CUTOFFS FOR PRODUCT CHAINS

GUAN-YU CHEN! AND TAKASHI KUMAGAT?

ABSTRACT. In this article, we consider products of ergodic Markov chains and
discuss their cutoffs in the total variation. Through an inequality relating the
total variation and the Hellinger distance, we may identify the total variation
cutoffs with cutoffs in the Hellinger distance. This provides a new scheme
to study the total variation mixing of Markov chains, in particular, product
chains. In the theoretical framework, a series of criteria are introduced to
examine cutoffs and a comparison of mixing between the product chain and
its coordinate chains is made in detail. For illustration, we consider products
of two-state chains, cycles and other typical examples.

1. INTRODUCTION

Let X be a countable set, K be an irreducible stochastic matrix indexed by X
and 7 be a probability on X. We write the triple (X, K, x) for a discrete time
Markov chain on A with transition matrix K and stationary distribution 7. It is
well-known that if K is aperiodic, then K™ (z,y) converges to 7(y) as m tends to
infinity for all x,y € X. To quantize the convergence of K™ to m, we consider
the (maximum) total variation and the (maximum) Hellinger distance, which are
defined by
(1.1) drv(m):=  sup {K™(z,A)—7m(A)},
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As the above distances are non-increasing in m, it is natural to consider the mixing
times of drv and dg, which are respectively defined by

Tryv(e) :=inf{m > Oldry(m) < €}, Tg(e):=inf{m > 0|dg(m) < €}.

For the weak convergence of distributions, the total variation arose naturally
from the view point of probability, while the importance of the Hellinger distance
is exemplified from the proof of Kakutani’s dichotomy theorem in [9] for the study
of infinite product measures. The following inequalities provide a comparison of
the total variation and the Hellinger distance, which are corollaries in [14] (see (25)
on p.365 for the details) and say

(1.3) 1— /1 —=d2y(m) < d%(m) < dpy(m).
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As a consequence, one obtains from (1.3) the following comparison of mixing times,

(1.4) Trv(eV/2 — €2) < Ty (e) < Try(e?), Ve € (0,1).

We can further compare the cutoffs, introduced below, in the total variation and
the Hellinger distance. Such a comparison will play a key role through this article.

In this article, we focus on the study of product chains and their cutoffs. To see
a definition of product chains, let (X;, K;, m;)7; be irreducible Markov chains and
set

(15) X:Xlx"'x-)(na 71':7'(1)(...)(7(-”7
and
n
(1.6) K:Zpill®"'®Ii—1®Ki®Ii+l®"'®In,
i=1

where I; is the identity matrix indexed by X, A® B denotes the tensor product of
matrices A, B and p1, ..., p, are positive reals satisfying p; +---+p, = 1. It is obvi-
ous that K is a transition matrix on X with stationary distribution w. Thereafter,
we call (X, K, 7) the product chain of (&X;, K;, m;)_; according to the probability
vector (pi,...,0n). As the product chain K™ has no simple expression, say in a
formula of (K™)I_,, the study of its total variation and Hellinger distance can be
challenging. However, when the diagonal entries in a transition matrix are bounded
below by a positive constant, its mixing time is comparable with the mixing time of
its associated continuous time Markov chain. As discussed below, when we consider
product chains, it is more convenient to use continuous time Markov chains rather
than discrete time ones. For a comparison of discrete and continuous time chains,
see e.g. [6] for an early reference and Proposition 2.6 for another.

For a discrete time chain (X, K, ), let the triple (X, H¢, 7) be such that H; =
e"tI=K) " Note that, if (X,,)35_, is a realization of (X, K,7) and (N;)¢o is a
Poisson process (with parameter 1) independent of (X,,)%°_,, then (X, )i>o0 is
a continuous time Markov chain on X with transition matrices (Hy)i>0. Here,
we write (X, Hy,m) for (Xn,)i>0 and call it the continuous time Markov chain
associated with (X, K, 7). To study the convergence of (X, H;, 7), one may replace
K™ with H; in (1.1) and (1.2) to achieve its total variation and Hellinger distance,
while the associated mixing times are defined in a similar way. By Lemma 2.1, (1.3)
and (1.4) are also valid in the continuous time case. We write d, T' for the distance
and mixing time of (X, K, ), and write d(©), T(¢) for those of (X, Hy, ).

Back to the product chain in (1.5)-(1.6), let (X;, H;,m;) and (X, Hy,7) be the
continuous time chains associated with (X;, K;,7) and (X, K, m). It follows imme-
diately from the previous setting that

(1.7) Hy=Hyp:® - @Hpp,

In general, there is no similar form for K™, and that is the reason we use continuous
time Markov chains. Through (1.7), one may express the Hellinger distance of
(X, Hy,m) as a formula of the Hellinger distance of (X;, H; ¢, ;). See [11, Exercise
20.5] for one version and also (3.1) in Lemma 3.1 for another. Note that the equality
in (3.1) can fail in the total variation but, along with (1.3) and (1.4), the total
variation of (X, H;,m) can be closely related to the total variation of (X;, H; ¢, m;)
and this is discussed in detail in Section 3.
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The cutoff phenomenon of Markov chains was introduced by Aldous and Diaconis
for the purpose of catching up the phase transit of the time to stationarity. To see
a definition, let F = (X, K, m,)52, be a family of irreducible Markov chains and,
for n > 1, let dy, rv and T, tv be the total variation and corresponding mixing
time of the nth chain in 7. Assume that T}, vv(€g) — oo for some ¢y € (0,1). The
family F is said to present a cutoff in the total variation if

(1.8) Jim Lrrv(€©)

n—oo Tp, vy (5)

=1, Ve e (0,1).

Note that, equivalently, F has a cutoff in the total variation if there is a sequence
of positive reals (t,)22; such that

(1.9) ILm dprv(fat,]) =0 Va>1, ILm dyprv(lat,]) =1, Vae (0,1).

From (1.9), one can see that the total variation of Markov chains in F have a
phase transition at times (¢,)52 ;. When a cutoff exists, the sequence (¢,)52,, or
briefly ¢,, in (1.9) is called a cutoff time and, by (1.8), T}, tv(€) can be selected
as a cutoff time for any € € (0,1). In the continuous time case, we write F, for
the family of continuous time chains associated with F and use dgf}TV and T,(L?%V
to denote the total variation and mixing time of the nth chain in F.. The total
variation cutoff of F. is defined in the same way through (1.8) or (1.9) under

the replacement of T, rv, dy, v With Téf%v,dgf,)Tv and the removal of [-],|-| but

without the prerequisite of T,(L?%V(eo) — 00. The above definitions and discussions
are applicable to the Hellinger distance and, in avoidance of any confusion, we use
dy, H7d£lc7)H and T, H,Tf:}q to denote the Hellinger distances and mixing times of
the nth chains in F, F,.

The study of mixing times and cutoff phenomena for Markov chains was initi-
ated by Aldous, Diaconis and their collaborators in early 1980s. There are many
literatures on related topics introduced in the past several decades and we refer
readers to [8] for a concise introduction of cutoff phenomena, to [1] for classical
probabilistic techniques on mixing times, to [7] for an application of group repre-
sentation, to [13] for random walks on finite groups and to [11] for a rich collection
of well-developed techniques.

Based on (1.3) and (1.4), we may compare cutoffs in the total variation and in
the Hellinger distance as follows.

Proposition 1.1. Let F be a family of irreducible Markov chains with countable
state spaces and T, v, T, g be the mizing times as before. Suppose that there
is g € (0,1) such that T, rv(eg) — o0 or T, m(eo) — oo. Then, F has a cut-
off in the total variation if and only if F has a cutoff in the Hellinger distance.
Further, if F has a cutoff in either the total variation or the Hellinger distance,
then Ty, rv(€)/Tn,m(8) — 1 for all €,6 € (0,1). In the continuous time case, the

above conclusion also holds for F. without the assumption of Ty(f)Tv(%) — 00 or
T (e0) — oo.

Proposition 1.1 is an easy consequence of (1.4) and (1.8). We refer readers to
Proposition 2.5 for more comparisons of cutoffs. By Proposition 1.1, the total

variation cutoff of product chains can be analyzed using their Hellinger distances
and the following two examples suitably illustrate this scheme.



4 G.-Y. CHEN AND T. KUMAGAI

Ezample 1.1. For n > 1 and 1 <1 < n, let (X, ;, K, ;, ;) be the Markov chain
on {0,1,...,2n} with transition matrix given by

Kni(§,j+1)=1—an;, Vj¢{n,2n},
(1.10) Kn,l(o 0) = an(] j—1)= an,i, Vj ¢ {0,2n},
Kpi(n,n+1)=b,n -8 Kpi(n,2n)=1—a,; — bnvin*B,
i(2n,mn) = ¢4, Kn’i(Qn, 2n) =1—an; — Cnis
where 3 > 0. See Figure 1 for the graph associated with K, ;. In the above setting,
it is easy to check that K, ; is reversible if and only if

(1.11) bp,icn,i(1— an,i)”_ln_ﬁ =1—-an; — bmn_ﬂ)a"

n,i*

Furthermore, m,; will be concentrated in a neighborhood of 2n if the transitions
toward 2n in K, ; are strong enough.

@, Y
—_— —_— —_— —_— 42:» —_— —_— —_—
P— < < P P PR “ P

0 1 2 n—1 n n+l n+4+2 2n-—1 2n

FicUrReE 1. The above graph describes the transition matrix in
(1.10). For those innominate transits, the solid rightward arrows
are of probability 1 — a,;, while the dashed leftward ones are of
probability a, ;. The nominated transits are respectively x = 1 —
Gni — bnym’ﬂ, y=cp,;and z = bn,in*'@, while the loops are set to
make K, ; stochastic.

This model was first introduced by Lacoin in [10] for the purpose of illustrating
product chains without cutoffs in the total variation and separation. Here, we
refine partial results in [10] by showing the sensitivity of cutoffs with respect to the
transition probabilities in K, ;. In Lemma 5.5, we provides sharp bounds on the
Hellinger distance of the product chain of (X, ;, K, 7y i)f—;. As a consequence,
we obtain simple criteria to determine the total variation cutoff in Proposition 5.6
and Corollary 5.7. The following proposition treats a special case of (1.10) and
is a consequence of Proposition 5.6 and Corollary 5.7. Its proof is placed in the
appendix for completion.

Proposition 1.2. Let p,; > 0, (X, Ky, T i) be the Markov chain satisfying
(1.10)-(1.11) and g, = pn1 + -+ Pnn. Consider the family G = (X, Kp, )22,
where (X, Kp, ) is the product chain of (X, i, Kp i, Tni )iy according to the prob-
ability vector (pn,1/qns - Prn/qn)- Suppose there is C > 1 such that

(1.12) Y an, <CnP TN <b, <0 VI<i<nn>1
i=1
(1) For p,; = 1+2"", G. has a total variation cutoff if and only if B # 1.
Further, if B € (0,1), then the cutoff time is 2n?; if B € (1,00), then the
cutoff time is n?.
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(2) Forpn,; =14 (i/n)* with a > 0, G. has a total variation cutoff if and only
if B # 1. Further, if 8 € (0,1), then the cutoff time is 2[(a+2)/(a+ 1)]n?;
if B € (1,00), then the cutoff time is [(a + 2)/(a + 1)n?.

(3) For pn,; =1+ logi/logn, G. has a total variation cutoff with cutoff time
4n?/(1 + min{B,1}) for all 3 > 0.

In [10], Lacoin creates the continuous time Markov chains without cutoff by
directly assigning their @-matrices. To our setting, the transition matrices have
B =1 and, roughly, a, ; = 2_”2, bn; =1and ¢,; = n=127"" Tt is easy to check
that (1.12) is satisfied and, by Proposition 1.2, no cutoff exists in the total variation.

Next, we consider some specific type of product chains and do its framework on
the comparison of cutoffs between product chains and original chains. In detail, let
F = (X, Ky, m,)22 1 be a family of Markov chains and P = (p,,)5 ; be a sequence
of positive reals. For n > 1, let ¢, = > ., p; and (¥, Ly, v,,) be the product of
(X;, K;, 7)™, according to the probability vector (pi/gn, ..., Pn/qn). We write F©
for the family (Y, Ly, v,)5; and write F, for the family of continuous time chains
associated with 7. When we say a subfamily of 7, we mean (X, , K¢, ,me, )02,
where (£,)22 ; is an increasing sequence of positive integers. The following theorem
provides criteria on the cutoff of F with specific P.

Theorem 1.3. Let FP be the family introduced above, €, be a sequence satisfying
0 < inf, €, < sup, €, < 1/2 and set

Tr(:”)rv (€n)

Pn

D,, :=log =A.n+ B, + C,.

Assume that:

(I) Either 0 < A,, < A, 41 for alln or n|A, — A| is bounded for some A > 0.
(I1) B, is nondecreasing, C,, is bounded and D,, is nondecreasing for n large
enough.
In the total variation:
(1) If F. has a cutoff with cutoff time t,, then F.' has a cutoff with cutoff time
(P14 +Pp)tn /P
(2) If no subfamily of F. has a cutoff, then F" has no cutoff.
The above conclusions also hold in the Hellinger distance if sup,, €, < 1/4 is
assumed further and T?S?’)I‘V 1s replaced by Tr(f}{

A general version of Theorem 1.3 is discussed in Subsection 4.3 and readers are
referred to Theorem 4.6 for more details. To see a practical application, we consider
products of random walks on finite cycles.

Proposition 1.4. Refer to the family F¥ in Theorem 1.3 and let X,y = Zpy1,
K,(x,y) = 1/2 for |z —y| =1 and p, = n?exp{—n?} with v > 0. If v > 1, then
FF has no cutoff in the total variation.

It is well-known that the total variation mixing time of the nth chain in F, has
order n2. Noting this, Proposition 1.4 is a consequence of Theorem 1.3 and the
observation of (n + 1)Y —n? > nY~!. In the forthcoming paper [3], we have more
advanced analysis on the cutoff of product chains for finite groups with moderate
growth, which is a generalization of Proposition 1.4. It is shown in [3] that, when
the pre-cutoff (a concept weaker than the cutoff) is considered, the family F in
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Proposition 1.4 presents a pre-cutoff in the total variation for v € (0,1), but does
not for v > 1. This means that Theorem 1.3 could be sharp in judging cutoffs.

As is revealed in Theorem 1.3, the cutoffs for 7. and F? are consistent under
some mild conditions. However, this can fail in general and we provide counterex-

amples in Subsection 5.2 to highlight the observation of the following theorem.
Theorem 1.5. None of cutoffs for F. or F. implies the other.

The remaining sections of this article are organized in the following way. In
Section 2, a comparison between the total variation and the Hellinger distance
is introduced to relate the cutoff in one measurement with the cutoff in the other,
where Proposition 1.1 is a typical result in the framework. In Section 3, we consider
product chains in the continuous time case and, based on (1.7), create a list of
bounds on their mixing times. In Section 4, the combination of the comparison
technique and the bounds for product chains leads to a series of criteria on the
existence of cutoffs and related materials. In Section 5, we consider the family in
Theorem 1.3 and determine its cutoff to some extent. For illustration, we consider
products of two-state chains and a general family of chains in Proposition 1.2.
Besides, two examples are introduced to reveal the non-consistency of cutoffs, which
provide the proof of Theorem 1.5. We would like to emphasize that those heuristic
examples in Section 5 are helpful to understand the theoretic development in this
paper though the discussion within the section and the auxiliary proofs relegated
in the appendix occupy a significantly large part.

We end the introduction by quoting a list of mathematical notations to be used
throughout this article. Let z,y € R and a,, b,, be sequences of positive reals. We
write z Vy and x A y for the maximum and minimum of z and y. When a,, /b, is
bounded, we write a,, = O(b,); when a,, /b, — 0, we write a,, = 0(b,). In the case
of a, = O(b,) and b, = O(ay,), we simply say a, < b,. If a,/b, — 1, we write
@y ~ by. When writing O(a,,) and o(b,,) as a single term, we mean sequences, ¢,
and dy,, satisfying |¢,/an| = O(1) and |d, /b,| = o(1) respectively.

2. COMPARISON OF CUTOFFS

In this section, we consider the total variation and the Hellinger distance in a
more general setting and provides a comparison of mixing times in both measure-
ments.

2.1. Comparisons of the total variation and Hellinger distance. Let & be
a set equipped with o-field A. For any two probabilities p, v on (X, .A), the total
variation and the Hellinger distance are defined by

(2.1) e = vllry = sup {u(A) — v(A)},
AcA

and

2
= .|t [din g J i dv
(2.2) = vlu = 2/X< oy dA) d/\_\/l /X P TWIN

where A is a probability on (X, .A) such that du/dA and dv/dA exist. The total
variation is clearly well-defined in (2.1), while the Hellinger distance requires the
existence and independence of A in (2.2). To see (2.2) is well-defined, let (P, N) be
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a Hahn decomposition of p — v satisfying u(P) > v(P), u(N) < v(N) and define 7
by

(2.3) m(A)=pu(PNA)+v(NNA), VAeA

By setting ¢ = u(P) + v(N), it is easy to see that ¢c~17 is a probability and pu,v
are absolutely continuous with respect to . This provides a candidate of A\. Next,
let f,g be Radon derivatives of u, v with respective to m and let A be a probability
with respect to which p and v are absolutely continuous. Obviously, 7 is absolutely

continuous with respect to A since 7 < p + v. As a consequence, (2.2) can be
rewritten as

(2.4) 1 ol = /X N

This proves the independence of X in (2.2).
The following lemma is known (see for instance [14, Equation (25) on p.365])
and we give its proof for reader’s convenience.

Lemma 2.1. For any two probabilities p,v, one has

L= /1=lp=vldy < llu—vlf < llw— vy

Remark 2.1. The first inequality in Lemma 2.1 implies

= vllev < llp = vilay/2 = ln = vl < V2lln— v,

while the fact of ||u — v||rv < V2|l — v|| g is also derived in [11, 12].
Proof. Let f,g be as before. Observe that

dl/lp
Fe 1” 011P7 = anlr onP.
oy onN 1 on N

where p|4 denotes the restriction of u to set A. This implies

(2.5) 1=l = vl = (V) +0(P) = [ fodr.
Besides, by the definition in (2.1) and the setting in (2.3), it is easy to see that
(2.6) 1 g = vlley = p(P) + v(N) = 7(),

Since f, g are bounded by 1, one has 0 < fg < 1. By (2.4) and (2.5), this yields
=g =vlf 21— llp—=v|rv and

L [l vy < 4 f=() /X fadn = /1~ lu— vy,

where the first inequality is exactly the Cauchy-Schwarz inequality and the last
equality applies (2.6). O

To see an application of Lemma 2.1, we consider products of probabilities.

Proposition 2.2. Fizn € N. For 1 <1 <n, let u;,v; be probabilities on the same
measurable space and set (4 = p1 X -+ X [y, and v = vy X «-- X vy,. In the Hellinger
distance, one has

n

@1 = vl = 1= 10~ s = vl 2 g s = il
1=
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In the total variation, one has ||y — v||rv > max{||u; — vi||lrv : 1 <i < n} and

(28) 1-—

7

n n
1/2
(U=l = walldy) " <l =vlev <1=TTO =l = villry).
=1 i=1

The equality in (2.7) was early introduced in [11] (see Exercise 20.5) and we
display a proof in this article for completion.

Proof of Proposition 2.2. For convenience, let (X;,.A;) be the measurable space on
which y;, v; are defined and set X =["_; X; and A = ", A;. We first prove the
equality in (2.7). For 1 < i < n, let (P,,N<) be a Hahn decomposition of u; — v;
such that u;(P;) > v;(F;) and p;(N;) < v;(V;). By (2.4), one has

dp; de
dm; d

where m;(A4) = p; (P, N A) + v;(N; N A) for A € A;. Set =7 x--- xm,. Clearly,
1 and v are absolutely continuous with respect to 7 and

L d; dv _ m dy;
s dm(xz), a(xl,...,xn)—iﬂd—m(xz).

1= [lpi = villy =

dp
dm

(‘rlv 7*7;77,) =

As a result, (2.2) implies

du dv - dp; dy; - 9
L p—v) = [ 2 g — dmy = [T = Il — vill3)-
o=l = [ arm =11\ e artms = 110 = s il

The inequality in (2.7) is obvious and skipped.

Next, we show (2.8). Note that the first inequality follows immediately from (2.7)
and Lemma 2.1. To see the second inequality, we set 7;(A) = p;(N;NA)+v;(P,NA)
for Ae A;, m =71 x--- x 7, and let (P,N) be a Hahn decomposition of u — v
satisfying p(P) > v(P) and p(N) < v(N). As #(X) = [Ti—; (1 — ||pi — villrv) and
1—|jp = v||rv = p(IN) + v(P), the second inequality in (2.8) becomes

(2.9) #(X) < u(N) + v(P).
Observe that, on D =[]}, D; with D; € {P;, N;},
du dul dv dl/l
dﬂ_(l‘l,..., H dU,L z ﬂ_(l‘l,..., H d/,LZ
:D;=N; :D;=P;
and 0 p p
7 Nz V’L
dﬂ_(zla---, H dV»L 7ID]:[ d,u/z

As dp;/dv; <1 on N; and dui/dm <1 on P;, the above identities imply
dr _ dpdv du A dv  du dv
dr ~ drm d7r dr ' dr drm dm

which leads to (2.9).
To prove the other lower bound of the total variation, let A, = {& € X;|p;(x) >
vi(z)} and B; = {z = (21, ...,2n) € X|2; € A;}. Then, one has

[ = vy > p(Bi) — v(Bi) = pi(Ai) — vi(Ai) = (i — villoy, V1<i<n.
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2.2. Mixing times of Markov chains and their comparisons. Let (X, K, 7)
be an irreducible Markov chain on a countable set X with transition matrix K and
stationary distribution 7 and let (X, Hy, w) be the continuous time Markov chain
associated with (X, K, ), where H, = e *!=K)_ If those Markov chains have s
as the initial distribution, we write (u, X', K,7) and (u, X, Hy, 7) instead. When
i = 0y, a probability concentrated at state x, we simply write (z, X, K,7) and
(z, X, Hy,m).

Referring to (2.1)-(2.2), we define the total variation and the Hellinger distance
of (u, X, K, ) by

(2.10) drv(psm) = [|pK™ = 7|vv,  du(p,m) = [|uK™ — 7|4,
and define those of (X, K, ) by
(2.11) drv(m) =supdry(p,m), dg(m)=supdy(u, m).

M "

For simplicity, we also call the distances in (2.11) the maximum total variation and
the maximum Hellinger distance. The mixing times associated with dtv and dg
are set to be

Trv(p, €) :=inf{m > 0|drv(u,m) <€}, Try(e):=inf{m > 0|drv(m) < €},
and
Ty (py€) :=1inf{m > 0|dg(u,m) < e}, Tg(e) :=inf{m > 0|dg(m) < €}.

When p = 6,, we write dry(z,m), dg(xz,m), Try(z,€) and Ty (x, €) for short. Con-
cerning the continuous time case, we change K" into H; in the above definitions
and, to avoid confusion, replace drv, Trv,dy, Ty with d(Tc\),,TT(i,),d(I?7TI(f). Note
that the total variation, the Hellinger distance and their corresponding mixing
times are non-increasing.

As a result of Lemma 2.1, we provide in the following lemma a comparison
between the total variation and the Hellinger distance. It is remarkable that the
two distances are simultaneously close to 0 and 1, which is useful to identify cutoffs,
introduced in the next subsection, in either measurements.

Lemma 2.3. Let dpy(p, ), dg (i, ) be distances in (2.10) and Trv(p, ), Ta(p, )
be their corresponding mixing times. Then, one has

(212) 1- \/ 1- dgfv(,uvm) < d%{(/’['a m) < dTV(,u7m)7 vm > Oa

and

(2.13) Trv (i, eV/2 — €2) < Tr(p, €) < Try(p, €2), Ve € (0,1).
The above inequalities also hold in the distances of (2.11) and in the continuous

time case.

Concerning (2.12), it’s interesting to explore whether there is a universal constant
C > 0 independent of the Markov chain such that

1- \/ 1- dgFV(,uam) 2 Cd%[(l‘?m% Vm > Oa

dry(p,m) < CdFy(p,m), Ym > 0.

In the following example, we demonstrate that none of the above inequalities can
hold.

or
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Ezample 2.1. Let (X, K, ) be a Markov chain with

B [ 1-« o _ L «
(2.14) X ={0,1}, K—( p 15), 7T_(a+[3701+,3>

It is easy to see that K is reversible and to show that

B, @ (1-a-pB)™.

a+p a+p

(2.15) K™(0,0) =

This implies

2_q__ B X o gm_ S I
d(0,m)* = 1 a+ﬁ\/1+ﬁ<1 a-pyn- S VI=(i-a-5)
and N
dT\/(O,m) = m(l - — /B)m

By the fact of v1+u=1+u/2—u?/8+ O(u?®) as u — 0, one may derive

a(l —a—B)*™ a?(1 —a— B>
dpr(0,m)* ~ T 1— /1= diy(0,m) ~ Aot B?

as m — o0o. As a consequence, we obtain

p1g  G@m) 81 —a—p)m 1o /T EOm) | dof

d%(0,m) a+p ’ d%(0,m) (a+B)?’
as m — oo. Clearly, the former sequence in (2.16) tends to infinity, while the limit
of the latter sequence can be arbitrarily close to zero when a3 is small.

2.3. Cutoffs for Markov chains and their comparisons. When discussing
cutoffs, we refer to a family of Markov chains. To see a precise definition, we intro-
duce the following notations. Let F = (X, Ky, 7,)%2 1 be a family of irreducible
Markov chain and write F, for (X, Hp 1, mn)52,, where Hp; = e~ tI=Kn)  Here,
we call F. the family of continuous time Markov chains associated with F. When
dealing with (tn, Xn, Kn, 7,)5% 1, we call it a family of irreducible Markov chains
with initial distributions (p,,)5%,. For n > 1, we write d,, v and d,, g for the total
variation and the Hellinger distance of the nth chain in F and let T}, v and T}, g
be the corresponding mixing times.

Definition 2.1. A family F of irreducible Markov chains with initial distributions
(14n)$2, is said to present

(1) a cutoff in the total variation if there is ¢, > 0 such that
nhﬁn;(} dp v (pin, [atn]) =0, Va > 1, nhﬂn;() dp v (n, lat,]) =1, Y0 <a < 1.
(2) a (tn,by) cutoff in the total variation if ¢,, > 0, b, > 0, b, = o(t,,) and
2y f@ =0 D Jle) =1,
where

?(C) = lim sup dn,TV(Hny ’—tn + Cbn—| )7 i(c) = hnH_l)lOI(l)f dn,TV(/Jn; \_tn + Can)-

n—r oo

In the above setting, ¢, is called a cutoff time, b, is called a cutoff window corre-
sponding to t,, and f, f are called the (¢,,by,) cutoff profiles.
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Referring to Definition 2.1, the cutoff in the Hellinger distance is defined by re-
placing d,, rv with d,, m. If the initial distributions are not specified, the cutoff is un-
derstood in the distance of (2.11) and defined by replacing dp, vv (fin, -), dn, i (tn, *)
with dp, rv(+),dp g (-). In the continuous time case, the cutoff of F. is defined by
using d%C,)TV, dElC)H instead and removing [-], |-].

The followirfg lemma provides another variant of cutoffs using the mixing times.

Lemma 2.4. ([4, Propositions 2.3-2.4]) Let F be a family of irreducible Markov
chains with initial distributions (pn)S>,. Suppose Ty rv(fin,€0) — 00 for some

€y € (0, ].)
(1) F has a cutoff in the total variation if and only if

Tn,TV(MTm 6) ~ Tn,TV(/J/na 1- 6)? Ve € (0’ 1)

In particular, if F has cutoff time ty, then Ty oy (tin, €) ~ t, for e € (0,1).
(2) Assume thatinf, b, > 0. Then, F has a (tn,by) cutoff in the total variation
if and only if b, = o(t,) and

Ty rv (pin, €) — tn| = O(by), Vee€ (0,1).

In particular, for e1 € (0,1) and t,, = T, vv(in, €1), F has a (tn,by) cutoff
in the total variation if and only if b, = o(t,) and

|Tn,TV(Mn7 6) - Tn,TV(,U/na 1- 6)| = O(bn)7 VG S (07 1)

The above statements are also valid for cutoffs in the Hellinger distance and in

the distances of (2.11), and for F., where the assumptions of T,(L?)Tv(un,eo) — 00
and inf,, b, > 0 are not required in the continuous time case.

The following proposition provides a comparison of cutoffs in the total variation
and the Hellinger distance.

Proposition 2.5. Let F be a family of irreducible Markov chains with initial dis-
tributions (fin)S ;.

(1) F has a cutoff in the total variation with cutoff time t,, if and only if F has
a cutoff in the Hellinger distance with cutoff time t,,. Further, if t, — oo,
then Ty, oy (pin, €) ~ T 1 (tin, 0) for all €,6 € (0,1).

(2) F has a (tn,by) cutoff in the total variation if and only if F has a (t,,by)
cutoff in the Hellinger distance. Further, if inf,, b, > 0, then [T, v (fin, €) —
Tt (fin, 8)| = O(by,) for all €,6 € (0,1).

(3) Assume that F has a (tn,by) cutoff in the total variation and the Hellinger
distance and let ?TV’iTV and fH>iH be (tn,byn) cutoff profiles in respective
distances. Then, one has

1-— \/m < ?i](c) < ?TV(C)’ I—y/1-= i?rv(c) < ii(C) = iTV(C)

The above also holds in the distance of (2.11) and in the continuous time case,
where t, — oo and inf,, b, > 0 are not required for F..

Proof. The proof follows immediately from Lemmas 2.3-2.4 and is skipped. (]
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2.4. Comparisons of cutoffs: Continuous time vs. Discrete time. In [6],
Chen and Saloff-Coste compare the total variation cutoffs between the continuous
time chains and lazy discrete time chains, while the next proposition also provides
a similar comparison of cutoffs in the Hellinger distance.

Proposition 2.6. Let F = (py, X, Ky, 1), be a family of irreducible Markov
chains and F. be the family of continuous time chains associated with F. For any
sequence 0 = (0,)52; in (0,1), set Fg = (tn, Xn, Kn.o,, )02, where

Knp, =01+ (1—0,)K,.

Forn >1, let T,(LT)TV,T,(L?%V be the total variation mizing times of the nth chains in
Fey Fo. Suppose inf,, 0, > 0 and there is eg € (0,1) such that T,(L’C%V(un,eo) — 00
or T,(f%v(,un, €9) — 00. In the total variation,

(1) Fe has a cutoff if and only if Fo has a cutoff. Further, if t,, is a cutoff time
for Fe, then t, /(1 —60,,) is a cutoff time for Fy.

(2) Fe has a (tn,byn) cutoff if and only if Fo has a (t,/(1 — 60,),b,) cutoff.
Further, if F. has a (tn,b,) cutoff, then \/t,, = O(by,).

The above also holds for families without prescribed initial distributions and in the
Hellinger distance.

Proof. For the total variation, we discuss (2) in detail, while (1) can be shown
similarly. In the case that 6 is a constant sequence, Proposition 2.6 is exactly the
combination of Theorems 3.1, 3.3 and 3.4 in [6]. For any sequence 6 = (6,,)5%,, we
set

b = inf 0,, K, — On =0T+ (1=6n)Ky

!
[ — o tU—K,)t
n>1 1—16, mt

)

Clearly, one has

(217) Kn’gn = 0ol + (1 — QO)K,'/,” H,;L = Hn 1-0y .
’ »T=00

By setting ¢ = ((,)52, where (, = 0o, and F' = (pon, Xn, K, 7)1, the first
identity in (2.17) implies F» = F{, which leads to

Fo has a (ry,,b,) cutoff < F. has a ((1 — 60o)ry, by) cutoff,
and the second identity yields

Fe has a (tp,b,) cutoff < F. hasa (}:—g:tn, b,) cutoff.

The desired equivalence is then given by the setting of r, = t,,/(1 — 6,,).
The conclusion for the Hellinger distance follows immediately from Proposition
2.5 and what is proved above. [l

3. DISTANCES OF PRODUCT CHAINS

In this section, we consider product chains and provide bounds on their total
variation and Hellinger distance. Let (X;, K;,m;)"; be irreducible Markov chains
and p1, ..., p, be positive reals satisfying p; + - - - + p, = 1. Referring to the setting
in (1.5)-(1.6), we call (X, K, ) the product chain of (&;, K;, m;)"_; according to the
probability vector (pi, ..., pn), call (X;, K;, ;) the ith coordinate chain of (X, K, )
and name 7 as its dimension. In the continuous time case, we write H; ; = e~ tUI—Ki)
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and H, = e *U=K)_ As is stated in the introduction, one has (1.7) but this could
fail in the discrete time case.

Throughout this section we concentrate on the study of continuous time chains.
Recall that dg), dZ 7 and d(TC\),7 dgc%v refer to the Hellinger distances and the total
variations of (X, Hy, ) and (X, H;+,m;) and that TI({),T(C) and TT(‘%)VT;(’I?V denote
the corresponding mixing times.

3.1. Distances with prescribed initial distributions. Our first result is to
bound distances of product chains using those of their coordinate chains.

Lemma 3.1. Let (X, K, ) be the product chain of (X;, K;,m;)1_, according to the
probability vector (pi,...,pn). For probability distributions pi, ..., un on Xi,..., X,
and the product measure g = pq X -+ - X [, one has

© (12 = 1—TT (1= d (. pit)?) > ()
(31) dH (:u‘vt) 1 lill (]‘ duH(:“‘hpl ) ) 11282( d1 H(.U“val ) .

and d(Tc\),(,u7 t) > max{dTV(u1,pz ):1<i<n} and

L- H (1 - dgc%v(/%,pit)Q) <dQ(ut) <1- H (1 - dgc%v(ﬂupit)) :

1=1 i=1

The above also holds for the mazimum total variation and Hellinger distance.
Proof. For distances with prescribed initial distributions, the proof is given by
Proposition 2.2 and (1.7) and, for the maximum distances, the proof follows im-
mediately from the fact of d(TC\),(t) = sup, d(TC\),(ém,t), dg) (t) = sup, d;? (04,t) and
Op = Ogy X o+ X 0y, for = (21,...,2,) € X. O

The next proposition is an extension of Lemma 3.1 and could be more applicable
to practical computations.
Proposition 3.2. Let (u;, X;, K, 7)1y and (p, X, K, ) be the Markov chains in
Lemma 3.1 and set oy = 201y = 2. For « € {H, v}, one has

" Al (i pit
dic)(u,t)g*glexp{zj ((‘f pit)” }
i— 1 — d (/Jmpz )

and

(©) . 0 N~ (e o (0)
d* (Mat)g > l_eXp{_dii,*(M’upzt) } (1_ ma<x d (,uzvpzt) )

1<

In particular, for A € (0,1),

(32  d7une <1 eXP{CAZdH i pit)? } vt > 11 (AYer),
=1
where cy = 1/(1 — A) and tic)(A) max{T(c (i, A)/pill <i<n}.
The above also holds for the mazimum Hellmger distance and total variation.

Proof. In the Hellinger distance, the proofs for the first two inequalities are given
by Lemma 3.1 and the following fact,

1—u _

v < —log (1+ 1u> =log(l —u) < —u, Vue(0,1),
u
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while the last inequality is implied by the first one with the additional observation
dECI){(uZ,pl t) < VA for t > tgf,)(\/Z) and 1 < 7 < n. In the total variation, the
proofs are similar and skipped. (]

Remark 3.1. By Lemma 3.1, one may use the following inequality
1-(1—a1)x--x(1—ap)<ar+-+an, VYai,..a,€][0,1]

to obtain

(3.3) d(c (st Z Mm ) TV (u,t) < Zd( TV (i, t)

Compared with the last mequahty in Proposition 3.2, (3.3) provides simpler upper
bounds without the requirement of ¢ > t(hc,) (A) and t > t(TC\), (A).

The following example is an illustration of Lemma 3.1 and Proposition 3.2.

Ezample 3.1. Let n € N and o, € (0,1]. For 1 < i < n, let (&;, K;,m;) be a
Markov chain with

_ [ 1-«a o o 153 o
(3.4) X; ={0,1}, Kl—( 3 15), m_(omtﬁ’ourﬁ)

and (X;, H; 4, 7;) be the continuous time Markov chain associated with (;, K;, ;).
By (2.15), one has

B a i
Hi,t(070) = Oé+ﬂ + m@ ( +B)t.

This implies

35)  d0,82=1-—L— 14 %etaton - 2T o aron
( ) z,H( ) a_'_ﬁ ﬁe O["‘B €

and

c (&7 —(a
(3.6) Ay (0,0) = e

Let K be the product chain of (X;, K;, 7;)!_; according to the probability vector
(1/n,...,1/n) and consider the case e = 8. Note that, from Lemma 2.3 and (3.6),

1 1
) (0,0)? < d\),(0,1) = 3¢ <5 Vi
By applying (3.2) with A =1/2, one has

c\—4aa
1 —exp {_n(ne8)} < d?&(o, an(logn + ¢)) < 1 —exp {—n(ne®) 2%},

and
1—exp{—fulc)} < dg? (0, (40) " 'n(logn + c))2 <1-—exp{—2f.(c)},
for a > 0 and ¢ > —logn, where 0 = (0, ...,0) and

In(c) = g (2 — \/1 + (nec)=1/2 — \/1 _ (nec)—1/2>

) (HJH?W) (HW)
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The last equality yields e7¢/8 < f,,(c) < e7¢/(2v/2) and the bounds for distances
lead to

n ¢ n 1
o (logn—loglog - 3) < TT(\Z(O,e) < % (logn—loglog - 6)

1—¢
and
n
4o

1 (c) n 1
— — < < — —
(logn log log T 3) T} (0,¢) 1 <logn log log 1 E) ,

for 0 < € < 1 —e~ ™. Consequently, we may conclude that, when n tends to infinity,
the total variation mixing time has order nlogn, while the mixing time in the
Hellinger distance is asymptotically (4a)~1nlogn.

Next, we make a more precise estimation of the total variation using Lemma 2.3
and Lemma 3.1. By (3.1) and (3.5), one has

dgfr) (0, (4a) 'n(logn + C))2 =1- <\/l + (eon) 1/ ;‘ V1- (ecn)_1/2>

1 1
:1—exp{—8ec}+0(n>,

for ¢ € R, where the last equality is the result of the fact that, as t — 0,

I - ’
@ —1- % +0(t"), log(L —1) = 1=t = O(*), e~ = 1= O(1).

By (2.12), this implies
dT(c‘), (0 (4a) " 'n(logn + c)) <4/1—exp L +0 1
’ - 4ec n

1 1
d(TC\)/ (0, (4) " 'n(logn +c)) > 1 —exp {_860} +0 (n) .

Consequently, we may conclude that the total variation mixing time is also asymp-
totically (4a)~'nlogn.

and

3.2. Maximum distances of product chains. In this subsection, we consider
distances of product chains in the sense of (2.10) and our first result is the appli-
cation of Proposition 3.2 to the total variation.

Proposition 3.3. Let (X, K, ) be the product chain of (X;, K;,m;)_, according
to the probability vector (p1,...,pn). For e; € (0,1/2) and u; > Ti(,CT)v(ei) with
1 <i<n, one has

dgrc\)/(t) <1-exp { (2¢;)Lpit/wi] } RN s %

i=1

Proof. By (3.2), one has

n (C)

T, 1/2

die(t) < 1-exp {_2 § ,dgc%v(pzt)} ,  Vt> max M
i=1
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Since s — ZdE,C%V(s) is submultiplicative, we have

c c zt c Lpit/ui) tw
2 t) < 200 (s | 2] ) = (2l ) ™ < 2o,
As u; > Ti(;)\,(l /2) for all 1 < i < n, the above inequalities combine to the desired
one. O

To get a variant of Proposition 3.3 in the maximum Hellinger distance, one
may follow the same reasoning as before but needs the quasi-submultiplicativity of
dg‘) (t), which is the submultiplicativity of C’dg) (t) for some C > 0. To see a lower
bound on C, let’s consider the two-state chain in (2.14). By (3.5), when a > S,

one has
4 (t) = d\(0,1) ~ /%e*%a%t, as t — oo.

Note that if ¢t — Cdg) (t) is submultiplicative, then dg)(%)/(d(ﬁ) (t))? < C for all
t > 0. This implies

(o)
Cs m O _ By,
t—o00 (dbcl (t))2 (0%

Taking o = /3 yields C' > /8.

Lemma 3.4. ([3, Lemma A.3]) Let dH,dgj) be the maximum Hellinger distances
of a discrete time irreducible Markov chain and its associated continuous time one.
Then, the following mappings

m s ddg(m),  t s 4d9 (1),
are non-increasing and submultiplicative.

The next proposition follows immediately from (3.2) and Lemma 3.4, of which
proof is similar to that of Proposition 3.3.

Proposition 3.5. Referring to the product chain in Proposition 3.3, one has

n
© (2 <1 _ 1 2Lpit/us ui
di ()" <1—exp { S ;(461) P , V¢ max o

where ¢; € (0,1//2) and u; > Tf%(ez) for1<i<n.

4. CUTOFFS FOR PRODUCT CHAINS

In this section, we consider families of product chains and discuss their cutoffs.
Let (k)22 be a sequence of positive integers and

be a family of irreducible Markov chains and a triangular array of positive reals.
For n > 1, let (X,, K,,m,) be the product chain of (X,M,Kmmrmiﬁ; according
to the probability vector (pn,1/qn; s Pnkn/dn), Where ¢, = pp1+ -+ P, . We
write 7 for the family (X,,, K, 7,)5%; and call it the family of product chains of
F according to P. In the continuous time case, we set H,, ; ; = e tU=Kni) Hy: =
e tI=Kn) and FF = (Xn, Hpt,7,)2% . For the Markov chains, (X, i, Hp i, Tn.i)
and (X, Hy ¢, 7p), We use ) d(CH and dgzc,?i,TV7d?(1€,?I‘V to denote their Hellinger

n,i,H>»"'n,
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distances and total variations and write TT(LCQ H,Tr(lcl)q and Tf:i)yTV,T,(L%V for their
corresponding mixing times.

4.1. Cutoff of product chains in the Hellinger distance. The following the-
orem provides equivalent conditions for cutoffs in the Hellinger distance.

Theorem 4.1. Let F,P be families in (4.1). Forn >1 and 1 < i < ky,, let pip;
be a probability on Xy, i, tin = fin1 X - X ln ks Gn = DPn,1 + -+ Pn,k, and set

Zfﬁ dglc)z H (Mn,ivpn,it/qn)2 c
Fn(t) = L ’(C) Gn(t = max d;’)in (,Ufn,hpn,it/Qn)»

—_— 27 .
1— max d - . -t 1<i<kn
1<i<k, n,i,H (Mnﬂvpn,z /qn)

where 1/0 := oo. Then, the family F with initial distributions (u,)SS; has:
(1) a cutoff in the Hellinger distance with cutoff time t,, if and only if

0 fora>1,
oo for0<a<l,

n—oo

lim F,(at,) = {
(2) a (tn,by) cutoff in the Hellinger distance if and only if t, > 0, b, > 0,
by, = o(t,) and
lim limsup F,, (¢, + ¢b,) =0, lim liminf F,(t, + cb,) = cc.

c—00 n—oo C—>—00 N—00

In particular, when sup,, k, < 0o, the equivalences in (1) and (2) remain true
under the replacement of F,, and co with G, and 1.

Remark 4.1. In Theorem 4.1, when sup,, k, < oo, the corresponding conclusion
also holds in the total variation.

Remark 4.2. Both Theorem 4.1 and Remark 4.1 are valid in the maximum distance.

Proof of Theorem 4.1. We deal with the general setting here, while the case of
bounded dimensions can be treated similarly. Set

kn (¢) 2 kn
d i H (Hn,iapn,it/Qn)
falt) =Y ——200 3 9n(0) =D A (i it [4n)-
i—1 1 — Jax dn7i7H (Hn,is Pnit/qn) i=1

By the definitions of F),, G, fn, g» and Proposition 3.2, one has

gn
c 5 fnSFn: 5
1= dy (. )2 1-G3

G? < gn <log A (n, )2 <1 — eI,
and )
L= d ) S €7 A (L= G £ = A (L= GR) < VITE,
This implies that, for any sequence of positive reals (¢,)52 ,
nlgréo dn,H(Nna tn) =0 e nhHH;o fn(tn) =0 A nlggc Fn(tn) =0
and

lim dy(pn,t) =1 & lm fulta) =00 & lim Fu(t,) =,

n—roo n—oo n— oo

which leads to (1). As (2) can be derived in a similar way, we skip the details. O
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The next corollary provides a sufficient condition for families of product chain
without cutoffs in the Hellinger distance, of which proof is obvious from Proposition
3.2 and skipped.

Corollary 4.2. Refer to Theorem 4.1. If there are t,, > 0 and b > a > 0 such that
limsup F,(at,) < oo, liminf F,(bt,) > 0,
n—oo

n—oo
then no subfamily of FI presents a cutoff in the Hellinger distance. The above also
holds in the maximum Hellinger distance.

4.2. Cutoffs for product chains in the maximum distances. In this subsec-
tion, we discuss the cutoff in the maximum distance. As cutoffs for product chains
with bounded dimensions have been highlighted in Remark 4.2, we will focus on
the case with dimensions tending to infinity thereafter.

Theorem 4.3. Let F,P be families in (4.1) with k, — oo and {t,; >0:1<4<
kn, n > 1} be a family of positive reals. Set o = 201v = 2 and, for x € {Tv, H},

kn—m
T\) (€n,i) s (e)
§p = max ————=_ R(c)= lim limsup E (204€p,3) 0 nPri/ Toisa(en),
1<i<k, Pn,i m—0 p_yo0 ’

i=1
Suppose €,; € (0,1/(204)) and inf; , €,; > 0. Then, for x € {rv, H},
(1) If R(c) =0 for all ¢ > 1 and the family (X k, —ms Hn by —m.ts Tnk, —m )y
has a cutoff, for all m > 0, with cutoff time (t,k, —m)>,, then F has
a cutoff with cutoff time (pp1 + -+ + Dok, )Sn and limsup, s,/t, < 1,
where t,, = max{t, ;/pn;:1<i<k,}. If supiyn{tnyi/TT(;i),*(en,i)} < 00 18
assumed further, then s, ~ t,.
(2) If R(c) = 0 for some c € (0,1) and FL has a cutoff with cutoff time vy,
then there are sequences of positive integers (jn)oe, and (J,)52, satisfying
Jn > Jn-1, 1 < Jn < kj, and |kj, — Jn| = O(1) such that the family
(X oy Hjoog 40T 00 )y has a cutoff with cutoff time pj, 5,5, /4, -

The proof of Theorem 4.3 is tricky and we discuss it in the next subsection.
In Theorem 4.3, it is easy to check that R(c) is non-increasing in c¢. Note that

€ni < 1/(20+) is sufficient for TTECB*(em) > 0 and that €, 5, —m < 1/(20.) for
n,m large enough is necessary for R(c) = 0. When R(c) = 0, one can see from
Proposition 3.3 that, for the total variation or the Hellinger distance of the nth
chain at time cs,, the contribution from all but the last finitely many chains in
(Xn’i,Kn’i,ﬂn’i)i-zl is asymptotically negligible. In the following, we introduce
more properties of R(c) which are useful in proving and applying Theorem 4.3.

Lemma 4.4. Refer to Theorem 4.3 and assume €y, ; € (0,1/(204)) and inf; ,, €, ,; >
0. For x € {rv, H}, one has:
(1) If R(c) = 0 for some ¢ > 0, then, for any 6 € (0,1), there are positive
integers N > M > 0 such that
Ty (en) Ty o (end)
max ———— <¢§ max ——— ¥n>N.
1<i<kn,—M Dy kn—M<i<kn  Dn
(2) If R(cp) < oo for some cg > 0, then either R(c) > 0 for ¢ > ¢y or R(c) =0
for ¢ > cq.



CUTOFFS FOR PRODUCT CHAINS 19

(3) R(c) =0 for some c € (0,1) if and only if R(c) = 0 for some ¢ > 0 and
R(c) < 0o for some ¢ € (0,1).

(c
(4) R(c) < o0 if and only if sup,»1 S50 (206, 1) 0577 Tt (00) < oo,
Proof of Lemma 4.4. Note that (3) is a corollary of (2), while (2) is an immediate

result of Lemma A.1. (4) is clear from the definition of R(c). To see (1), we set
o = inf; ,, €,;. By the following inequality

kn,—m
yp(e) X : yp(e) . ; _
E (2Q*€n7i)CQ*SW,Pn,z/Tn,i,*(En,z) Z (2Q*a)cg*sn mln{Pn‘z/Tn,i,*(En,z)~1SZ§kn m}’

i=1

if R(c) = 0 for some ¢ > 0, then

o maX{TT(lCZ-)*(%,i)/pn,i 1 <i<ka}
lim lim inf o
m=00 100 max{T) (e,1)/pni i1 <i < kn—m}

127*

= 00,

which is equivalent to the conclusion in (1). O

Proof of Theorem 4.3. We will prove Theorem 4.3 in the total variation, while the
variant in the Hellinger distance can be treated in a similar way and skipped.
First, we set up some notations and make basic analysis. For convenience, set
o = inf; pen4, Gn = P+ -+ DPnk, and up; = Tr(fi),Tv(fn,i)- Clearly, s, =
max{u, ;/Pni : 1 < i < k,}. Let dg:‘z’Tv and dgi)Tv be the total variations of
(Xnis Hp iy i) and (X, Hy, ¢, mn). By the second inequality of Proposition 3.2,
one has

(4.2) e (t) > max df) oy (Puit/an), Yt > 0.

Let (X2, KE 7£) and (XR, K*, 7R) be the product chains of

(Xn,iy Kn,i7 Fn,i)i‘tfma (Xn,i’ Kn,iv 7T’ﬂ7i)§£kn7m+1’

according to the probability vectors

(pn,l/qﬁa '-wpn,kn*m/qg)a (pn.,kn*m+1/q§’ "'apn,kn/q;z)v

where ¢~ = Zf;l_m qn,i and gf = ngk,ﬁmﬂ qni- Obviously, (X, Kp,m,) is
the product chain of (X%, K~ %) and (X, KX 7%) according to the probability
vector (¢~ /qn,qX/qn). Let dﬁéc\z and dZ?T(f,) be the maximum total variations of
the continuous time chains associated with (X%, K% 7£) and (X%, KX «%). By

n’ n n
Lemma 3.1, one has

A () <1 - (1 - dﬁ,’é@(qﬁt/qn)) (1 - dﬁcv)(qft/qn)) ,

and
kn

deiaRt/a) <1- T (1= d5) ey ait/an)
i=k, —m-+1
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Further, by Proposition 3.3, when t > ¢, max{w,, ;/pni : 1 <i <k, —m}, one has

kpn—m
L,(c ) W
A5t/ q,) < 1— exp {— Y (e )t/ w%”}
=1

kn—m
<1—exp {21 Z (2€n7i)(pn,it)/(un,iqn)} )
fe!

i=1
As a consequence of the above inequalities, we have

kn—m
c 1 < . .
d'l('L,?I‘V(t) Sl — exp {_20& 1:21 (2€n’i)(pn,zt)/(un,z(bl)}
(4.3) .
x H (]‘ - dglc,)i,TV(pn,it/QTL)> )
i1=k,—m+1
for t > g, max{uy ;/pn,; 1 < i <k, —m}.
To prove (1), we assume R(c) =0 for ¢ > 1 and
0 fore>1
4.4 lim d'® Cln kb —m) = ’
( ) n1~>oo n’k”_"L’TV( ohon ) 1 for0<e< 1,

for any m > 0. Forn > 1, let 1 < {, < k, be a positive integer such that
Sn = Uny, /DPne,- By Lemma 4.4(1), there are positive integers N > M such
that k, — M < ¢, < k, for n > N. By Lemma 2.4, since inf; ,€,; > 0 and
Sup; ,, €n,i < 1, (4.4) also holds as t, x, . is replaced by wup k, —m. Consequently,
(4.4) remains true when k, —m and t,, x,_n are replaced by ¢, and u,,,. By
(4.2)-(4.3), we obtain

Ve e (0,1), liminfdhy(cqnsn) 2 iminfd) o (cune,) = 1,
and
Ve > 1, limsup d;f)Tv(cqnsn) <1-—exp{—R(c)/2a} = 0.

n—oo
This proves that F has a total variation cutoff with cutoff time g,,s,,.
Next, we compare s, and t,, where t, := max{t,;/pn; : 1 < i < k,}. By
Lemma 4.4(1), one may choose, for any 6 € (0, 1), two integers N5 > Ms > 0 such
that

(4.5) max{u"’izlgigkn—Mg}Schn, Vn > Nj.
Pni

This implies

(4.6) S, = mMax {%” tky, — Ms <i< k:n} < A, stn, VYn > Ns,
Pni

where A, 5 = max{un,i/tn; : kn — Ms < i < ky}, and

tn—max{ : :1<2<kn—M5}\/maX{ : :kn—M5<z<kn}
(47) Pni DPni

< (Cdsp) V (Bnssn), Vn> Ns,
where By, s = max {tn;/un;: kn — Ms <i < k,} and C = sup, ,, tn,i/un,. Since

(X ko —ms Hn ko —mots Tk —m )oeq has a cutoff, one has lim, ty g, —m/Un kp—m =
1 for any m > 0, which leads to lim, A, 5 = lim, B,s = 1 for all § € (0,1).
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Immediately, (4.6) implies limsup,, s, /t, < 1. Moreover, if C' < oo, then applying
(4.7) with 6 = (C + 1)1 yields limsup,, t,/s, < 1.

To prove (2), we assume that R(cg) = 0 for some cg € (0,1) and F7 has a cutoff
with cutoff time v,. By (4.2), one has
(4.8) nlggo 12?1; dilc,)i,Tv(Cpn,iUn/Qn) =0, Ve>1.
Since €,; > o > 0, (4.8) implies that, for any ¢ > 1, there is n. > 0 such that
Uni < CPn,iVn/qn for all 1 <4 <k, and n > n.. Clearly, this is equivalent to

(4.9) lim sup n <4,

n—00 Un/qn -

Next, we set

kn
c) = su 2€n.4 (C”"*”")/(“"”q"), Ve > 0.
ple) nzﬁ;;( i)
By Lemma 4.4(4) and the fact of R(cp) < oo, one has
(4.10) Blc) < o0, Ve > .

Let N5 > Mjs be the constants such that (4.5) holds, set M’ = M, /5 and, by (4.9),
select N > N, /o such that s, < 2v,/q, for n > N’. As a result of (4.5), this
implies

(4.11) max{un’izlgigkjn—M'}Scovn, Yn > N'.
pn,i dn

Immediately, one may use (4.3) and (4.11) to obtain

MI
(4.12) dS%w«cvn><:1—-eB“*“2a>(1-—k Cmax dSZwacanvn/qn>) ,

for ¢ > ¢y and n > N'.

Now, let ¢, € (¢p,1) be an increasing sequence converging to 1. By (4.10), we
have B(c,) < oco. As FF has a cutoff with cutoff time v, one may use (4.12) to
derive

; (e) _
dimomax dG ey (epnion/gn) =1, Vr > 1.

Set jo = 0. Inductively, we may select positive integers j,, [, satisfying
Jr > Jr—1, kj _M/<lrgij
such that

(4.13) dt (C””?“””> >1-927",

Jrslr, TV 4,

For the family (X}, 1., Hj, 1.4, j,.1,.) o2, since the maximum total variation is non-
increasing, (4.13) implies

(”W%>zmmﬁw> (W%W%):L Ve € (0,1).

4, roo  drile, TV qj.

lim inf d©

r—oo  Jrilr, TV

while (4.8) yields

IMJ%m«@wwvzq Ve s 1.

r—oo Jm qj,
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This proves that the subfamily (X}, 1., Hj, 1,.t:7j..1,.)o2; has a cutoff with cutoff
time pj, 1, ;. /g, 0

4.3. Cutoffs for some type of product chains. In this subsection, we consider
families in Theorem 1.3 and provide respectively necessary and sufficient conditions
for their cutoffs in the total variation and in the Hellinger distance. For convenience,
we recall the following notations

(414) P = (pn)zozla ‘F = (Xannaﬂ-n)fLO:h ‘FP == (ynyquyn)fLO:la

where p, > 0, (X,, K,,m,) is an irreducible Markov chain and (Y, Ly, vy) is
the product of (X;, K;, m;)?_, according to the probability vector (p1/qn; -, Pn/qn),
where ¢, = > | p;. For any sequence of positive integers £ = (£,)2%,, we define
Fe = (Xe,, Ke,,me,)3%, and Pe = (pg, )22, and write F7¢ for (F¢)Ps. Note
that F7¢ is different from (F7)¢. As before, we use ¢ to denote the family of
continuous time Markov chains associated with F¥:¢. In what follows, we make
some extension of Theorem 4.3 and, first of all, introduce a key technique to compare

the cutoffs of F, and F.

Proposition 4.5. Let F¥ be the family in (4.14), og = 20rv = 2 and, for x €
{tv,H}, let 0 < €, < 1/(204«) be a sequence satisfying inf, €, > 0. Forn > 1, let
Técl() be the mizing time of the nth chain in F. and set g, =Y ., p; and

Tl(c)(ei) n- (¢)

1,k . . > 3 . .
_ ) R(e) = 1 1 20..€; coxsnpi/T; [ (€i)
Sn = max P (c) = i Tim sup 1221 (204€;)

Given any increasing sequence of positive integers & = (€,)5% 4, set

© Tﬁ(ic,)*(eﬁi) () N — cors©pe. T (ee,)
T T pe R(e) = lim lim sup 2(29*%) i T o),
i—

Then, for x € {Tv, H},

(1) If R(c) =0 for all ¢ > 1 and F. has a cutoff with cutoff time t,, then F)
has a cutoff with cutoff time ¢, s, and s, ~ max{t;/p; : 1 <i < n}.

(2) If R(c) = 0 for some ¢ € (0,1) and FF has a cutoff, then there is an
increasing sequence of positive integers & = (&,)0%, such that (F¢)e has a
cutoff.

(3) If, for any increasing sequence of positive integers &, R (c) = 0 for some
c € (0,1) and FF¢ has a cutoff, then F. has a cutoff.

Proof of Proposition 4.5. Referring to Theorem 4.3, the following replacement,

kn=mn, €ni==¢€, tni=ti Dni=0i, (XniKni,mni)= (X, K m),

leads to

(Xn,kn—ma Kn,kn—wn ’/Tn,kn—m) - (Xn—ma Kn—ma ’/Tn—m)-
Clearly, the notations of F¥ and R(c) are consistent in Theorem 4.3 and Proposition
4.5. As a result, (1) is given by Theorem 4.3(1), while Theorem 4.3(2) provides
a sequence of positive integers J tending to infinity such that (F;). has a cutoff.
Selecting £ as an increasing subsequence of J yields (2). For (3), to show the cutoff
of F,, it is equivalent to prove that any subfamily of F. has a further subfamily

that presents a cutoff. (See, for instance, [5] for a reference.) Let £ be an increasing
sequence of positive integers. As a consequence of (2), since F7¢ has a cutoff and
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R®(c) = 0 for some ¢ € (0, 1), there is a subfamily of (F¢). that presents a cutoff,
as desired. O

Remark 4.3. Let N > 0 and & = (£,)52; be an increasing sequence of positive

integers. Referring to the setting in Proposition 4.5, if s, = T,(fl(en)/pn forn> N,
then sgf) = s¢, for &, > N. This implies

n—m En—m

© (e) (e)
§ :(29*6&_)62*5” pe; /Te; . (eg;) < Z (QQ*G,»)CQ*S&"M/TM(Ei)’ V¢, > N,
i=1 i=1

which leads to R()(c) < R(c).

The following is the main theorem in this subsection, which provides criteria to
determine cutoffs for F .

Theorem 4.6. Let FT be the family in (4.14), T,(fl be the mixing time of the nth
chain in F. and oy = 201y = 2. Assume that, for x € {Tv, H}, there are constants
co € (0,1), N > 0 and a sequence (€,)5%; satisfying 0 < inf, €, < sup, €, <
1/(20+) such that

T) T (en)

(4.15) max — = — , Yn>N,
1<i<n Di Pn
and
n—m c00+T ) (en)pi /(T (€:)pn)
4.16 lim limsu 204 SUp €, =0.
( ) m—00 n—>oop Z ( ¢ nZIi )

i=1

Then, for x € {rv,H},
(1) Fe has a cutoff if and only if, for any increasing sequence of positive integers
¢, FP€ has a cutoff. In particular, if F. has a cutoff, then F has a cutoff.
(2) No subfamily of F. has a cutoff if and only if, for any increasing sequence of
positive integers &, FI+¢ has no cutoff. In particular, if F. has no subfamily

presenting cutoff, then FT has no cutoff.

Further, if F. has cutoff time t,, then F. has cutoff time q,tn/pn, where g, =

Proof. Let ¢ be an increasing sequence of positive integers, co, N be the constants
in Theorem 4.6 and s, R(c), R (c) be as in Proposition 4.5. By (4.15), one has

Sy = Tffﬁ (en)/pn for n > N and, by (4.16) and Remark 4.3, this implies
R®(c) <R(c)=0, Ve> o, k.

For (1), based on the above observation and Proposition 4.5(3), it is obvious that
if FP¢ has a cutoff for any &, then F, has a cutoff. Conversely, if . has a cutoff,
then (F¢). has a cutoff for all £ and, as a consequence of Proposition 4.5(1), F/ ¢
has a cutoff. Note that, when F, has a cutoff, the desired cutoff time for F7 is
given by Proposition 4.5(1).

Next, we discuss (2). By Proposition 4.5(1), if (F¢). has a cutoff, then F¢ has
a cutoff. Conversely, by Proposition 4.5(2), if F>¢ has a cutoff, then there is a
subsequence of &, say &', such that (F¢/). has a cutoff. This proves (2). O

Remark 4.4. We would like to point out the non-consistency of cutoffs for F. and
FF and illustrate this observation with examples in Subsection 5.2.
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Proof of Theorem 1.3. The proofs for the total variation and the Hellinger distance
are similar and we deal with the case of the total variation. Set € := 2sup,, €, and
C :=sup,, |Cy|. Since D,, is nondecreasing for n large enough and D,, — oo, (4.15)
holds. By Theorem 4.6, it remain to show that there is ¢o € (0, 1) such that

lim limsup E €
m—o0 psoco 1
i=

coexp{D,—D;} =0.

Since B,, is nondecreasing and |C,,| < C, one has D,, — D; > A,n— A;i—2C. Note
that, if A, is nondecreasing, then A,n — A;i > A;(n —1i). If A, = A4+ O(1/n) for
some A > 0, then

Apn — Agi = A(n — i) — |Ap — Aln — |A; — Ali > A(n — i) — 24,

where A’ = sup,, n|A, —A|. As a result, we obtain ePr =i > (A; AA)e~2A+O) (n—
i) and, by setting € = exp{co(A4; A A)e 2A T Joge} € (0,1), this leads to

n—m oo nm
lim sup Z 0 xP{Dn=Di} < Z(e’)j = (<)
i=1 j=m -

> — 0, asm — oo,
n—o0 1 €

for all ¢y > 0. [l

5. EXAMPLES

In this section, we consider practical examples for families in Theorem 1.3, which
are exactly families in Subsection 4.3, and determine their cutoffs.

5.1. Products of two-state chains. Let (u, X', K,7) be an irreducible Markov
chain and (p, X, H;,7) be the associated continuous time chain. Define the L2-
distance and the L?-mixing time of (u, X, Hy, 7) by

4 (p,t) = (Z

zeX

pHe(x)

r(z) !

9 1/2
w<x>> . T3, €) = min{t > 01 (1,1) < €.

For two-state chains, we have the following precise computations.

Lemma 5.1. Let (X, Hy,m) be a continuous time Markov chain associated with
(X, K, ), where

B [ 1-a « B 5 a
X_{Ov]-}v K_< ﬂ 1_ﬁ)a 7T_<O[+,B’Oé+ﬁ).

Fort >0, one has

2 _ d(0,1)”

c QO _9(n c
d; )(O,t)2 _ Be 2( +B)t’ dsq) (0,) e 7

where r(t) = [1 4+ A(t)][1 + B(t)][A(t) + B(t)] and
P Y

d(0,1)?
42 + (o) B)e—(a+h)t]

In particular,

(c) 2
(c) 2 dy (0,1
< dH (0’ t) < 2+ (a/ﬂ)@*(ﬂﬂrﬁ)t ’
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Proof. The L2-distance is given by the spectral information of K, while the Hellinger
distance follows immediately from (3.5). O

Clearly, one can see from the above lemma that the Hellinger distance and the
L2-distance of two-state chains are comparable with each other.

Next, we consider the cutoff in the L2-distance. A family of continuous time
Markov chains F. = (pin, Xn, Hn 1, Tn)o2 is said to present a L2-cutoff if there is
a sequence t,, > 0 such that

lim d; )2(u7, aty) =

n— oo

0 forae(l,00),
oo forae (0,1).

F is said to present a (t,,b,) L*-cutoff if ¢, > 0, b, > 0, b, = o(t,,) and

lim lim sup dn 2(Mn,t + ¢by,) =0, hm hmlnfdn 2(,un,t +cby) =

Cc— 00 n— oo —00 Nn—r

For product chains, Chen, Hsu and Sheu declare the following observation in [2].

Lemma 5.2. (]2, Proposition 4.1]) Let F and F* be families in (4.14) with initial
distributions (pn )5y and (07,)22 1, where op = p1 X =+ X fin.
(1) FP has a L?-cutoff with cutoff time t,, if and only if

~ 0 fora>1
lim S d') (i, apitn/gn) = ’
THOO; i2 (Wis apitn/qn) o forac(0.1),

(2) FF has a (tn,b,) L*-cutoff if and only if t, > 0, b, > 0, b, = o(t,) and

lim hmsupzdl 5 (1, (Pi/@n) (tn + ¢by))? = 0,

€0 noo
i=1

and

lim hmlandZ2 (is (Di/qn)(tn + cbp))? = 0.

c——00 N—00
=1

As a consequence of Lemmas 5.1-5.2, Proposition 2.5 and Theorem 4.1, we
achieve the following proposition.

Proposition 5.3. Let F” be the family in (4.14) with

Xn*{o’l}’ Kn( Bn l_ﬁn), ﬂn<an+5n,an+6n>.

Suppose the nth chain in FF starts at 0, the zero vector in Y,, and assume that
sup, {an/Bn} < co. Then,
(1) FP has a total variation cutoff if and only if F.' has a L*-cutoff. Further-
more, T,(L’C%V(O,e) T7(lc2( 0) for all e € (0,1) and § > 0.
(2) FP has a (tn,b,) total variation cutoff if and only if FL has a (tn,bn)
L2-cutoff.

Proof. Note that, by Proposition 2.5, it suffices to show the equivalence of cutoffs
in the Hellinger distance and the L2-distance. Set r = sup,{a,,/B,}. By Lemma
5.1, one has

(5.1) Zd(C)Opzt/Qn <Zle0pzt/qn < Zd (0,pit/qn)”
i=1
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The proof is based on the above inequalities. We first consider (1) and set, for
a >0,

n Zn— d(C) (07apitn/Qn)2
Dy(a) = lim >~ d(0,apitn/q.)?, Dila) = lim —=——-I5 -
et "1 — max d; (0, apity/qn)
1<i<n 7
By (5.1), one has
Dy(a)=0 < Dg(a)=0, Dy(a)=00 = Dpgla)=oc.

As a result of Theorem 4.1 and Lemma 5.2, if 7 has a L?-cutoff with cutoff time
tn, then P has a cutoff in the Hellinger distance with cutoff time t,,. Further, if
FF has a cutoff in the Hellinger distance with cutoff time ¢,, then Dy(a) = 0 for
a > 1. To finish the proof of (1), it remains to show that Dy(a) = oo for 0 < a < 1.
Assume the inverse that there are ag € (0,1) and a subsequence & = (£,)52; such

that
é’!l

. 2
n11_>rréO z; deQ) (0, aopite, /ge, )" < o0,
=
and set

Ds(a) = lim supZdz(fg (0, apite, /ge,)?,  Va > ag.

Since Dy(a) = 0 for a > 1, one has Dy(a) = 0 for a > 1. It is easy to see from
Lemma 5.1 that the summation defining ﬁg is a linear combination of exponential
functions with positive coeflicients. As a consequence of Lemma A.3, 52((1) =0
for a > ag and, by (5.1), this leads to

(5.2) lim Zf;l dl(.%((), apite, /e, )?

()
nroo 1 — 12%}2” dZCH(Ou apitén /qfn)Q

=0, Ya > ag.

However, by Theorem 4.1, the cutoff of Fin the Hellinger distance with cutoff
time ¢,, yields Dy (a) = oo for 0 < a < 1, which contradicts (5.2).

Next, we consider (2). In a similar reasoning, one can show that a (t,,b,) L*-
cutoff implies a (t,,b,) cutoff in the Hellinger distance. Further, a (¢,,b,) cutoff
in the Hellinger distance implies

n
Jm Tsup ) A0, (1 + cba)pi/2)? = 0.

To finish the proof of (2), one needs to show that

Jim_Hmin > ;5 (0, (tn + chu)pi/0u)" = o0,
i=1

when FP has a (t,,b,) cutoff in the Hellinger distance. Assume the inverse that

there are ¢, — oo and a subsequence & = (£,)52, such that

&n
(5.3) te,/(cabe,) = 0o, limsup > di9(0, (te, — cabe, )pi/ae,)? < oo,

n—oo
=1
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and set
Ds(a) = limsup Z dE 2)(0 (te, + acnbe, )pi/ge, )?.

By the former of (5.3), it is clear that Ds(a) is defined for a € R. Since (F7 )¢ has
a (te,,be, ) cutoff in the Hellinger distance and ¢,, — oo, one has

&n (C) )
D d te, + acpbe,
(54) Do(1)=0, lim 2= %n(0 e Facube,))

R e A0t + ocube, )P

=00, Va<D0.

By Lemma A.3, the latter of (5.3) and the former of (5.4) imply Da(a) = 0 for
a > —1. Consequently, (5.1) yields

S8 dh (0, (e, + acybe, ))>

lim © =0, Va>-1,
" l- max d (0, (te, + acnbe,))?
which contradicts the latter of (5.4). O

Remark 5.1. In fact, one may derive a similar version of Lemma 5.1 to compare
the total variation and the L2-distance of two-state chains. However, this is not
sufficient to prove Proposition 5.3 due to the lack of a similar version of Theorem
4.1 in the total variation.

Concerning families of reversible Markov chains, Chen and Saloff-Coste obtain
an equivalent condition for the L2-cutoff in [5], while Chen, Hsu and Sheu polish
their result in [2]. The following theorem is a combination of [2, Theorem 4.3] and
Proposition 5.3.

Theorem 5.4. Let F¥ be the family in Proposition 5.3 and assume inf,, o, ABy > 0
and py, < pny1. Then, FF has a total variation cutoff if and only if

1
(5.5) SUPM —

n>1 Pn
Moreover, if (5.5) holds and py (v, + By) is increasing, then F has a (t,,b,) total
variation cutoff, where

log(1+ 7)
5.6 tn = qn max —————_ by, =\/lnqn, qn = E i
(5.6) 4 1<j<n 2p;(a; + Bj) Vindn, 4 — b

Remark 5.2. Let F¥ be the family in Proposition 5.3 satisfying
inf an A Bp >0, pp< Pn+1, pn(an + /Bn) < p7l+1(an+1 + ﬁn—i—l)

and let T( % and T, ,(LC%V be the mixing times of the nth chain in F in the L2-distance
and in the total variation. In [2], Chen, Hsu and Sheu show that there is ¢g > 0

such that T(C%(O7 €) < t, for e € (0,€p), where t,, is the constant in (5.6). By using

n,
[2, Proposition 4.1], Proposition 3.2 and Lemma 5.1, one may select 0 < €1 < €

such that T(C%V(O €) < t, for e € (0,e1). Note that the spectral gap A, of the

n

nth chain in ', which is the smallest nonzero eigenvalue of I — L,,, is equal to

p1(aqr+61)/qn < 1/gn. As a consequence of Theorem 5.4, we obtain, for € € (0, ¢€1),

FP has a total variation cutoff < Tr(f)TV(O, €)Ap — 00,
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and
FP has a L%-cutoff < T,2(0,€) 9N\, — oco.
Since Peres conjectured that a cutoff exists if and only if the product of the mix-

ing time and spectral gap tends to infinity, the above equivalences confirm this

hypothesis for 77 in the total variation and in the L?-distance.

5.2. Counterexamples to the consistency of cutoffs. Referring to the setting
in (4.14), we give the proof of Theorem 1.5 in this subsection by providing two
examples, which respectively displays that none of cutoffs for 7. and F implies
the other. As cutoffs in the total variation and Hellinger distance are identified by
Proposition 2.5, we will discuss those examples in either convenient way.

5.2.1. F. has no cutoff but F presents one. Consider the following setting. For
i=1,2 let F) = (XT(LI),K,(LZ),W,(LZ));?Zl be a family of irreducible Markov chains,
where &V = &2 = {0,1,...,n} and
_ i1
KOG+ =" KD+ =2 w<j<n,
and

1
KD +1) = KP(G+1,5) = KP(0,0) = KP(n,n) = 5, Y0 <j<n.

It is easy to check that 7T7(L1)(j) =2" (?) and 7.7 (4) = (n+1)". We use the
notations of dgf?v and T,SZTC\), to denote the total variation and the corresponding
mixing time of the nth chain in ]-'C(i). It is well-studied that }"él) has a total variation
cutoff with cutoff time inlog n; .7-'0(2) has no cutoff in the total variation but the
mixing time satisfies T,(ffc\),(e) = n? for all € € (0,1). Let F = (X, Ky, m,)3%; be
the mixed family of F(!) and F3) in the way that

(Xon—1, Kon—1,T2n-1) = (X’V(Ll)7 Kﬁzl)v ﬂ-’ELl))’ (Xon, Kon, man) = (Xr(Lz)a Kr(?), "ngz))'

Since FC(2) has no cutoff, . has no cutoff either.
To see a product chain of F with cutoff, we consider the following sequence

Pon—1 = Tnil, P2n = 1, Vn > 1,
with r € (0,1) and write P = (p,)5%;. Let P1 = (p2n—1)2%1, P2 = (p2n)S%; and

set
n n n
Gn = sz‘, q,ﬁ” = ZPQi—la %(12) = szi.
i=1 i=1 i=1

It is obvious that go,_1 = qfll) + q,(f_)l and ¢o, = q,(ll) + q,(f). To check the existence
of cutoff for F7, we need the following notations. For n > 1, let dgﬁ)TV and ngT\?) be
the total variation of the nth chains in F¥ and (F®)P: and let Tr(f%v and T,SPTVC )
be the corresponding mixing times. As a consequence of Lemma 3.1, we have

< dPro) ( a1t ) L g ((wiat

TV \ qa2n—1 n—1TV \ qan_1

(5.7) déil)—l v (t) &
2 e P50 () i, (20))
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and
1,C (1>t (PQ,C) q(2)t
c < dgLPTV) (L) +dy v (2
(5.8) dgn),TV(t) (73122) OR (7;212)" OR
> max {d7) (%) a7z (400) )

Next, we show that (F(1)Pt has a cutoff. Since F has a cutoff with cutoff
time 1nlogn, one has T,Ech\;(e) ~ inlogn for all € € (0,1). In some computations,
we obtain

1,c
TT(L+1),TV(6)/p2VL+1 _ 1 <1
noee T s T
and o
T 1,c 6 1
log ;?2TV(1) = <log r) n + logn + loglogn + O(1).

The former implies that Tflch\),(e) /P2n—1 is increasing for n large enough. By Theo-
rem 1.3, (FM)P1 has a cutoff with cutoff time iq,&l)rl_"n logn ~ ﬁr‘"n logn.
Now, we show that FF has a cutoff with cutoff time t,,, where

1 _ 1 _
ton—1 = Zanflrl "nlogn, to, = Zq2nr1 "nlogn.

Note that (F)%* has a cutoff with cutoff time ¢,,/¢,. By (5.7) and (5.8), to finish
the proof, it suffices to prove

lim df%{,c) (czrqff)r_"nlogn) =0, Ve>l1.

n—oQ

Let B > 0 be such that T,(ffc\),(l/@e)) < Bn? for all n > 1. Observe that, for fixed

C >0, CgPrimnlogn > Bn2¢{? > ¢ max{Ti()gT’\c,)(l/(2e))/pgi_1 1 <i<n}

for n large enough. By Proposition 3.3, this implies

lim sup df%{,c) (Cqﬁlz)rl_”n log n)

n—oo

n 1-np
<1 —exp {limsupZexp { \‘C(?;)CnognJ }}
oo oy Trv(1/(2e))
- Cri—"nlogn
<1- —e-li -
< exp{ e 1T?LsipZexp{ B2 }}

i=1

<1 —exp {e . limsupnlcrl_n/(B")} =0.

n—oo

5.2.2. F. presents a cutoff but FI does not. We will use the chain in Example 1.1
to create our counterexample. First of all, we make some analysis on products of
chains in (1.10) and result in a list of observations. As the proofs are somewhat
technical, we address all of them in the appendix in order to keep our construction

clear.

Lemma 5.5. Forn > 1 and 1 < i < n, let pp; > 0 and (X, Kp i, mn:) be
the Markov chain in (1.10) with 8 = 0, an; < by and an; + by, < 1/2. Con-
sider the family G = (Xn, Kpn,mn)5%, where (X, Ky, my,) is the product chain

of (Xniy Kniymn,i)ieq according to the probability vector (pni/qn)i—; and ¢, =
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Pni 4+ Pnn. Let diLC)H be the Hellinger distance of the nth chain in G. and set
Pr, = min{p,, ;|1 <i<n}.
(1) If Y21 ani = o(1/n), then, for any C > 1,

(5.9) nh_{lgo dglc)H (C'_lqnn/ﬁn) =1, hm d (QC’qnn/pn) =0.

(2) Set Eps ={1<i<nlpn; < (1 +8)pn} and By(0) = icp , bna- If it is
assumed

- ]' an,i 1
610 Yo =o() o -0 (5).
then, for 0 < A_ < A< AL <1,

2qnmn
511 1 — ¢~ Bn(A)(1/240(1)) d(C) B ) <= e~ Bn (A1) (1+0(1))
( ) - (1+A)pn/)

Remark 5.3. Lemma 5.5(1) implies that G, has a total variation pre-cutoff.

To build up a criterion on cutoffs from Lemma 5.5, we introduce the following
notations. Let B, (d) be the function in Lemma 5.5 and set, for any increasing
sequence & = (£,)5%, in N,

(5.12) Fe¢(6) =limsup B, (6), F¢(6) = liminf B, (),
n— oo

n—roo

and, for ¢ € [0, o0],
(5.13) Ac(€) :==sup{d € (0,1)[F¢(6) =c}, A.(§) :=sup{d € (0,1)|F¢(d) = c},

where sup() := 0 and inf) := 1. If §, = n, we simply write F,F,A., A, for
FE?E@AC(E)aéc(f)'

Proposition 5.6. Let G be the family in Lemma 5.5 satisfying (5.10) and A.(€),
A (&) be the constants in (5.13). Then, the following are equivalent.

(1) For any increasing sequence &, Ag(€) = Ao (€) and Ay(€) = A (€).
(2) For any increasing sequence &, Ng(€) = Ax(€) or Ay(€) = A (€).
(3) G presents a total variation cutoff.

In particular, if Ay = Ao = A, then G. has a total variation cutoff with cutoff
time 2(1 + A)"'g,n/pp.

Remark 5.4. The monotonicity of F, F and the relation of F' < F are clear from
their definitions. These observations result in Ag < A, Ay <A, Ag < Ay, and
A <A,

Concerning families without subfamilies presenting cutoffs, one may derive a
proof similar to that of Proposition 5.6 to achieve the following corollary.

Corollary 5.7. Referring to the setting in Proposition 5.6, the following are equiv-
alent.

(1) For any increasing sequence &, Ag(€) < Axo(€) and Ay(€) < A (€).
(2) For any increasing sequence &, Ag(€) < Axo(€) or Ag(€) < A (€).
(3) No subfamily of G. has a total variation cutoff.
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We are now ready to state our example. Let (X, 4, Ky 4, mp i) and (X, Ky, m,)
be Markov chains in Lemma 5.5 satisfying

(1) L, ¢
121135(” Qp i = n2 ) Cp = 0mi=0 Pn ™~ Pn,
where C > 1, p,, = max{p, ;|1 < ¢ < n} and p, = min{p, ;|1 < i < n}. Clearly,
(5.10) is fulfilled and the functions in (5.12) satisfy

C'<F@)<F@ ) <C, Yo<s<l.

By Corollary 5.7, no subfamily of G. presents a total variation cutoff. Let T,(f%v
be the total variation mixing time of the nth chain in G.. It is easy to see from
Lemmas 5.5 and 2.3 that T,(L’C%V(l/él) < gon/Pn. Let R = (ry,)5%,, where r, =
(gnn/Pn) exp{—n"}, and write

T 9 (1/4)

Tn

log =n"+0(1).

Since (n + 1)% —n® > n®~! the above logarithm is increasing for n large enough.
As a result of Theorem 1.3, no subfamily of g? has a total variation cutoff.
Let &, =n(n+1)/2 and F = (Vn, Ly, vn)22, where
(Venvis LenvisVenti) = (Xngr,iy Knt16, Tn1,i), V1<i<n+1,n>0.

By Proposition 5.6, it is easy to see that F,. has a total variation cutoff with cutoff
time n. Set s, = r1 + -+ o,y Ug, i = Prt1,iTnt1/ st Hnge = emtUI=Kn),
H, ;= e U=Kn) and H, , = e ?U=Ln). For simplicity, we write @, A; for the
tensor product of matrices Ay, ..., A,. It is clear that s, = u; 4 --- + ug,. This
implies

&n n m
®-Z;Ii,u,:t/sn = ® <® Hm,i,ugmlﬁt/sn,)
i=1

m=1 \i=1

n m n
= ® ®Hmﬂ,pm,irmt/(qmsn) = ® Hm,rmt/sn'
m=1 i=1 m=1

By setting U = (u,,)S,, the above identity implies that the subfamily of (F¥),.
indexed by ¢ is exactly (G). and, hence, has no cutoff in the total variation, as
desired.
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APPENDIX A. AUXILIARY RESULTS

Lemma A.1. Let (s,)5%; and {A, 4|1 < i < kp,n > 1} be a sequence and a
triangular array of positive reals and set
kn,—m

F(c) = lim limsup Z e~ Amisn e > ().

m—=0 pooo ~
i=1
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Suppose F(cy) < oo for some cg > 0. Then, either F(c) > 0 for all ¢ > ¢ or
F(c) =0 for all ¢ > co.

To prove Lemma A.1, we need the following fact.

Lemma A.2. ([5, Lemma 3.2]) Forn > 1, let f,, be a function defined by
fat) = an e, Ve >0,
i=1

where ap; > 0 and Ay 41 > An; > 0 fori > 1 andn > 1. Suppose sup,, fr(0) < co.
Then, for any sequence of positive reals ()52, there is a subsequence (i, )54
such that the sequence g,(c) = fi, (cty,) converges uniformly on any compact
subset of (0,00) to an analytic function on (0,00).

Proof of Lemma A.1. Suppose F(cq) > 0 for some ¢; > ¢o. For n > m, set

kp—m

fam(e)= Y e it Ve 0.

i=1
By the definition of F'(c1), one may choose sequences ()32, (m;)32; satisfying
n;_1 < mj < n; such that
F(c1) < foym,(c1) < Fler) +277 Vj> 1.
Define g; = fn, m;. In this setting, it is clear that

(A1) jli{gogj(m =F(c1), 95 < foym, Ym <my.

Note that the second inequality of (A.1) implies

(A.2) limsup g;(c) < lim limsup fy,, m(c) < lim limsup fn m(c) = F(c),
m—0o0 q 13

j—o0 j—oo m—00 n—oo
which yields limsup; g;(co) < F(cp) < co. In additional to the fact that g;(co) =
fnj.m;(co) < kn; < oo for all j, this leads to sup; gj(co) < co. Next, by writing

ng;—m;
—C0An;,iSn; ,—(C—C0)An,iSn;
gi(c) = E g0 nj isn; o T(emCO)Ansisn; e > ¢

i=1

we may select, by Lemma A.2, a subsequence (gz].)?il such that

ge; — g uniformly on any compact subset of (cg,00),

where g is analytic on (0,00). Consequently, (A.1) implies g(c;) = F(c1) > 0 and
then (A.2) leads to F(¢) > g(c¢) > 0 for all ¢ > ¢y due to the analyticity of g. O

Lemma A.3. ([5, Corollary 3.3]) Let f,, be the function in Lemma A.2 and t,, > 0.
Assume that f,,(0) is bounded and set, for a > 0,
G(a) = limsup fp(at,), H(a)= lirrl}inf fnlaty).
n—00 n—0o0
Then, either G(a) > 0 (resp. H(a) > 0) for alla >0 or G(a) =0 (resp. H(a) =0)
for all a > 0.
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APPENDIX B. TECHNICAL PROOFS

B.1. Proof of Proposition 1.2. Note that the assumption in (1.12) fits the re-
quirement in (5.10). Referring to the notations in (5.12)-(5.13), one has F = F,
Ag=A, and A, = A_. Tt is easy to check that, for Case (1),

oo for 8 €(0,1), Ag=Ar=0 for g € (0,1),
F(6)=<1 forp=1, Apg=0,A=1 forB=1,
0 for 8 e (1,00), Ag=A, =1 for g € (1,00),
and, for Case (2),
oo for g €(0,1), Ag=Ar=0 for g € (0,1),
F(6)=<{1 forg=os", Ag=0,A =1 for B=1,
0 for 8 e (1,00), Ag=Ar =1 for 8 € (1,00),

and, for Case (3),
0 for e (0,1),6€(0,8) {AOA _ 5 forfe(0,1)

F(§) =< o0 forBe(0,1),d¢(p,1), Ro—Ba =1 forfello0)

0 for B el,00),

The desired result is then given by Proposition 5.6, Corollary 5.7 and the following
additional observations,

n for Case (1),
gn ~ § (@+2)/(a+1) for Case (2),
2n for Case (3).

B.2. Proofs of Lemma 5.5 and Proposition 5.6. First of all, we need the
following lemma.

Lemma B.1. Let (X,K,7) be the chain in (1.10) with (ani,bnin=", cni) =
(a,b,c). Assume thata < b and a+b < 1/2. Then, one has, fort > (n+1)/(1—2a),

n+1
te vn—+1

B.1 A9 <2t +btet
(B-1) (D)7 < 20t +b+ e { o (1—2a)t— (n+1)
and, fort > 2n/(1 — 2a),

2n

. te \V2n

B.2 A2 <2t tet | =) — V=
(B-2) i (1) < 2at +e <2n) (1—2a)t —2n’

and, forn <t < 2n,

c 1
diy (t)? =)

v (1o ()"

(B.3) . 1o
— Vab(1 = a)” (1—e—t (w) van ) ;

and, for 0 <t < n,

(B.4) At >1-2a—e? <te>n vn
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Proof of Lemma B.1. We first make some analysis on the stationary distribution

and the discrete time chain. Note that K is reversible and

w(i) {(1—a)i/ai for 0 < i < n,

m(0) (1 —a)'b/a’ forn <i<2n.
By the reversibility, one has
a”(1—a—"b) < a”
CcC =
b(1 —a)n! b(1 — a)n—2
and
b(1 — 2a)(1 — a)?"! 1-92
w(2n) = (1-20)(1—a) o 1-2
b1l—a)>»+(1—-a—-0ba*(1—a)*—a?tt 1—a+d
where

ac a "
d_c_lab(la) '

Since a < b and a + b < 1/2 are assumed, it is easy to see that 0 < d < ¢ < aq,
which leads to

(B.5) 1-2a<m(2n)<1-a.
For the discrete time chain, let (X,,)22, be a realization of (X, K, 7) and set

Ay ={X = 2n},
B ={X;=i+4V0<j<n—i, X;=2nVYn—i<j<m},
Con ={Xj=i+j,Y0<j<2n—i, X; =2n,¥2n—i<j<m}

Given { Xy = i}, one has

B, for0<i<n,n—i<m<2n—1i,
Ap D8 B,UC,, for 0<i<n,m>2n-—1,
Cm forn<i<2n,m>2n—1,

and
P(Bu|Xo=i)=(1-a)" {(1-—a—b)(1—-a—c)™m =1 for0<i<mn,
P(Cp|Xo=1) = (1 —a)>"1p(1 —a— c)m—2n+i for 0 <i<n,
P(Cp|Xo=1) = (1 —a)* (1 —a—c)m=2n+i for n < i < 2n.

Since ¢ < a < b < 1/2, we may conclude from the above computations that, for
0<i<2n,

(1-0)(1—-2a)™ VYn<m<2n,

B.6 K™(i,2n) >
(B:6) (i, 2n) = {(1 —2a)™ Vm > 2n,

where 1 —a — b > (1 — 2a)(1 — b) is used. Similarly, given {Xy = 0}, if 0 < ¢ < n,
then A, = 0; if n < i < 2n, then A, C {X; =14, V0 <i < m}°. Both cases lead to

=0 V0 <m <n,
<1-(1-a)™ % Vn<m<2n.

(B.7) K™(0,2n) {
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Next, we consider the continuous time case and let Ny be a Poisson process with
parameter 1. By (B.6) and (B.7), it is easy to see that
o [(1—2a)™ — [(1—2a)t]™
Hy(i,2n) > (1=b)e™" Y [ = Za)™ ?) I 4 et > (= 2a)t" ?) ]
(BS) m=n+1 me m=2n m:
= e 2% [(1 = b)P (N(1_20)¢ > 1) + bP (N(1_20y¢ > 2n)] ,
and
(B9) H;(0,2n) < [1 — (1 —a)*"bP(n < N; < 2n) + P(N; > 2n)
' =P(N; >n) — (1 —a)*"bP(n < N; < 2n).

Note that, for t > n,

n—1 n—1
tm tn—l n\m tn
P(N, D P (7) <et :
(Ni<n)=e 2l = oD 2= \g ¢ - Dli—n)
and, for t < n,
oo (9] m
tm " t t"
P(N; >n) =e? — <et ) <et—— ",
(Nezn)=e mz::nm!_e n'mz_:n<n> = (n—1l(n-1t)

As one has n! > n"t1/2e=" (B.8) yields that, for (1 — 2a)t > n + 1,

te \" vn+1
n+1 (1—-2a)t—(n+1)

te \" vn+1
n+1 (1-2a)t—(n+1)

H:(i,2n) > (1 -10) [E—Qat et (
(B.10)

>1—2at—b—et<

and, for (1 — 2a)t > 2n,

2n
te V2n
Hy(i,2n) > e 20t ot (22) V2
i 2n) z e “ \on) (1—2a)t-—2n

(B.11) o
te V2n

2n (1—2a)t —2n’
In a similar way, one may use (B.9) to derive that, for n < t < 2n,

H:(0,2n) <1 — (1 —a)*"bP(N; < 2n)

>1—2at—et<

(B.12) ) te\™" Von
<1_ N n _ et =
<l-(1-a)*"b|l-c¢ (2n> m—t|’

and, for 0 <t < n,

(B.13) Hy(0,2n) SP(N; 2 n) < e’ (t;) f\/i'

To finish the proof, we need some further inequalities. Let u, v be probabilities
on X, zg € X and A C X. By Lemma 2.1, it is easy to see that

e = w3 < Nl = vliev < 1= plwo) Av(zo) = (1= p(xo)) V (1 = v(o)).
By the Cauchy-Schwarz inequality, one has

vl = 23 (Vi) - Vo) = M o)

r€EA
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From the definition of total variation, it is obvious that ||u— v||+v > v(zo) — u(xo).-
As a consequence of (B.5) and (B.10)-(B.13), the desired inequalities are given by
replacing p, v, o, A with Hy(i,-),m, 2n,{0,1,....,2n — 1}. O

Proof of Lemma 5.5. Let dff)Z y and dsf)H be the Hellinger distances of the continu-
ous time chains associated with (X, ;, K, i, m;) and (X, K,,, 7). For convenience,
we set a, = max{an ;|1 <i<n} and b, = max{b, ;|1 <i<n}.

We first discuss (1). Let €' > 1 and €' = (C +1)/2. As it is assumed that
ap 1+ +an, = o(l/n), one may select N > 0 such that Cn > C'(n+1)/(1-2a,,;)
forall 1 <i<nand n> N. By (B.2) of Lemma B.1, this implies

') (2Cn)? < 4a -C’n+M Vi<i<n,n>N
n,i,H — .0 (C'*l)\/ﬁ’ =0t =1b = )

which yields that, for n > N,

n 2(log C+1—C
Zd( QCn <4CnZa \/ﬁe(og ’ )n—>0 as n — 0o
nzH g n,t \/Q(C’—l) ) .

As a result of Proposition 3.2, one has the second limit in (5.9). By Lemma 2.1,
to prove the first limit in (5.9), it suffices to show the desired convergence in the
total variation. Assume without loss of generality that p,, = p, 1 and let dff?LTV be
the total variation of the continuous chain associated with (X, 1, K, 1,7n,1). By

Proposition 3.2 and (B.4), we obtain
Ao (C qunfPn) 2 )73 1y (C7H0) 2 1= 2y — OB/ OHT/C 5,

as n — 00.

Next, we consider (2). Let E, 5, By, be as in Lemma 5.5 and 0 < A_ < A <
AL < 1. By Lemma B.1, when t > (n+1)/(1 — 2a,) and s > 2n/(1 — 2a,,), one
has

te \" vn+1
n+1 (1 —2ap:)t—(n+1)
E)Zn \/2n

2n (1—-2an,)s—2n

S Zan,is + 1{t<s}bn,’i + gn(t7 5)7

d) ()% < 1gesy <2an7it by tet (

+ 1{t25} <2an,is +e° (

where

g (t s):e_t te n+1 n+1 —|—e_s (§)2n V2n
e n+1 (1—-2a,)t—(n+1) 2n/ (1 —2an)s—2n’

As g is decreasing in ¢ for t > (n+1)/(1—2a,,), the replacement of t = 2np,, ;/[(1+
A)p,] and s = 2n(1 + A4)/(1 4+ A) in the above computations yields that, for n
large enough,

() ( 2npn i 2 < 414+ Ay)apn
(

d"
1eigy, it \ (14 A)pn, 1+A

+bn+gn( 2n 271(1+A+)>7

1+A) (1+A)
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and

n 2 n
() 2npn i <4(1 +A)n |
2n 2n(l+Ay)

It’s an easy exercise to compute

) o 2n 2n(1+AL)\
nl;n;on g"((l—i—A)’ N =0, Va>0.

As a consequence of (5.10), this leads to

(¢) 2npn,i

2
nh_}rr;o 1?%)(” d’n,i7H <(]_4»A)]§n) = O7 Y0 < A < 1,

and
E d\ (T”A> < B,(Ay).
pot n,i, H (1+A)pn ( +)

The upper bound in (5.11) is then given by Proposition 3.2.
We prove the lower bound in a similar reasoning. Since e™*(4£)"
in ¢ for 0 <t < 2n, one may use Lemma B.1 to derive

2d£bc,)z,H(t)2 > 1{t<s}bn,ihn(3);

for t > n and s < 2n, where

is increasing

2n — s

) 2n /9 i
hn(s) = (1 —ap)* (1 —e (%) n ) — 2,/ max

1<i<n bn,i
Immediately, the replacement of t = 2np,, ;/[(1+A)p,] and s = 2n(1+A_)/(1+A)
yields that, for n large enough,

LA Inpns \o _ 1 2n(1+A_)
4 () >1p (A, ( .
; ot \ s A)p, ) = 2P 8 (1+A)

The desired lower bound in (5.11) is then given by (5.10) and Proposition 3.2. O

Proof of Proposition 5.6. (1)=(2) is obvious. For (2)=(3), we recall [5, Proposition
2.1], which says that a family has a cutoff if and only if any subfamily has a further
subfamily that presents a cutoff. Let & = (£,)22; be an increasing sequence of
positive integers. Here, we discuss the case that Ag(&) = A (€) = A, while the
other case can be shown in a similar way. Consider the following two subcases, (i)
A < 1and (i) A = 1. In case (i), let §,, be a decreasing sequence in (0,1) with
limit A. Set ko = 0. For n > 1, since F(§,) = 0o, one may select k,, > k,_; such

that B¢, (0n) > n. Clearly, B, (-) is non-decreasing on (0,1). As a result, when
A < § < 1, we have

Be,, (6) > Be, (0n) >n, for n large enough.

By setting &/, = &, the above inequalities imply F¢ (8) = F¢ (0) = oo for A <
6 <1. When A > 0, it is obvious that F, () = Fe¢/(6) < Fe(6) =0 for 0 < < A.



38 G.-Y. CHEN AND T. KUMAGAI

Now, we show that (Ge ). has a cutoff in the Hellinger distance. For ¢ € (0,1), set
8" = (§ + A)/2. By Lemma 5.5(2), we obtain

2 / 4 2 ’ —
liminf d) <(1fg)§;> S1_e a2 YA<s<1,
n—roo " En

and, for A > 0,

2q¢ &
limsupdéz)ﬂ (( e,8n

2
) <l1-eFel®) =0, vo<s<A.

When A = 0, Lemma 5.5(1) yields

2 €!
. (c) d¢r Sn
s (e

Consequently, this proves that (Ge/). has a cutoff in the Hellinger distance with
cutoff time 2q¢; &, /[(1+ A)pe, ]. For case (ii), let &’ be the constant as before. By
Lemma 5.5, (5.11) implies

2
) =0, V-1<6<A.

_ , 2c, &0\’ F A
! d9 [ _ZEaSn ) g _ Fe@) g o< §< A
e e\ T+ 0)pe, ) = € ’ = ’

while the former limit in (5.9) yields

2
lim . <2q5"5"> =1, V6>A.
n— o0 &n, H (1 + 6)]35,” ’
As a consequence, we prove that (Gg¢). has a cutoff in the Hellinger distance with
cutoff time 2g¢, &, /[(1 4+ A)pe,]. The total variation cutoffs of (G¢). and (Ge). are
given by Proposition 2.5.

For (3)=(1), it suffices to show that if Ag(&) < A (€) or Ay(€) < A (€) holds
for some increasing sequence &, then (Ge). has a subfamily that presents no cutoff
in the Hellinger distance, which is equivalent to no cutoff in the total variation.
In the following, we deal with the case Ag(¢) < Ao (€), while the other case can
be proved using a similar reasoning. By the definition of F@ one may select a
subsequence of £, say £’ = (€)% ;, and 0 < A < B < 1 such that

o = inf Ben (A) >0, [:=sup Bg//(B) < o0.
nzl n nZl n

Let A’, B’ be constants satisfying A < A’ < B’ < B. By Lemma 5.5(2), there is
N > 0 such that, for n > N,

ato) (2q5;:§;’ ) <1—e2Ben(B) <« 1 _ 728 1
et [+ By ) = ) |

and
2q§” 5//
dlo) [ ZEEmSn ) 5 g o= Beu(A)/4 5 ) pma/d 5 ),
i \ [T+ Apey ) =7 € -

This implies that no subfamily of (G¢). presents a cutoff in the Hellinger distance
and finishes the proof of the equivalences.

The sufficiency for cutoffs in the specific case follows immediately from (2), while
the proof for the cutoff time is similar to the proof of (1) and skipped. O
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