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Abstract

In this paper, we discuss necessary and sufficient conditions on jumping kernels for a class
of jump-type Markov processes on metric measure spaces to have scale-invariant finite range
parabolic Harnack inequality.
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1 Introduction and setup

The purpose of this paper is to investigate the relationships among the scale-invariant finite range
parabolic Harnack inequality, short time heat kernel estimates and conditions on jumping kernels
for a class of symmetric jump-type Markov process. It can be regarded as a complement to two
recent papers [CK2, CKK].

A now well-known fundamental result on diffusions is that a scale-invariant parabolic Harnack
inequality is equivalent to Gaussian upper and lower bounds on the heat kernel. But unlike the case
of diffusion processes, such equivalent relation is not true for general jump-type Markov process.
Very recently in [BBK], the above types of relations have been discussed for the random walk
case. This paper is motivated by [BBK] and [CKK]. In [CKK], we established sharp two-sided
heat kernel estimate for finite range a-stable-like processes and derived a scale-invariant parabolic
Harnack principle for them. Unlike in [BBK] and [CK1], a finite range (i.e. truncated) a-stable-like
process does not have the polynomial bounds on the heat kernel for large ¢t. It has the polynomial
bounds on the heat kernel only for small ¢t and small | — y|. Therefore a natural question arises.
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Question 1.1 Suppose Y is a pure jump symmetric Markov process. What is the necessary and
sufficient conditions on jumping kernel J(x,y) for Y to have a scale-invariant parabolic Harnack
inequality in finite range (that is, for x,y with bounded distance)?

In this paper, we would like to answer the above question for a class of jump-type Markov
processes on metric measure spaces.

The approach of this paper is adapted from those of [CK1, CK2]. However, due to the mild
assumption on jumping kernel J(z,y) for z,y with large distance, a quite amount of refinement is
required and there are also new challenges to overcome. We hope our paper will motivate more
research in this direction.

In the following, if f and g are two functions defined on a set D, f =< g means that there exists
¢ > 0 such that ¢! f(z) < g(z) < cf(x) for all x € D.

Let (F,p, ) be a locally compact separable metric space with metric p and a Radon measure
w having full support on F. We assume u(F') = oo throughout this paper. Assume further that
there is a metric space G D F, and p(-,-) can be extended to be a metric on G with dilation for F,
i.e. there is a constant ¢; > 1 such that for every xz,y € F and § > 0, 6 'z,0 !y € G with

;0 p(z,y) < p(0 e, 07 y) < erdp(,y). (1.1)

Clearly the above condition is satisfied if F© C R™ as we can take G to be R". See [HK] for a
non-Euclidean example of F' satisfying the above condition.

We assume that there exists a strictly increasing function V' : Ry — Ry such that V(0) = 0
and there exist constants ¢y > ¢y > 0 and d > dy > 0 such that

R\d _ V(R) Ryd
)< < 2 _
01<T) SV S CQ(T) for every 0 <r < R < o0 (1.2)
and
aV(r) < u(B(z,r)) < e V(r) for every x € F and r > 0. (1.3)

Let ¢ be a strictly increasing continuous function ¢ : Ry — Ry with ¢(0) = 0, ¢(1) = 1 and
satisfies the following: there exist constants co > ¢ > 0, ¢3 > 0, and B2 > 1 > 0 such that

1 (?)ﬁl < i((]j)) < ¢ (?)ﬁQ for every 0 <r < R < 00, (1.4)
/Tids < ¢ T—Q for every r > 0 (1.5)
o 9 S o0 S |

Remark 1.1 Note that conditions (1.2)-(1.4) are equivalent to the existence of constants ¢4, c5 > 1
and Ly > 1 such that for every r > 0,

ca(r) < ¢(Lor) < es¢(r) and ¢V (r) <V(Lor) < 5 V(r).



Denote the diagonal set {(z,x); x € F} by d. Let k > 0 and J be a symmetric measurable
function on F' x F'\ d such that J(2,y)1{(y):p(x,y)>x} 18 bounded and for all (z,y) € F' x F'\d

J(z,y)p(dy) < oo,

(1.6)
The constant x in (1.6) plays no special role, so for convenience we will simply take x = 1 for the

1
for p(x,y) <k and sup

T = e oot ) =T

rest of this paper.
For v € L?(F, j1), define

and for 3 > 0,
E5(u) = Exlu,u) = E(uyu) + B /F w(w)2u(dz).

Let C.(F') denote the space of continuous functions with compact support in F', equipped with the
uniform topology. Define

D(E) := {f € CL(F) : £(f) < oo}, (1.8)

Using [CK2, Lemma 2.1 (1)] and our (1.6), one can follow the proof of [CK2, Proposition 2.2] and
check that (£, F) is a regular Dirichlet form on L?(F,p), where F := W&. So there is a Hunt
process Y associated with it on F, starting from quasi-every point in F' (see [FOT]). Function
J(x,y) is the jumping intensity kernel for Y and it determines a Lévy system of Y, which describes
the jumps of the process Y: for any non-negative measurable function f on Ry x FF x F, z € F
and stopping time 7" (with respect to the filtration of V'),

B | S sy =B [ [ ([ v mian) o] (19)

s<T
When J(z,y) =0 for p(z,y) > 1, we call Y a finite range jump process.

Theorem 1.2 The process Y is conservative; that is, Y has infinite lifetime Py-a.s. for q.e. x € F.

Proof. Note that under condition (1.6), sup,cp [(1Ap(z,y)*)J (2, y)u(dy) < co. For every A > 0,
using Fubini’s theorem and assumptions (1.2)-(1.3), we have

/F e~ M@:0) )y (dy) = /O Ooe”\’"d(u(B(:vo,T)):A /O oou(B(:vo,r))e*” dr

[o¢]
< cA(l—i—/ rde_)‘rdr> < 0.
1

It now follows from [MU, Theorem 3.1] that Y is conservative. O



Remark 1.3 (i) In [CK2], the following condition is assumed as condition (1.1) there. For z € F
and r > 0, let B(x,r) denote the open ball centered at = with radius r. We assume that there
is a point xg € F, a constant « € (0, 1], and an increasing sequence r, — oo so that for every
n>1,0<r<1,and x € B(xzg,7y),

there is some ball B(y, kr) C B(z,r) N B(xg, ). (1.10)

This condition is only used in [CK2] for the proof of conservativeness of Y in [CK2, Theorem
4.7]. So in view of above Theorem 1.2, condition [CK2, (1.1)] can be dropped from [CK2].

(ii) There is a gap in the proof of [CK2, Lemma 6.1] for the case of yo > 71 > 0. An extra
condition on J is needed to ensure the comparability on line 17 of [CK2, p.312] to be valid.
Clearly, in the notion of [CK2] where

. < J(x,y) < c
cVip(z,y)o1(p(z,y))(Cip(z,y)) Vip(z,y)o1(p(x,y))(Cop(x,y))

for p(x,y) > 1 and some positive constants ¢, Cq,Cy with ¢; satisfying the conditions (1.2)-

(1.4) for ¢, if we assume
Ci=Cy and 9YP(r+1)<cy(r) foreveryr>1, (1.11)

then comparability and hence Lemma 6.1 of [CK2] hold true. Obviously the second condition
in (1.11) is satisfied if ¢» = 1 or ¢(r) = €7 for some constant v > 0. A condition such as
(1.11) should have been imposed on the jumping kernel for the main results in [CK2]| for the
case of y2 > 1 > 0 such as heat kernel estimates [CK2, Theorem 1.2] and the scale-invariant
parabolic Harnack inequality [CK2, Theorem 4.12]. The jumping kernel of any relativistic
a-stable process on R? satisfies the condition (1.11) (see [CK2, Example 2.4]) so all the results
in [CK2] are applicable to relativistic a-stable processes on R?. This paper is motivated by
finding the most general condition of J(z,y) for p(z,y) > 1 (that is, on 9 in setting of [CK2])
under which the scale-invariant parabolic Harnack inequality in finite range and the short
time heat kernel estimates established in [CK2| remain true.

In section 3 we will show the Holder continuity of transition density function of Y so that the
process can be refined to start from every point in F. We say UJS holds (see [BBK]) if for a.e.
z,y € F,

J(z,y) < / J(z,y)u(dz) whenever r < %p(a:,y). (UJs)
B(z,r)

V(r)

For R > 0, we say UJS<p holds if the above holds for a.e. z,y € F and r < @ A R, where the
constant ¢ may depend on R. It is easy to check that finite range jump process satisfies UJS <.
Clearly, under condition (1.11), the jumping kernel J(x,y) of [CK2, (1.9) and (1.12)] satisfies UJS.
We would like to emphasize that UJS is a quite weak condition, especially in R™. For example, if a
jumping kernel J(z,y) < j(|z—y|) for some decreasing function j, then by an elementary geometry,
one can see easily that for r < |z —y|,

/B IR / iz — yl)dz = a™(lz — yl),

B(z,r)"{lz—y|<|z—y[}
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for some positive constant ¢ independent of r. Thus UJS hold for such case. Under some mild
geometric condition on the state space, the above argument works for metric measure spaces.

Let Zs := (Vs,Ys) be a space-time process where Vs = Vj — s. The filtration generated by Z
satisfying the usual condition will be denoted as {fs; s > 0}. The law of the space-time process
5+ Zg starting from (t, z) will be denoted as P(4%), For every open subset D of [0,00) x F, define
mp =inf{s >0: Zs ¢ D}.

We say that a non-negative Borel measurable function u(t,z) on [0,00) x F' is parabolic (or
caloric) on D = (a,b) x B(zg,r) for Y if there is a properly exceptional set N, of Y so that
for every relatively compact open subset D; of D, u(t,x) = E(t’“:)[u(Z.,Dl)] for every (t,x) €
DN ([0,00) x F\Ny). Here a set N C F is called properly exceptional with respect to the process
Y if u(N) =0 and

P* ({Y;,Yi—} C F\N forevery t >0) =1 for z € FF\ N.

It is well-known (see [FOT]) that every exceptional set is E-polar and every £-polar set is contained
in a properly exceptional set. Later we will show in Theorem 3.1 below that every bounded parabolic
function is (locally) Holder continuous and so the properly exceptional set N can be dropped.

We say the (scale-invariant) parabolic Harnack inequality PHI(¢)<g, holds for Y if the fol-
lowing is true; For every 6 € (0,1), there exists ¢ = ¢(¢,d, R1) > 0 such that for every zy €
F, to > 0, R < R; and every non-negative function u on [0,00) x F' that is parabolic on
(to,to + 66p(R)) x B(xo,4R),

sup  u(ty,yr) <c inf ou(te,y2), (PHI(¢)<r,)
(t1,y1)€Q- (t2,92)€Q+
where Q_ = (tg+ 0p(R),to + 20¢(R)) x B(xg, R) and Q4+ = (to + 30p(R), to +40¢(R)) x B(xg, R).
Note that we do not assume a priori that the parabolic function u > 0 is bounded on (tq,to +
600(r)) x B(z,4R).
The purpose of this paper is to give the necessary and sufficient condition for PHI(¢) <p, to
hold.

Theorem 1.4 Suppose that the jumping kernel is continuous and satisfies (1.6). Then PHI(¢) <g,
is equivalent to UJS<pg, .

Remark 1.5 If J(z,y) <

m on F' x F, it is shown in [CK2, Theorem 4.12] (the case

of 11 = 72 = 0) that a global version of scale-invariant parabolic Harnack inequality PHI(¢) holds
in the sense that PHI(¢)<p, holds for every R; > 0 with constant ¢ = ¢(¢,d) > 0 independent of
Ry > 0.

In Section 4, we show that if J(z,y) is continuous on F' x F'\ d, then condition UJS<p is
necessary for PHI(¢)<pr to hold. In Section 5, we show PHI(¢)<g holds for every R > 0 if
UJS<p, is satisfied for some R; > 0. We also show that if the jumping kernel satisfies (1.6) then
bounded parabolic functions are (locally) Holder continuous. An interesting fact is that UJS<p,
is not needed for the Hélder continuity of bounded parabolic functions of X (see Theorem 3.1).



Notations. Throughout this paper, for a,b € R, a A b := min{a,b} and a V b := max{a,b}. A
statement that is said to be hold quasi-everywhere (q.e. in abbreviation) on a set A C F' if there
is an E-polar set N such that the statement holds for every point in A \ NV. For a process {Y;}i>0
on Fand A C F (resp. on [0,00) x F and A C [0,00) X F'), let

TA=7AY):=inf{t >0: YV, ¢ A}, ca=04(Y):=inf{t >0:Y, € A}.

Given a jumping intensity kernel J(z,y), define Jy(x) := [ J(z,y V() > 13 14(dY).

2 A priori estimates on heat kernels and exit times

We first recall the following inequalities from [CK2, Lemma 2.1].

Lemma 2.1 There exists positive constant ¢ such that for all r > 0,

sup

1
neF /B(n, Vi(p(n,€))o(p(n,€))

We need two auxiliary symmetric jump-type processes X and Z; their associated Dirichlet forms

p(ds) <

are all of the type (1.7) but with jumping kernels Jx and Jz, respectively. These jumping kernels
are defined as follows:

Ix(@,y) = J(2,9) pay)<1) (2.1)
and
J(z,y) for p(z,y) < 1;
e { I f 1 (2.2)
VeEeeEyy orplzy) > 1

Let £X and £ denote the Dirichlet form of X and Z on L2(F;u), respectively. Process Z is
studied in [CK2]. By Theorem 1.2 and [CK2, Theorem 1.2] (for the case of y1 = v =0), Z is a
conservative process, has jointly continuous transition density function po(t,z,y) and so it can be
refined to start from every point in X. Since X can be constructed from Z by removing jumps of
size larger than 1, X can be refined to start from every point in F' and has infinite lifetime (see
Remark 3.5 of [BBCK]). On the other hand, Y can be constructed from X by adding jumps of size
larger than 1 according to J(7,y)1{,(z,y)>1}> Which can occur at most finite many times in any finite
time interval in view of the second condition in (1.6) (see Remark 3.4 of [BBCK]). Consequently,
Y can be refined to start from every point in F' and has infinite lifetime.
It is easy to see that there is a constant ¢ > 1 such that for every v € F,

c1E (u,u) < E1(u,u) < cEF(u,u) and ¢ LEE (u,u) < EX(u,u) < cEF (u,u).

This implies in particular that they share the same class of capacity zero sets and the same quasi
notions such as quasi-continuity (cf. [FOT]). Moreover, by Theorem 3.1 of [CK2], there is a
constant ¢; > 0 such that

0(]|u)|3) < ¢; min {Ef((u,u), E(u,u)}  for every u € F,



where 0(r) = W and V! is the inverse function of » + V(r). Observe that (£1,F)
and (é’f(,]: ) are the Dirichlet forms of the 1-subprocesses of Y and X, respectively. We have by
[BBCK, Theorem 3.1] in the same way as that for [CK2, Theorem 3.2] that there are properly
exceptional sets Nx of X and N of Y with Nx C N, positive symmetric kernels px (¢, z,y) defined
on (0,00) X (F\ Nx) x (F\Nx) and p(t,z,y) on (0,00) x (F\N) x (F\ N) such that px(t,z,y)
and p(t,z,y) are the transition density functions of X (starting from x € F\ Nx) and Y (starting
from x € F\ N), respectively, with respect to the measure p on F, for each y € F \ Nx and
t >0, z+— px(t,r,y) is EX-quasi-continuous, and for each y € F\ N and t > 0, z — p(t,z,y) is
E-quasi-continuous. Moreover,

(6] €t

t <2 f F dt>0
px(t,z,y) < Vo) lorevery .y € \ Nx an

and

(6] €t

V(e~'(t))

Here ¢~ 1(r) denotes the inverse function of r — ¢(r). It is easy to see by the Chapman-Kolmogrov

p(t,z,y) < for every z,y € F\ N and t > 0.

equation and the above upper bound estimate on p(¢, z,y) that for each y € F\N, (t,x) — p(t, z,y)
is a parabolic function of Y on (0,00) x F'.

Proposition 2.2 (i) For each T > 0, there exists c; = c1(T) > 0 such that

1 t
px(t,z,y) < o <V(<b—1(t)) " V(p(x,y))¢(f)(x7y))>

for allt € (0,T] and x,y € F\ Nx.
(ii) There exist 0 < Ry <1 and ca > 0 such that

. < 1 A t
2\V(e (1) " Vip(z,y))o(p(z,))

for allt € (0,T1] and z,y € F\ Nx with p(z,y) € [0, Ry] where T := ¢(Ry).

) < px(t,@,y)

Proof. Let po(t,z,y) be the transition density function of the symmetric jump-type Markov
process Z on F. Since X can be constructed from Z by removing jumps of size larger than 1 via
Meyer’s construction, by [BBCK, Lemma 3.6] and [BGK, Lemma 3.1(c)] we have for every ¢ > 0
and z,y € F'\ Ny,

px(ta,y) < elWilepot,z,y) and po(t,z,y) < px(t,a,y) +t]J1]oo

where

D) = oo ol T ()= [ D)




Applying the estimates on po(t, z,y) in [CK2, Theorem 1.2] (for the case y1 = 72 = 0) to the above
two inequalities, we have

o) < et (1 t
px(t,z,y) < a (V(¢—1(t)) " V(p(:v,y))ﬁb(p(%y))) 23)

and
1 1 t

— A

¢l <V(¢1(t)) V(p(z,y)o(p(z,y))
Now (i) follows immediately from (2.3). Since V and ¢ are strictly increasing functions, there exists
0 < Ry < 1 such that

) il < px(t 3y, (2.4)

2 Vo 1) < am—t\lﬁllw if t < P(Ry)
and 1 / 1 /
_— < — t|J1]|co if ,Y) < Ry.
201 Vol )o@ y) = o Vol apwy)) 17l ol y) < B
Thus we get (ii) from (2.4) and the above two inequalities. O

For every open subset D C F, we denote by X the subprocess of X killed upon leaving D.
Recall that Ny is the properly exceptional set of X in the paragraph proceeding Proposition 2.2.
Then X P has a transition density function p{ (t,z,y) defined on (0,00) x (F\ Nx) x (F'\ Nx); in
fact by Dynkin-Hunt formula, which is a consequence of the strong Markov property of X,

p)’i'(tv €, y) = pX(tv €, y) - Ex[l{TD(X)St}p(ij - TD(X)7 XTD (X)>» y)] (2'5)

Proposition 2.3 For every ¢; € (0,1), 0 < ¢a < ¢3 < 00, there is a constant ¢y > 0 such that for
every xg € F and r < Ry,

o) for z,y € B(zo,c1r) \ Nx and t € [e2¢(r), c3(r)].  (2.6)

B
bx t,x,y) > cq W
Proof. Let k := c2/(2¢3) and B, := B(xg,r). We first show that there is a constant ¢5 € (0,1)
so that (2.6) holds for every r < Ry, x,y € B(zg,c17) \ Nx and t € [ke50(r), c56(r)]. For r < R,
and t € [kesd(r), eso(r)], and 2,y € B(wg, c17), we have p(x,y) < 2c1r < 2¢167H((kes)1t). So,

by (1.2)-(1.4),
V(2c19™ ! ((res) 1)) (2c10 ™ ((res) ~'t)) < Clres) ™'tV (¢~ ((res) ')

where C' = C(c1) is independent of ¢5. Thus by (2.5) and Proposition 2.2, we have for z,y €
B(zg,c17) \ Nx

B, KC5Cgq
px (t iz, y) >

— V(o ((kes) 1))

—C7Ew

1 t—75,(X)
Riaaed <v<¢—1<t —5,(X)) " v<p<XTBT<X),y>>¢<p<XTBT<X),y>>)] - 2D



where constants cg, ¢7 are independent of ¢5 € (0,1]. Observe that

p(XTBr(X)7y) > (1 - 01)7‘, t— TBT(X) sts C5¢)(T)

and so
t— 7B, (X) t
V(p(Xrg, ) ¥)P(p(Xry (x):Y)) V(1 —=c)r)((1 —ci)r)
t

IN

= V(A —a)é () a0 —eng (o) )
By (1.2)-(1.4), from the above inequality we get

t—TBT(X) C5

< Cy . (2.8)
Vip(Xrp, (x),¥))0(p(Xrp, (X)) Ve~ ((c5)711))
where Cy = Cy(cy1) is independent of ¢5. Note that by Proposition 2.2 (i) and Lemma 2.1,
P, (X0 ¢ Bla, (1 - e)r/2) = | plt, . )p(dy)
B(z,(1—c1)r/2)c
< / ! u(dz) < ¢ !
>~ C7 < cg .
B(z,(1—c1)r/2)° V(p(:v,y))d>(p(:v,y)) ¢(T)
Here the conservativeness of X is used in the first equality. Thus, for ¢t < ¢5¢(r) we have
P, (X¢ ¢ B(z,(1 —c1)r/2)) < cscs
where cg is independent of cj.
Now applying [BBCK, Lemma 3.8|, we have
P, (TB(x,(lfcl)r) (X) <t) < 2cg0s. (2.9)

Consequently, we have from (2.7), (2.8) and (2.9)

B, KC5Ce B c5c7Ch .
P E) 2 VG (ke ) V(o (e Ty ) =D

V(1 ((kes) 1)) 1
= % ( BB (T ((e5)18)) ) V(¢ 1((res) 1)

By (1.4), there exists ¢, > 0 independent of ¢5 such that

V6~ ((ses) 1) _
V(e () 1)~

Now we choose c¢5 small and apply (1.2)-(1.4) so that pf}’“(t,x,y) > ¢
(2.6) for any xo € F, r < Ry and t € [kcs0(1), c50(r)].

Now for r < Ry and t € [ca¢)(r), c3p(r)], define kg = [c3/c5] + 1. Here for a > 1, [a] denotes the
largest integer that does not exceed a. As the previous argument works when c5 is small, without

V(¢_11 Ok This establishes



loss of generality we may assume that ¢5 < c3. So t/kg € [kcs0(r), c5¢(r)]. Using semigroup ko
times, we conclude that for x,y € B(zg,c17) \ Nx and t € [ca(r), c30(r)],

@)t 2, )

pB

X

= [ R R w) RO 4wy () )
B(zo,r) B(zo,r)

> / / pi(xo’r)(t/ko,x,wl)...
B(wo,¢~ 1 (t/(csko))) B(wo,¢~(t/(c5ko)))
.pi(xo’r) (t/ko, Wiy—1, y)p(dw) . .. pu(dwgy—1)
v (V@ @/ (esh)\™ ™ 1 L
- ( V(1) ) Ve ®) = VeTm)
where the last inequality we have used (1.2)-(1.4). The proof of (2.6) is now completed. 0

For every open subset D C F, we denote by Y the subprocess of Y killed upon leaving
D. Recall that A is the properly exceptional set of Y in the paragraph proceeding Proposition
2.2. Similarly to the case of X”, YP has a transition density function p”(¢,z,y) defined on

(0,00) X (F\N) x (F\N).

Theorem 2.4 (i) There are constants R, € (0,1) and ¢ > 1 such that for every t < ¢(R,) and
z,y € F\N with p(x,y) < Ry

1 t
plt:%Y) < ¢ <v<¢—1<t>> " v<p<x,y>>¢<p<z,y>>> (2.10)

and

_1 1 t
plloy) 2 e (vwl(t)) : v<p<x,y>>¢><p<x,y>>> (211)

(ii) Moreover, for every ¢ € (0,1), co,c3 > 0, there is a constant ¢y > 0 such that for every
xg € F and r < R,,

for x,y € B(xg,c1r) \N and t € [cag(r), c3é(r)]. (2.12)

Proof. Recall that px(¢,x,y) is the transition density function of finite range process X on F.
Since X can be constructed from Y by removing jumps of size larger than 1 via Meyer’s construction,
as in the proof of Proposition 2.2, we have for z,y € F\ N,

eit”jh”oopX(tvxay) < p(t,x,y) and p(t,ﬂ?,y) < pX(tvxay) +t||J2||OO
where

JQ(J:‘,y) = J(xvy)l{p(w,y)>1} and \7J2(x) ::/FJg(x,y)u(dy).

10



Applying Proposition 2.2 to the above two inequalities, we have

1 t
p(t,z,y) < 1 <V(¢_1(t)) A V(p(x,y))¢(p(x,y))>+tHJ2H°O forallt <1, z,y € F\N (2.13)
and
. L —t175, 1 t
plhay) 2 o (vomm " vommne) (214

for every t < ¢(R;1) and z,y € F\ N with p(z,y) < R;. Now (2.11) follows immediately from
(2.14). Since V and ¢ are strictly increasing functions, there exists 0 < R, < 1 such that

1 1 ‘
gy el < 2apETgy < elR

and

c1 + t]| J2]loo < 2¢1 if p(z,y) < R.,

t
Vip(z,9))o(p(z,y))
we get (2.10) from (2.13).

(ii) follows from our Proposition 2.3 and [BBCK, (3.18) in Lemma 3.6]. In fact, for z,y €
B(xo,c1r) \ N and t € [c26(r), c30)(r)],

Vip(x,y))d(p(z,y))

L
V(e~'(t)

pB(xO’r)(t,:U,y) > e*tHJJgHoopf;(ﬂ?Oﬂ’) (t,z,y) > 6752¢(R*)”~7J2”oop)‘iv(‘ro’r)(t’x’y) > ¢y
O

Using Proposition 2.2(i) and [BBCK, (3.18) in Lemma 3.6], we have the following exit time
estimate.

Lemma 2.5 There exists v € (0,1) such that for every x € F\N and 0 <r <1,

P (rheryy (V) < 79(r)) < 1— e 101 (215)

Proof. Recall that X is finite range process on F' and that px(¢,z,y) is its transition density
function. As in (2.9), there exists v € (0,1) such that for every z € F\ N and 0 < r < 1.
P?(Tp(g,r/2)(X) > vé(r)) > 1/2. Applying [BBCK, (3.18) in Lemma 3.6], we have that for every
re F\Nand 0 <r <1.

]P)x(TB(:B,T/Q)(Y) > ’yqﬁ(r)) > e_w)(T)HJJ||OQ]P)$(TB(:B,T/2) (X) > 'Y(Zs(r)) > %e_”jJ”OO'

Recall that Z; = (V;, Ys) is a space-time process where Vi = 1y — s. Let
QH(t,8,x,7) := [t — 56(r), ] x B(z,r).

Also, for each A C [0,00) X F, denote As :={y € F: (s,y) € A}.
Define U(t,z,r) = {t} x B(x,r). We can prove the following lemma in a similar way as those
for [CK2, Lemmas 6.2 and Corollary 6.3].
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Lemma 2.6 (i) There exists Cy > 0 such that for
everyx € F\N, r € (0,1], 6 € (0,7], t > d¢(r), and any compact subset A C Q*(t,d,x,r),

m ® pu(A)
V(r)e(r)’

where T, = TQl( 5.4, and M@ p is a product of the Lebesgue measure m on Ry and p on F.

]P’(t’x)(O'A < 1) >0y

(ii) For every 0 < 6 < =, there exists C3 > 0 such that for every R € (0,R./2], r € (0,R/2],
zg € F and (t',x),(t,z) € [t — 30¢(R),t] x B(xo, R) witht' <t —0¢(R)/2 and z ¢ N,

V(r)e(r)
o) (o > o, L\relr) 2.1
(00 ) < Tit-300(8) 4} x B(zo2B)) 2 Gy (R)o(R) 210

Proof. Using Lemma 2.5, the proof of (i) is the same as that of [CK2, Lemmas 6.2].
For (ii), we can prove in the same way as that of [CK2, Corollary 6.3], but here we give an
alternative proof. Note that B(z,r) C B(z,3R/2). The left hand side of (2.16) is equal to

]PZ (Xi(zo’QR) € B(l‘,?")) = / pB(:CO’QR) (t - tlu Zvy)dyv
B(z,r)
which, by (2.12) and Remark 1.1, is greater than or equal to
1 V(r)
Vie—Tr 3 = ©via=1
Vip=i(t =) V(e~1(06(R)/2))

where c¢3 depend on J. O

V(r)
V(R)

> C3

Y
&

ClN(B(x? T))

3 Holder continuity of parabolic functions

In this section, using heat kernel estimates established in the previous section, we show that bounded
parabolic functions are Holder continuous. Recall that R, is the constant in Theorem 2.4.

Theorem 3.1 Suppose the jumping kernel J satisfies (1.6). Then there are constants ¢ = ¢(R) >
0 and k = K(Ry) > 0 such that for every 0 < R < R, and for every function h that is bounded and
parabolic in (0, p(2R)) x B(zo,2R),

[A(s,z) = h(t,y)| < c|[hlloo,p BT (67 (|t = sI) + p(w, )" (3.1)

holds for (s,x), (t,y) € (0,$(2R)) x (B(wo,2R) \ Ny), where ||h]loc,r 1= sUD(ty)ef0, p(2r) x F [P(L, Y)|
and Ny, is the properly exceptional set of Y in the definition of the parabolic function h. In partic-
ular, for the transition density function p(t,x,y) of Y and any ty € (0, ¢(Rx)), there are constants
¢ = c(tg) > 0 and k > 0 such that for any t, s € [to, 1] and (z;,y;) € (F\N)x (F\N) withi =1,2,

Ip(s,z1,y1) — p(t, w2, y2)| < V(¢*1(t0)c)¢*1(t0)” (@7 ' (1t = sI) + pla1, x2) + ply1,2))" - (3.2)

12



Proof. By enlarge N, if needed, we may and do assume that N, D N, where A is the properly
exceptional set of Y in the paragraph proceeding Proposition 2.2. As before, let Z, = (V,Ys)
be the space-time process of Y, where Vy = Vj — s. Without loss of generality, assume that
0 < h(z) <|Alloo,r =1 for z € [0, p(2R)] x F. Let

Q(t,z,r) == [t —vp(r),t] x B(z,r).

By Lemma 2.6(i) there is a constant 0 < ¢; < 1 such that if z € F\N, 0 <7 <1, ¢t > v¢(r) and

A C Q(t,z,r) with % > 1/3, then

p(t2) (0a <) >0, (3.3)

where 7. 1= Tg( ). By Lévy system formula (1.9) with f(s,y,2) = 1p@r) (V) 1p\B(z,s) () and
T = 7., there is a constant co > 0 such that if s > 2r,

PE2)(Y,, ¢ B(x,s)) = EG®) [/ T/ J (Yo, y) p(dy) d”]
0 F\B(z,s)

Observe that for 0 < 2r < s < 1/2, by condition (1.6) and Lemma 2.1,

TB(I,’I‘)/\('Y(z)(T))
/ /  JYauy)uldy)du
0 F\B(z,s)
TB(I,T)/\('Y(z)(T))
E” / / I (Y y)pa(dy) + / (Y y)u(dy) | du
0 (2,1)\B(z,s) F\B(Yuy,1/2)
z'r)/\ "/¢(T) 1 (d ) d
+ c U
/o /BW\B w V(@ )elp,9)

E (x,r) /\ "/¢(T) >
< cE*
<= (@

EI

IA

IA

cE*

o(r)

< E* |7 yo(r < ¢ )

racen) A 0900 557 < ex

Thus we have o)

PE2)(Y, ¢ B(z,s)) < canr? 3.4
(Yr, ¢ B(x,s)) o05) (3.4)
The remainder part of the proof is an easy modification of the corresponding one in [CKI,
Theorem 4.14]. So we omit the details. O

The above theorem in particular implies that Y admits a jointly continuous transition density
function p(t, z,y) on (0,00) X F' x F. So from now on, we can take the properly exceptional set N
of Y for p(t,z,y) in Section 2 to be empty.
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4 Necessary condition for PHI(¢)
The following fact and its proof are adaptations of [BBK, Proposition 4.7] and its proof.

Proposition 4.1 Suppose Y satisfies PHI(¢)<r. Suppose also J(-,-) is continuous off the diago-
nal on F' x F'. Then UJS<pr holds.

Proof. Let r < @ AR and B := B(z,r). Recall that R, is the constant in Theorem 2.4. Denote

_ 4R
o(R.)

For t € (0,1), h,e € (0,r/4) and T = ¢(r), define

V2 and b:=a/(a—1)>1.

up(t,x) =P*(Y;, € B(y,e),t —T/b<7p <t+h—T/b)

Then, by the Lévy system formula in (1.9), for every z € B

B
up(t,z) = E* [/o /B( )1(t—T/b,t+h—T/b)(5)J(Y57U)N(du)dé’]
Y,E

t+h—T/b
= [ [t (9 )] ).
B(y,e)

t—T/b

By the continuity of J(-,-), for every z € B

1uh (T/b, z) / / Lo,r51(8)J (Ys, u)| p(du)ds —>/ J(z,u)p(du), (4.1)
h B(y.e) B(y.e)

as h — 0. Next, since uy, is non-negative bounded and parabolic on (0, c0) x B, applying PHI(¢) <r
to up, in (0,7) x B, we obtain
up(T/b,x) < Crup(T,x). (4.2)

Now by (2.10),

up(T,xz) = /BpB(T/a,w,z)uh(T/b,z)u(dz) < VC

~ /B wn(T/b, 2)u(dz).

Thus, by (4.1) and (4.2), we have

/ J(z,u)p(du) <
B(y.e)

Dividing both sides by u(B(y,¢)) and using the continuity of J(-,-), we obtain UJS<p. 0

J(z, u)p(du)p(dz).

B JB(y,e)
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5 Proof of PHI(¢)

Recall that Zs = (Vs, Ys) is the space-time process of Y, with Vy = Vj—s. Note that for a space-time
ball @ := [a,b] x B,

TQ=1Q(Z)=inf{s >0:Z, ¢ Q} =m(Y) AN (Vy — a)+1{v0§b}~
The following is a standard fact that is proved in [CK1, Lemma 4.13].

Lemma 5.1 (Lemma 4.13 in [CK1]) For any bounded Borel measurable function q(t,z) that is
parabolic in an open subset D of Ry X F, s v q(Zsnrp) = @(Zsprpy(v)) 18 Tight continuous Pt _g.s.
for every (t,x) € D.

Our aim in this section is to prove the following.

Theorem 5.2 Assume (1.6) and UJS<p, for some Ry > 0. Then PHI(¢)<p, holds for every
Ry > 0.

In order to prove Theorem 5.2, we will need to prove the following lemma corresponds to [CK2,
Lemmas 6.1] (also [CK1, Lemma 4.9]). The statement is changed (in the sense that the size of two
space-time balls are different and the initial points are also different) and, due to the very general
nature of J(z,y) for p(x,y) > k in (1.6), the proof requires major changes from the original one
for [CK2, Lemmas 6.1]. A simpler version of Lemma 5.3 with ¢(r) = r® and F = R appears in
[CKK] as Lemma 4.2.

Recall that R, is the constant in Theorem 2.4.

Lemma 5.3 Let R < Ry, § > 0 and 0 < a < 1/3. Q1 = [to, to + 5Ip(R)] x B(xp,3aR/2),
Q2 = [to, to + 60¢(R)] x B(zo,2aR) and define

Q_ = [to + 06(R), to + 206(R)] x B(zo,aR), Q4 = [to + 306(R), to + 406(R)] x B(zo,aR).

Let h : [to, 00) x F' — Ry be bounded and supported in [tg, 00) X B(zg,3aR)¢. Then there ezists
Cy = C1(6,a) > 0 such that the following holds:

BV (h(Zy, )] < CEY)(W(Z,, )] for (t1,1) € Q- and (t2,y2) € Q4

Proof. Without loss of generality, assume that ¢ty = 0. Denote B.gr = B(zo,cR). Using the Lévy
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system formula in (1.9),

E252) [1(Zy, )]
E(tQ’yQ) [h(tZ - (TBzaR A t2)’ YTB2aR/\t2 )]

t2
(t2,y2)
[ (t2:y2 [/0 1{t§7’}32aR} e

3aR

itz —teo) [ B, I (o)

3aR

h(ta —t,v)J (Y, v)dtu(dv)]

/ R (t2.42) {1{t2—SSTBQGR}J(YtQ*S’U)} w(dv)ds

3aR

/ pB2R (ty — 5.4, 2)J (2,v) p(dz) p(dv)ds
Bour

AV
S~
5§~ 3

/ pB2a,R(t2 — 8,Yy2,2)J (z,v)u(dz)u(dv)ds.
Bagr

AV
S~
m\

/ P2k (ty — 5. 49, 2)J (2,v) p(dz) p(dv)ds.
B3ar/2

Since
65¢(R) >tlg—82>tg—t1 2> 5¢(R) for s € [0, tl],

by (2.12), we have that the right hand side of (5.3) is greater than or equal to

% /O " / . h(s,v) /B - J(z,0) u(dz)p(dv)ds.

So, the proof is complete once we obtain

t1
E)[h(Z 0, )] < / /c (s U/B J(z,v)u(dz)p(dv)ds.
3aR/2

Analogous to (5.2), we have by using the Lévy system in (1.9),

t1
E(tl’yl TQ1 / / (s,v) dv)/ pPsar/2 (t1 — s,y1,2)J(z,v)u(dz)ds.
S Bsur/2

Since

/ pBSaR/Q (t; — 8,?/172’)/ J(z,v)h(s,v)p(dv)u(dz)
B3ur/2

c
3aR

c
3aR

_ / pPenia (i — s, y1, ) / J(2, 0)h(s, v)u(dv)p(dz)
Bsar/4

. / pPaar/a(ty — s, 41 2) / J (2. 0)h(s,v)pu(dv)u(d2)
B3ar/2\Bsar/4 5

3aR

= I + I
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When 2z € Bsygr/a \ Bsqr/a, we have aR/4 < p(y1,2) < 5aR/2, so by (2.10),

t _ 266(R) S

Vp(y,2)8(o(y1,2) — “V(aR/4)d(aR/4) ~ “V(R)

for some constants c3,cs > 0 and fg ' Iy ds is less than or equal to the right hand side of (5.4). For
z € Bsurya by UJS<p,,

pB3aR/2 (tl - 5Y1, Z) <cs3

Cs

/C J(z,v)h(s,v)pu(dv) < V(R/ R/6/ J(w,v)h(s,v)pu(dv)u(dw)

(s, 0)n(dv)pa(dw)

A

<

Bsur/2
since B(z,aR/6) C Bs,r/o- Note that the right hand side of the above inequality does not depend
on z anymore. Multifplying both sides by pP3a#/2(t; — 5,41, 2) and integrating over z € B(5R/4)
(and further integrating over fot ' ds), we obtain fg ' I1ds is less than or equal to the right hand side
of (5.4). This proves the lemma. O

Proof of Theorem 5.2. Recall that R, is the constant in Theorem 2.4 and without loss of
generality we assume that R, < R;. We first consider the case that u is non-negative and bounded
on [0,00) x F. Recall that v > 0 is the constant in (2.15). It suffices to establish the result for
0 < «v. Once this is done, we can extend it to all § < 1 by simply using the results for § < ~ at
most [1/7] + 1 times. We divide the proof into three steps.

Step 1. PHI(¢)<(g, /2)a10-1 holds for every non-negative and bounded parabolic function h on
[0,00) X F.

Let R € (0,R./2 A 1/10] and for simplicity assume that tg = 0,29 = 0, and denote B(0,r) by
B,. Let Q2 := [to+ 0¢(R)/3, to + 6dp(R)] x B(zg,2R). Note that for every € € (0,1), by the Lévy
system formula in (1.9) and (2.12)

inf h(t,y)= inf EE[n(Z,
(ty)EQ+ t:9) (t9)€Q+ (i Zrq,)

= inf EUY[h(t = (7,5 A (t = 00(R)/3)), Xop nt—s0(R)/3))]

(tvy)eQJr
) t—06(R)/3
> inf E\"Y / Tio<r h(t —s,v)J (X, v)u(dv)dt
T (ty)eEQ+ 0 {5<Tbap} B, ( M (X v)pldv)
t—6¢(R)/3 )
= inf h(t — s, EVY 1 oer. J(X, dv)d
ot [ (t=5.0) [ By Tl
t
= inf / h(s,v / ECY) |1, er J(Xi—s,v dv)ds
t.v)€Q+ J5¢(R)/3 (5 SR [{t <roap} (% )] i)

[T s [ PR o)
> in S,V in 2R(t—s,y,2)J(z,v z v)ds
~ YEBRr J5¢(R)/3 Sn 30¢(R)<t<409(R) BQRp Y : :

(3—€)dd(R)
> / / h(s,v)/ cesV(R) 1 (2, v)u(dz) u(dv)ds. (5.5)

dp(R)/3 B1\Bsr Bgr
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Since J(z,v) > 0 when p(z,v) < 1 (due to (1.6) with & = 1), if inf e, h(t,y) = 0, then for
every € € (0,1), h(s,v) =0 for a.e. on [0¢(R)/3, (3 —¢€)dp(R)] x (B1\ Bsr) and so

h(s,v) =0 for a.e. (s,v) € [0p(R)/3,300(R)] x (B1\ Bsg).

Let (t,v) € [80¢(R)/3,30¢(R)] x (Bi—gr \ Bar) so that h(t,v) = 0. Define Q = [6¢(R)/3,30¢(R)] x
B(v,2R). Then by a similar argument as that led to (5.5),

0 = h(t,v) = E& [W(Z,,)]
> E"Y [W(Zy,); Yoo € B(v,1) \ B(v,3R)]

t
- [ s,w) [ PO s el s
56(R)/3 J B(v,1)\B(v,3R) B(v,2R)

This implies that h(s,w) = 0 a.e. on (d¢(R)/3,t) x (B(v,1) \ B(v,3R)). In particular, we have
h(s,w) =0 a.e. on Q_ = [0¢p(R),2J¢(R)] x B(0, R) and so Theorem 5.2 holds. Hence without loss
of generality, assume that inf; ,yco, h(t,y) > 0.

The rest of the proof in this Step 1 is the same as that for Theorem 4.12 in [CK2]. For reader’s
convenience, we spell out the details. Taking a constant multiple of h if needed, we may assume
that

inf  h(t,y) =1/2.
(ty)eQ+ ty) =1/

Let (ts,y+) € Q+ be such that h(t.,y.) < 1. It is enough to show that h(f,z) is bounded from
above in (_ by a constant that is independent of the function h.

Recall that Q!(t,6,z,7) = [t — 64(r),t] x B(z,r). By Lemma 2.6 (i), there exists ¢; € (0,1/2)
such that if » < R/2 and D C Q*(t,d,z,r) with m @ u(D)/m @ p(Q(t,6,z,7)) > 2/3, then

PE (op < Tousar)) = C1- (5.6)
Let C1 = C1(9) be the constant C in Lemma 5.3 with a = 1/2. Define
c 1 _
n= 31 and & =2 A (C] ). (5.7)

We claim that there is a universal constant K = K () to be determined later, which is independent
of R and function h, such that h < K on Q_. We are going to prove this by contradiction.
Suppose this is not true. Then there is some point (¢1,21) € Q— such that h(t1,z1) > K. We will
show that there is a constant 5 > 0 and there is a sequence of points {(tx,zx)} in @(0, 0,R) =
[0,47¢(R)] x B(0,2R) so that h(ty,z) > (1 + 3)* 1K, which contradicts to the assumption that
h is bounded on Q(0,0, R).

Let ¢/ > 0 be a constant satisfying pu(B(z,7)) > 'V (r) for every x € F,r > 0. so that

m @ p(QH(tr,8,21,7)) > 6p(r)V (r). (5.8)
Let ¢* a constant satisfying
Vr)o(r) o . (r\dt+s:
—l > - f .
V(u)gf)(u)_c (u) , forevery 0 <r<u<oo (5.9)
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and choose the smallest ¢, > 0 satisfying

3 2
V(ce)p(cy) > max <c*c/502§7 c*C’3§> : (5.10)

where C and C3 are the constants in Lemma 2.6 (i) and (ii) respectively. Choose K being suffi-
ciently large, so that

— g (Vledole) R
r:=R (T) <7 (5.11)
With such 7, by (5.8)-(5.10), we have
m @ u(Q4(t1,6,z1,7)) 3 V(r)e(r) 2
VR Gk ™ VReR) © GER (5.12)

Take £ = t1 + 25¢(r) and define U = {t} x B(z1,r). Were function h > ¢K on U, we would
have by Lemma 2.6 (ii) that

C3V (r)o(r)
1> h(ts,ys) = B&) [h(Z, o )] > EKPEY) (o < 70) > €K —— 27 ) > 9
el ( 7y) [ ( U/\Q)]—g (UU TQ)-& V(R)¢(R) — 4
where @ := [t — 30¢(R), t] x B(0,2R). This contradiction yields that
there is some y; € B(x1,7) such that h(t,y1) < (K. (5.13)
We next claim that
E¢2) [0(Z,,) - Yy, ¢ B(x1,3r/2)] < kK, (5.14)

where 7, := TQU(t1, ) If not, then by Lemma 5.3, we would have

8,x1,r

t, .
h(t7y1) Z E( 1) |:h(ZT[il_5¢(r),tl+35¢(7‘)]XB(ml,Sr/4)) : YT[t1—6¢(r),tl+35¢(r)]><B(ml,5r/4) ¢ B(x173r/2)
> CTUE) [0(Z,) : Y, ¢ B, 3r/2)]
> Cr'nK > €K,
a contradiction to (5.13). So (5.14) holds.
Let A be any compact subset of
A= {(s,y) € Q"(t1,0,1,7) : hs,y) > €K}
By Lemma 2.6 (i)
Com® ILL(A)
1> h(ts,ys) > BV W(Z, ) 04 < T0] > fKIF’(t*’y*) oA<T19) > EK ————=.
So by (5.12),
A 1
moud) V(R)S(R) L1 .15
m @ pu(Q(t,8,z1,7)) — C26K -m @ u(QL(t1,0,z1,7)) — 3
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Since (5.15) holds for every compact subset A of A, it holds for A in place of A.
Let D = QY(t1,0,21,7) \ A and M = SUD (s y)cQl (t1,0,21,3r/2) (8, Y). We write

h(ti,z) = EO) [W(Zyar)]
EC2(Z,,) :op < 7] + EO2VW(Z, ) : 7. < op,Yr, & B(x1,3r/2)]

oD

+E(tl7$1)[h(ZTr) :1r <op, Y, € B(zx1,3r/2)].

The first term on the right is bounded by EK P(1%1) (¢ < 7,) in view of Lemma 5.1 the second term
is bounded by 7K according to (5.14), and the third term is clearly bounded by MP (120 (7, < op).
Recall that h(t1,z1) > K. Therefore,

K < EKPO) (0p < 1) 4 0K + MPO) (o) > 1,)
It follows from (5.15) and (5.6)-(5.7)

1—n—¢PO(op <7) Lon=¢ _lon=€a 1=Q)3 | g4

M/K >
/K2 P21 (op > 1) — 1l-q l-a¢ = 1—-0¢

where 3 = 3525, In other words, M > (L+B)K. As M = sup(, ,\cql (11,6,21,3r/2) P(8,y), there

exists a point (f2,22) € Q(t1,6,21,2r) C Q(0,0, R) such that h(ty, z2) > (1+ B)K =: K.

We now iterate the above procedure to obtain a sequence of points {(¢x,zx)} in the following
way. Using the above argument (with (f2,22) and K» in place of (¢;,21) and K), there exists
(tg, .733) S Ql(tg, 0, x9, 27‘2) such that

ro = C/RK2—1/(d+ﬁ2) =C'(1+ ﬁ)—l/(d+ﬁ2)K71/(d+52) R

and h(tz,z3) > (1+ B)K2 = (1 + 3)?K =: K3. We continue this procedure to obtain a sequence of
points {(tx,xx)} such that with

Ty, = C/RKl;l/(d+ﬁ2) =C'(1+ 6)—(k—l)/(d+62)K—1/(d+ﬁ2) R,

(thy1s Trg1) € QH(tr, 6, 2k, 2r%) and h(tpyr, Tpq1) > (1+ BFK = Kpy1. As 0 <ty — trpq < dyrp
and p(xg41,2k) < 21k, by (5.12), we can take K large enough (independent of R and h) so that
(ty,zk) € @(0,0,R) for all k. This is a contradiction because h(ty,zr) > (1 + B)* 1K goes to
infinity as k — oo while h is bounded on @(0, 0, R). We conclude that h is bounded by K in @Q_,
which completes the proof of PHI(¢)<(g, 2)a10-1 for the case that u is non-negative and bounded

on [0,00) X F.
Step 2. PHI(¢)<Rg, holds for every non-negative and bounded parabolic function u on [0,00) x F'.

For notational convenience, denote (R./2) A 107! by r.. Suppose R € (7., Ro] and let (t1,21) €
Q- and (t2,x2) € Q4. Without loss of generality, we also assume zg = 0 and ty = 0. We further
assume that p(z1,z2) < ry/4. If not, we just repeat the argument below at most 8[Ry/r,] times

Set B! := B(x1,r.) and B% := B(x1,7./2). Define

Q1= (11 +50(r), 1+ 3(r)) x (B'\ B?)  and Q2 =[0,t2] x B,
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Since u is parabolic, by PHI(¢$) < (g, /2)a10-1 With
(t1 = §o(ra), 1+ §0(re)) x B and (1 + §6(r), t1 + 2 ¢(r)) x B!
in place of Q_ and )4 respective, we have
u(ty,z9) = E272) [u(ZTQQ)]

> Ef222) |:’LL(Z7-Q2) t Zrg, € Ql] > ¢y u(ty, ) PU222) (Z1g, € Q1) .

Since p(y, z) < 2r. < R, for every (y,z) € B2 x B!, we have by the Lévy system formula for X
(see (1.9)) that

plt2:22) (ZT% € Q1> = P™ (X, € B'\B* ty —t; — B¢(r,) < mp2 <ty —t1 — $6(r))

5
ta—t1—5é(rs) 52
02/ 2 / / __p7 (s,22,9)J(y, 2)uldz) | p(dy)ds
tzftlfz(f)(r*) B2 31\32

9

t2—t1—§¢(7’*) 5

> 03/ 2 / p" (s, x2,y)p(dy)ds
t2—t1—z¢('l‘*) B2

v

for some positive constants co and c¢3 = c3(Rx). Note that
gqﬁ(?“*) <tg—t — i—‘sgf)(r*) <tg—t) — % (re) < 300(R2) < 3¢, ()

where ¢, depends on R, and Rs. Applying (2.12) to pBQ(s, x2,y), we have

(t2.02) t2—t1—g¢(7"*) 1 (dy)
PY2*2) (7 € Q > ¢ / / —————u(dy)ds
(Fro€@) = et | s Joanrn VO T

o 88V (r)
= AV (¢1(309(R2)))

This proves that wu(te,z2) > cgu(ty,z1) for some positive constant cg = cg(Rx«, R2,0); that is,

> 0.

PHI(¢)<g, holds for every non-negative and bounded parabolic function u on [0,00) X F.
Step 3. PHI(¢)<g, holds for any non-negative parabolic function u (not necessarily bounded) on
[0,00) x F'

Let U be a bounded domain such that Q- UQ; C U C U C (to,to + 666(R)) x B(zg,4R).
For any n € N, define u,(t,z) = E®®)[(u A n)(Z,,)]. Then u, is non-negative and bounded on
[0,00) x F, parabolic on U and lim, .o u,(t,x) = u(t,x) for € [0,00) x F. From the above
arguments, we see that PHI(¢)<p, holds for u, with the constant ¢ independent of n. Letting
n — 0o, we obtain PHI(¢)<p, for u. |

Let 1 be an increasing function on [0, 00) with ¢(r) =1 for 0 <r <1 and

1" <ap(r) < cge?" for every 1 <r < oo
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for some c1,c0 > 0 and 2 > 1 > 0. We assume that there exists cs, cq, c5 > 0 such that, for every
(r,y) € F x F\ d,

1 C3

V@)@ Dby = Y S Vit a9 ilery)

As mentioned in Remark 1.3(ii), some additional condition on v is needed for the validity of
Theorem 1.2 in [CK2] for the case of 72 > 1 > 0. Using Theorem 5.2 (instead of [CK2, Theorem
4.12]) and Section 4.9 of [CK2], we get the following corrected form of [CK2, Theorem 1.2] with an
additional condition UJS<pr imposed.

(5.16)

Theorem 5.4 Suppose that the measure p and the jumping kernel J satisfy conditions (1.1)-(1.5),
(5.16) and UJS<pg for some R > 0. Then Y has joint continuous transition density function
p(t,x,y) on (0,00) x F' x F with respect to p and there are positive constants cg, ¢; and C > 1 such
that

. 1 /
¢ (V(¢‘1(t)) : V(p(w,y))cb(p(:v,y))w(%p(ﬂc,y)))

1 t
<pltz,y) <C <V<¢—1<t>> : vw,yw@(m,yw(@p@,y))) ’

for every t € (0,1] and z,y € F

Note that [CK2, Theorem 4.12] (or our Theorem 5.2) is not needed in [CK2] to get the upper
bound of the heat kernel.
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