrete approximation.

5.1 Some computation of Fl’]’()

In this subsection, we compute Fl;‘() in (4.4) for two particular cases. The
computation is useful in the next subsection. First, for each x € .7, and 7 3 x, set
B.D K(x,y)j:= Z n(xj—yj).

YEIn

Yy

Then, by (4.4) we have,

(52) Fik)= Zy ZF’ (;((;;)(P"’x+(z+e,~/n,z)—P"=X+(z,z+ei/n)>K(x,y)j

forze .7, i,j=1,2,...,d.

From now on, for each x,y € .%,, we choose Z(x,y) as in Remark 4.2 (i),
namely we set & (x,y) = {Ly,} where Ly, is the union of the line segments from x
to y mentioned in Remark 4.2 (i). We now consider two concrete choices of I,.

Example 1: Let A, be a subset of unordered pair {x,y},x # y of ., and let
Iy = {%y = (x,5,x) : {x,y} € Ay}, Where 7, is a cycle of length 2 that consists of
x and y. Note that (x,y,x) = (y,x,y) and %, = %.. For simplicity we write

O‘(?'xy) = OC()C,y) = Ot(y,x), {X,y} € An'

We call such a cycle a two cycles. In this case, we have K(x, %) ; = n(xj —y;), so
that (5.2) can be written as

53 Fj@= ¥ alen)(Pe+e/n Pzt )ntx; - ).
Yoy €0

Now for x,y € .7, satisfying x; < y;, set M(x,y,i) = {z € ./, 1 zx = y for all k <
i,x; <z <yj—1/n,zp = xp for all K’ > i}. Note that §M (x,y,i) = n(y; —x;). Then,
we can easily see

Px./y(z—i_ei/nvz) _Px’y(zaz+ei/n) =0- 1M(x,y,i) (Z) = _lM(x,y,i) (Z)7

for all x,y € ., with x; < ;. Plugging this into (5.3), we obtain

(5.4) Fi(z) =Y a@xy)n(yj—x) gy (2)-

Yay€ln
X;<yi
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In particular let us consider the collection A, = {{w,w+V(w)/n},w € %}
where V : .7, — Z4\ {0}, V(z) = (Vi(2),--,Va(z)), is a given map of bounded
range L, that is
(5.5) L=L(V) = max sup |Vi(z)| < oo

i=1 €5,
and we set
a(Yw,w—i—V(w)/n) =: OC(W)'
Note that there is no ambiguity for this notation because by definition of A,, for
each w € .}, we can naturally choose one element of I, in this case.

For fixed z € ., and i = 1,...,d, let N"(z,i) = {w € %, : Vi(w) > 0,wy +
Vilw)/n =z, forall k < i,w; < z; <w;+Vi(w)/n—1/n,wpy = zp, forall k' > i}
and N~ (z,i) = {w € .7, : Vi(w) < O,wy = z, forall k < i,w; +Vi(w)/n < z; <
wi — 1/n,wp + V(W) /n = zp, forall K’ > i}. Note that in view of (5.5) we see
that

(5.6)  N*(z,i),N~(2,i) C Du(z,L) = {we .7 nfalx |z —wi| < L/n.}
In particular
(5.7) 0 < #NT(z,i), 8N (z,i) < #Dn(z,L) < CLY.

The computation of F;, yields

8 FE=( ¥ amym- Y awvim).

weNT(z,i) WEN™(z,i)

Set
(5.9) F(z) = a(2)Vi(z) - Vj(2).
Then
(5.10) Fl(2) =F}(2) +R;"(2) + R} (2) + R (2),
where
(5.11) R};”(z) = Y (aw) —a@)Viw - Y (aw)—a)Vw),

WENT (z,i) WEN(z,i)

1) K'@=a@( ¥ Viw-v@)- ¥ vim-v@)),

and
(5.13) RX"(2) = a(2)Vy(2) (ttN+ (2,) — N~ (2,i) — V,-(z)) .

This simplifies greatly if the vector V (-) is a (2L/n)-piecewise constant func-
tion, that is V(x) = V(2L[5;].) for x € ., (in other words, V (-) is constant inside
each cell of (2L).7,). Let z € .#}, be such that

(5.14) Viw)=V(z),  YweDy(zL).
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Then we simply have

NT(z,i) = {Vi(z) >0} n{w = (21 +Vi(2)/n, s zio1 + Vi1 (2) /1, Wiy Zi s oo \2d)
(5.15) twi <z Swi+Vi(z)/n—1/n},
and

N~ (z,i) = {Vi(z) <O} N {w = (21, .-, 2i-1, Wi, Ziv1 + Viy1(2) /0, ..., 20 +Va(2) /n)
(5.16) cwi+Vi(2)/n <z <w;—1/n},

and thus

ﬁNJr(Z’ i) - VI(Z) ’ l{Vi(Z)>0}7 N~ (Zvi) = _Vi(z) ’ l{Vi(Z)<0}'

We see that

(5.17) RY"(z) =R}"(z) =0,

and

CIRS@=( ¥ (aw-a@)- ¥ (aw)-a@)) V().

weENT(z,i) WEN™(z,i)

)

Example 2: Fix N > 1 and 1 <[ # m < d, and for given x € ., let yﬁ,{x be a
cycle of length 8NV with range 1 (that is to nearest neighbors) that makes a regular
square with vertices

2N 2N 2N 2N

X, X — —ej,X— —e — —€mu,X— —En.
n n n n

We call such a cycle a rotational cycle of length 8N. Note that yl(\,'le)

the same points, but with a different orientation.

passes through

Let us consider the family of cycles
o={ns sxe 7)

with weights

l
a(m) = alx), xe.
As in Example 1, there is no ambiguity for this notation because by definition of
Ay, for each x € ., we can naturally choose one element of [, in this case. In this
case, P (z+ex/n,z) — P (z,z+e/n) is L if x =z +e/n, x; =z, itis — 1 if
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x=2z,x4 =2+ e /n, and 0 otherwise. Plugging this into (5.2), we have

" a(y a(y 1
Fij(z) = Z ( )(_6z+,z+,17€i)K(Z7Y)j+ Z ()5(z+,'lei)+~,ZK<Z+nei’,y>j

T £ yaﬁre':-/n 8N
= SLN{ ia(z+ 27Nem+ Sez)K(Z, ,}/I(Vl:zr,ilk)%eer%el)j -0y
— Z a(z+ Sem)K(z, Y,(vl”ﬁgem)j - im +:i a(z+ Sez)K(Z + %ez, V](\f::f%el)j it
(5.19) +:;N1 oz + 27Nez + Sem)K(Z—l- %em, }’S:ﬁ%eﬁ%em)j : 6,~m}.

By definition, we have

L m) - (1,m)
Kzt e ny e, )i = K@y )j ~ and

k k—1
e Zt+er

! (1,m) (L,m)
Kzt em Wy vavg e )i = K@ Wy o, i )i

Now we compute K(z, Yl(é’m) )jfor p € {I,m}. First, if p # j, then K(z, y(l’m) )j=

,z+£ep N,z+§ep
O unless {p, j} = {l,m}. A simple computation gives

2N
K7™, )i={2Y s+2N@N = D}¥80, i1 f1m) = Sip. iy (1.m 8N
N.z+€p

s=1

Second, if p = j, then

Kz 7™, )j=-2

o, ) s—k(2N—1)+2 ) s+(2N—k)(2N —1) =8N(N —k).
y n-p

k 2N—k
s=1 s=1

Similarly, for p,q such that {p,q} = {l,m}, we have

ER )= 4 OwapimBN® i p#
Teetteste ) T \NV k) i p=).



MARKOV CHAIN APPROXIMATIONS TO NON-SYMMETRIC DIFFUSIONS

Putting these into (5.19), we have for all z € .7, F/*(z) =0, i,j ¢ {l,m} and

ns ij

k k
F(2) NZ( z+—em+2el)+a(z+ ;e,)),

Nk k
- —NZ (e Z—l-fel—l-fem)—l-a(z-i-fem))

1 2N 2N
F[;(Z) = (OC(Z-F*el)-FOC(Z-i-fem-Ffel))N
n n n
N1 k—l—l 2N k

+ ¥ (alet e el et ) (VK

2N ON 1
Fom(2) = (a(z+ 7em)+oc(z+7e,+2em))N
ey ON  k+1

+Z(

k=1

en) — @z ) ) (N — ).

As above set
(5200 (o) = —F(2) = 4N2a(2), F() = Fp(2) = 2Na(2)
then
(5.21) Fl\(z) = F}(2) + R} (2)
where
2N

2N k k
"(z) =N emt— Ze) —2 :
2) 1; (ale+=Sen+ ) +alz+ ) —20(2))

= —NZ (Ot 7+ fe[ + ﬁem) +06(Z+ Eem) 20{(1))7
k=1

n 1 2N 2N
Ri"(2) = (O‘(Z+ Eez)—i-a(z—l— 7em+7ez)—2a(z)>N

2N—1
+ Y ( 1 1)—a(z+27Nem+§e1))(N—k),
k=1
R:i;r;(z) = (O‘(Z+ 27Nem)+06(z+ 27Nez+%em)f2a(z)>N
2N—1
- Z ( N ] em) — a(z+§em)>(N—k).

5.2 Discrete approximation

31

In this last subsection, we give a concrete approximation of non-symmetric

diffusions in divergence form.
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For a matrix a = (q; j)fl_ j=1 We denote by d the symmetric and by 4 the antisym-
metric part. Also for & € RY, let

d d
<<§,a§> = Z@'aijfj = Zéidijgj and |la| := |al|c—eo = ml?lXZ|aij|-
ij ij J

For €, M{,M, > 0 be denote by
~ | A 2 ~ ~

My(e,My.My) ={a=a+a: <§,a§> > 8<§,§> and ||a|| < My, ||a]| < My}
the set of uniformly elliptic, bounded matrices. Clearly a is symmetric if and only
if M, =0.

Given a measurable map a : R? — .#,; (e, M, M,), our goal is to find a sequence
of Markov chains that approximate the diffusion process whose divergence form is
determined by a. Thanks to Theorem 4.6, all we need is to find a sequence (I';, o)

where I, is a collection of cycles ¥',i € I in ., with weights @, (") > 0 such that
(2.2), (2.8) and (2.9) are satisfied and the corresponding Fl’]’( -) converges locally

in L'(RY) to a;;, that is, for all K compact subset of R?
(5.22) ’}ijgo\\ﬂ’}—aij\\K:’}EEO/I(\Eﬁ(x)—aij(x)\dx:O, Vi j=1,..d,

where as usual we write F}(x) = F}j([x],) forx € R¢. In Theorem 5.5, which is our
main theorem, we will prove that it is possible to find such a sequence.
Clearly, if a" : R? — .#,(g,M{,M,) is a sequence such that

(5.23) lim [|af; —a;jk =0 and  lim |F}—afjx =0,

then by the triangle inequality (5.22) holds.

Our construction will be based on a two scale procedure: we will discretize
the matrix a(-) at intermediate scale r, = [n' 8] /n, for some B € (0,1) and then
construct the corresponding chain on ., at microscopic scale 1/n.

More precisely, take B € (0,1), set r, = [n'“B)/n € (1/n)Z,, J,, = r,Z¢ C .7,
and let

O(x,ry)={ye RY:0< miin(y,~ —x) < mlax(yl~ —x;) < rn}, xel,,

be a partition of disjoint cubes of R?. For a measurable map a : R? — .#,(e, My, M,),
set

1
(5.24) al(y) = 7/ aij(2)dz) s (), yERYL
100= B (5 Jger @14) ot )

Then
a"(x) S ./fd(E,Ml,Mz), Vx € Sy,
and for every compact K C R? we have

(5.25) lim [|af; — ;| x = 0.



MARKOV CHAIN APPROXIMATIONS TO NON-SYMMETRIC DIFFUSIONS 33

Furthermore, aj; (x) is a r,-piecewise constant function, that is

(5.26) a(x) = a;?j((rn[)g], - ,rn[)%])), x=(x1,xq) € S.

As we see, r, is an “intermediate” scale and 4j; is an approximation of a;; which

is constant in each cell of J;, .
We start with a trivial observatlon let (T}, e}) and (T2, &) be two such col-
lections and consider the merged collection T, = '} UT? with weights o, (%,) =

al () if v, € T, then the corresponding F" satisfies the additive rule
1, 2,
(5.27) Fl= Fij'n "‘Fij'n‘

Also if both (I, il ) satisfy (2.2) then of course (T, o) satisfy (2.2).

This additive rule will be a very useful tool for our construction and we will
proceed iteratively. We will be dealing with the symmetric part @(x) and anti-
symmetric part d(x) separately. We will need to represent the symmetric part in

diagonalized form, that is

(5.28) ka )(EVE@)),

where vi(x) > 0 and V¥(x) € R?. Of course both coefficients vi(x) and vectors
Vk(x) are not unique. In particular one can always replace, for each k, vi(x) by
Vi(x)/o® and V¥(x) by a - V¥(x) for any o > 0. In particular using rescaling we
get a normalized diagonalized form such that

(5.29) VE@) [ = (VE(x),VE()) =1 VxeRY k=1,....d.

Usually one chooses Vi (x) = A(x) to be the eigenvalues and V*(x) the normalized
eigenvectors of the matrix @(x). However this is of course not the only choice to
represent the quadratic form in diagonalized form. Denoting by Amax(d(x)) the
largest eigenvalue of d(x), assuming the normalization (5.29) we see that

(5.30) 0 < Vi(x) < Amax(@(x)) < Vd|ja(x)|]  VxeR? k=1,....d.

This follows from the simple fact that

d
Amax (@(x)) > (Vi(x), g Vi) > vi(w),

and, for positive definite symmetric matrix a(x),
M (A(x)) = |@(x) -2 < Vd||a(x)]]-

The following iterative procedure based on the Feshbach map, cf. [BFS] shows
how to find a representation in diagonalized form, avoiding the computation of the
eigenvalues and eigenvectors of a(x).
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Take a symmetric positive definite matrix a € R?*? and set
1 t d
V=a7>0 1% :(011,012,...,a1d)€R .
11

Next define the symmetric matrix @’ € R?*?_ in terms of the quadratic form

(5.31) (E,dE)=(E,al) —v(E, V), EeR?

thatis @’ = a— vV - V'. Note that the first row and column of the matrix ' vanish:
aj;=ay, =0, i=1,..,d.

The Feshbach transform of the matrix a is a matrix Fy(a) € RE=1D*(@=1) and it is

given by
(Fa(a))i-1j-1 =aj;, 2<ij<d.

Lemma 5.1. For a symmetric positive definite matrix a € R, let Apin(a), Amax (@)
be the smallest and largest eigenvalue of a. Then

A«min (Cl) < A'min (Fd (a)) < Afmax (Fd(a)) < A'max (a)
PROOF. Let it € R be an eigenvalue of a’. Clearly y = 0 is eigenvalue. We claim
that if it 7 0 then
Amin(a) < 1 < Amax(a).
This shows the lemma. We may assume that g # A;,i = 1,...,d, where A; =
Amin(a) < A2 < ... < Ag = Amax(a) are the eigenvalues of the matrix a. Let § € R4*¢
be the orthogonal matrix such that
S-a-S=D
where D is the diagonal matrix of the eigenvalues of a and set Z = SV. Then

1
0 =det(a’ — ul) = det(S(d’ — ul)S") = det((D — ul) — a—z -7h).
11

Since 4 # A, (D — ul)~! exists and thus

F) = det— (0 L zzy=1- Ly A
= de — — _ . = _——_— — U.
ain an S hi—u
Here, the first equality is due to the following fact: for d-dimensional vectors U
and V, det(I —UV') =1 —(U,V) where UV' is a (d x d)-matrix. Note that f is
monotone decreasing on (—eo,A;) U (A4,00). Thus, if u # 0 and f(u) = 0, then
ne (kl,l[ﬂ. O

We introduce the following iterative procedure to represent a symmetric matrix
a(x) € My(e,M;,0) in diagonalized form: We define a sequence of symmetric
matrices a' (x), ...,a% (x) as follows

a'(x) = a(x)

<€7ak+l(x)§> = <§’ak(x)€> - Vk(X)<Vk(X),§>2, k= 17-'-ad_ 17
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where fork=1,...,d

Vi(x) = akl(x)’ (Vi(x))" = (0,...,0,dk, (%), ...,a5 , (x)) € RY.
kk
For example when d = 2, we simply have

Ml = s ) = (an().an)

ap(x
" (2))?
1 an(x
VZ(X) = W, VZ(X) = (0,6122()(:) — #(x))

ap(x)

By construction we have that
aj(x) =0, 1<min{i,j} <k—1,
(Fater1 (dpg () kspga)i-rjk = aif ' (%), k+1<i,j<d,
and (5.28) holds. By Lemma 5.1, we see that
Anin(@(x)) < g (x) < Amax(a(x)).
Indeed, for k = 2 we have
Amnin(@(x)) (€, &) < Amin(Fa(a@(x)))(&,&) < (&, Fy(a(x))E)
< Amax (Fa(a(x)))(&, &) < Amax(@(x))(€, &),
so take &' = (0,1,0,---,0). (k=1 is easier; simply take d(x) instead of Fy(d(x))
and put &' = (1,0,---,0).) For k > 3, we can obtain the estimate similarly by
applying Lemma 5.1 iteratively. Therefore
1
< V(x) € 7, xER™.
Ta@) = "= (@)
Next, let us introduce the set of strongly uniformly elliptic bounded symmetric
matrices:

3 ~ .
M e M) ={a=a:a;— Y |ayj| > €, i=1,..d, |a] <M},
JF
and for N € N the set of “almost” antisymmetric bounded matrices:

(5.32)

. 1
A (N M) ={azay = —aj, 1<i<j<d ai= 55 Y laylllall < M},
Ji#
The appearance of the diagonal term will be explained below.
Next for given L € N, let

d
MM = {a=a:a;=Y wVEVE i je{l,..,d},
k=1

for v > 0,V* € [-L,L]"NZ k= 1,....d, |la|]| < M},
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be the set of symmetric matrices with diagonalized form with coefficients v, > 0
and vectors V¥ integer valued.

Lemma 5.2. Let a € .#,(e,My,My) and choose L > [9v/dd*M, /€] and N > [3M, / (2¢€)),
then we can find

bV etV (N My+e/3), b® € P (LM +e/3), b €.\ ()3, MV (5¢/3))
such that
(5.33) a—b0 4@ 40,

PROOF. Set b = a — €I, and write b = b+ b where b is the symmetric part and b
the antisymmetric part of b. Set

1 N 1)
bzgj) - _bﬁi) = bij, i # ], bl(i Z;é |le|
N [

Noting that
pV <M g3
2N — e/3,

we have b(1) € /// (N,Mz +¢€/3). Next,ifa € ///f)(s,Ml) then we simply set
b@ =0, b =a—bMec.aV(e/3,M).

Otherwise, let U',...,U4 € R? and v!,...,v¢ € R, be a normalized diagonalized
form of the symmetric matrix b discussed above that satisfies (5.28), (5.29) and
(5.30):

d
ZVkUk
with
U =1, 0< Vi < Anax(B) < Amn (@) < Vdall, k=1,....d.
Let VF = [LU} /L € (L7'Z4) N [—1,1], we then have

_ 1 _
Ui =Vii <<, Vi<t

Define
d

d
= Z Vk‘_/ik ’ V]k = Z (L_zvk)(LVik) ’ (LV]k)7
k=1 k=1
and
b =a—bpV) —p® =er1 45— @ 45— p1).

Note that b3 is symmetric by construction with

b =by—b, 1<i<j<d, by =e+bi—b] b i=1,..4d.

ij ii ii
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By the triangle inequality we have

d d
ERVIES WS WAl A

k=1 j=1
where

U U= VAV < |VHUF =V |+ VHUF = VA + lUf = VA s -V <

_ 241
k_ k_ykuk —yh 3
J l l l l J J I — L — L
Thus
2 3d & 3d? Amax(b) _ 3d*VdM
6@ ) <24 ¥y, < 3 hnalB) 3EVAM: e
L= L L =3
if )
ovdd"M
This implies that
’3 ~
b = Y b = e—b} Zrbu ~bij > /3.
Ji#
Noting that [|b3)|| < e+ ||b—b@)|| +||b—b|| < 5¢/3, the above implies
b e (e/3,5¢/3), b e P (LM +¢/3),
and ends the proof.

O
In view of the additive rule, it thus suffices to find a collection of cycles I'* such
that Fl]; (-) converges locally in L' (R9) to b

l(]), foreach k=1,2,3.
Examples 1 and 2 of the previous section imply the following.
Lemma 5.3. Let M,N and L be fixed and b" : .;, — [0,M]| be such that
(5.34) lim ||p"(- +y/n) —b"||x =0, VyeZ¢, VK C R? compact

n—oo
a) Referring to Example 1, for given fixed V € |

—L,L)4N7Z4, take
I, ={Y!=(x,x+V/nx),x € .7}, withweights o,(y}) = b"(x),x € .S,
and set a* € //f) (L,M) by
ai;(x) =

V'([x]a)Vi-Vy, 1<, j<d, xeR?
Then for every K C RY compact, lim,_ ||

F—ajx =0.
b) Referring to Example 2, for fixed N and | #m € {1

sy d}, take
P p(tm)y _ b"(x)
n—{}/Nx X € S}, withweights 0, (Yy ") = AN X E S,
andseta”e///d (N,M) by
n n bn({x}ﬂ) n n n n . .
al,l(x) :am,m(x) = N l,m(x) = _am,l(x) =b ([x]ﬂ)7 aij(x) =0,i,j ¢ {lvm}v
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for x € RY. Then for every K C RY compact, lim,,_.¢ |Fj—al;llk =0

PROOF. Since V is constant, we first see that R?J?" (z) = R?J?" (z) =0, cf. (5.17). Next

using the fact that |b"(x)| <M, |V;| <L we get in view of (5.11) and (5.21) writing

Iyl = Xy vl

IR ()] < L2y ﬁn‘fvile"(ZJFY/n) V'@ <L Y, 0'(z+y/n) = 0"(2),
iyl <L

and

RY' ()] <4N® max [b"(z+y/n)=b"(2)| <4NT Y [P (z+y/n)—b"(2)].
ylvlh=an vilylr<an

Using our assumption this yields
lim R |k =0, k=1,4,
n—0 J
and implies the result. (]

Next we want to extend our result to piecewise constant vectors V. Recall the
definition of r,, = [n'~P]/n € (1/n)Z. for some B € (0,1).

Lemma 5.4. a) Let b" : ., — [—M,M] be r,-piecewise constant. Then for each
compact K C R? and fixed y € 74,

(5.35) 1) = (- +y/m) [ < 2INCKM

[n'=F]

for some Cg < oo depending on the diameter of K, where n is taken large enough
so that [n'~B) > 2||y||.

b) Referring to Example 1, let b" : %, — [0,M] and V" : %, — [—L,L]* N Z% be
ry-piecewise constant and take

L, =A{v = (x,x+V"(x)/n,x),x € S}, with weights o, (Y;) = b"(x),x € S,
and set a" € ///(52) (L,M) by
ay(x) = b" (W) Vi () - V] (1aa), 1 < j < d, xe R
Then for every K C R compact, lim,_q |Fj—af;llk =0
PROOF. a) Simply note that

Z bn lern )

x€Jy,
and therefore
167 =43/l <M E | [ Qogurn) () = Lt -+ 3/m) ]
x€J;,

Now for the interior points of Q(x,r,) such that
1QCx,rus Iyl /n) == Az € Qe ra) Iy [[1/n < min(zi —x;) < max(zi —xi) < r—[y]l1/n},
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we clearly have

lQ(x,rn)(Z) - 1Q(x,rn)(z+y/n) =0, z€I10(x,rn,|lyll1/n).
So all what remains are the boundary terms

BO(x,ru, Iyl /n) := Q(x, i) \1Q(x, 7, ||yl 1 /)

[1¥[11Cx
Z‘/lBer,,Ml/n( dZ‘< R

xelJ,

b) In view of (5.7), (5.11)—(5.12) we have

! ()] <Lttt ﬁnHa)i b (z+y/n)—b"(z)| <CLIT! 2|: 0" (z+y/n)—b"(2)],
yiylh <L

with

IR} (2)| < cmLe ﬁaiLlV"(Zﬂ/H) Vi@ <eML! Y |Vi(z+y/n)=V] (),
yilvl vl <L

and a) shows that ||R ||k and ||R2’" llx — 0asn— co. Next note that (5.17) implies

RY"(2) = 0if 2 € Uyey, 1Q(x, 7, L/n) (2)] < CMLAH if

2 € Urey, BO(x, 1y, L/n). As in a) this shows ||R?j"||K — 0 as n — oo, O

With these preparations we can easily construct our approximation. Consider
the r,-piecewise approximation a, of the matrix a, cf. (5.24) and (5.26), set

b'(x)=ad"(x)—¢€l, xe.7,.

Denote by 5"(x) and 5" (x) the symmetric and antisymmetric part of 5" (x). Choose
L=[9Vdd*M, /€] +1,N = [3M,/(2¢)] + 1, and define ()" (x) as in Lemma 5.2,

that is
a"(x) = b7 (x) + ()+b(3)"()
where b1 (x )e,///( (N, M )b( >"(x)6//z (¢/3,M), and

ZA" Vi (x) € A (LM).

Here we set M := (M, +8/3) (M>+¢€/3)V5¢/3.
Note that by construction, (1), h(3)7, Al and VK" are bounded and r,-piecewise

constant, so by Lemma 5.4 a), for all compact K C R4 and fixed yE 74,
(5.36)

;e D < DINCEM 3y @y It
Hb"j (.—'—y/n)_bij HKSW? Hbij ('+y/”)_bij HKS[n]i_ﬁ];
CkL
(5.37) IVE" (- +y/n) = Vi"|lx < m’
[n'=P]
CxkM
(5-38) AL +y/n) = Al < Iyl Cxm

1)
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For b()"(x) € //{( )(N M) consider (I'() a) as follows

= (W), JUD 1 <i<j<dxe £}

with weights

1 g AN 1 s — AN —
() (b @) @) () B @)” (@)
Wa )= e T N 0 e T TN T T
where a* :=max{a,0} and a~ = max{(—a),0} for a € R. Then, in view of (5.36),
(1).n
ij

the additive rule and Lemma 5.3 b), we see that the corresponding F;

satisfies
lim || £ — b |k = 0.

Next consider (I®", o) of the form
= {¥" = (x,x+V*"(x) /n,x), with weights o"(Y") = A (x), k=1,....d, x€.%,},

then in view of (5.37) and (5.38), Lemma 5.4 b) and the additive rule, we see that

2),n

the corresponding FiE- satisfies

lim [|F" = B = 0.
Finally for
b3 (x) = a" (x) — b (x) — B (x) € D (e/3,M),
take (I®”, o) of the form
"= {7 (x) = (x,x+ei/nEe;/nx), 1 <i< j<d, Y (x) = (x,x+e;/nx),x €Sy}
with weights
" (T () = (0" (), @ () = (6" ()

n 3),n 3),n
o (7 (@) =" (x) = X 6" @) = /3, x€
jii
We call ¥ (x) a nearest neighbor cycle and ){;i (x) a diagonal cycle.
Then using (5.36), the additive rule and the Lemma 5.3 a), we see that the cor-

)

responding F;;" satisfies

. 3), (3),
r}glgoHFij)n_bij)n’K:

Putting things together we have the following.

Theorem 5.5. For any measurable map a : R — #;(e,My,M>), we can find a
sequence (I'y, o) that satisfies (2.2) in Assumption 2.1 and (2.8), (2.9) in Assump-
tion 2.3, such that the corresponding F/j(x) converges to a;;(x) locally in L'(RY).
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Furthermore, writing T'y = {¥,,i € I}, each cycle ¥, , is either a two cycle or a
rotational cycle that satisfies

O (Vi) < max(My,My), (1) < max(2,8([3M,/(2¢)]+ 1)),
Range(1,;) < max(2,[9Vdd’M, /] +1)/n, Vi,n,
and (2.8) is satisfied with N =1 and 6 = €/3.

Note that o,(%;,,) > 0 in the above construction. However, by neglecting cycles
with @, (7.,,) = 0, we may say that weights of cycles in I', are all positive.

Remark 5.6. (i) Our construction is very explicit. For example, when approxi-
mating a symmetric diffusion matrix in [SZ], they have additional procedure of
smoothing the matrix by convolution, whereas we can avoid this procedure. We
think that our construction is practical in that it is useful when simulating diffu-
sions in divergence form.
(i) As we have seen, once the lattice approximation of the symmetric part is com-
puted, the antisymmetric part can be easily dealt with rotational cycles which are
just translates of a fixed cycle. In case of a strongly uniformly elliptic bounded
symmetric matrix d(x), we do not need to bring the matrix in diagonalized form
and we can restrict ourselves to nearest neighbor and diagonal cycles. Otherwise,
in view of the Feshbach map, we can avoid the computation of eigenvalues and
eigenvectors.

(iii) Although we do not investigate the convergence speed of our approxima-
tion it is very natural to take B = 1/2, since for “nice” a(x) we expect

la}; —aijllx = O(nP),

whereas
@i —ai; (- +y/n)llxk = O(n~"F).
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