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Abstract

Sub-Gaussianestimatesfor randomwalksaretypicalof fractalgraphs.Wechar-
acterizethemin thestronglyrecurrentcase,in termsof resistanceestimatesonly,
withoutassumingelliptic Harnackinequalities. c
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1 Intr oduction

1.1 Statementof the main result

Let Γ beaninfinite locally finite connectedgraph. Thatis, Γ is asetwhoseele-
mentsarecalledvertices;someof theverticesareconnectedby anedge, in which
caseonesaysthat they areneighbours. If x 6 y 7 Γ areneighbours,onewritesx 8 y.
ThatΓ is locally finite meansthatevery vertex hasa finite numberof neighbours.
ThatΓ is connectedmeansthat for every pair x 6 y of vertices in Γ, there is at least
onepath in Γ joining x and y, that is a sequencex0 9 x 6 x1 6;:<:<:<6 x= 9 y suchthat
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xi 8 xi ? 1 for i 9 0 6;:<:<:<6A@)B 1. Thelength of such a pathis @ . Thesmallestpossible
lengthof apathjoining x 6 y 7 Γ is denotedby d C x 6 y D , whichdefinesametricon Γ.

Assumethatthegraph Γ is endowedwith aweight(or conductance)µxy, thatis
a symmetricnonnegative function on Γ E Γ suchthatµxy F 0 if andonly if x 8 y.
Wecall thepair C Γ 6 µ D aweightedgraph. Suchanobject mayalsobeviewedasan
electric network, in which there is a wire of resistanceµ G 1

xy betweeneachpair x, y
with x 8 y.

Now, defineµx 9 ∑yH Γ µxy for eachx 7 Γ, andset µ C AD 9 ∑xH A µx for each
A I Γ. µ is thena measureon Γ, and C Γ 6 d 6 µ D is a metricmeasurespace.

Denoteby B C x 6 r D theball in Γ of radiusr J 0 centeredat x 7 Γ with respectto
themetricd andby V C x 6 r D its measure, i.e.

B C x 6 r D : 9LK y 7 Γ;d C x 6 yD)M r N$6 V C x 6 r D : 9 µ C B C x 6 r D;DO:
We will considergraphs satisfying the volumedoubling condition, that is we

shallassumethat thereexistsC F 0 suchthat

V C x 6 2r D)M CV C x 6 r D&6 x 7 Γ 6 r J 0 : C VD D
It follows easily from C VD D that there exist C 6 α F 0 such that for all x 6 y 7 Γ,
r J s J 0,

(1.1) V C x 6 r D)M C P r
s Q α

V C x 6 sDO6
andconsequently, for all x 6 y 7 Γ, r J s J 0,

(1.2) V C x 6 r D�M C R d C x 6 yD�S r
s T α

V C y6 sD�:
Weshallsaythat C Γ 6 µ D satisfiesthecondition C VG C α D;D if (1.1)holds, andweshall
saythat C Γ 6 µ D satisfiesthestrongercondition C VG C α G D;D if C VG C γ D;D holdsfor some
γ 7UC 0 6 α D . In particular C VG C α D;D holdsif C Γ 6 µ D haspolynomialvolumegrowth of
exponent α :

V C x 6 r D)V rα 6 r F 0 6 x 7 Γ 6
and C VG C α G D;D holdsif C Γ 6 µ D haspolynomialgrowthof exponentγ with 0 W γ W α .
(Throughoutthisarticle, if f andg depend onavariableζ ranging in asetI , f V g
meansthatthereexistsC F 0 suchthatC G 1 f C ζ D�M g C ζ D�M C f C ζ D for all ζ 7 I .)

For eachx 8 y, define
p C x 6 yD 9 µxy X µx :

In this paper, we will considerthediscrete time Markov chain K Xn 6 n J 0 6AY x 6 x 7
Γ N , with transition probabilities p C x 6 yD . Thechain X is reversible with respect to
µ since

p C x 6 y D µx 9 µxy 9 µyx 9 p C y6 xD µy :
TheassociatedMarkov operatorP, givenby

Pf C xD 9 ∑
y H Γ

p C x 6 yD f C yDO6
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is self-adjoint on @ 2 C Γ 6 µ D .
For n 7[Z ? : 9\K 0 6 1 6;];];];N , let pn denote then-th convolutionpower of p, thatis

p0 C x 6 y D 9 δx ^ y : 9`_ 0 6 x a9 y6
1 6 x 9 y6

and
pn C x 6 yD 9 ∑

zH Γ
pnG 1 C x 6 zD p C z6 y DO6 n J 1 :

Alternatively, pn C x 6 yD is thetransition function of therandom walk Xn, i.e.

pn C x 6 y D 9 Y x C Xn 9 yDO6
or thekernel of theoperatorPn with respect to thecounting measure. Definethe
heatkernel, that is thekernel of Pn with respect to µ , or the transition density of
Xn, by

hn C x 6 y D : 9 pn C x 6 yD
µy

:
Clearly, hn is symmetric, that is hn C x 6 y D 9 hn C y6 xD . As a consequenceof thesemi-
grouplaw Pm? n 9 PmPn, theheat kernelsatisfiestheChapman-Kolmogorov equa-
tion

(1.3) hn? m C x 6 y D 9 ∑
zH Γ

hn C x 6 zD hm C z6 yD µz 6
for all x 6 y 7 Γ, n 6 m 7[Z ? .

Our aim is to give a geometric necessaryand sufficient condition for sub-
Gaussianheatkernel upper andlowerestimatesto hold:

hn C x 6 y D)M C

V C x 6 n1b β D exp cdeBgf d C x 6 y D β

Cn h 1
β i 1 jk 6 for all x 6 y 7 Γ 6 n 7mlC UHK C β D;D

and

hn C x 6 y DnS hn? 1 C x 6 yDeJ c

V C x 6 n1b β D exp cdoB f d C x 6 yD β

cn h 1
β i 1 jk 6 C LHK C β D;D

for all x 6 y 7 Γ, n 7[l suchthatn J d C x 6 y D . Thereason C LHK C β D;D useshn C x 6 yD�S
hn? 1 C x 6 y D insteadof hn C x 6 yD is thatif Γ is bipartite,then h2n? 1 C x 6 x D 9 0, andsono
non-trivial lower boundcanhold just for hn C x 6 y D . The conjunctionof C UHK C β D;D
and C LHK C β D;D will bedenotedby C HK C β D;D .

A priori β F 1, but in fact theestimates C HK C β D;D canhold only if β J 2. One
way to seethis is to observe thattheupper boundhn C x 6 x D�M CV C x 6 n1 b β D G 1, which
follows from C UHK C β D;D , is compatiblewith thelower bound from [48], hn C x 6 xD�J
cV C x 6 n1b 2 lognD;G 1, which always holds under C VD D , only if β J 2. Further, ifC Γ 6 µ D haspolynomial volumegrowth of exponentα , theestimates C HK C β D;D can
hold only if β M α S 1. This canbeseen in several ways: for instance,the lower
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boundhn C x 6 x DpJ cnG α b β , which follows from C LHK C β D;D , mustbecompatible with
theupperboundhn C x 6 xD)M CnG α b,q α ? 1r from [12]. Conversely, it wasprovedin [4]
thatfor everycoupleα 6 β suchthat2 M β M α S 1, thereexistsagraph C Γ 6 µ D with
polynomial volumegrowth of exponent α suchthat C HK C β D;D holds.

The graphs associatedwith many regular fractals, suchasthe Sierpinski gas-
kets,carpets,andtheVicseksets, dosatisfy C HK C β D;D . However, theexistingproofs
all usesomekind of Harnack inequality. While thisissometimesveryeasytoprove
(soeasy it is often not statedexplicitly) for somefamilies of finitely ramifiedsets,
for infinitely ramifiedsetssuchasSierpinski carpetstheargumentis considerably
harder. See[37], [2], [3], [4], [9], [10], andthereferencestherein.

In thispaper, wewill characterizetheestimates C HK C β D;D in theso-called ‘strongly
recurrent’ case,that is thecasewherethevolumegrowth of thegraph C Γ 6 µ D is lim-
ited by theexponentβ , which governs thescaling betweentime andspace,in the
sensethat C VG C β G D;D holds. NotethattheSierpinski gaskets,theVicsekgraphsand
thetwo-dimensional Sierpinski carpet arestrongly recurrent, andthatour method
probably givesthequickestway sofar to check C HK C β D;D (seeSection5 below for
thetreatmentof someexamples).

In thecaseβ 9 2, it wasprovedin [22] that C HK C 2DsD is equivalentto C VD D plus
thestandardPoincaŕe inequality C PI C 2D;D . For β F 2 thesituation is morecompli-
cated.Characterizationsof C HK C β D;D have beengivenin [29], [52], [53], [30], but
theseall involve theelliptic Harnack inequality C EHI D (seeSection1.2for adefini-
tion), whosegeometric characterization remainsanopenquestion. In particular, it
is notknownwhetheror not C EHI D is invariantunderroughisometries(seeSection
1.3). In [11], a characterization of C HK C β D;D wasgiven in termsof a β -Poincaré
inequality C PI C β D;D (seeSection1.2), and a condition, denoted C CSC β D;D , requir-
ing theexistenceof suitable familiesof cut-off functions;thesetwo conditionsare
known to beinvariantunderrough isometry (see[34]). In thispaper wegive in the
strongly recurrentcaseamoretransparent andgeometriccharacterization, in terms
of electrical resistance, which is alsoclearly invariantunder rough isometry, aswe
shallexplain in Section1.3.

For anintroduction to theconnectionbetweenrandom walksandelectrical net-
workssee[24]. For f 7[t Γ, define

(1.4) uvC f 6 f D 9 1
2 ∑

x w y x Γ
xy y

C f C xD�B f C yD;D 2µxy 6
andfor f 6 g 7zt Γ suchthat u{C f 6 f D , uvC g 6 gD�W|S ∞ define

(1.5) u{C f 6 gD 9 1
2 ∑

x w y x Γ
xy y

C f C xD1B f C yD;D&C g C x D}B g C yD;D µxy :
A straightforwardcomputationshows that, for f 6 g 7z@ 2 C Γ 6 µ D ,
(1.6) u{C f 6 gD 9�~ C I B PD f 6 g�O6



SUB-GAUSSIAN HEAT KERNELSON STRONGLY RECURRENTGRAPHS 5

where ~ :<6;:�� denotesthescalar product in @ 2 C Γ 6 µ D . Weabbreviate u{C f 6 f D as uvC f D .
In termsof electrical networks,wecanregard u{C f D astheenergy dissipationin the
network Γ associatedwith thepotential f .

Weshall usethefactthat u is aDirichlet form, andin particular thefact,which
is easily checked,thatfor f 7[t Γ anda 7mt ,

(1.7) u�C;C f B aD ? D�M�u{C f DO:
Let A, B besubsetsof Γ. Wedefinetheeffective resistancebetweenA andB as

follows.

(1.8) RC A 6 BD G 1 9 inf K uzC f D ; f 7mt Γ 6 f � A 9 1 6 f � B 9 0 N$6
wherewe take inf /0 9 S ∞. We write RC x 6 yD for RC K x N$6 K y N�D . Taking f 9 1A or
f 9 1 B 1B in (1.8) we seethatRC A 6 BD F 0 if A � B 9 /0 andoneof A, B is finite.
It is easyto prove (seeLemma2.1 below) that the infimum in (1.8) is always
attained,andthat RC A 6 BDeW ∞ for any A 6 B I Γ. Note that if A I A� andB I B�
thenRC A 6 BD)J RC A� 6 B� D .

In fact, RC x 6 yD defines a metric on Γ (this is non-trivial, see[3], Proposition
4.25, or [40]); note that in [14], section 6, the metric consideredis δ2 C x 6 y D 9�

RC x 6 yD .
Thefollowing easylemmawill playakey role in this paper.

Lemma 1.1. For all f 7mt Γ andx 6 y 7 Γ,

(1.9) � f C xD1B f C yD�� 2 M RC x 6 yD�uzC f DO:
Furthermore, for eachx 6 y 7 Γ, thereexists f 7�t Γ such that equality holdsin C 1 : 9D .

The inequality (1.9) is an immediate consequence of the definition of R. For
thesecondassertion, seeLemma2.1below.

Definition 1.2. Following [4], we say that a graph is very strongly recurrent if
thereexistsp1 F 0 suchthat, writing TA 9 min K n J 0 : Xn 7 A N , Ty 9 T� y� , τ C x 6 r D 9
TB q x̂ r r c,
(1.10) Y x C Ty W τ C x 6 2r DsD)J p1 6 for all x 7 Γ 6 r J 1 6 y 7 B C x 6 r DO:

This property is called ‘strongly recurrent’ in [23], while in [53] ‘strongly re-
current’ is used for thepropertythatthereexistsc F 0, M F 1 suchthat

(1.11) RC x 6 B C x 6 Mr D c D)JLC 1 S cD RC x 6 B C x 6 r D c D for all x 7 Γ 6 r J 1 :
Weprovebelow that(1.10) implies(1.11) – seeLemma3.6. Further(seeExample
5 in Section5) thereexist graphs which satisfy (1.11)but not (1.10). It is easyto
seethat (1.11)impliesthatΓ is recurrent.

Wenow introducethefollowing condition:

p C x 6 y D)J p0 F 0 for all x 6 y 7 Γ 6 x 8 y: C p0 D
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For x 6 y 7 Γ, defineV C x 6 y D 9 V C x 6 d C x 6 yD;D . If C VD D holds thenby (1.2) there
existsC suchthatV C x 6 yDeM CV C y6 x D for all x 6 y 7 Γ.

Ourmaintheoremis thefollowing:

Theorem 1.3. Let C Γ 6 µ D be a weightedgraph satisfying condition C p0 D . AssumeC VG C β G D;D for someβ J 2. Then C HK C β D;D holds if andonly if

RC x 6 yD�V dβ C x 6 y D
V C x 6 y D 6 x 6 y 7 Γ : C RC β D;D

In this case C Γ 6 µ D satisfies C 1 : 10D .
Thecondition C RC β D;D canbedecomposedinto a lowerestimate:

thereexistsc F 0 such thatRC x 6 yD�J c
dβ C x 6 yD
V C x 6 y D for all x 6 y 7 Γ 6 C RL C β D;DO6

andanupperestimate:

thereexistsC F 0 such thatRC x 6 yD�M C
dβ C x 6 y D
V C x 6 y D for all x 6 y 7 Γ : C RU C β D;D

Notethattheconditions C VG C β D;D , C VG C β G D;D , C PI C β D;D and C RU C β D;D all become
weaker asβ increases,while C RL C β D;D becomesstronger.

In Section2.2, we will seethat, under someadditional assumptions, C PI C β D;D
and C RU C β D;D are equivalent. This helps to give a geometric understanding ofC RC β D;D . Indeed, C PI C β D;D (and therefore C RU C β D;D ) is a quantitative connectivity
property: balls of all radii aresufficiently connected,to anextent governedby β .
Conversely, onecansee C RLC β D;D asa property saying that therecannot be more
connections than the exponent β allows. In other words C RC β D;D contains at the
sametime a β -Poincaŕe inequality andthematching anti-Poincaŕe inequality.

Here is the plan of this paper. In Section2, we will show that the resistance
estimateC RLC β D;D canbestrengthenedanddiscusstheequivalence of C PI C β D;D andC RU C β D;D undersomeadditional conditions. In Section3, we shall showthat for
any β J 2, C VG C β G D;D (and,in fact,a weaker volume growth condition, see(2.1)
below) and C RC β D;D suffice for C HK C β D;D to hold. The first step,in Section 3.1, is
to observe that C RU C β D;D togetherwith C VG C β D;D is enough for on-diagonal upper
estimates. In Section3.2, we estimatethe exit time of the random walk from a
ball in termsof its radius. Onecanthenconcludethat C HK C β D;D holdsby using the
results in [30], but, taking advantageof our strongrecurrenceassumption, we will
giveamoredirect proof. In Section4,weshallshow that,togetherwith C VG C β G D;D ,C HK C β D;D implies C RC β D;D . This will usethe implication from C PI C β D;D to C RU C β D;D
provedin Section2.2. In Section5, we give examples.

We notethat, applying thetechniquein this paper, oneof theauthors obtained
themeasuremetricspaceversion of our results using resistanceforms(see[44]).
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Throughout the paper, we will usec 6 C with or without subscripts, to denote
strictly positive constantswhosevaluesarenot important,andwhich maychange
from line to line.

In theremainderof thissection wegive thecommentsonHarnackinequalities,
andinvarianceunder roughisometrythatwealreadyannounced.

1.2 Harnack and Poincaré inequalities

Let � 9 P B I . We saythatu : B C x 6 r D���t is harmonic in B 9 B C x 6 r D if u is
definedon B 9LK y : y 8 x 6 x 7 B N , and � u C xD 9 0, x 7 B.

We saythat C Γ 6 µ D satisfiestheelliptic Harnackinequality (with constantC) if
for all x 7 Γ 6 r J 0, andfor any non-negative harmonic function u in B C x 6 2r D , the
following holds

max
yH B q x̂ r r u C y D)M C min

yH B q x̂ r r u C y DO: C EHI D
Thestatement of theparabolic Harnackinequality is a littl emorecomplicated,

anddependson the index β . We say C PHI C β D;D holdsif whenever u C n 6 xD�J 0 is
definedon � 0 6 4N ��E B̄ C y6 2RD andsatisfies

(1.12) u C n S 1 6 xD}B u C n 6 xD 9 � u C n 6 x DO6 ��C n 6 xD�7�� 0 6 4N ��E B C y6 2RDO6
then

(1.13) max
N � n � 2N
x x B � yw R� u C n 6 xD�M C min

3N � n � 4N
x x B� yw R� C u C n 6 x DnS u C n S 1 6 xD;DO6

whenN J 2R andN V Rβ . Clearly, C PHI C β D;D implies C EHI D . It is known thatC PHI C β D;D is equivalentto C HK C β D;D – seeTheorem 3.1 in [30]. Theoriginal proof
for the case of β 9 2 goesback to [45] in a continuoussetting; see[22] for an
adaptationto thegraph case.

For B I Γ set

(1.14) u B C f 6 f D 9 1
2 ∑

x w y x B
xy y

C f C xD1B f C yD;D 2µxy :
We saythat C Γ 6 µ D satisfiesa scaled Poincaré inequality of order β if thereexist
C F 0,C� J 1 suchthatfor every f 7{t Γ andeveryball B : 9 B C x0 6 r D , x0 7 Γ, r J 0,

∑
x H B

C f C x D�B f̄B D 2µx M Crβ u C� B C f DO6 C PI C β D;D
whereC� B : 9 B C x0 6 C� r D and f̄B 9 1

µ q Br ∑xH B f C xD µx.
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1.3 Invarianceunder rough isometry

Definition 1.4. Let C Γ q 1r 6 µ q 1r DO6�C Γ q 2r 6 µ q 2r D beweighted graphssatisfying condi-
tion C p0 D . A mapT : Γ q 1r � Γ q 2r is called a rough isometry if thefollowing holds.
Thereexist positiveconstantsa 6 c F 1 6 b F 0 andM F 0 suchthat

aG 1d q 1r C x 6 y D�B b M d q 2r C T C xDO6 T C yD;DeM ad q 1r C x 6 y DnS b � x 6 y 7 Γ q 1r 6(1.15)

d q 2r C T C Γ q 1r DO6 y� D)M M � y�"7 Γ q 2r 6(1.16)

cG 1µ q 1r
x M µ q 2r

T q xr M cµ q 1r
x � x 7 Γ q 1r 6(1.17)

whered q i r C�]<6;]�D is thegraphdistanceof C Γ q i r 6 µ q i r D for i 9 1 6 2.
If thereexists a rough isometry between two spaces,they aresaidto be roughly
isometric. (Onecancheck this is anequivalencerelation.)

The concept of rough isometry was introduced(for manifolds) by M. Kanai
in [38, 39], but without the condition (1.17). Under the assumption of bounded
geometry madein thosepapers,theanalogueof (1.17) could beproved. A general
definition similar to theaboveonewasgivenin [21], seealso[34].

In [34], it is provedthat C PHI C β D;D is stable under rough isometry. Wecanverify
this factundertheassumptionof C VG C β G D;D or C VG C β D;D in thefollowing way. It is
known thatconditions C VG C β D;D and C VG C β G D;D arestableunderroughisometry, see
[21], Proposition II.2. In [54], it is provedthattheeffective resistanceis preserved
underrough isometry up to a multiplicative constant. (In [54], only unweighted
graphs (i.e. µxy � 1 whenx 8 y) areconsidered. But a simplemodification of the
proof givesthesameresultfor weightedgraphssatisfying condition (p0).) Thus,C RC β D;D is stableunder rough isometry. This togetherwith Theorem 1.3 givesthe
desired fact.

2 Resistanceestimatesand Poincaré inequalities

In this section, weshall only needaweaker form of C VG C β G D;D , namely

(2.1) V C x 6 r D�M ϕ P r
s Q V C x 6 sD

for all x 7 Γ, r J s J 0, whereϕ satisfies

(2.2) lim sup
t ��? ∞

ϕ C t D
tβ 9 0 :

In other words,it will beenoughto assumethatthevolumegrowth of C Γ 6 µ D is uni-
formly strictly below C VG C β D;D , without necessarily beingpolynomialof a smaller
exponent thanβ . We shall often use(2.1) in the following form: for any ε F 0,
thereexistsη F 0 suchthat

(2.3)
sβ

V C x 6 sD M ε
rβ

V C x 6 r D 6
for every x 7 Γ andevery r 6 s J 0 suchthats M ηr.
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Westartwith somebasic propertiesof resistance.

Lemma 2.1. Let C Γ 6 µ D bea weightedgraph, andA 6 B I Γ with A � B 9 /0.
(a) ThenRC A 6 BD)W ∞. Further if

(2.4) inf
x� y

µx̂ y 9 c F 0 6
then

(2.5) RC A 6 BD)M cG 1d C A 6 BDO:
(b) There existsa function f which attains theinfimumin (1.8).

Proof. (a)Let f 7vt Γ, @ 9 d C A 6 BD , anda 9 x0 6 x1 6;:<:<:<6 x= 9 b beashortestpathjoin-
ing a 7 A, b 7 B. Let f satisfy theconstraintsin (1.8),andlet 0 W κ M mini µxi i 1 ^ xi

.
Then

1 9 � f C aD1B f C bD�� 2 Mg@ f = G 1

∑
i � 0

� f C xi D�B f C xi ? 1 D�� 2 hM κ G 1 @ f = G 1

∑
i � 0

� f C xi D}B f C xi ? 1 D�� 2µxixi � 1 h M κ G 1 @�u�C f DO:
ThusRC A 6 BD;G 1 J�uvC f D J κ @#G 1 F 0. If (2.4) holds thenwe cantake κ 9 c and
obtain(2.5).
(b) Let fn beasequencesatisfying theconstraints in (1.8)with u{C fn D1� RC A 6 BD;G 1.
We can assume that 0 M fn M 1. A diagonalization argumentgives a sequence
gk 9 fmk

suchthatgk convergespointwiseto a function g, andusingFatouu{C gD 9 u{C lim inf gk D)M lim inf u�C gk D 9 RC A 6 BD G 1 :
Thusaminimiser exists. ¡

In general, RC x 6 yD canbe substantially smaller thand C x 6 y D , but thereareex-
tremalsituations, such astrees, wherethe two quantities arecomparable. In par-
ticular, on anunweightedtreeonehasRC x 6 yD 9 d C x 6 yD . SeeExample2 in Section
5 below.

We now show that the lower resistanceestimateC RLC β D;D self-improvesin the
presenceof theotherassumptions. Consider thecondition:

thereexistsc F 0 suchthatRC x 6 Bc C x 6 r DsD)J c
rβ

V C x 6 r D for all x 7 Γ 6 r F 0 :C SRLC β D;D
It is easyto seethat C SRLC β D;D implies C RLC β D;D , since if d C x 6 y D 9 r J 2 then

RC x 6 yD�J RC x 6 B C x 6 r B 1D c D)J C r B 1D β

V C x 6 r B 1D J c2G β rβ

V C x 6 r D :
(If r 9 d C x 6 y D 9 1 thenthebound C RLC β D;D alwaysholds,sinceRC x 6 yDpJ RC x 6 K x N c D 9
µ G 1

x J V C x 6 1 D;G 1.)
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In fact,in thepresenceof C RU C β D;D and C VG C β G D;D , theconverseis true.

Lemma 2.2. Let C Γ 6 µ D be a weighted graph. AssumeC 2 : 1D and C RC β D;D . ThenC SRLC β D;D holds.

Usingthis,in thepresenceof C RLC β D;D and C VG C β G D;D , theupperestimateC RU C β D;D
is equivalentto C PI C β D;D .
Lemma 2.3. Let C Γ 6 µ D bea weightedgraph.
(a) C 2 : 1 D and C RC β D;D imply C PI C β D;D .
(b) C VG C β G D;D 1 and C PI C β D;D imply C RU C β D;D .
In particular, if C Γ 6 µ D satisfies C VG C β G D;D and C RLC β D;D , then C PI C β D;D and C RU C β D;D
areequivalent.

2.1 Impr ovementof the lower estimates
In this section, weproveLemma2.2,obtaining it asaparticular caseof amore

general result.

Lemma 2.4. Let C Γ 6 µ D bea weightedgraph satisfying C VD D . Assumethat

(2.6) RC x 6 yD¢V η C d C x 6 yDOD
V C x 6 yD 6 x 6 y 7 Γ

holds, with η increasingandsatisfying

(2.7) sup
x x Γ
r £ 0

η C λ r D V C x 6 r D
η C r D V C x 6 λ r D � 0 asλ � 0? :

Thenthereexistsc F 0 such that

(2.8) RC x 6 Bc C x 6 r D;D�J c
η C cr D
V C x 6 r D 6.� x 7 Γ 6 r F 0 :

Proof. Fix x0 7 Γ and r F 0, andlet A 9 B C x0 6 r D�B B C x0 6 r X 2D . For x 7 A let hx

be the function on Γ given by Lemma1.1, suchthat hx C xD 9 0, hx C x0 D 9 1, andu{C hx D 9 1X RC x0 6 xD . Let λ W 1
2. As hx is harmonic onΓ ¤ K x 6 y N , hx C yD is maximised

overB C x 6 λ r D by ay1 with d C x 6 y1 D 9 λ r. So,for y 7 B C x 6 λ r D , by (1.9)andtheupper
boundin (2.6),

(2.9) � hx C yD�� 2 M\� hx C y1 D}B hx C xD�� 2 M C
η C λ r D

V C x 6 λ r D uvC hx D 9 C
η C λ r D

V C x 6 λ r D RC x 6 x0 D :
Usingthelower bound in (2.6),and C VD D , if y 7 B C x 6 λ r D then

(2.10) � hx C yD�� 2 M C
η C λ r D V C x 6 x0 D

V C x 6 λ r D η C d C x0 6 xD;D M C� η C λ r D V C x 6 r X 2D
V C x 6 λ r D η C r X 2D :

Thus,by (2.7), thereexistsa constantδ F 0 suchthatx 7 A, d C x 6 y D�M δ r, implies
thathx C yD�M 1

2. Wecanassumeδ W 1X 6.

1A carefulreaderwill noticein theproof below that,again,onecanslightly weaken ¥ VG ¥ β ¦"§A§
here,by assuming(2.1)with ∑∞

i ¨ 02
¦ iβ ϕ ¥ 2i §n©«ª ∞ insteadof (2.2).



SUB-GAUSSIAN HEAT KERNELSON STRONGLY RECURRENTGRAPHS 11

Now use C VD D to cover A by balls B C xi 6 δ r D , 1 M i M j, with xi 7 A. Here j is
boundedfrom above, thebound only dependingon thevolumedoubling constant.
Let g 9 min� i � 1 ^ ¬ ¬­^ j � hxi

, h 9 2 C g B 1
2 D ? , andh� 9 h1B q x0 ^ r r . Thenh� C x0 D 9 h C x0 D 9 1,

andh� � 0 outsideB C x0 6 r D , sothat

RC x0 6 Bc C x0 6 r D;D G 1 M®uvC h� DO:
But it is clear that uvC h� D)M�u{C hD sinceh 9 0 onA. Also, by (1.7),uvC hD�M 4uvC gDO:
Now, for x 6 y 7 Γ suchthat g C xD�J g C yD , if g C yD 9 hxi

C yD , thenC g C xD�B g C yDsD 2 9 C g C x D}B hxi
C yD;D 2 MLC hxi

C xD}B hxi
C yD;D 2 M j

∑
i � 1

C hxi
C xD}B hxi

C yD;D 2 :
Summingover x 6 y, we obtain

(2.11) u{C gD�M j

∑
i � 1

uvC hxi
DO:

Now using thelowerbound in (2.6),and C VD D ,u�C hxi
D 9 1

RC x0 6 xD M C
V C x0 6 xD

η C d C x0 6 xD;D M C� V C x0 6 r D
η C r X 2D M C� � V C x0 6 r X 2D

η C r X 2 D :
Combiningthiswith (2.11)impliesthat uvC gD1M CV C x0 6 r X 2D X η C r X 2D , andthisyields
(2.8). ¡
Proofof Lemma2.2. For this it is enough to observe that if η C r D 9 rβ then(2.6)
follows from C RC β D;D , (2.7) from (2.1),anduseLemma2.4. ¡
2.2 Upper estimatesand Poincaré inequalities

This section, wherewe prove Lemma2.3, canbe skipped in a first reading.
In fact the implication from C VG C β G D;D and C RC β D;D to C PI C β D;D will not be used
in theproof of themain result, and,furthermoreis in any casebe a consequence
of Theorem1.3 andProposition 4.2, although this routeis rather indirect. As for
theimplicationfrom C PI C β D;D to C RU C β D;D , it is used only in theendto deducethe
conversepart of Theorem1.3from Proposition 4.2.

We first needa version of Lemma3.5 in [18], to compareresistancein Γ with
resistancein a largeball. Recallthedefinition of u B in (1.14),andfor B I Γ set

(2.12) RB C x 6 yD 9 inf K u B C f D : f C xD 9 0 6 f C yD 9 1 N$:
Lemma 2.5. AssumeC 2 : 1D and C RC β D;D . ThenthereexistsC� J 1 such that

(2.13) RC x 6 yD�M RB q x̂ C� d q x̂ y r¯r C x 6 y D)M 2RC x 6 y DO:
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Proof. Sinceu B C f D�M®u�C f D theleft sideof (2.13) is immediate.
For theright handsidewebegin by proving theinequality

(2.14)
1

RC x 6 yD M 1
RB q x ^ 2C� d q x̂ yr¯r C x 6 yD S 1

RC x 6 B C x 6 C� d C x 6 yD;D c D :
Let C J 1, andwrite B 9 B C x 6 Cd C x 6 yD;D , B� 9 B C x 6 2Cd C x 6 yDOD . Let f1, f2 be func-
tionswhichattain theinfimumin thevariationalproblemsfor RB� C x 6 yD andRC x 6 Bc D .
Thus f1 C xD 9 f2 C xD 9 1, f1 C yD 9 0, and f2 9 0 onBc. Wecantake f1 9 0 on C B� D c.
Let f 9 min C f1 6 f2 D . Then,using (2.11)in B� , andthefactthat f 9 0 on C B�¯D c,

RC x 6 yD G 1 M®uvC f D 9 u B� C f D�M®u B� C f1 DnS°u B� C f2 D 9 u B� C f1 DnS�u�C f2 D9 RB� C x 6 y D G 1 S RC x 6 Bc D G 1 6
proving (2.14). Using C RU C β D;D , C SRLC β D;D it follows that thereexists C� (not de-
pendingon x 6 y) suchthat

RC x 6 B C x 6 C� d C x 6 yD;D c D�J 2RC x 6 yDO6
and(2.14)thereforegives

1
2RC x 6 y D M 1

RB q x̂ 2C� d q x ^ yr¯r C x 6 y D 6
completing theproof of (2.13). ¡

Wenow returnto theproof of Lemma2.3.

Proofof C 2 : 1DnS|C RC β D;D�±²C PI C β D;D . Fix B 9 B C x0 6 r D . By Lemma2.5, there exist
C 6 C� F 0 suchthat� f C xD1B f C yD���M C

� d C x 6 yD3� β b 2�
V C x 6 yD�³ u C� B C f D&6 � f 7mt Γ 6 x 6 y 7 B :

Thus,for x 7 B, we maywrite� f C xD}B f̄B ��M 1
µ C BD ∑

yH B

� f C xD1B f C yD�� µy M C
� u C� B C f D

µ C BD ∑
y H B

� d C x 6 yD3� β b 2�
V C x 6 yD µy :

Notethat,sincex 6 y 7 B, d C x 6 yDeM 2r, therefore� f C xD�B f̄B ��M C
� u C� B C f D

µ C BD 2r

∑
s� 1

sβ b 2µ C K y : d C x 6 yD 9 sN�D�
V C x 6 sDM C� rβ b 2 � u C� B C f D

µ C BD 2r

∑
s� 1

V C x 6 sD}B V C x 6 s B 1D�
V C x 6 sD :

Recallthatfor any sequencesK as N ś 1 6 K bs N ś 1, thefollowing holds

2r

∑
s� 1

asbs 9 2r G 1

∑
s� 1

As C bs B bs? 1 D"S A2rb2r 6
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whereAs : 9 ∑s
n� 1an. Applying thiswith

as 9 V C x 6 sD�B V C x 6 s B 1DO6 bs 9 1�
V C x 6 sD 6

weobtain
2r

∑
s� 1

V C x 6 sD1B V C x 6 s B 1D�
V C x 6 sD 9 2r G 1

∑
s� 1

�
V C x 6 sD�

V C x 6 s S 1D C � V C x 6 s S 1D�B �
V C x 6 sDsDnS �

V C x 6 2r DM 2
�

V C x 6 2r D)M C
�

µ C BDO:
In the last inequality we usedthe fact that x 7 B 9 B C x0 6 r D and C VD D . Taking
squaresandsumming,we have

∑
xH B

C f C x D�B f̄B D 2µx M Crβ

µ C BD u C� B C f D ∑
xH B

µx 9 Crβ u C� B C f DO6
thatis C PI C β D;D . ¡
Proofof C VG C β G D;DnS�C PI C β D;Dp±µC RU C β D;D . ThiscanbeprovedbymodifyingPropo-
sition 3 : 3 of [18]. First, note that by applying Cauchy-Schwarz to C PI C β D;D , we
obtainfor eachB 9 B C x 6 r D ,

1
µ C BD ∑

zH B

� f C zD�B f̄B � µz M¶f 1
µ C BD ∑

zH B

C f C zD}B f̄B D 2µz h 1b 2 Mµf C1rβ

µ C BD u C� B C f D h 1b 2
Mµf C1rβ

µ C BD u{C f D h 1b 2 :(2.15)

Fix x 6 y in Γ and f 7[t Γ. Write Bi 9 B C x 6 2 G id C x 6 y D;D , i 7·Z ? . Wehave� f C xD}B f̄B0
�/M ∞

∑
i � 0

� f̄Bi
B f̄Bi � 1

��M ∞

∑
i � 0

1
µ C Bi ? 1 D ∑

zH Bi � 1

� f C zD1B f̄Bi
� µz

M C
∞

∑
i � 0

1
µ C Bi D ∑

zH Bi

� f C zD�B f̄Bi
� µz M C� ∞

∑
i � 0

f C 2G id C x 6 yDOD β

µ C Bi D u{C f D h 1b 2 :
Herewe have used C VD D and C 2 : 15D . Now C VG C β G D;D implies that

1
µ C Bi D M C2iα

V C x 6 y D 6
with α W β . Thisyields

(2.16) � f C xD�B f̄B q x ^ d q x ^ yr¯r � 2 M C
dβ C x 6 yD
V C x 6 yD uvC f DO:
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Similarly,

(2.17) � f C yD}B f̄B q ŷ d q x̂ yr¯r � 2 M C
dβ C x 6 yD
V C x 6 yD u�C f DO:

Finally, under C VD D ,
(2.18) � f̄B q x ^ d q x ^ yr¸r B f̄B q ŷ d q x̂ yr¯r ��M C

V C x 6 2d C x 6 yD;D ∑
zH B q x ^ 2d q x̂ yr¯r � f C zD"B f̄B q x̂ 2d q x̂ yr¯r � µz :

Using C 2 : 15D , we have

(2.19)
1

V C x 6 2d C x 6 yDsD ∑
zH B q x̂ 2d q x ^ yr¯r � f C zD1B f̄B q x̂ 2d q x̂ yr¸r � µz M C f d C x 6 y D β

V C x 6 yD u{C f D h 1b 2 :
By (2.16), (2.17),(2.18)and(2.19), we obtain� f C xD1B f C yD�� 2 M C

dβ C x 6 yD
V C x 6 y D uvC f DO6 � f 7[t Γ 6�� x 6 y 7 Γ 6

which is theclaim. ¡
Theproof of Lemma2.3is complete.

3 From resistanceestimatesto heat kernel estimates

In this section, we shall prove that C RC β D;D togetherwith C VG C β G D;D impliesC HK C β D;D . In fact,wewill only needtheweaker form of C VG C β G D;D givenby (2.1).

3.1 On-diagonalupper heatkernel estimate

Weobtain theon-diagonal heatkernelupper estimatefrom theresistanceupper
estimateanda volumeupperbound in a relatively direct way, andthis is thefirst
main simplification in our casewith respect to [30]. Here,we needonly assume
thatthevolumegrowth exponentdoesnotexceed β .

Theorem 3.1. AssumeC VG C β D;D and C RU C β D;D . Thenthere existsC F 0 such that

hn C x 6 xD�M C

V C x 6 n1b β D 6 � x 7 Γ 6 n 7zl¹: C DUHK C β D;D
Weobtainthis from amoregeneralresult. Notethatin thefollowing statement,

wedo notassumeC VD D .
Proposition 3.2. Assumethat thereexistsa one-to-one increasing functionη from� 0 6 ∞ D to itself such that

(3.1) RC x 6 yDeM η C d C x 6 yDsD
V C x 6 yD 6.� x 6 y 7 Γ 6
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andsuch that, for someA F 0, η C r D X V C x 6 r D satisfies

(3.2)
η C sD

V C x 6 sD M A
η C r D

V C x 6 r D 6�� x 7 Γ 6 r 6 s such that0 M s M r :
ThenthereexistC 6 c F 0 such that

(3.3) hn C x 6 xDeM C
V C x 6 η G 1 C cnD;D 6 � x 7 Γ 6 n J 4 :

Theaboveestimateholdsalsofor smalln if oneassumesthat µx V µy for x 8 y.

Proof. Fix x0 7 Γ. For n 7ml andx 7 Γ, set fn C xD 9 hn C x0 6 xD�S hn? 1 C x0 6 xD .
Let r F 0. Write B C r D 9 B C x0 6 r D andV C r D 9 V C x0 6 r D . If xG 7 B C r D is suchthat

fn C xG D 9 minx H B q r r fn C xD ,
fn C xG D V C r D�M ∑

xH B q r r fn C xD µx M ∑
x H Γ

hn C x0 6 xD µx S ∑
xH Γ

hn? 1 C x0 6 xD µx M 2 6
sothat fn C xG D�M 2X V C r D .

Using(1.9),(3.1)and(3.2),we canwrite

f 2
n C x0 DºM 2 » f 2

n C xG D"S¼� fn C x0 D}B fn C xG D�� 2 ½ M 8
V2 C r D S 2RC x0 6 xG D�u{C fn DM 8

V2 C r D S η » d C x0 6 xG D ½
V C x0 6 xG D u{C fn D�M 8

V2 C r D S Cη C r D
V C r D uvC fn DO:

It is easyto check, using (1.3)and(1.6),that

(3.4) 0 M®uvC fn D 9 f2n C x0 D}B f2n? 2 C x0 DO:
Weobtain therefore

f 2
n C x0 D)M 8V C r D G 2 S Cη C r D V C r D G 1 » f2n C x0 D}B f2n? 2 C x0 D ½ :

Fix N J 2 andsumthis from N to 2N B 1:
2N G 1

∑
n� N

f 2
n C x0 D)M 8NV C r D G 2 S CV C r D G 1η C r D&C f2N C x0 D}B f4N C x0 D;DO:

Sincefor eachevenn 7 K N 6;:<:<:<6 2N B 1 N wehave,using(3.4), fn C x0 D)J f2N C x0 D ,
it follows that

1
2

C N B 1D f 2
2N C x0 D)M 8NV C r D G 2 S CV C r D G 1η C r D f2N C x0 DO:

Then
f 2
2N C x0 D�M CV C r D G 2 S C� N G 1V C r D G 1η C r D f2N C x0 DO:

Take r 9 η G 1 C cN D , with c F 0 smallenough, to obtain

f2N C x0 D)M CV C r D G 1 9 C
V C x0 6 η G 1 C cN D;D 6
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thatis

h2N C x0 6 x0 DnS h2N ? 1 C x0 6 x0 D�M C
V C x0 6 η G 1 C cN D;D 6

from which (3.3) follows. ¡
Takingη C r D 9 Crβ , andusing C VD D oncemorein theendto obtain exactly the

desired estimate,we obtain Theorem 3.1.

Theabove argumentcanalsobeusedwithout any volumegrowth assumption
or resistanceestimate. Thefollowing proposition givesanestimatesimilar to that
in [12], Theorem2.1,but with muchweaker hypotheses.

Proposition 3.3. Let C Γ 6 µ D bea weightedgraphsatisfyingassumption C 2 : 4 D . Then
there existsC F 0 such that

hn C x 6 xD�M C
V C x 6 wG 1 C nD;D 6 � x 7 Γ 6 n 7ml¹6

wherew C r D : 9 rV C x 6 r D .
Proof. We usethesamenotation asin theproof of Proposition 3.2. Proceeding as
beforeandusingLemma2.1,we obtain

1
2

f 2
n C x0 D)M 4V C r D G 2 S Cr uvC fn DO6

andhence

f 2
n C x0 D�M 8V C r D G 2 S C� r C f2n C x0 D}B f2n? 2 C x0 D;DO:

This leadsto

f 2
2N C x0 D�M CV C r D G 2 S C� rN G 1 f2N C x0 DO:

Sotaking rN 9 supK s : sV C sD�M N N we obtain

f2N M C� V C rN D G 1 : ¡
Insteadof usingRC x 6 yDpM Cd C x 6 y D , theuniversalestimatefrom Lemma2.1,one

couldalsoderive otherupperestimatesof hn C x 6 xD underassumptionsof theform

RC x 6 yD�M θ C d C x 6 yDOD"6
whereθ C t D)W¹W t. We leave this to thereader.
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3.2 Off-diagonal upper heatkernel estimate

If β 9 2, C DUHK C 2D;D and C VD D imply C UHK C 2D;D . (See[35] for thecasewhen
thevolumegrowthis polynomial,and[16] or [17] for thegeneral doubling volume
case).Thesituationis quitedifferentwhenβ F 2, andfurthertools areneeded.

Recallthedefinition of τ C x 6 r D , andconsider thefollowing estimatefor theex-
pectedexit time from aball:¾ x � τ C x 6 r D3�}V rβ 6 r J 1 : C Eβ D
Proposition 3.4. Assumeη is increasingandsatisfies C VD D , C 2 : 6D , C 3 : 2D and C 2 : 7D .
ThenthereexistC 6 c F 0 such that:
(3.5)¾ x � τ C x0 6 r D3�.M Cη C r DO6 ¾ x0 � τ C x0 6 r D3�1J cη C cr DO6 � r J 1 6 x0 7 Γ 6 x 7 B C x0 6 r DO:
In particular, takingη C r D 9 rβ , C 2 : 1 D and C RC β D;D imply C Eβ D .
Proof. Theargumentfor theupper bound in (3.5) goesbackto [51], andis quite
general. Let XB

n betherandom walk on C Γ 6 µ D killed on exiting B : 9 B C x0 6 r D . The
associatedsub-Markov kernel is definedby

pB C x 6 y D : 9 _ p C x 6 y D x 6 y 7 B 6
0 otherwise:

Definethetransition function pB
n C x 6 yD asthen-th convolution power of pB, andlet

hB
n C x 6 yD : 9 pB

n C x 6 y D X µy. TheGreenkernel gB C x 6 yD of XB
n is definedby gB C x 6 y D 9

∑∞
n� 0 hB

n C x 6 yD . It is easyto check that gB C x 6;]<D is harmonic on B ¤ K x N and that� gB C x 6;]�D atx is B�C µx D G 1. ThusgB C�]<6;]�D hasthefollowing reproducing property:

(3.6) uvC gB C x 6;]�DO6 f D 9 f C xD for all f 7mt Γ suchthat f � Bc 9 0 :
Set

px C yD : 9 Y y C Tx W τ C x 6 r DsD 9 gB C x 6 y D
gB C x 6 x D :

Thesecondequality is becausebothfunctionsare1 atx, 0 outsideB andharmonic
elsewhere. Usingthereproducingproperty of gB andthefact that px is anequilib-
rium potential for RC x 6 Bc D , we have

(3.7) RC x 6 Bc D G 1 9 u{C px D 9 gB C x 6 xD G 1 :
Sincepx C yDeM 1 for all y 7 Γ,

(3.8) gB C x 6 yD�M gB C x 6 xD � x 6 y 7 Γ :
Summarizing, we have

(3.9) RC x 6 Bc D 9 gB C x 6 xD 9 ∞

∑
n� 0

hB
n C x 6 x D � x 7 Γ :

By themonotonicity of resistance,

RC x 6 Bc D)M RC x 6 yD � x 7 Γ 6 y 7 Bc :
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Thus,by theupperbound in (2.6),

(3.10) gB C x 6 x D 9 RC x 6 Bc D�M C
η C r D

V C x 6 r D :
Now, since,for x 7 B,

(3.11)
¾ x � τ C x0 6 r D3� 9 ∑

yH B

gB C x 6 y D µy 6
wehave ¾ x � τ C x0 6 r D3�/M Cη C r D

V C x 6 r D V C x0 6 r D�M C� η C r DO6
wherewe use(3.8),(3.10),and C VD D . We thusobtain theupper bound in (3.5).

For thelowerbound, by (1.9)and(3.6)we have� 1 B px0
C yD�� 2 M RC x0 6 yD

gB C x0 6 x0 D 9 RC x0 6 yD
RC x0 6 Bc D :

Thus,if d C x0 6 yD 9 λ r, usingtheupper bound in (2.6),and(2.8) (which holdsdue
to Lemma2.4)we obtain� 1 B px0

C yD�� 2 M C
η C λ r D
η C cr D V C x0 6 r D

V C x0 6 λ r D :
Hence,by (2.7),thereexistsδ F 0 suchthat

(3.12) px0
C yD 9 gB C x0 6 yD

gB C x0 6 x0 D J 1X 2 � y 7 B C x0 6 δ r DO:
Ontheother hand, by (3.9)and(2.8), we have

(3.13) gB C x0 6 x0 D 9 RC x0 6 Bc D�J cη C cr D
V C x0 6 r D :

Combiningthiswith (3.12),

gB C x0 6 yD�J cη C cr D
2V C x0 6 r D 6 � y 7 B C x0 6 δ r DO:

Thus,using(3.11)and C VD D ,¾ x0 � τ C x0 6 r D3� 9 ∑
x H B

gB C x0 6 yD µy J cη C cr D
2V C x0 6 r D V C x0 6 δ r D�J c� η C cr DO6

wherec� F 0 dependson δ . Wethusobtainthesecondestimatein (3.5). ¡
As aby-product of Proposition 3.4,we obtain:

Proposition 3.5. Let C Γ 6 µ D bea weightedgraphsatisfying C VD D , C 2 : 6 D , C 3 : 2 D andC 2 : 7D . Thenit is verystrongly recurrentandsatisfiestheelliptic HarnackinequalityC EHI D .
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Proof. (3.12), which wasobtainedin theproof of Proposition 3.4, implies imme-
diately that C Γ 6 µ D satisfies(1.10). This implies C EHI D by [4], Lemma1.6. ¡

Wealsocanprove that(1.10)implies (1.11).

Lemma 3.6. If C Γ 6 µ D is verystrongly recurrentit is strongly recurrent.

Proof. Notefirst thatif d C x 6 yD�M r thenτ C x 6 2r DeM τ C y6 3r D . So(1.10)implies that

(3.14) Y x C Ty W τ C y6 3r DsD)J p1 6 for all y 7 Γ 6 r J 1 6 x 7 B C y6 r DO:
Fix y 7 Γ, andset

Ln 9 µ G 1
y

n

∑
r � 0

1� Xr � y� :
Then

¾ yLτB 9 gB C y6 yD .
Let B 9 B C y6 r D , andwrite A 9 B C y6 3r D . Thenif d C x 6 yD 9 r S 1 the condition

(1.10)impliesthat

(3.15) gA C x 6 yD�J p2gA C y6 yDO:
So,

gA C y6 yD 9 ¾ xLτA 9 ¾ x C LτA
B LτB

D"S gB C y6 y D9 ¾ x ¾ XτBLτA
S gB C y6 yD�J p2gA C y6 yD�S gB C y6 yDO:

ThusgA C y6 y D�J�C 1 B p2 D;G 1gB C y6 yD , andusing(3.7)we deducethat C Γ 6 µ D satisfies
(1.11). ¡

Wenow comebacktoourmaingoal,whichis toprovethat C RC β D;D + C VG C β G D;D�±C HK C β D;D . GivenProposition 3.4we couldfinish its proof by usingknown results.
By [30], Theorem 6.2, C VD D + C DUHK C β D;D + C Eβ D implies C UHK C β D;D . We could
even have avoidedSection 3.1, sinceLemma2.2 andProposition 3.4 show thatC RC β D;D + C VG C β G D;D implies C Eβ D , while aswe just observed C EHI D is a by-product
of Proposition 3.4. Now oneconcludesby invoking [30], Theorem 3.1 (i), (iv),
i.e. that C VD D + C EHI D + C Eβ D is equivalentto C HK C β D;D . We did not choosethis way
becauseourTheorem 3.1 is of independentinterest,andhasamuchsimplerproof
thanthegeneral on-diagonal upper bound in [30].

We will alsogive full details of thefinal stepsof theproof, becauseagainthey
aremuchsimpler in ourstrongly recurrentsituationthanin [30].

We alsomentionthat yet another approachcanbe found in [27], whereit is
proved that C DUHK C β D;D + C Eβ D implies (and in fact is equivalent to) C UHK C β D;D ,
the intermediate stepbeinga β -version of the so-called relative Faber-Krahn in-
equality usedfor instancein [16]. Seealso[42] for related sufficient conditionsforC UHK C β D;D .

Finally, undertheassumptionsof Proposition 3.5,onecanprobablyobtaingen-
eral heatkernel estimatesin thestyle of [36], Section5. We will not pursuethis
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here,andwe will limit ourselves in this regard to the casewhereη is a power
function. See[44] for this generalization.

Consider thefollowing estimateof therepartition functionof theexit time:

Ψn C x 6 r D : 9 Y x C τ C x 6 r D�M nD�M Cexp cd B f rβ

Cn h 1
β i 1 jk : C Ψ D

Thenext lemmais known (seefor instance,Proposition 7 : 1 of [29]) but wewill
give a shorter probabilistic proof based on an argumentwhich datesbackto [6],
with several subsequentvariations.

Lemma 3.7. On anyweighted graph C Γ 6 µ D , C Eβ D�±²C Ψ D .
Proof. AssumeC Eβ D . Wefirst prove thatthereexist 0 W p W 1 andA F 0 suchthat

(3.16) Y x C τ C x 6 r D�M nD�M p S AnX rβ � x 7 Γ 6 r F 0 6 n 7mZ ? :
Indeed, by theMarkov propertywe have¾ x � τ C x 6 r D¿�}M n S ¾ x À 1� τ q x̂ r r¸Á n� ¾ Xn � τ C x 6 r D��<ÂÃM n S ¾ x À 1� τ q x̂ r r¸Á n� ¾ Xn � τ C Xn 6 2r D��<Â�:
Applying C Eβ D , we have

crβ M n S Crβ Y x C τ C x 6 r D F nD 9 n S Crβ C 1 BÄY x C τ C x 6 r D)M nD;DO:
Rearranging gives(3.16).

Next, let l J 1, b 9 � r X l � , anddefinestoppingtimesσi 6 i J 0 by

σ0 9 0 6 σi ? 1 9 inf K m J σi : d C Xσi
6 Xm D)J b N$:

Let ξi 9 σi B σi G 1 6 i J 1. Let Å m bethefiltration generatedby K Xi : i M mN and
let Æ m 9 Å σm. Wehaveby (3.16)Y x C ξi ? 1 M n � Æ i D 9 Y Xσi C τ C Xσi

6 b B 1D�M nD�M p S AnX C b B 1D β M p S A� nX bβ :
Sinced C Xσi

6 Xσi � 1
D 9 b, wehaved C X0 6 Xσl

D�M r, sothatσl 9 ∑l
i � 1 ξi M τ C X0 6 r D . So,

by Lemma3.14in [3],

log Y x C τ C x 6 r DeM nD�M 2 R A� ln
pbβ T 1b 2 B l log R 1

p T 9 C C r G β l1? β nD 1b 2 B cl :
Now we optimize on l ; namely, we consider the caserβ nG 1 J a for somea F 0
andtake l0 thegreatestinteger l thatsatisfies

(3.17) Cl X 2 F c C r G β l1? β nD 1b 2 :
Notethatby taking a largeenough,(3.17)holds for small l 7zl . Then

lβ G 1
0 W\C c2 X 4C2 D rβ nG 1 MLC l0 S 1D β G 1 6 and log Y x C τ C x 6 r D�M nD�M�B cl0 X 2 :

We thus obtain C Ψ D when rβ nG 1 J a. Adjusting the constant if necessary, C Ψ D
clearly holdsalsoif rβ nG 1 W a. ¡
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Proposition 3.8. C VD D"S|C DUHK C β D;D"S|C Ψ Dp±²C UHK C β D;D .
Proof. We adapt theproof of Proposition 8.1of [29], which is written for polyno-
mial growth, to the volumedoubling situation – seealso[8], Theorem6.2. This
usesthefollowing general inequality for reversible Markov chains:
(3.18)
hn? m C x 6 yD�M Ψn C x 6 r D sup

z
hm C y6 zD�S Ψm C y6 r D sup

z
hn C x 6 zD&6 � x 6 y 7 Γ 6 n 6 m 7ml¹6

wherer W d C x 6 y D X 2.

Let us recall its proof for the sake of completeness.For x 6 y 7 Γ distinct, let
r W d C x 6 y D X 2. Then,sinceB C x 6 r D andB C y6 r D donot intersect,andfor n 6 m 7ml ,

hn? m C x 6 y DºM ∑
z bH B q x̂ r r hn C x 6 zD hm C z6 y D µz S ∑

z bH B q ŷ r r hn C x 6 zD hm C z6 y D µzM sup
z

hm C z6 y D ∑
z bH B q x̂ r r pn C x 6 zD"S sup

z
hn C x 6 zD ∑

z bH B q ŷ r r pm C y6 zD9 sup
z

hm C y6 zD3Y x C Xn X7 B C x 6 r DsDnS sup
z

hn C x 6 zD¿Y y C Xm X7 B C y6 r DODO:
SinceY x C Xn X7 B C x 6 r D;D1M Ψn C x 6 r D , (3.18)follows. Now, usingChapman-Kolmogorov,

Cauchy-Schwarz,andagainthesymmetryof hn,

h2n C x 6 yD 9 ∑
zH Γ

hn C x 6 zD hn C z6 y D µz Mµf ∑
z

h2
n C x 6 zD µzh 1b 2 f ∑

z
h2

n C y6 zD µzh 1b 2
9 h2n C x 6 xD 1b 2h2n C y6 yD 1b 2 :

Thus,by C DUHK C β D;D ,
(3.19) h2n C x 6 yDeM C�

V C x 6 n1b β D V C y6 n1b β D 6 � x 6 y 7 Γ 6 n J 1 :
Takingm 9 n in (3.18), applying C Ψ D andtaking, say, r 9 d C x 6 yD X 3 yields
(3.20)

h2n C x 6 y D)M C��
V C x 6 n1 b β D V C y6 n1b β D exp cd B f rβ

Cn h 1
β i 1 jk 6 � x 6 y 7 Γ 6 n J 1 6

andasimilarestimate follows for oddn since

h2n? 1 C x 6 y D 9 ∑
zH Γ

h2n C x 6 zD p C z6 y D)M max
z� x

h2n C x 6 zDO:
By C VD D , theseestimatesareequivalentto C UHK C β D;D . ¡



22 M.T. BARLOW, T. COULHONAND T. KUMAGAI

3.3 Lower heatkernel estimates
We now prove the lower bounds. Our approachis muchmoredirect thanthe

one in [30], essentially becausewe rely fully on the assumption C VG C β G D;D and
incorporatesomeargumentsfrom [15]. Thefirst stepis anargumentof Benjamini-
Chavel-Feldman[13] in the caseβ 9 2 (seealsoLemma7.1 of [8]), which can
easilybeadapted(see[15], proofof Theorem3.1),to show thattheupper estimateC UHK C β D;D together with C VD D always implies an on-diagonal lower heatkernel
estimate. Wesketchaproof for thesake of completeness.

Proposition 3.9. AssumeC VD D and C UHK C β D;D . Thenthere existsa constant c F 0
such that

h2n C x 6 x D�J c

V C x 6 n1b β D 6.� x 7 Γ 6 n 7[l¹: C DLHK C β D;D
Proof. Using C VD D and C UHK C β D;D , one checks that, for C large enough, every
n 7[l andevery x 7 Γ,

∑
y ÇH B q x̂ Cn1È β r hn C x 6 y D µy M 1X 2 6

(seethecomputationsin [28], proofof Theorem3.2).Thus

∑
yH B q x̂ Cn1È β r hn C x 6 yD µy 9 1 B ∑

y ÇH B q x ^Cn1È β r hn C x 6 yD µy J 1X 2

Write now

h2n C x 6 x D 9 ∑
yH Γ

h2
n C x 6 y D µy J ∑

B q x̂ Cn1 È β r h2
n C x 6 yD µy

J 1

V C x 6 Cn1b β D cd ∑
B q x ^Cn1È β r hn C x 6 y D µy

jk 2 J 1

4V C x 6 Cn1b β D :
Adjusting for parity andusing C VD D , C DLHK C β D;D follows. ¡

Wenow proveanear-diagonallowerestimate. Thenext proposition is inspired
by [15], pp. 800-801,with theusual additionaldifficultiesdueto discretetime. See
also[20], Lemma2.4.

Wefirst needa lemma.For a fixedx0 in Γ, set fn C�]�D 9 hn C x0 6;]�DnS hn? 1 C x0 6;:�D .
Lemma 3.10.

(3.21) uvC fn D)M C
n

h2 É nb 2Ê C x0 6 x0 DO6.� n J 1 :
Proof. Setgn C�]�D 9 hn C x0 6;]�D . OnecheckseasilythatPgn 9 gn? 1. ThusuvC fn D 9Ë~ C I B PD&C gn S gn? 1 DO6 gn S gn? 1 �9Ë~ C I B PD&C Pn S Pn? 1 D g0 6sC Pn S Pn? 1 D g0 �9Ë~ C I B P2 D P2ng0 6 g0 �nS ~ C I B P2 D P2n? 1g0 6 g0 �O:
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Usingthefactthat P is self-adjoint andcontractive on @ 2 C Γ 6 µ D , writeu�C fn D 9Ë~ C I B P2 D gn 6 gn �nS ~ C I B P2 D gn? 1 6 gn �MËÌ�C I B P2 D gn Ì 2 Ì gn Ì 2 S�Ì�C I B P2 D gn? 1 Ì 2 Ì gn Ì 2M 2 Ì�C I B P2 D gn Ì 2 Ì gn Ì 2 M 2 Ì�C I B P2 D P É q n? 1r¯b 2Ê g É nb 2Ê Ì 2 Ì g É n b 2Ê Ì 2 :
Now Ì�C I B P2 D Pn Ì 2� 2 M C

n
6 n J 1

by spectral theory (this is becauseP2 is a non-negative operatoron @ 2 C Γ 6 µ D ); for
detailsandcomments,see[19], p. 426). Therefore, for n J 1,u{C fn D)M C��<C n S 1D X 2� Ì g É nb 2Ê Ì 2

2 9 C� �
n

h2 É n b 2Ê C x0 6 x0 DO6
according to (1.3). ¡

Setun C x 6 yD : 9 hn C x 6 yD�S hn? 1 C x 6 y D .
Proposition 3.11. AssumeC 2 : 1D , C RU C β D;D , and C DLHK C β D;D . Then, there exist
c 6 C F 0 such that

un C x 6 yD�J c

V C x 6 n1b β D 6"� x 6 y 7 Γ 6 n 7�l such that d C x 6 y D/M Cn1b β :�C NLHK C β D;D
Proof. Let x0 7 Γ. Putting fn C�]�D 9 un C x0 6;]�D in (1.9)gives

(3.22) � fn C xD}B fn C yD�� 2 M RC x 6 yD;u�C fn D for all x 6 y 7 Γ :
Since C DUHK C β D;D , C DLHK C β D;D and C VD D hold,

h2 É nb 2Ê C x0 6 x0 D)M C fn C x0 6 x0 DO:
Thus,using(3.21),oneobtains

(3.23) � fn C xD}B fn C yD�� 2 M C
n

RC x 6 yD fn C x0 6 x0 DO:
So,using C RU C β D;D , � fn C xD}B fn C yD�� 2 M C� dβ C x 6 yD

nV C x 6 y D fn C x0 6 x0 DO6
andusing C DLHK C β D;D again,� fn C xD�B fn C yD�� 2 M C� � dβ C x 6 y D

n

V C x0 6 n1b β D
V C x 6 y D f 2

n C x0 6 x0 DO:
In particular, choosingx0 9 x,� un C x 6 x D�B un C x 6 y D�� 2 M C� � dβ C x 6 y D

n
V C x 6 n1b β D

V C x 6 yD u2
n C x 6 xDO:
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By (2.1),thereexistsδ F 0 suchthat

C� � dβ C x 6 yD
n

V C x 6 n1 b β D
V C x 6 yD M 1

4

assoonasd C x 6 y D)M δn1b β . For suchy,� un C x 6 x D}B un C x 6 y D���M 1
2

un C x 6 x DO:
Thus

un C x 6 y D)J 1
2

un C x 6 x DO6
and C NLHK C β D;D follows from C DLHK C β D;D . ¡

Thefull heatkernel lower bound is now within reach.

Proposition 3.12. C p0 DnS�C VD DnS�C NLHK C β D;D)±²C LHK C β D;D
Proof. This is a classical iteration argument,seefor instance[22], Theorem3.8,
for thecaseβ 9 2. We write theproof for the sake of completeness,andalsoto
emphasizetherole of condition C p0 D . We write p̃n C x 6 y D 9 un C x 6 yD µy 9 pn C x 6 y D�S
pn? 1 C x 6 y D . Weconsiderthefollowing cases:
Case1: d C x 6 y D)M Cn1b β ;
Case2: Cn1b β W d C x 6 yD�M εn;
Case3: εn W d C x 6 y D)M n,
whereC is theconstant in Proposition 3.11andε F 0 is a small constant chosen
later.

In Case1, C LHK C β D;D follows from Proposition 3.11. In Case3, C LHK C β D;D
becomes

(3.24) p̃n C x 6 yD�J cµy

V C x 6 n1b β D exp C�B c� nDO6
which canbededuceddirectly from C p0 D . Indeed, sincethereis a pathfrom x to y
of length eithern or n S 1, the Y x-probability thattherandom walk will follow the
pathis at least pG q n? 1r

0
. Thus, p̃n C x 6 y D)J exp C�B c� nD . Clearly µy X V C y6 n1b β D)M 1, so

weobtain (3.24).
Wenow considerCase2,whichis themaincase.Denoted 9 d C x 6 y D , takek 7«l

suchthat

(3.25) k M d 6
anddefinem by m 9ÎÍ nX k Ï�B 1. Sincek M d M εn, we seethatnX k J ε G 1 andm
is positive. Sincen J k C m S 1D , by a simple calculationusing C p0 D condition and
Chapman-Kolmogorov, (cf. Lemma13.6in [29]), wehave

(3.26) Cn G mkp̃n C x 6 yD�JLC p̃m D k C x 6 yDO6
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where C p̃m D k is the k-th convolution power of p̃m 9 pm S pm? 1. Note that there
existsasequenceo1 6 o2 6;];];] ok 7 Γ suchthatx 9 o1 6 y 9 ok and

(3.27) d C oi 6 oi ? 1 D�MÑÐ d C x 6 yD
k Ò : 9 r � i 9 1 6 2 6;];];]$6 k B 1 :

Clearly, we have

(3.28) C p̃m D k C x 6 yD�J ∑
z1 H B q o1 ^ r r ];];] ∑

zk i 1 H B q ok i 1 ^ r r p̃m C x 6 z1 D p̃m C z1 6 z2 D"];];] p̃m C zk G 1 6 yDO:
Assumethatwe have in addition

(3.29) 3r M Cm1b β :
Sinced C zi G 1 6 zi D1M 3r, byProposition3.11,wehave p̃m C zi G 1 6 zi D1J cµzi

V C zi G 1 6 m1b β D;G 1

for all i 9 2 6;];];]$6 k B 1. Thesameappliesto p̃m C x 6 z1 D andp̃m C zk G 1 6 yD . So,weobtain
from (3.26)and(3.28)

(3.30) Cn G mkp̃n C x 6 y D)J ckµy

V C x 6 m1b β D k G 1

∏
i � 1

f ∑
zi H B q oi ^ r r µzi

V C zi 6 m1b β D h :
Wenow specify thechoiceof k to ensurethatboth(3.25) and(3.29)hold. Using

thedefinition of m andr, we seethat(3.29)is equivalentto cdX k M C C nX k D 1b β or

(3.31) k J c� C G β b,q β G 1r f dβ

n h 1b,q β G 1r :
Let k be the minimal possible integer satisfying (3.31). By the hypothesisd J
Cn1b β , we have

(3.32) k J c� 6 k VÓf dβ

n h 1b,q β G 1r :
Thecondition (3.25)followsfrom thehypothesisn J ε G 1d providedε F 0 is small
enough. By (3.27), (3.29), (3.32) andby thechoiceof m, weobtain

(3.33) m VÎP n
d Q β b,q β G 1r 6 r VÔP n

d Q 1b,q β G 1r :
By C VD D and(3.33),

∑
zi H B q oi ^ r r µzi

V C zi 6 m1b β D J c∑zi H B q oi ^ r r µzi

V C oi 6 m1b β D 9 c� V C oi 6 r D
V C oi 6 m1b β D J c� � :

Combiningthiswith (3.30), we obtain

(3.34) p̃n C x 6 yD)J ckCmkG mµy

V C x 6 m1b β D J ckC G q n G mkr µy

V C x 6 m1b β D J µy

V C x 6 n1 b β D exp C�B c� k DO6
wherewe usethefactsm M n, n B mk M 2k which follow from thedefinition of m.
Putting(3.32)into (3.34),weobtain C LHK C β D;D . ¡
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4 From heatkernel estimatesto resistanceestimates

In thissection,weprovethat C HK C β D;D togetherwith C VG C β G D;D implies C RC β D;D .
In fact, we shall prove that C HK C β D;D alone implies C PI C β D;D and C SRLC β D;D . The
aboveclaim thenfollows from Lemma2.3. Notethat C HK C β D;Dp±ÕC VD D holds (see
Proposition 7.2 in [53], or Theorem3.1in [30]).

We first give a lemma,which is a sub-Gaussianversion of Lemma5.1 in [25]
(seealsoLemma3.9 in [22]).

Lemma 4.1. Let x0 7 Γ, r F 0, B : 9 B C x0 6 r D and let hB
n C x 6 yD be the transition

density of therandomwalk Xn killed on exiting B. Suppose C HK C β D;D holds. Given
0 W ε W 1, there exist c 6 a F 0 such that

uB
n C x 6 yD : 9 hB

n C x 6 y D�S hB
n? 1 C x 6 y D1J c

V C x 6 n1b β D for x 6 y 7 B C x0 6sC 1 B ε D n1b β DO6 n M�C ar D β :
Proof. Let x 6 y 7 Γ, n 7zl . By C LHK C β D;D , wehave

(4.1) un C x 6 yDeJ c0

V C x 6 n1b β D 6 for x 6 y 7 B C x0 6 n1b β DO6
for somec0 F 0. Then,note thatthefollowing holds:

(4.2) hB
n C x 6 y D 9 hn C x 6 yD1B ¾ x � 1� TB Ö n� hn G TB

C XTB
6 yD3�0:

As aconsequence,

(4.3) hn C x 6 y D�B hB
n C x 6 yD 9 hn C y6 xD$B hB

n C y6 xD 9 ∑
0 � s� n
ξ x Bc

Y y C Xs 9 ξ 6 TBc 9 sD hn G s C ξ 6 xDO:
Now we estimate (4.3) from above. By C UHK C β D;D , for 0 M s M n (in fact we

canassumen B s J r F 0 sinceotherwisehn G s C ξ 6 xD 9 0)

hn G s C ξ 6 xD 9 hn G s C x 6 ξ D�M C

V C x 6sC n B sD 1b β D exp cd B f d C x 6 ξ D β

C C n B sD�h 1b,q β G 1r jk :
If ξ 7 Bc, x 7 B C x0 6sC 1 B ε D n1b β D , andn M rβ , it follows thatd C x 6 ξ D�J εr, hence

hn G s C ξ 6 xD�M C

V C x 6sC n B sD 1b β D exp cdeB f εβ rβ

C C n B sD�h 1b;q β G 1r jk :
Also,

hn G s C ξ 6 xD×M C

V C x 6 n1b β D cd V C x 6 r D
V C x 6sC n B sD 1b β D exp cdoBgf εβ rβ

C C n B sD h 1b,q β G 1r jk jk
M C�

V C x 6 n1b β D exp cdoB c� f rβ

n B s h 1b,q β G 1r jk
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by doubling . Now, if in addition n MLC ar D β , a M 1,

rβ

n B s
J rβ

n
J aG β 6

and

hn G s C ξ 6 xD�M C�
V C x 6 n1b β D exp P$B c� aG β b;q β G 1r Q :

Takinga smallenough we canensurethat

(4.4) hnG s C ξ 6 xD�M c0

4V C x 6 n1b β D 6
for all ξ 7 Bc and0 M s M n. Gathering (4.3)and(4.4),we obtain

hn C x 6 y D�B hB
n C x 6 y D)M c0

4V C x 6 n1 b β D ∑
0 � s� n
ξ x Bc

Y y C Xs 9 ξ 6 TBc 9 sD�M c0

4V C x 6 n1b β D 6
hence

un C x 6 yD1B uB
n C x 6 yD�M c0

2V C x 6 n1 b β D :
Togetherwith (4.1),this yieldstheresult. ¡
Proposition 4.2. 1) C HK C β D;D¢±µC PI C β D;D .
2) C HK C β D;Dp±²C SRLC β D;D .
Proof. Theproof of 1) is standard. It originatesin [45]. We modify theargument
given in [50] (seealso Theorem 3.11 in [22]). Let B 9 B C x0 6 r D . Let K HB

n N be
thediscrete timesemigroupcorresponding to u B (thecorrespondingprocessis the
random walk Xn reflectedat K y : d C x0 6 yD 9 r N ). If we denotethetransition density
ash̃B

n C x 6 y D , thenclearly h̃B
n C x 6 y D�J hB

n C x 6 yD . Let B� 9 B C x0 6 ar X 2D wherea F 0 is the
constantin Lemma4.1. For y 7 B� we haveby Lemma4.1(with ε 9 1X 2),

HBÉ q ar r β Ê C f B HBÉ q ar r β Ê f C yD;D 2 C yD×J c
V C x 6 ar X 2D ∑

zH B� � f C zD}B HBÉ q ar r β Ê f C yD�� 2µzJ c
V C x 6 ar X 2D ∑

zH B� � f C zD}B f̄B� � 2µz 6
where in the last inequality, we usethe fact that ∑zH B� � f C zD¢B α � 2µz attains its
minimumwhenα 9 f̄B� . Summingupover B� , we obtain

∑
y H B� HBÉ q ar r β Ê C f B HBÉ q ar r β Ê f C yD;D 2 C yD µy J c ∑

zH B� � f C zD}B f̄B� � 2µz :
Ontheother hand, we have

∑
y H B� HBÉ q ar r β Ê C f B HBÉ q ar r β Ê f C yD;D 2 C yD µy MgÌ f Ì 2

2 ^ B B|Ì HBÉ q ar r β Ê f Ì 2
2 ^ B M Crβ u B C f DO6

wherewewrite Ì f Ì 2
2̂ B 9 ∑y H B f C yD 2µy. Herethefirst inequality is asimplecompu-

tationof thevariance(plus thefact Ì HB
n f 2 Ì 1 ^ B M\Ì f Ì 2

2 ^ B) andthesecond inequality
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is a generalestimateof Dirichlet forms(Lemma1.3.3(i) in [26]). We thusobtainC PI C β D;D .
We now prove 2). By (3.9), we have RC x0 6 Bc D 9 ∑∞

n� 0hB
n C x0 6 x0 D . Thus, by

Lemma4.1,

RC x0 6 Bc DºJ c
É q ar r β Ê
∑
n� 0

uB
n C x0 6 x0 D�J c� cd É q ar r β Ê

∑
n� 1

V C x0 6 n1b β D G 1 S 1
jk

J C ar D β

V C x0 6s�<C ar D β � 1b β D J c� � rβ

V C x0 6 r D 6
wherewe use C VD D in thelastinequality. We thusobtain C SRLC β D;D . ¡

5 Examples

In this section, we give examples of weighted graphs where C HK C β D;D holds.
Let C Γ 6 µ D beaweighted graphsatisfying the C p0 D condition.

Example1: Caseβ 9 2

We notethat C RLC 2D;D alwaysholds. Indeed, for x 6 y 7 Γ, define f 9 fx ^ y 7·t Γ by
f C zD : 9 d C x 6 zD"Ø d C x 6 yD . Thenclearly uvC f D�M V C x 6 yD . By thisand(1.9),wehave

RC x 6 yD�J � f C xD1B f C yD�� 2uvC f D J d C x 6 yD 2

V C x 6 yD 6
asrequired. It follows that C RLC β D;D canholdonly if β J 2, and, by using Theorem
1.3,onerecovers thewell-known fact that C HK C β D;D canhold only if β J 2. Also,
by Theorem 1.3,we have thefollowing equivalenceunder C VG C 2G D;D and C p0 D :
(5.1) C HK C 2D;DpÙÚC RU C 2D;D�ÙÛC PI C 2D;DO:
It is known in general that C HK C 2D;D is equivalent to C VD D.SLC PI C 2D;D (cf. [22]),
but (5.1) givesan additional equivalencecondition under C VG C 2G D;D . In theeven
moreparticularsituation where C VG C 1D;D and C 2 : 4D hold (thevolumegrowth is then
linear) C RU C 2D;D follows from Lemma2.1. Onethereforerecoversthewell-known
factthat,onaweighted graph with C VG C 1D;D , C p0 D and C 2 : 4D , C HK C 2DOD alwaysholds
(see[20]).

Example2: Trees
A graph Γ is calledatreeif it hasnocycle,acyclebeingasequenceof verticessuch
thatx0 8Ü:<:<:�8 xn, with norepetition besidesxn 9 x0, andn J 2. A connectedgraph
is a tree if andonly if any two points x 6 y are joined by a unique (non-oriented)
self-avoiding path.
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Lemma 5.1. If Γ is a treesatisfying C 2 : 4 D and

(5.2) sup
x� y

µx̂ y 9 M W ∞ :<6
then

RC x 6 yD¢V d C x 6 yD�6 x 6 y 7 Γ :
Proof. It follows from Lemma2.1thatRC x 6 yD�M Cd C x 6 y DO6�� x 6 y 7 Γ. Now taketwo
distinct points x 6 y in Γ, andlet f 7mt Γ besuchthat f C xD 9 0, f C yD 9 1, f is linear
onthegeodesicpathjoining x andy, andconstantonany othergeodesicemanating
from x, y, andany intermediatepoint. This construction is of coursepossible only
becauseΓ is a tree.Now uvC f D�M M

d q x ^ y r , therefore

inf K uvC f D : f 7mt Γ 6 f C xD 9 1 6 f C y D 9 0 N�M M
d C x 6 y D 6

henceMRC x 6 yD�J d C x 6 y D . ¡
As a consequence, if Γ is a tree satisfying C 2 : 4 D and C 5 : 2D , C RU C β D;D (resp.C RLC β D;D ) is equivalentto thevolumegrowth conditionV C x 6 y D/M Cd C x 6 yD β G 1 (resp.

V C x 6 y DeJ cd C x 6 yD β G 1), i.e. to thefact that C Γ 6 µ D haspolynomialgrowth of expo-
nentβ B 1:

V C x 6 r D)V rβ G 1 6 x 7 Γ 6 r J 0 :
Thus,asacorollary to Theorem1.3,we have thefollowing.

Proposition 5.2. Let C Γ 6 µ D bea treesuch that 0 W inf
x� y

µxy M sup
x� y

µxy W ∞. If C Γ 6 µ D
haspolynomialvolumegrowth of exponent α J 1, thenit satisfiesthe following
heatkernel estimates

hn C x 6 y D)M C

n
α

α � 1
exp f BLR d C x 6 yD α ? 1

Cn T 1
α h 6 for all x 6 y 7 Γ 6)7ml

and

hn C x 6 yDnS hn? 1 C x 6 y D)J c

n
α

α � 1
exp f B R d C x 6 y D α ? 1

cn T 1
α h :

Conversely, if C Γ 6 µ D satisfies C VG C β G D;D and C HK C β D;D for someβ J 2, thenit must
havepolynomialgrowthof exponentβ B 1.

An interestingclassof treeswith polynomial growth is given by the Vicsek
graphsconsideredfor instancein [12], Section4.

Example3: Finitely ramifiedfractal graphs

For α F 1 andI 9gK 1 6 2 6;];];]$6 N N , let K Ψi N i H I be a family of α-similitudeson t D.
An α-similitudeis amapΨix 9 α G 1Uix S γi 6 x 7�t D whereUi is aunitarymapand
γi 7[t D. We assumetheopen setcondition for K Ψi N i H I , that thereis a non-empty,
boundedopensetW suchthat K Ψi C W DsN i H I aredisjoint and Ý i H I Ψi C W D)I W. Since
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K suchthatK 9 Ý i H I Ψi C K D . Wewill considerthecasewhereK is connected.

Let Fix bethesetof fixedpointsof theΨi ’s, i 7 I . A point x 7 Fix is called an
essential fixedpoint if thereexist i 6 j 7 I 6 i a9 j andy 7 Fix suchthatΨi C xD 9 Ψ j C yD .
WewriteV0 for thesetof essential fixedpoints,weassumeÞ V0 J 2. Following [34],
K is called a(compact) uniform finitely ramifiedfractal (u.f.r. fractal for short) if it
satisfiesthefollowing finitely ramifiedproperty in addition to theaboveproperties:
(FR) If K i1 6;:;:;:O6 in N$6 K j1 6;:;:;:,6 jn N aredistinct sequences, then

Ψi1 ^ ¬ ¬­¬ ^ in C K D�ß Ψ j1 ^ ¬ ¬ ¬­^ jn C K D 9 Ψi1 ^ ¬ ¬ ¬ ^ in C V0 D�ß Ψ j1 ^ ¬ ¬­¬ ^ jn C V0 DO6
wherewe denote Ψi1 ^ ¬ ¬ ¬­^ in 9 Ψi1 à ];];] à Ψin. If we further assume the following
symmetrycondition, thenK is called a (compact) nested fractal asintroducedin
[47].
(SYM) If x 6 y 7 V0, then thereflectionin thehyperplaneHxy 9\K z 7·t D : � z B x � 9� z B y �áN mapsVn to itself, where

(5.3) Vn 9 Ý i1 ^ â â â¸^ in H I Ψi1 ^ ¬ ¬ ¬­^ in C V0 DO:
Thus,u.f.r. fractalsform aclassof fractals which is wider thannested fractals,and
is includedin theclassof p.c.f. self-similar sets([40]).

We assumewithout lossof generality thatΨ1 C x D 9 α G 1
1 x and0 belongsto V0.

Let Γ 9 Ý ∞
n� 0αnVn. We now introduceuniform finitely ramified graphs. These

will begraphswith vertices Γ anda collectionof edges B. In order to definethe
edges, we first defineB0 : 9�K!K x 6 y N : x a9 y 7 V0 N . TheninsideeachαnΨi1 ^ ¬ ¬­¬ ^ in C V0 D
(n J 0 6 i1 6;];];]�6 in 7 I ), we place a copy of B0 andwe denote by B thesetof all the
edgesdeterminedin this way. Now, we assign µxy 9 µyx F 0 for each K x 6 y N×7 B.
We assumethat the weights areboundedfrom above andbelow, i.e. there exist
c 6 C F 0 suchthat

(5.4) c M µxy M C 6 � K x 6 y Nº7 B :
Then, C Γ 6 µ D is a weightedgraphsatisfying condition C p0 D . We call theweighted
graph C Γ 6 µ D a uniform finitely ramified(u.f.r.) graph. If we construct the graph
starting from a nested fractal, then it will be called a nested fractal graph. We
denote thecorrespondingquadraticform (1.5)as u µ .

On a u.f.r. graph C Γ 6 µ D , we cannaturally definea renormalization mapF as
follows.u F q µ r C uD 9 inf K u µ C vD : v 7mt Γ 6 v C αxD 9 u C x DO6 x 7 Γ N$6 � v 7mt Γ :
In [34] (togetherwith a resultin [43]), thefollowing theoremis proved.

Theorem5.3. Let C Γ 6 µ D au.f.r. graphandassumethat thereexists K µxy N satisfyingC 5 : 4D andsuch that

(5.5) F C µ D 9 ρ G 1µ
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for someρ F 0. Then,there exist C 6 c F 0 (which dependon µ) and0 W γ1 M γ2
such that for each x 6 y 7 Γ andn J d C x 6 y D ,

hn C x 6 yDÃM CnG S
S� 1 exp f BLR RC x 6 yD S? 1

Cn T γ1 h 6
hn C x 6 yDnS hn? 1 C x 6 yDÃJ cnG S

S� 1 exp f B R RC x 6 yD S? 1

cn T γ2 h 6
whereS 9 logN X logρ .

In [34], it is alsoshownby counter-examplesthat in general onecannot take
γ1 9 γ2, and that onecannot obtain the sametype of heatkernel estimateswith
d C�]<6;]�D instead of RC�]<6;]�D .

By Theorem5.3 andTheorem1.3, we have the following characterization ofC HK C β D;D .
Proposition 5.4. Let C Γ 6 µ D bea u.f.r. graphsatisfying (5.5). Then, C HK C β D;D holds
on C Γ 6 µ D for someβ J 2 if andonlyif thefollowing relationbetween theresistance
metricandthegraphdistanceholds:

(5.6) RC x 6 yD�V d C x 6 y D γ � x 6 y 7 Γ 6
for someγ J 1.

Proof. Suppose(5.6)holds. Notethatµ C BR C x 6 r D;D�V rS whereBR C x 6 r D : 9\K y 7 Γ :
RC x 6 yD)M r N (cf. Lemma3.2in [34]). Thus,wehaveV C x 6 r D¢V rSγ . Similarly, since
Ex � TBR q x̂ r r ��V rS? 1, wehaveEx � τ C x 6 r D3�"V rβ whereβ 9 C S S 1D γ . Thus C VG C β G D;D ,C RU C β D;D and C RLC β D;D holdwith β 9 C SS 1D γ whichimplies C HK C β D;D by Theorem
1.3.

Next, suppose C HK C β D;D holds. Then,by comparing themwith Theorem5.3for
x 9 y, we have nG Sb,q S? 1r V V C x 6 n1 b β D for all n 7zl andall x 7 Γ. Thus,

(5.7) V C x 6 r DpV rSβ b,q S? 1r � r 7ml¹6 x 7 Γ 6
so that C VG C β G D;D holds. Now, by Theorem1.3, C RU C β D;D and C RLC β D;D hold. So,
togetherwith (5.7),we obtain (5.6)with γ 9 β X C S S 1 D . ¡

For nested fractal graphs,it is knownthat(5.5)and(5.6)hold. Thus,thispropo-
sition givesanother proof of the known fact that C HK C β D;D holds for suchgraphs
(cf. [34]).

Example4: Graphical Sierpinski carpets
Let H0 9 � 0 6 1� d, and let l 7ãl , l J 2 be fixed. Set ä 9åK Πd

i � 1 �<C ki B 1D X l 6 ki X l � :
1 M ki M l 6 ki 7·læC 1 M i M d DsN , let l M N M ld andlet Ψi , I 7 I : 9gK 1 6;];]s]!6 N N be
orientation preserving affine mapsof H0 onto someelement of ä . (We assume
thatthesetsΨi C H0 D aredistinct.) SetH1 9 Ý i H I Ψi C H0 D . Then,thereexistsaunique
non-voidcompactsetK I H0 suchthatK 9 Ý i H I Ψi C K D . K is called a(generalized)
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Sierpinski carpet if thefollowing holds (cf. [9]):
(SC1)(Symmetry)H1 is preservedby all theisometriesof theunit cubeH0.
(SC2)(Connected)H1 is connected.
(SC3)(Non-diagonality) Let B be a cubein H0 which is the union of 2d distinct
elementsof ä . (SoB hassidelength 2l G 1.) Thenif Int C H1 � BD is non-empty, it is
connected.
(SC4)(Borders included)H1 contains theline segment K x : 0 M x1 M 1 6 x2 9 ];];] 9
xd 9 0 N .

The main differencefrom p.c.f. self-similar setsis thatSierpinski carpets are
infinitely ramified,i.e. K cannot bedisconnectedby removing a finite number of
points.

LetV0 beasetof vertices for H0 anddefineVn asin (5.3). Then,onecandefine
a graphical Sierpinski carpet Γ in the sameway as in Example3 – see[10]. In
[7] and[49] it is shown that thereexists ρ F 0 suchthat the resistanceacross a
cubeof sidelk in Γ grows asρk. In [10] it is proved thatΓ satisfiesC VG C α D;D for
α 9 logN X logl , and C HK C β D;D with β 9 log C ρN D X logl .

The proof in [10] relieson an elliptic Harnack inequality, which is proved in
[9] by a difficult probabilistic coupling argument. In the caseρ F 1 it may be
possibleto prove C RC β D;D directly using resistanceboundssimilar to thosein [7] and
[49]; this would thenyield a muchquicker proof of C HK C β D;D for theseSierpinski
carpets. Weremarkthatsuchclassesof infinitely ramifiedfractals arealsostudied
in [46].
Example5: A graphwhich is strongly recurrentbut not very strongly recurrent
Chooseαi W βi , i 9 1 6 2 suchthat2 M βi M αi S 1 andif θi 9 βi B αi thenθ1 W θ2.
Then,by [4] thereexist (distinct) graphs Γi, i 9 1 6 2 satisfying C p0 D , VG C αi D and
RC βi D , andtherefore alsoHK C βi D . Sinceeachof Γi is very strongly recurrent,it is
alsostrongly recurrent. Fix xi 7 Γi, andlet Γ bethegraphobtainedfrom Γ1 Ý Γ2
by identifying theverticesx1 andx2. (Γ is thejoin of Γ1 andΓ2.) We canassume
thattheprobability, starting in thecommonpointx 9 x1 9 x2 thatX enterseachof
Γi is 1X 2. In Γi onehas,if 1 W r W 2r M s, that RC B C x 6 r D&6 B C x 6 RD c D�V sθi . Usingthis
it is nothardto checkthatΓ satisfies(1.11).

However, Γ cannot satisfy (1.10) since it fails to satisfy the EHI. To seethis,
let B 9 B1 C x1 6 r DnÝ B2 C x2 6 r D , andlet h betheharmonic function on B which is zero
on ∂B � B1 C x1 6 r D and1 on ∂B � B2 C x2 6 r D . Since(in Γi D onehasthatif yi 8 xi thenY yi C Txi F τ C x 6 r D;DpV r G θi , wededucethath C xD¢V r G θ2 ? θ1. Ontheotherhand,if z2 is
apoint in Γ2 with d C x2 6 z2 D 9 r X 2 thenh C z2 D�J c1 F 0.
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[15] Coulhon T. Off-diagonalheatkernellower boundswithout Poincaŕe.J. LondonMath.Soc.(2)
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Probab. Statist.26 (1990), no.3, 419–436.
[20] Coulhon T.; Saloff-Coste L. Minorations pour les châınes de Markov unidimensionnelles.
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