PRODUCTS OF RANDOM WALKS ON FINITE GROUPS WITH
MODERATE GROWTH

GUAN-YU CHEN! AND TAKASHI KUMAGAI?

ABSTRACT. In this article, we consider products of random walks on finite
groups with moderate growth and discuss their cutoffs in the total variation.
Based on several comparison techniques, we are able to identify the total vari-
ation cutoff of discrete time lazy random walks with the Hellinger distance
cutoff of continuous time random walks. Along with the cutoff criterion for
Laplace transforms, we derive a series of equivalent conditions on the existence
of cutoffs, including the existence of pre-cutoffs, Peres’ product condition and
a formula generated by the graph diameters. For illustration, we consider
products of Heisenberg groups and randomized products of finite cycles.

1. INTRODUCTION

Let G be a finite group equipped with a probability @. A random walk on G
driven by @ is a discrete time Markov chain with state space G and transition
matrix K given by K(z,y) = Q(z~'y). If K is irreducible, then the stationary
distribution U is uniform on G. For simplicity, we write the triple (G, Q,U) for
such a random walk. Here, @ is called symmetric if Q(z) = Q(z~ 1) for all x € G
and, in this case, (G,Q,U) is named a symmetric random walk. Note that if @
is symmetric, then K is reversible. To study the convergence of (G,Q,U), we
consider the total variation and its corresponding mixing time, which are defined
respectively by

(L1) ey (zm) == max{QU) (x™ B) - U(E)),
and
(1.2) Trv(z,€) := min{m > 0|dpy(z,m) < €},

where = 'E = {z~y|ly € E} and QU™ is the m-fold convolution product Q- --*Q
with
Jro(@) = 3 F(2)o(= ")
z€G

As the total variation and, thus, its mixing time are constant in x, we shall write
drv(m) and Ty (€) for short.

A subset E C G is called symmetric, if 2 € E implies 27! € E, and is called
a generating set of G, if E" := {xj29---a,|x; € E,V1 < i < n} = G for some
n > 0. We write (G, F) for the Cayley graph with vertex set G and edge set
{(z,zy)|x € G, y € E} and define its volume growth function and diameter by

V(m) = [E™], p=min{m > 1[V(m) = |G]}.
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A group G is said to have (A, d)-moderate growth with respect to a generating set

FEif J
V(m) Zl(m> , V1<m<p.
Vip) — A\p
The following are some typical groups with moderate growth.
Ezample 1: When G = Z,, and E = {0,£1}, the graph (G, F) has diameter
p = |n/2] and G has (1,1)-moderate growth w.r.t. E for n > 2.
Ezample 2: When G = Z,, and E = {0,£1,+|\/n]}, the diameter p is of order
v/n and G has (1,2)-moderate growth w.r.t. E for n > 2.
Ezxample 3: When G is the Heisenberg group mod n + 2, which is the set of 3 x 3
matrices of the form

1 i k
(13) 0 1 ] s Vi7.ja ke ZTL+27
0 0 1
and E contains the following matrices
110 1 -1 0 1 00 1 0 0
(1.4) nfo11®ro}),fo 1 o0o}J,fo11},1]01 -1/,
0 0 1 0 0 1 0 0 1 0 0 1
it was proved in [7, Lemma 4.1] that (G, E) has diameter n+1 < p <n-+4 and G

has (48, 3)-moderate growth w.r.t. E for n > 1.

Throughout this article, we will simply write id for the identity of any group.
In [7], Diaconis and Saloff-Coste considered random walks on finite groups with
moderate growth and achieved the following proposition.

Proposition 1.1 (Theorem 3.1 in [7]). Let (G,Q,U) be a symmetric random walk
on a finite group and E be a symmetric generating set of G containing id. Assume
that G has (A, d)-moderate growth with respect to E and n = min{Q(z)|z € E} > 0.
Then, there is C1 = C1(A,d) > 0 such that

(1.5) dryv(m) < Clefnm/pz, Vm > 0,

where p is the diameter of (G, E). If it is assumed further that Q is supported on
E and that p > A229%2 then there is Co = Cy(A,d) > 0 such that

1.6 drv(m) > 167027”/”2, VYm > 0.
( 2

In fact, the authors of [7] obtain C; = A'/224(d+3)/4 and Cy = A22%4+2. This
means that the bounds in (1.5)-(1.6) are far from comparable when A or d is large.

We now consider product chains. Let (G;, Q;, U;)?_; be irreducible random walks
on finite groups and (p1, ..., p,) be a probability vector. Define

(1.7) G=Gix-xGp, U=Uix-xU, Q)= piQilxi),
i=1

for x = (z1,..,2,) € G. Here, (G,Q,U) is called the product of (G;,Q;,U;)"
with respect to the probability vector (pi,...,p,). Note that if E; is the support of
Q, and contains id, then Q is supported on E = F; U ---U E,,, where E; = {z =
(1, ..., xn) € Glz; € Ej,x; =1id,¥j # i}. Further, if E; is a symmetric generating
set of G; and p; is the diameter of (G;, E;), then E is a symmetric generating set
of G and the diameter p of (G, E) satisfies p = p1 + - - - + p,. To see the moderate
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growth of direct products of groups, let F;, E be as before and assume that G; has
(4;,d;)-moderate growth w.r.t. E;. As G is a finite group and E generates G, there
are always positive constants A, d such that G has (A, d)-moderate growth w.r.t.
E. However, the relation between (A,d) and (4;,d;)?_; could be complicated and,
in general, A or d can be very large when n grows. (For instance, consider G; = Zy
and E; = {0,£1} for 1 <¢ < n. It is mentioned earlier that G; has (1,1) moderate
growth w.r.t. E;. In some combinatoric computations, one may show that, under
the assumption of N > n?, G has (4, d) moderate growth with A = (1-1/N)~2 and
d = n.) Consequently, (1.5) and (1.6) might not be sharp enough to provide efficient
bounds on the total variation even if the prerequisites, n > 0 and p < A229*2  are
fulfilled. To proceed the analysis of product chains, as the total variation mixing
times are comparable between (G, Q,U) and its associated continuous time walk,
see e.g. [5], it is more convenient, as is discussed below, to consider the continuous
time chain rather than the discrete time one.

Given a random walk (G, Q,U), we associate it with a continuous time random
walk (G, Hy,U), where H; = ¢(®~1) and K is the transition matrix given by Q.
One realization of (G, H;,U) is to change the constant waiting times of (G,Q,U)
into an i.i.d. sequence of exponential random variables. Note that, if (G,Q,U) is
the product of (G;, Q;, U;)™_, with respect to the probability vector (p1, ..., pn) and
(Gi, Hit,U;) is the continuous time random walk associated with (G, Q;, U;), then

(18) Ht :Hl,p1t®"'®Hn,pnt7

where A ® B denotes the tensor product of matrices A and B. In general, K™ does
not have the form of (1.8). Through (1.8), one may study H; via (H; )", but,
unfortunately, there lacks an efficient expression of the total variation of (G, Hy, U)
in terms of the total variations of (G, H;+, U;)};.

In [2], two inequalities were used to compare the total variation and the Hellinger
distance and this leads to a different way to analyze their mixing times. In detail,
the Hellinger distance of (G, @, U) is defined by

1/2

2
(19) dn(e,m) = | 5 32 (VE @y - VIW) |
yeG
while the Hellinger distance of (G, Hy,U) is defined by replacing K™ with H; in
(1.9) and denoted by dg) (z,t) in avoidance of confusion. As before, we will write
di(m) (resp. d(lg)(t)) for short since dg(z,m) (resp. dgf,) (x,t)) is constant in z. In
the above setting, Equation (1.3) in [2] says that

(1.10) 1—1/1—d2y(m) < d%(m) < dpy(m),

and also hold in the continuous time case. In the Hellinger distance, if (G,Q,U)
is the product of (G;, Q;, U;)P_; with respect to the probability vector (pi, ..., pn),
then the Hellinger distances, d(g) and dgcl){, of (G, Hy,U) and (G, H; +,U;) satisty

(1.11) a2 =1-TI (1 - d%wn?) -

i=1
Such an equality is derived from (1.8) but not applicable to the discrete time case.
See p.365 in [12] or Lemma 2.3 in [2] for a proof of (1.10) and see [2] for more
comparisons of mixing times of product chains.
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In this article, we focus on the cutoff phenomenon, or briefly cutoff, for products
of random walks on finite groups with moderate growth. The cutoff of Markov
chains was introduced by Aldous and Diaconis in early 1980s in order to catch up the
phase transition of the mixing time. To see a definition, let F = (G, Qn,Un)22,
be a family of random walks on finite groups. For n > 1, let d,, v and T, v be
the total variation and corresponding mixing time of the nth chain in F. Assume
that T}, tv(eg) — oo for some €y € (0,1). The family F is said to present a cutoff
in the total variation if

(1.12) lim Lnrv(€)

n—oo Tp, oy (5)

=1, Ve de(0,1),

oo

or, equivalently (see [3, Proposition 2.4]), there is a sequence of positive reals (¢, )22 ;

such that
(1.13) ILm dprv(fat,]) =0 Va>1, ILm dprv(lat,]) =1, Vae (0,1).

When a cutoff exists, the sequence (¢,)5,, or briefly ¢,, in (1.13) is called a cutoff
time. By (1.12), it is easy to see that T, rv(€) can be selected as cutoff time for
any € € (0,1). In the continuous time case, we write F. = (Gp, Hnt, Uy)5e, for
(c)
n

the family of continuous time Markov chains associated with F and use d,, 1 and

T,ST)TV to denote the total variation and its mixing time of the nth chain in F..
The total variation cutoff of F, is defined in the same way through (1.12) or (1.13)

under the replacement of T, rv, dp, v with Tflf)TV, d;C’)TV and the removal of [-], |-]

but without the prerequisite of T,(Lf%v(eo) — o00. All above is also applicable to the
Hellinger distance. We refer readers to [6, 11] for more discussions on cutoffs for
random walks on finite groups.

Cutoffs in the total variation and in the Hellinger distance were proved to be
equivalent in [2] via (1.10). Since no similar formula to (1.11) is available for
the total variation or for the discrete time case, it is straightforward to consider
the cutoff in the Hellinger distance for families of continuous time product chains.
For finite groups with moderate growth, we obtain a continuous time variant of
Proposition 1.1 in Proposition 3.3 with a refined assumption on the lower bound
(from p > A224+2 to p > 4). Through (1.11), the Hellinger distances of product
chains can be expressed in a form related to sums of exponential functions. By
regarding those sums as Laplace transforms, a criterion in [1] was proposed to
determine the cutoff and to characterize the cutoff time. Table 1 is the conclusive
scheme of all above discussions.

The aim of this paper is to establish necessary and sufficient conditions for cutoff
for products of random walks on finite groups with moderate growth, and apply
them to stimulating examples. In the first main theorem (Theorem 2.3), we give
various equivalent conditions for cutoff in our framework. It should be noted that
in this framework the cutoff is equivalent to a weaker concept, called the pre-cutoff
(note that such an equivalence generally fails; see [8]). Moreover, one equivalent
condition in Theorem 2.3 is consistent with Peres’ conjecture (see Remark 2.4 (3)),
while another is simply determined by the graph diameters and a sequence P given
below. In the second main theorem (Theorem 2.5), we apply Theorem 2.3 to the
specific type of products introduced in [2] and derive more concrete conditions on
their cutoffs. To illustrate our results, let us consider products of random walks on
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TABLE 1. A scheme to analyze cutoffs

Total variation cutoffs for discrete time Markov chains
$  (Proposition 1.1 in [5] holds for lazy random walks)
Total variation cutoffs for continuous time Markov chains
{ (Theorem 1.1 in [2] holds for any Markov chain)
Hellinger distance cutoffs for continuous time Markov chains
{  (Proposition 3.3 holds for groups with moderate growth)
Cutoffs for Laplace transforms
$ (Theorem 2.4 in [1] holds for reversible Markov chains)
Precise condition on cutoffs

Heisenberg groups and randomized products of random walks on finite cycles. Let
G = (Gn, Qn, U,)52 4 be a family of random walks on finite groups and P = (p, )54
be a sequence of positive reals. For n > 1, let ¢, = Z?:l p; and write G7 for the
family of which nth random walk is the product of (G;, Q;, U;)!_; according to the
probability vector (p1/gn, ..., Pn/qn). Then the following hold.

Proposition 1.2. Let G = (G, Qn,Un)S2,, where G, is the Heisenberg group
in (1.8), Qn is the probability uniformly supported on the set E, in (1.4) and
pn = n?exp{—n"} with v > 0. Then, G¥ has a total variation cutoff if and only if
0<y<1.

Proposition 1.3. Consider the family G = (Zp+2, Qn, Un )22, where Qpn(0) = 1/2
and Qn(1) = Qn(=1) = 1/4. Let (X,)52 be i.i.d. positive random variables and
P = (pn)22, be a random sequence given by (X,,)22 ;.
(1) Suppose pp, = (X1 +---+ X)) withy > 0 and X7 has a finite expectation.
For~ € (0,2], G¥ has a total variation cutoff with probability 1. For v > 2,
G* has no total variation cutoff with probability 1.
(2) Suppose p, = X1 X -+ x X, and log X1 has a positive finite expectation.
Then, G has no total variation cutoff with probability 1.

Proposition 1.2 is an immediate result of Corollary 2.9, which shows a phase
transition of cutoffs at v = 1. Proposition 1.3 is of its own interest and discussed
in detail in Subsection 2.3.

The remaining of this paper is organized in the following way. In Section 2, we
introduce the core results of the paper. The main theorems are given in Subsections
2.1 and 2.2. As an example, we consider the randomized product and discuss its
cutoff in Subsection 2.3. Section 3 is dedicated to the construction of framework in
Section 2. In Subsection 3.1, we review and develop some theoretical results that
are crucial to the equivalences in Table 1, while in Subsection 3.2, Theorem 2.3 is
proved in detail. To make this paper more readable, we address those minor and
involved results in the appendix.

We end the introduction by quoting the following notations. Let z,y € R and
an, by, be sequences of positive reals. We write ' Vy and z Ay for the maximum and
minimum of z,y. When a,, /b, is bounded, we write a,, = O(b,,); when a, /b, — 0,
we write a, = o(b,). In the case of a, = O(b,) and b, = O(a,), we simply say
ap X by. I ay, /b, — 1, we write a,, ~ b,,. In computations, O(a, ) and o(b,) denote
two sequences ¢, and d,, satistying |c,/a,| = O(1) and |d,,/b,| = o(1).
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2. MAIN THEOREMS AND APPLICATIONS

In this section, we will introduce our main results in the general setting and
discuss their applications, including Proposition 1.2.

2.1. Framework and main theorem. In this subsection, we introduce the theo-
retical framework and one of the main theorems in this article. First, let us consider
a concept weaker than cutoff.

Definition 2.1. Let F = (Gp, Qn,Upn)S2, be a family of random walks on finite
groups and d, v be the total variation of (Gn,Qn,U,). F is said to present a
pre-cutoff in the total variation if there are B > A > 0 and a sequence t,, > 0 such
that

(21) lim dn,T\/(’VBth) = 0, lim inf danv(LAt7LJ) > 0.

n—oo n—

Remark 2.2. (1) The removal of [-],|:] provides the pre-cutoff for F. and the
replacement of d,, vv with d,, g yields the pre-cutoff in the Hellinger distance. When
t, — o0, the pre-cutoff in Definition 2.1 is equivalent to

. N Tn,Tv(ﬁ)
(2.2) lg% 117rln_>bol<1>p e p— < 00,
for some eg € (0,1). Such an equivalence also holds for F. without the prerequisite
of t, — oo.
(2) Definition 2.1 was introduced for the purpose of studying the mizing times and
cutoffs for families of Markov chains. Readers are referred to [10, 3] for more
discussions on this subject. It is worthwhile to note that there is indeed another
(stronger) variant of pre-cutoff in [9, Chapter 18], of which definition is similar to
(2.1) except the replacement of the second limit by

Tim_dy (At ) = 1.

When t, — oo, the equivalence of the pre-cutoff and (2.2) also holds for such a
variant with eg = 1. We would like to emphasize that Theorem 2.3 (discussed later)
remains true when the pre-cutoff refers to the stronger one.

In the following, we consider a rather general setting than Proposition 1.2. Let
(kn)S2; be a sequence of positive integers and

(23) F = {(Gn,iaQn,iyUn,i)H <1< kn,’fl > 1}3 P = {pn,i|1 <1< knan > 1}7

where (Gy,i, Qn,i;Un,i) is a random walk on a finite group and p,,; > 0. We
write F¥ for the family (G, Qn,U,)S,, where (G, Q,,U,) is the product of
(Gris Qn i Un,i)fﬁl according to the probability vector (pn,i/Qn)fﬁl and ¢, = pn1+
-+ Dn.k,. As before, we use ds)TV,Tﬁ:‘%V to denote the total variation and its
mixing time of the nth chain in F¥. Along with these notations, we are ready to

state the first main theorem of this article.

Theorem 2.3. Refer to the triangular arrays in (2.3). Let E,; be the support
of Qn,i and pp; be the diameter of (Gy 4, En ). Assume that Qn, is symmetric,
inf{Qn(z)|z € By iy 1 <i < k,n>1} >0 and G, ; has (A, d)-moderate growth
with respect to E, ; for all n,i. Assume further that p,1 > 4 for n large enough
and there are C > 1 and £,,; > 0 satisfying €n,; < £y i+1 such that £, ,;/C <
Pri/ (@nps ;) < Clyyi for alln,i. By setting t, = max{log(i + 1)/lni|l < i < Ky},
one has:
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(1) If k, = O(1), then there are A > 0 and o5 > o1 > 0 such that
1 —exp{—e %2} < d;C))TV(atn) <1—exp{—€e™ '}, Va>A n>1.

In particular, F¥ has no pre-cutoff in the total variation.
(2) If ky, = o0 and min{p, ;|i > m,n > 1} > 4 for m large enough, then the
following are equivalent.
(i) FF has a total variation cutoff.
(ii) FF has a total variation pre-cutoff.
(ifi) tnln1 — 0.
(iv) TT(L?%V(E)KHJ — o0 for all e € (0,1).
(v) T,S?)Tv(e)fn,l — oo for some € € (0,1).
Moreover, if FI has a total variation cutoff, then Tflf%v(e) = t, and
T\ (€) = Ty (8) + O(1 /o) for all0 < e < 6 < 1.

When E,,; contains id, (2) also holds under the replacement of FI and T,(L)C%v
with FP and T v

Theorem 2.3 is built on a list of theoretical results in Subsection 3.1. As its proof
is a little complicated, we leave it to Subsection 3.2. In the following, we provide
some remarks to comment the importance of Theorem 2.3.

Remark 2.4. (1) Note that Theorem 2.3 also holds in the Hellinger distance due
to (1.10) and Proposition 3.2 and this is exactly what is done in the proof of the
continuous time case. See Subsection 3.2 for details.

(2) In the proof of Theorem 2.3, we obtain the order of the cutoff times, which is the
same as ty, but could not determine its asymptotic value, which relies on a more
precise estimation of the convergence rate in the Helinger distance in Proposition
3.3.

(3) A conjectured condition for the existence of cutoffs was introduced by Peres in
2004, which says that

(2.4) A cutoff exists <  Mixing time X Spectral gap — oo.

In the setting of Theorem 2.3, the spectral gaps of the nth random walks in F¥
and FI are of the same order as {, 1 due to the assumption of inf{Q, ;(z)|x €
E,i; 1<i<k,n>1} > 0. Consequently, the equivalence of (i) and (v) in (2)
confirms the conjecture in (2.4) for products of random walks on finite groups with
moderate growth.

2.2. Applications. In this subsection, we apply Theorem 2.3 to the specific type
of products introduced in [2] and derive conditions on their cutoffs. Let G =
(Gny Qn, Un)S2; be a family of random walks on finite groups driven by symmetric
probabilities and P = (p,)2; be a sequence of positive reals. Throughout this
subsection, we write GF for the family, of which nth random walk refers to the
product of (G, Q;, U;)"_; with respect to the probability vector (p1/dn, ..., Pn/qn),
where ¢, = p1 + -+ + p,. We now state the second main theorem of this article.

Theorem 2.5. Consider the family GT introduced above. Let E, be the support
of Qn and p, be the diameter of (G, Ey). Assume that G, has (A, d)-moderate
growth with respect to E,, inf{Q,(z)|x € E,,n > 1} > 0, p, > 4 for n large
enough and p,/p% =< £, for some sequence (£,)° .
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(1) If by, < lyyy and u, = max{log(i + 1)/¢;|]1 < i < n}, then GF has a total
variation cutoff if and only if u,, — oo.
(2) If by > Lpyq and u, = max{log(i + 1)/l,_;41]1 < i < n}, then GI has a
total variation cutoff if and only if upl, — oo.
In either case of (1) and (2), if GF has a total variation cutoff, then the cutoff time
is of order u,qy. Further, if E, contains id for all m > 1, then all above also holds

for GP.

Remark 2.6. The lower bound of the graph diameter (at least 4) in Theorem 2.5 is
due to the requirement in Proposition 3.3. As the product of finitely many random
walks has negligible contribution to the total variation (see e.g. Theorem 2.3(1) for
an illustration), one may suitably relax such a restriction on graph diameters as in

Theorem 2.5.

Proof of Theorem 2.5. By Propositions 3.1 and 3.2 in the next section, it suffices
to prove this theorem for G” in the Hellinger distance. In the following, we will
discuss (2), while (1) can be treated in a similar way.

Let ng > 0 be an integer such that p, > 4 for n > ng. For n > ng, let
(G7 Q? U) and (GZ’L?,’ QZS? U'ZLQ) be products of (Gia Qi7 UZ)ZL:Ol and (Gu Qi7 Ui)?:n0+1
with respect to the probability vectors (p;/¢);°, and (p; /qf)?:no 41, Where ¢ =
P14+ Py and ¢ = ppor1 + - + pn. Clearly, the nth random walk in G7 is
the product of (G,Q,U) and (G%,QR, UR) with respect to the probability vector
(q/qn,q%/qn). Let dg, dli y and dff)H be the Hellinger distances of the continuous

time random walks associated with (G, Q,U), (GF,Q%,UR) and the nth random
walk in G¥. By (1.11), one has

c 2
(25) A4 (02 =1 (1= dnat/3:)*) (1 - dR s (aFt/00)")
For the family H = (GF,QR, UR)>2, |, and the random walk (G,Q,U), we
set
log(i 41 log(i 41
on=q® max BUHD o el D

1<i<n—nyg fn,iJrl 1<i<ng Enofile

By Theorem 2.3(1), there are constants A > 0 and o2 > o1 > 0 such that
(2.6) 1—exp {—e*‘”?} <dg(av) <1 —exp {—e*‘wl} , Ya> A,

and, by Theorem 2.3(2), H. has a cutoff in the Hellinger distance if and only if
Vln /g — co. Observe that, for n > no,

U—ngungv—"—i— max log(z—l—l)gvi 1+ log(n + 1) .
qZLz qz; n—no<i<n lp_iy1 qzlz log(n —ng + ].)

This implies v,,/¢® < u,.

We are now ready to derive (2). Assume that u,f¢, — oo or equivalently
vnly /g% — oo. By Theorem 2.3(2), H. has a cutoff in the Hellinger distance
and the cutoff time w,, satisfies w,, < v,,. Immediately, this implies

0 f 1
{ ora=s lim dy (bw,/qR) =0, Vb>0,

lim d¥ ., (aw,) =
n.1(@0n) 1 for0<a<1, n—oo

n—oo

where the second limit results from the second inequality of (2.6) and the obser-
vation of u, > log(n + 1)/¢; — oco. Applying the above computations to (2.5)
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yields
0 fora>1,

lim d\7, (agnw,/qR) =
n—o00 o (@n0n/47) 1 for0<a<1.

This proves that G has a cutoff in the Hellinger distance and the cutoff time is of
order u,q,. Conversely, assume that G¥ has a cutoff in the Hellinger distance with
cutoff time w),. Then, for a > 1,

. R R _ s —
Jim dy (agwl, /qn) =0, Jim du(aquy,/qn) = 0.

By the first inequality of (2.6), the latter limit implies w/, /¢, — oo, which yields
dg(bw!,/qy) — 0 for all b > 0. In addition with the cutoff for G¥, we may derive
from (2.5) that, for 0 < a < 1,

1= nlgngo dgzc,)H (aw;L) = nhHH;O dZL?;H (aquzw;z/QH) .

As a consequence, H, has a cutoff in the Hellinger distance or equivalently u,,¢,, =<
Vln /@R — o0, as desired. O

Remark 2.7. Theorem 2.5(1) can be in fact proved in a more direct way. Con-
sider the exchange of the first random walk in G and the first random walk of which
graph diameter is at least 4, say the Nth random walk. For the new family, all
assumptions in Theorem 2.3 are fulfilled except the monotonicity of the sequence
{n,lay s bn—1,01,0N11,...}. Such a concerning can be eliminated by using the
original sequence (£,,)22, along with a larger multiplicative constant and its recip-
rocal to bound the sequence {px /0%, P2/ 3 oo PN-1/ P —1sP1/ PR PN41/ Pt s o}
Under the above construction, Theorem 2.5 follows immediately from Theorem

The following lemma is auxiliary to Theorem 2.5, which provides conditions on
the boundedness of u,, and u,¥,,.

Lemma 2.8. Let ¢, u, be constants in Theorem 2.5.
(1) If £, < lyyq, then

logn
Uy, — 00 & sup
n>1 gn

= Q.

(2) Assume by, > lpyq. If €,/lnv1 — 1, then upl, — oo. If liminf 4, /6,11 >
n—oo
1, then u,l, = O(1).

Proof. (1) is obvious from the definition of u,. For (2), we first consider the case
ln/lny1 — 1. Note that, for m > 1,

1 1
lim inf w, ¢,, > lim inf log(m + 1) = log(m + 1).
n—00 n— 00 n—m—&-l/én
Letting m tend to infinity gives the desired limit. Next, we consider the case

lirginffn/ﬁmrl > 1 and choose N > 0 and M > 1 such that ¢,/¢,+1 > M for

n > N. Immediately, this implies that £,,_,, /¢, > M™ N*! for all 0 < m < n and
n > 1. As a result, one has

log(i + 1 log(i + 1
= max 280D v Lol 1)

< 00.
1<i<n by i1 /0y i>1 M
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The following corollary is a combination of Theorem 2.5 and Lemma 2.8, of
which proof is obvious and skipped.

Corollary 2.9. Let G7, E,, p, be as in Theorem 2.5. Assume that G,, has (A, d)-
moderate growth with respect to E,, inf{Q,(z)|x € E,, n > 1} >0, p, = oo and
Pn < p2L, for some monotonic sequence (£,)5% .

(1) If sup{logn/ly|n > 1} < co or linn_1>ior01f€n/€n+1 > 1, then GF has no total

variation cutoff.
(2) If sup{logn/ly|n > 1} = co and nli_{réoén/fnﬂ = 1, then GF has a total
variation cutoff.
In particular, if £, = exp{—n"} with v > 0, then G has a total variation cutoff if
and only if 0 < v < 1. When E,, contains id for alln > 1, all above also holds for
g".
2.3. Examples. In this subsection, we consider the randomized product in Propo-
sition 1.3 for illustration of the results developed in Subsections 2.1-2.2. Recall
that G = (Zy+2, Qn, Upn)o2q, where Q,(0) = 1/2 and Q,,(1) = Q,(—1) = 1/4. It
has been stated in the introduction that the diameter p,, of G, w.r.t. {0,%+1} is
[n/2+ 1] and Z, 12 has (1, 1)-moderate growth w.r.t. {0,£1}. As the randomness
refers to the case that P = (p, )52, is a sequence of positive random variables, we
treat the specified cases separately in the following.
Example 2.10 (Polynomial random sequences). Let X, Xa, ... be i.i.d. positive
random variables, v > 0 and set p, = (X1+---+X,,)7. Assume that the expectation
u of X1 is finite. By the strong law of large numbers, one has
X+ + X,
n

~ 1, almost surely,

which implies

Pn 0 = y—2

— ~ by =07 almost surely.
n

Clearly, (0,)22, is monotonic, £y /lni1 — 1 and

logn | <oo for~y>2,
=00, forO0<~vy<2.

sup
n>1 gn

As a consequence of Corollary 2.9, if 0 < v < 2, then G¥ has a total variation
cutoff almost surely; if v > 2, then GF has no total variation cutoff with probability
1.

Example 2.11 (Exponential random sequences). Let Y1,Y5,... be i.4.d. positive

random variables and p, = Y1 x --- x Y,. Forn > 1, let (¢,,;)", be a non-
decreasing arrangement of (p;/p?)*_, and set
log(i +1
t, = Ssup 70g(2+ )

1<i<n  Iny
Using a similar reasoning as in the proof of Theorem 2.5, one may conclude using
Theorem 2.3 that G¥ has a total variation cutoff if and only if t,l, 1 — oo.
To analyze the product t, ¢, 1, we assume that the expectation v of logY; is finite.
By the strong law of large numbers, there is an event E with probability 1 such that

1 n n
I/n::M%V on F.

n



PRODUCTS OF RANDOM WALKS 11
In the following, we focus on the case v > 0. By writing p,/p% = e“»™, one may
select, for each w € E, a constant C(w) € (0,1) such that p,(w)/p? > C(w)eC@rn
for all n > 1. This implies that, on the event E,

lo1 =1, Ly;>Ce V1<i<n,n>1

Consequently, we obtain t,l,1 = O(1) on E, which is equivalent to say that G*
has no total variation cutoff with probability 1.
The results in the above discussion are summarized in Proposition 1.3.

3. CONSTRUCTIONS OF THEORETICAL FRAMEWORKS

This section is dedicated to proving Theorem 2.3. In the first subsection, we
review those required but developed results in the introduction. In the second
subsection, we treat the discrete time and continuous time cases separately and
provide proofs in detail.

3.1. Review of technical supports. In this subsection, we survey those equiva-
lences in Table 1 and state them by following the setting in the introduction. The
first two propositions are supportive to the first two equivalences in Table 1 and,
in fact, hold under more general assumptions.

Proposition 3.1 (Theorems 3.1 and 3.3 in [5]). Let F = (Gp, Qn,Upn)>, be a
family of random walks on finite groups and 6 = inf,, Q,(id). Assume that § > 0
and, for some ¢y € (0,1), T, rv(€g) — o0 or T,(L?)Tv(eo) — o0o. Then, in the total
variation, F has a cutoff (resp. pre-cutoff) if and only if F. has a cutoff (resp. pre-
cutoff). Furthermore, if F or F. presents a total variation cutoff, then T), vv(€) ~
T,(Lf)TV(e) for all e € (0,1) and, for sequences of positive reals, (t,)52, and (b,)22 4,
satisfying by, = o(ty),

Torv(€) = ta] = O(by), Ve € (0,1) & |Tiy(€) — ta| = O(by), Ve € (0,1).

Proposition 3.2. Let F = (G, Qn,U,)22, be a family of random walks on finite
groups and let Tff%v and Tfl(’}{ be the total variation and the Hellinger distance of
the nth chain in F.. Then, F. has a total variation cutoff (resp. pre-cutoff) if and
only if F. has a Hellinger distance cutoff (resp. pre-cutoff). Furthermore, if F,.
presents a cutoff in either measurement, then T,(L’C%V(e) ~ Tr(fl)q(e) for all e € (0,1).

Proof. The equivalence of cutofls is already discussed in Proposition 1.1 of [2], while
the equivalence of pre-cutoffs is given by (1.10). O

To analyze products of random walks, we need a variant of Proposition 1.1 in
the Hellinger distance and, particularly, in the continuous time case.

Proposition 3.3. Let (G,Q,U) be a symmetric random walk on a finite group and
d(TC\),7 d(;) be the total variation and the Hellinger distance of its associated continuous
time random walk. If G has (A,d)-moderate growth with respect to the support E

of Q, then there is C > 0 depending only on A,d such that
%670” <A (t) < Cem ) vt >,

and 1
Ze*CW < d(t) < Cem/ @0 vt >0,
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where p is the diameter of (G, E), n = min{Q(z)|x € E} and both lower bounds
require p > 4 in addition.

Remark 3.4. (1) Compared with Proposition 1.1, the generating set E in Propo-
sition 3.3 need not contain id and this means that the laziness of (G,Q,U) is not
required at all. In fact, the laziness of a continuous time walk can be seen from
the identity 1 (K — I) = (K + 1) — I, where K refers to the transition matriz
determined by Q.

(2) The prerequisite of the lower bound on the graph diameter (at least 4) is due to
the development of an upper bound on the spectral gap. See the proof of (3.2) in [7]
for details.

Proof of Proposition 3.3. First, we set Q' = (Q + 1(;qy)/2 and E' = E'U {id}. Let
K, K’ be the transition matrices determined by Q,Q’, set p,p’ for the diameters
of (G,E),(G,FE’) and define n = min{Q(z)|z € E} and ' = min{Q’'(z)|x € E'}.
Obviously, one has K’ = (K + I)/2 and H; = H),, where H; = e tU=5) and
H| = e UK Let d’TV,d(TC\), be the total variations of (G,Q’,U), (G, H,U). By
applying Proposition 1.1 to (G,Q’,U), since G has (A4, d)-moderate growth with
respect to E (and, hence, with respect to E’), there is Cy > 0 depending only on
A, d such that

iy (m) < Coe™ "™/ )y > 0.
By the triangle inequality, this implies

¢ Lo (2
At < e Y7
m=0

m
7;)' diy(m) < Cyexp {Qt (e‘” /()? _ 1)} < 026—7115/(202)’

where the last inequality comes from p’ < p, ' > n/2 and the fact that e ™ <
1 —u/2 for v € [0,1]. To see a lower bound of the total variation, let A be the
smallest nonzero eigenvalue of I — K. Note that 2d(TC\),(t) = [|H; — || co—s 00, Where

ILf := 7 (f)1, [|Llloomsoo :=sup{[[Lf]loc : [flloc <1} and [|f[|cc := max, [f(2)[. By
the symmetry of @), this implies

e 1
d)(t) > ¢ Vi,

Based on the (A, d)-moderate growth of (G, E'), Diaconis and Saloff-Coste showed
in [7, Equation (3.2)] that if p > 4, then there is a constant C; > 0 depending only
on A, d such that A < C}/p?, where the assumption of id € E is in fact not required.
This proves the desired bounds for the total variation with C = max{Cy, C3}, while
the combination of (1.10) with such total variation bounds leads to bounds for the
Hellinger distance. O

Finally, we introduce the fourth equivalence in Table 1. Let A = {a, |1 < i <

kn,m > 1} and A = {\, ;|1 <i < ky,n > 1} be triangular arrays of positive reals
and set

kn
(3.1) FAA) = (f)irs full) = apse i,
i=1

As f, is nonnegative and decreasing, we define the mixing time of f,, by T,,(¢) =
min{t > 0|f,(t) < €} for € > 0 and define the cutoff for F(.A, A) as follows.
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Definition 3.5. The family F(A, A) is said to present a cutoff if there is a sequence
(tn)22; of positive reals such that

g, Fnlatn) =

oo if0<a<l.

{o ifa>1,

In the above, (t,)22 1 or briefly t,, is called a cutoff time.

Remark 3.6. It is easy to check from Definition 3.5 that F(A,A) has a cutoff if
and only if T,,(¢) ~ T, (5) for all e >0 and 6 > 0. In particular, if F(A,A) has a
cutoff, then Ty, (€) is a cutoff time for all € > 0.

By expressing f, as a Laplace transform of some positive measure, the authors
of [4] provided a criterion (Theorems 3.5 and 3.8 in [4]) to determine the cutoff for
F(A,A). Later, such a method was refined in [1, Theorem 2.4]. To see the details,
we set, for ¢ > 0,

log(l +ap1+--+ an,i)

(32) )\n(c) = )\n7j’ﬂ-(c)7 Tn(C) - zgﬂ&ﬁ) >\n,i 7

where j,(c) := min{i > llap1 + -+ an,; > c}.

Proposition 3.7 (Theorem 2.4 in [1]). Let F be the family in (3.1), T, (c) be the
mizing time of fn, and A, T, be the quantities in (3.2). Then, the following are
equivalent.

(1) F(A,A) has a cutoff.

(2) There is € > 0 such that T, (e)\n(c) — oo for all ¢ > 0.

(3) Tn(c)An(c) = oo for all ¢ > 0.

In particular, 7,(c) is a cutoff time for all ¢ > 0.

Remark 3.8. It was shown in [1, Lemma 2.5] that, if 7,(c)An(c) — oo, then
Tn () A () = oo for all ¢ > c.

3.2. Proof of Theorem 2.3. The proof of Theorem 2.3 is based on some crucial
techniques, of which proofs are either developed or involved and are addressed in
the appendix for reference. See Lemmas A.1, A.2 and A.3 for details.

Proof of Theorem 2.3 (The continuous time case). To prove this proposition, it suf-

fices to consider, by Proposition 3.2 and (1.10), the Hellinger distance. Let dff)H

and d(f)LH be the Hellinger distances of the nth and (n,i)th random walks in F/

and F., and set n = inf{Q,, ;(z)|z € E,;, 1 <i < k,n > 1}. By Proposition 3.3,
there is C; > 1 such that, for all 1 <¢ <k, and n > 1,

(3.3) TR < ) (1) < Crem D, i > 0,

where p,, ; > 4 is required for the first inequality.
For (1), set M = sup,, k. By (3.3), one has

dng,Z,H(aPn,qztn/qn) < Cye~@tn.itn/(4C) < (i + 1)*@?7/(40) < 01271”7/(4@’

and, in addition with the fact ¢, <log(M +1)/¢,1,

. 1 1
A (apuatn/an) = et = 2 (M 4 1),
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Consequently, the replacement of A, p; with 1/v/2, Pn.i/qn in Lemma A.1 yields
1 .

1—exp {16(M + 1)2“010} < dif)H(atn)Q <1—exp {fMC’f21*‘“7/(2C)} ,

for all @ > A := (4C'/n)(logy C1 + 1/2) and n > 1. This proves (1).
For (2), note that (i)=-(ii) is clear from the definition of cutoffs and pre-cutoffs,
and (iv)=-(v) is trivial. To prove the other equivalences, we first make some analysis

on dgf)H. Let C; be the constant in (3.3), A be the constant defined as above and N
be a positive integer such that p,,; > 4 for ¢ > N and n > 1. In a similar reasoning
as before, one can show that

(3.4) diy (H)? > 1 — exp { Zdif)l a(Pn 1t/Qn)2} . VE>0,

and

(3.5) Ay (1)? < exp{ 2deH pmt/qH)Q}, Vit > At

By (3.3) we have

kn kn
Zdn i, ul pn,it/qn)2 <C? Ze MPnit/ (2anp70) < C? Ze ntln,i/(2C)

1=1 =1
and
1 _ 1 _ )
Z dn i, H pn zt/Qn 76 Z (& 2Cpn, Zt/p" > E Z € 2001%7}"1’
iely, iel, i€l

where I, = {1 <14 < ky|pn,; > 4}. Putting the last terms in the above computations
back to (3.4) and (3.5) yields

(3.6) 1—exp {—1169n(206’1t)} < dgi)H(t)Q <1—exp{-2C7f.(nt/(20))},

where f,(t) = Zf;l e~ tmit g (t) = 3, e it and the second inequality holds
for t > At,,. We are now ready to proceed the proof of (ii)=(iii)=(iv) and (v)=(i).

To see (ii)=>(iii), assume that F” presents a pre-cutoff in the Hellinger distance
and let s,, > 0 and By > B; > 0 be such that

(3.7) lim dgf)H(Bgsn) =0, hm 1nfd (Blsn) =a>0.
n—00 ’

Note that

kn 0 1
Zz—i—l / u” %du = , Va>1.
=1 1 a—1

By the second inequality of (3.6) and the fact A > 2C/n, we have
20%
an/(2C) — 1
Next, let’s fix a > (20%/a? + 1)A. By the fact of A > 2C/n, one may derive
an/(2C) — 1 > 2C%/a? and, by (3.8), this leads to d;C’)H(atn)2 <1-—e <a?
As a result of the second limit in (3.7), we obtain that at,, > Bjs, for n large

(3.8) d(c) b (at,)? <1—exp{— }, Ya > A, n>1.
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enough. In addition with the fact 1 € I,, for all n > 1, we may conclude from the
first inequality of (3.6) that

0= lim d\7(Bss,)? > im d\y(aBat,/B:)?

n—oo

>1—exp {_116 lim sup e~2aB20C1tntna/ By }

n— oo

)

which leads to (iii).
For (iii)=(iv), assume that ¢,¢, 1 — oco. By Proposition 3.7 and Remark 3.8,
the family (f,)5%; has a cutoff with cutoff time ¢,,. By (3.6), this implies

lim. d\Oy(at,) =0, Va> A, lim dy(at,) =1, Y0 <a<1/(20Cy),
where the second limit also uses the fact
gn(t) = fu(t) = (fult) = gn(t)) > fu(t) — Ne~i1t,

As a consequence, when € € (0,1), one has ¢,/(4CC}) < T,(lcl)q (e) < 2t, for n large
enough, which gives (iv) and the order of the mixing time. l

To show (v)=-(i), it suffices to prove TT(LCI)LI(e) - TT(LC}{((S) = O(1/4,,) for all
0 < € < § < 1, which is exactly the specific conclusion in (2). First, we need
a refinement of (3 5). Let § € (0,1). In Lemma A.l, the first inequality implies

T (8) > max{T.\") 1 (8)gn/pn.ill <i < ky}, while the third inequality yields

2
c p’ﬂl c
dgyg(t)zglexp{ 522 0 (22 } vt > T 0).

Let t = (c) 1 (8) + a/l, 1 with a > 0. By the quasi-submultiplicativity in Lemma
A.3, one has

(¢)
it PniTy g (9) apy,i
d(c) (pn K ) < 4d( ) i m, d(c) n,i )
motH dn dn b H En,lQn

Putting this back to the upper bound for dS)H(t) yields

kn (c) 2
c 16 c p”;iTn (6) c aPn,i
0 <1 - § 105 SR (2 ) g ()

i=1 qn gn,lqn

Observe that the second inequality in (3.3) and (3.4) give

2 (@) 2
c aPn i —a C (c) DPnity, H(§) 1
o () < e, Y (PO} o

Combining the last three inequalities leads to

2 C2e—an/(20) 1
(c) (c) 1
dpy b (Tn7H(5)+a/€n71> < lexp{ 5 log1_62}, Va > 0.

As the right hand side tends to 0 as a tends to infinity, we obtain TéC}{ (e)—Té?}{ (0) =
O(1/4,,.1) for € € (0,6), as desired. This finishes the proof of (2). O
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Proof of Theorem 2.3 (The discrete time case). We shall prove the discrete time
case by identifying the items in (2) with the continuous time case. First, we show

that T, v (€) — oo and TTS?%V(E) — oo for some € € (0,1). Let dELC)z v be the total
variation of the (n,¢)th random walk in F. and let N > 0 be a positive integer such
that p,; >4 for ¢ > N and n > 1. By Proposition 3.3, there is Cy > 0 such that

d) o (t) > %e_cﬁ/pi«i > %fcﬁ/w, Vt>0,i>N,n>1

Note that the first inequality in Lemma A.1 also holds for the total variation (see
[2, Proposition 3.3]) and this implies that, for k,, > N,

© ) > @ (Prat) L] oty Po
dn TV( ) = Nréliaéw danV( q ) 16 N<1<Ilk7L An

n

1 Pn,i CQt
Z2eXp{ ;V n} eXp{lG(k:n—N)}’

where the last inequality uses the fact that (pn; /qn)fgl is a probability vector.

As k,, — oo, one has T,(;%V(l /4) > 8(k,, — N)/C5 for n large enough, which yields
T,Sf)Tv(l /4) — oo. In the discrete time case, observe that, by the triangle inequality,

[ 4 )
c _ _ _
d;Tv ) < Ze t*dnTv S e t+< Z e tm|> v (£).

m=0 =0 m=£+1

When ¢t =T, TV(1/4) and ¢ = [t/2], it’s easy to check (or to see from [3, Lemma
A.1]) that

which leads to

. 1 1
Jim dy, v ({2 nTV(1/4)—‘) =%

Consequently, we obtain T}, v (1/5) > 1T7§C%V(l /4) for n large enough and, thus,
T, tv(1/5) = co. Now, we are ready to prove (2) for the discrete time case.

Let (%)’ with * € {i,ii,iv, v} be respectively the corresponding statements for
F7P in Theorem 2.3(2). Immediately, the equivalence of (x) and ()’ with * € {i,ii}
is given by Proposition 3.1. Let p, and p,;1 be the second largest eigenvalues
of the transition matrices determined by @, and @, . It is easy to check that
1—pn < (Pn1/¢n)(1 — pn,1). A similarly reasoning as in the proof of Proposition
3.3 implies

dnyTV(m) > N’anv 1- Hn,1 < 03//0%,1’ vm > 07 n > ]-a
where Cj3 is a positive constant depending on A, d. As a result, this yields

d, Tv(m) > e—m(l—un) > e_CBWPn.l/(QnP?hl) > e—CC3mfn,1.
When F7 has a total variation cutoff, one has
exp {—2003 lim inf Tn,TV(e)en,l} < 1im dry (2T5av(e) =0, Ve € (0,1),

This proves (i)’=(iv)’.
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Based on the above discussions, it remains to show (v)’=(v). Assume that
T, 1rv(€1)ln,1 — oo for some e; € (0,1). We will prove (v) by contradiction and

thus assume the inverse that Tg(j),TV(€2)€5n71 = O(1), where €3 € (0,1) and (£,)5%,

is an increasing sequence of positive integers. Note that we may restrict ourselves
to the case of e < 1/4. Set r,, = \/T¢, wv(e1)/le, 1. Obviously, Téi?Tv(eg) =o(ry)
and r, = o(T¢, rv(€e1)). By the quasi-submultiplicativity of the total variation, one
has

¢ c 74"/T(C) (€e2)
lim sup 2dén),Tv(7”n) < lim sup (2d§n,TV (T:f(n?TV(GQ))) [rn /T8 )

n—oo n—oo

<limsup2 LT"/TE(:{TV(E?)J =0.

n—roo

As a consequence of Lemma A.2(3), this implies
RILH;O de, rv([ary,]) =0, Va> 1.
But, however, as ar,, = o(T¢, tv(€1)), we have
liggior(lvf de, rv([ary]) > linrrigf de, v (Te, v(er) —1) > €1 > 0.
This makes a contradiction and, hence, T}, v (€e2)ln,1 — 00, as desired. O
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APPENDIX A. TECHNIQUES AND AUXILIARY RESULTS
Lemma A.1l. [2, Proposition 3.2] Let (G;,Q;,U;)", be random walks on finite
groups and (G, Q,U) be their product according to the probability vector (p1, ..., pn)-

Let dEc}I and d;c[) be the Hellinger distances of the continuous time random walks
associated with (G;,Q;,U;) and (G,Q,U). Then, one has

dg)(t) > max {dﬁ%(pit)‘l <i< n} 7

and
) 2 (© (12 L@ 2
1—exp {— ;21 di’H(pit) } <dy'(t)° <1—exp {—1 Az ;:1 di,H(pit) } )

where the second inequality requires t > maX{Ti(;)I (A)/p:|1 <i<n}withAe(0,1).
Lemma A.2. [5, Proposition 3.1] Let F = (Gy, @Qn, Upn)22 be a family of random
walks on finite groups and F. be the family of continuous time random walks asso-
ciated with F. Forn > 1, let dy, rv, dgf’)Tv be the total variations of the nth random
walks in F, Fe. Suppose inf,>1 Qn(id) > 0. Then, for any sequence (t,)52, tending
to infinity,

(1) dprv(ltn)) = 1 if and only if d'Chy (tn) = 1.

(2) If dprv([tn]) =0, then dgi)Tv(atn) — 0 for alla > 1.

(3) If 'y (tn) — 0, then dn rv([at,]) = 0 for all a > 1.
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Lemma A.3. Consider an irreducible Markov chain on a finite or countable set X
with transition matriz K and stationary distribution w. Set H, = e *U=5) and let

dg, dg? be the mazimum Hellinger distances defined by
1/2

din(m) = swp | 5 32 (VE" g~ V@) |

reX yeX

and
1/2

dg) (t) = sup % Z (\/Ht(xay) - \/W(y)>2

reX yeX
Then, the mappings
m s Adg(m), ¢ 4 (8),

are non-increasing and submultiplicative.

Proof. We deal with the discrete time case, while the continuous time case can be
shown in a similar way. Let n, m be positive integers and z,y € X. Note that

> cex K" (@, 2) —w(2)][K™ (2, y) — 7(y)]
Krtm(z,y) — /7(y) =
(A1) VI =) VE (2, y) + /7(y)

= Z Asz7

zEX

= (VE(,2) ~ /7)) (VE () - V()
(\/K"xz )+ /7(2) )(\/Km y) +/7(y) )

\/Kn+nz .13 y + \/ﬂ-
Consider the following two cases.

Case 1: K"*™(z,y) > n(y). In this case, one may apply the Cauchy-Schwarz
inequality to obtain

’\/K"+m ,y) ) (Z A2) (Z Bﬁ) .

zEX zeX

where

and

z

Note that (v/a + vb)? < 2(a +b) for all a,b > 0. As a result, this implies
2 o 422626( (1‘72’)+7T(Z))(Km(z7y)+7r(y))
B; <
= (VE=Ga) + V7).
A[K™ ™ (2, y) + 37 (y)]

K”*m(x y) + 7 (y) + 2/ K"t (z, y)7

<4,

and, hence,

2
‘\/Kner(x,y) — \/ﬂ(y)‘ <4 (Z Ag) .
zEX
Case 2: K" (z,y) < w(y). For this case, set

Ey, ={z|n(z) > K"(z,2), K™(z,y) > 7(y)}
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and
E; = {Z|7T(Z) < K"(x’2)7 Km(z’y) < 7T<y)}
By (A.1), one has

> emup, m(2) = K"(2,2)|[K™(2,y) — 7(y)]
w(y) — VE i (z,y) < 1B,
0 < Valy) — VE™m(z,y) < N e )

= Z A,B,.

z€E1UE>

As before, we may apply the Cauchy-Schwarz inequality to get

‘\/K"*"L(x,y)—\/ﬂ(y)fﬁ( > Aﬁ)( > B§>~

z€EE1UE> 2€E1UE>

Note that, for z € Eq,

(VE@ 3+ Va®) (VE Gl + V)

2

Kn(x, ) +1> m(2) K™ (2,y),

m(2)

<t (VETw2) + \/W(z))Q K™ (2y) =4 (
and, for z € E,
(VE @2+ Va) (VE G +vam)
<4K" (2. 2) (VE"(zy) + /7)) -
By the Jensen inequality, this implies

> (VE@ o +Va@) (VE o+ Vaw)

z€E,

(A.2) 2
<4( S Kn(a,2)Km(z,y) + 017T(y))7

zeFE,

where ¢; =3 cp m(2)K™(2,y)/7(y), and

S (VR +Va0) (VR G + Vi)

z€FEs
(A.3) 9
<4 Z Kn(m, Z)Km<za y) + 027T(y) )
z€FE>
where c; = > K" (7, 2). Summing up (A.2) and (A.3) yields

5 o A Eemon K@ K G + o T )

2 <8,
2€E1UE, (\/K"+m($>y) + \/W(y))
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while the last inequality uses the fact of ¢; < 1 and co < 1. As a consequence, this
leads to

2
VEF @y - Vaw)| <8 Y a2) <84l
z€EE1UEy zeX
which is also applicable for Case 1.
Based on the result in the above discussions, we obtain

1/2
ddg(n+m) = sup 8 Z (\/K"+m($,y) - \/77(9))2
ze vex
1/2
< sup Z 8(\/K"(I,Z)*\/ﬂ'(Z))zXS(\/Km(Z,y)f\/ﬂ'(y)>2

zeX y2E€X

2y 1/2
< sup {s <\/K"(m, 2) — \/w(z)) } x 4dp(m) = 4dg (n) x 4dg (m).

reX
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