Characterization of sub-Gaussianheatkernel
estimateson strongly recurrent graphs

Martin T. Barlow!
University of British Columbia

Vancauver V6T 122,Canadch
barlow@math.ubc.ca
Thierry Coulhor?
Universitée de Cergy-Pontoise
95302 Pontoise France
Thierry.Coulhon@math.u-cergy.fr
AND
Takash Kumagat
Reseath Institutefor Mathemdical Scierces,
KyotoUniversity, Kyoto606-8502 Japan

kumagai@kurims.kyoto-u.ac.jp

Abstract

Sub-Gaussiaastimatedor randomwalksaretypical of fractalgraphs.We char
acterizethemin thestronglyrecurrentasejn termsof resistancestimate®nly,
withoutassumingelliptic Harnackinequdities. (© 2000Wiley Periodicals)nc.

1 Intr oduction

1.1 Statementof the main result

Letl" beaninfinite locdly finite connetedgraph Thatis, I' is asetwhoseele-
mentsarecalledvertices; someof theverticesareconrectedby anedge, in which
caseonesaystha they areneighbours If x,y € I' areneighbous, onewritesx ~ y.
ThatT is locdly finite meanghatevery vertex hasa finite numberof neighoours
Thatl is conrectedmeanghatfor every pair x,y of verticesin I', there is atleast
onepah in I joining x andy, thatis a seqencex, = X,X;,...,X, = Yy suchthat
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X ~ X, fori=0,...,£—1. Thelengh of suc apathis £. The smallestpossible
lengthof a pathjoining x,y € I' is dendedby d(x,y), which definesametriconT .

Assumethatthegragh I is encowedwith aweight(or condictarce) Ly, thatis
asymmetricnonngjative functionon ™ x I suchthat i, > O if andonly if x ~y.
We call thepair (I', u) aweightedgrgph. Suchanobject mayalsobeviewedasan
electic network, in whichthere is awire of res'stanceu)g,l betveeneachpair x, y
with x ~ y.

Now, definep = 3, txy for eachx € ', andset u(A) = 3,5 tx for each
ACT. pisthenameasurenl, and(l,d, 1) isametricmeasurespae.

Denoteby B(x,r) thebal in " of radiusr > 0 centeedatx € I' with respectto
themetricd andby V (x,r) its measurgi.e.

B(Xar) = {ye I';d(x,y) Sr}a V(Xar) = M(B(Xar))
We will corsidergrapts satisiing the volume doubing condition, thatis we
shallassumethat thereexistsC > 0 suchthat
V(x,2r) <CV(x,r), xel, r>0. (VD)

It follows easly from (VD) that there exist C,a > 0 sud thatfor all x,y € T,
r>s>0,

(1.1) vixr <c () Vixs,

andconseguenty, forallx,y e, r > s> 0,
a
(L.2) V(xr) sc(d(Ls)“) V(9.

We shallsaythat(I", 1) satisfiesthecondtion (VG(a)) if (1.1) holds andwe shall
saythat(I", u) satsfiesthestrorgercondition (VG(a_)) if (VG(y)) holdsfor some
y€ (0,a). In paricular (VG(a)) holdsif (I, u) haspolynomial volumegrowth of
exponata:
V(x,r)~r% r>0, xerl,
and(VG(a_)) holdsif (I', ) haspolynomialgrowthof exporentywith 0 < y < a.
(Throudhoutthis article,if f andg depenl onavariabe { rangngin asetl, f ~g
meanghatthereexists C > 0 suchthatC=1f({) < g(¢{) <Cf({) forall  €1.)
For eachx ~y, define
POGY) = Hey/ M-
In this pape, we will corsiderthe discree time Markov chan {X,,n > 0,P* x €
I}, with transtion probabilities p(x,y). Thechan X is reversgble with resgectto
U since
P(X,Y) Hx = Hxy = Hyx = P(Y, X) ty-
Theasso@tedMarkov opeatorP, givenby

Pf(x) = V) (),
(%) yg_ P, Y) f(y)
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is self-adjoirt on £2(T", ).
Forne Z, :={0,1,---}, let p, denoe then-th corvolution power of p, thatis

07 X 7
Po(%Y) = Sy 1={ 1, iﬁi

and
Pn(X,y) = Z P, 1(%2)p(zy), n>1
zc

Alternaively, p,(x,y) is thetranstion functon of therandan walk X, i.e.

Pa(X,y) = P* (X =),
or the kernd of the operator P" with respectto the counting measure Definethe
heatkernd, thatis the kernd of P" with resgectto u, or the transtion densiy of
o ()
. pn Xa
ha(Xy) : TR

Clearly hy is symmetre, thatis hy(x,y) = hn(y,X). As a conseguerce of the semi-
grouplaw P™" = PMP" thehed kemel satidiesthe ChapmarKolmogorw equa-
tion

(1.3) hn+m(xa y) = Z hn(X, 2)hm(Z y) Uz,

forallx,yel,nmeZ,.
Our aim is to give a geametric necessaryand sufiicient condtion for sub-
Gaussiarheatkernd uppe andlower estimagésto hold:

hn(X,y) < Wexp ( (%) El) ,forallxyel, neN
(UHK(B))

and

N
M0Y) s () > s &P ( (d(xc’rf) ) ) (LHK(B))

for all x,y € I', n € N suchthatn > d(x,y). Thereasm (LHK(B)) useshy(x,y) +
h,,1(xy) insteadof hy(x,y) is thatif I" is bipartite,then h,, ., (x,x) = 0, andsono
non-tivial lower boundcanhold just for hy(x,y). The conjunction of (UHK(S3))
and(LHK(B)) will bedenoedby (HK(f3)).

A priori B > 1, but in factthe estimaes(HK(3)) canhold only if 3 > 2. One
way to seethisis to obseve thatthe uppe boundh,(x,x) < CV (x,n*/#)~1, which
follows from (UHK(3)), is compatble with thelower bourd from [48], h,(x,X) >
¢V (x,nt/2logn)~1, which always holdsunder (VD), only if B > 2. Furthe, if
(I, 1) haspolynomial volume growth of exporent a, the estimaes (HK(f3)) can
holdonly if B < a + 1. Thiscanbesee in severd ways: for instarce, the lower
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boundh,(x,x) > cn~?/B, whichfollows from (LHK (8)), mustbecompdible with
theupperboundh,(x,x) < Cn=2/(@+1) from [12]. Corversely, it wasprovedin [4]
thatfor every cowle a, 3 suchthat2 < 3 < a + 1, thereexistsagraph(I', u) with
polynomial volumegrowth of exponent a suchthat (HK(3)) holds

The grapls asso@ted with mary regular fractals, suchasthe Sierpirski gas-
kets,carpets,andtheVicseksets dosatsfy (HK(f)). However, theexisting prod's
all usesomekind of Harnack inequality. While thisis sometmesvery easyto prove
(soeay it is often not statedexplicitly) for somefamilies of finitely ramifiedsets
for infinitely ramifiedsetssuchasSierpirski carpgetsthe argumentis consderably
harde. See[37], [2], [3], [4], [9], [10], andthereferencegherein.

In thispaperwewill chamacterzetheestimate (HK(S3)) in theso-cdled ‘strongly
recurent’ casetha is thecasewherethevolumegrowth of thegraph(I', p) is lim-
ited by the exporent 3, which goverrs the scalirg betweertime andspacejn the
sensehat (VG(B_)) holds Notethatthe Sierpingki gaslets,theVicsekgraptsand
thetwo-dimensioml Sierpinki carpé arestrorgly recurrat, andthatour method
probably givesthe quickestway sofar to check(HK(B)) (seeSection5 belaw for
thetreamentof someexamples.

In thecaseB = 2, it wasprovedin [22] that(HK(2)) is equialentto (VD) plus
the standird Poincae inequality (P1(2)). For B > 2 the situaion is morecompli-
cated.Charaterizationsof (HK(B)) have beengivenin [29], [52], [53], [30], but
theseall involve theelliptic Harnad inequality (EHI) (seeSectionl.2for adefini-
tion), whosegeometit charaterizdion remainsanopenquesion. In partialar, it
is notknownwhetheror not (EHI ) is invariantunderroughisometres(seeSection
1.3). In [11], a chamcteriation of (HK()) wasgivenin termsof a 3-Poincaé
inequality (P1(B)) (seeSectionl.2), and a condtion, deroted (CS(f3)), requi-
ing the existenceof suiteble families of cut-off functions;thesetwo conditions are
known to beinvariantunderrough isomety (see[34]). In this pape we givein the
strondy recurentcase amoretransparemandgeanetricchalcterzation in terms
of electical resstancewhichis alsoclealy invariantunde rough isomety, aswe
shallexplain in Sectionl.3.

For anintroduction to the conrectionbetweerrandan walksandelectical net-
workssee[24]. For f € R", define

(1.4) 81,0 =3 3 (F)— () ho,

X,ye
X~y

andfor f,g e R suchthat&(f, f), £(g,g9) < +o define
(L5) (1,9 =3 3 (109~ 1)(00 ~9(y) by,

A straghtforward compuationshawvs that, for f,g € £2(I, u),
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where(.,.) derotesthe scala prodwctin £2(I', u). We abbreviate & (f, f) as&(f).
In termsof eledrical networks, we canregard&’( f) astheenepgy disspationin the
network I asso@tedwith thepotential f.

We shal usethefactthat#’ is a Dirichlet form, andin paricularthefact,which
is easily checled, thatfor f € R" anda € R,

(L.7) &((f—a),) < &(1).

Let A, B besubsés of I'. We definethe effective resisancebetweenA andB as
follows.
(1.8) R(A,B) ' =inf{&(f);f eR", f|, =1, f|g =0},

wherewe take inf@® = +o. We write R(x,y) for R({x},{y}). Taking f =1, or
f =1-15in (1.8) we seethatR(A,B) > 0if ANB = 0 andoneof A, B is finite.
It is easyto prove (seeLemmaZ2.1 below) that the infimum in (1.8) is always
attaired, andthat R(A,B) < « for ary A/B C I'. Notethatif AC A’ andBC B
thenR(A,B) > R(A',B).

In fact, R(x,y) defines a metricon I (this is non-tivial, see[3], Propogtion
4.25, or [4Q]); notethatin [14], secton 6, the metric constleredis J,(x,y) =
VRXY).

Thefoll owing easylemmawill play akey rolein this paper
Lemmal.l. Forall f e R" andx,yeT,
(1.9) 100 = fY)P <RXY)E(F).
Furthermaye, for eadx,y € I, thereexists f € R sud that equality holdsin (1.9).

Theinequality (1.9) is animmedide conequere of the definition of R. For
thesemndasselibn, seeLemma?2.1 below.

Definition 1.2. Following [4], we saythata graph is very strongly recurent if
thereexists p, > O suchthat writing T, = min{n>0: X, € A}, Ty = T{y}, T(X,r) =
TB(XJ)C’
(1.10) PX(Ty < 1(x,2r)) > p,, forall xel,r>1yeB(xr).

This propertyis called ‘strongly recurent’ in [23], while in [53] ‘strongly re-
current’ is usel for the propertythatthere existsc > 0, M > 1 suchthat
(1.11) R(X,B(x,Mr)®) > (1+c)R(x,B(x,r)¢) forall xel,r>1

We prove below that(1.10 implies(1.11) — seeLemma3.6. Further(seeExample
5 in Section5) thereexist graplts which satsfy (1.11) but not (1.10. It is easyto
seethat (1.11)impliesthatl” is recurent.

We now introducethe following condtion:

P(Xy) > py>0 forallxyerl, x~y. (Po)
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For x,y € I', defineV (x,y) = V(x,d(x,y)). If (VD) holds thenby (1.2) there
existsC suchthatV (x,y) <CV(y,x) forallx,y € I.
Our maintheoemis thefollowing:

Theorem 1.3. Let (', u) be a weightedgraph satis{ing condiion (p,). Assume
(VG(B.)) for someB > 2. Then(HK(B)) holdsif andonly if

d?(x,y)

R“”zvuw

In thiscase(I", u) satidies(1.10).

, XYET. (R(B))

Thecondition (R(8)) canbedemmposednto alower estimde:

d?(xy)
V(xy)

thereexists ¢ > 0 such thatR(x,y) > ¢

forallx,yer, (RL(B)),

andanupper estimae:

thereexistsC > 0 sud thatR(x,y) < C?f((;(’;/)) forallx,yerl. (RU(B))

Notethatthecondtions (VG(S)), (VG(B_)), (P(B)) and(RU(B)) all become
wealer asf increaseswhile (RL(3)) becomestronger

In Section2.2, we will seetha, unde someaddtiona assunptiors, (P (())
and (RU(B)) are equivalent. This helps to give a geometic undestandng of
(R(B))- Indeed,(PI(B)) (andtherdore (RJ([B))) is a quantitative comectiity
propeaty: bals of all radi aresuficiently conrected,to anextent govemedby S.
Cornversly, onecansee(RL(f)) asa property sayng that therecanrot be more
connetions thanthe exporent 3 allows. In other words (R(f3)) contans at the
sametime a 3-Poincaé inequality andthe matchirg anti-Poincaé inequality.

Hereis the plan of this paper In Section2, we will shawv that the resigance
estimate(RL(3)) canbe strergthered anddisaussthe equivalene of (PI(8)) and
(RU(B)) undersomeadditional condtions. In Section3, we shal showthatfor
ary B > 2, (VG(B.)) (and,in fact,a wealer volume growth condtion, see(2.1)
belav) and (R(B)) suffice for (HK(B)) to hold. Thefirst step,in Sectim 3.1, is
to obseve that (RU()) togeherwith (VG(S)) is enoudn for on-diagon& upper
estimats. In Section3.2, we estmatethe exit time of the randon walk from a
ball in termsof its radius Onecanthencondudethat(HK(S)) holdsby usingthe
resulsin [30], but, taking advantageof our strongrecurenceassumgbn, we will
giveamoredirect proof. In Sectiond, we shallshav that,togetherwith (VG(B_)),
(HK(B)) implies (R(B)). Thiswill usethe implication from (PI(f)) to (RJ(j3))
provedin Section2.2. In Section5, we give examples

We notetha, applying thetecmiquein this paper, oneof the authas obtained
themeasue metricspae versim of our restts using resiganceforms (see[44]).
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Throughout the pape, we will usec,C with or without subgripts, to dende
strictly positive constantswhosevaluesarenotimportant, andwhich may charge
from line to line.

In theremairderof this section we give thecommenton Harnackinequalities
andinvarianceunde roughisometrythatwe alreadyannounced.

1.2 Harnack and Poincaré inequalities

Let.¥ = P—1. Wesaythatu: B(x,r) — R is harmorc in B = B(x,r) if uis
definedonB={y:y~ x,x € B}, and.Zu(x) = 0,x € B.

We saythat (", u) satsfiestheelliptic Harnackinequality (with congantC) if
for all x e I',r > 0, andfor ary non-negative harmonc function u in B(x, 2r), the
following holds

max u(y) <C min u(y). EHI
,max (y) < i (v) (EHI)
The statemat of the paralwlic Harnackinequality is alittl e morecompicated

anddependson theindex 8. We say (PHI(3)) holdsif wheneer u(n,x) > 0 is
definedon [0,4N] x B(y, 2R) andsatisfies

(1.12) u(n+1,x) —u(n,x) = Zu(n,x), V(n,x) € [0,4N] x B(y, 2R),

then
(1.13) Jmax u(n,x) <C Jmin_ (u(n,x) +u(n+ 1,x)),
xeB(Y,R) xeB(y,R)

whenN > 2R andN ~ RB. Clearly (PHI(B)) implies (EHI). It is known that
(PHI(B)) is equivalentto (HK(B)) —seeTheorenm 3.1in [30]. Theoriginal proof
for the case of B = 2 goesbad to [45] in a contiruousseting; see[22] for an
adapationto thegraph case

ForBCT set

(L.14) Ealf, 1) =3 3 (100~ 1) 1.

X~y

We saythat (I', i) satisfiesa scded Poincaé inequality of orde S if thereexist
C> 0,C' > 1suchthatfor every f € R andeveryball B:=B(x,,r), X, €I, 1 >0,

EB(f(X)— fg)2 < CrP (1), (PI(B))

Xe

whereC'B := B(x,,C'r) and fg = iy 2xes f (k.
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1.3 Invariance under roughisometry

Definition 1.4. Let (F'W, u®), (r, (@) be weightel graphssatidying cond-
tion (py). A mapT : M — (2 is called arough isomety if thefollowing holds
Thereexist postive corstantsa,c > 1,b > 0 andM > 0 suchthat

(1.15) a td(x,y) —b < d@(T(x),T(y)) <adP(xy)+bVxyer®,

(1.16) dd(T(r¥y,y)<™m vy er®,
—1,,(1 2 1 1

(1.17) ot < <ou® vxer®,

whered() (., ) is thegraphdistarce of (F), u@) fori = 1,2.
If thereexists arough isomery betwea two spaes,they aresaidto be roughy
isometrc. (Onecanched thisis anequivalencerelation.)

The concet of rough isomety was introduced(for manifolds) by M. Kanai
in [38, 39, but without the condtion (1.17) Underthe assumgon of bounded
geomety madein those papers,theandogueof (1.17) coud beproved A geneal
definition similar to theabove onewasgivenin [21], seealso[34].

In [34], it is provedthat(PHI (B)) is stable unde rough isometry. We canverify
thisfactundertheassunptionof (VG(B_)) or (VG(B)) in thefollowing way. It is
known thatcondtions (VG(3)) and(VG(f3_)) arestable underroughisomery, see
[21], Propositon [1.2. In [54], it is provedthatthe effective resisainceis presened
underrough isomedry up to a multiplicative consant. (In [54], only unweichted
grapls (i.e. tyy = 1 whenx ~ y) areconsdered But a simplemodificaton of the
proof givesthe sameresultfor weightedgraghs satsfying condition (p,).) Thus,
(R(B)) is stableunde rough isometry This togetherwith Theoren 1.3 givesthe
desiral fact.

2 Resistanceestimatesand Poincaré inequalities

In this section, we shdl only needawealer form of (VG(B_)), namely

r
(2.1) V() <6 () VxS
forallxel,r > s> 0,where¢ satisfies
. t
(2.2) lim supm =0.
t—+o0 th

In othe words,it will beenowghto assunethatthevolumegrowth of (I, 1) is uni-
formly strictly below (VG(3)), without necesarily beingpolynomial of a smaller
exponent than 3. We shall oftenuse(2.1) in the following form: for ary € > 0,
thereexistsn > 0 suchthat

<eg r?
V(xs) = V(xr)’
for everyx € I’ andeveryr,s> 0 suchthats< nr.

(2.3)
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We startwith somebast propetiesof resstance

Lemma2.1. Let(I, u) beaweighedgraph,andA,B C I' with ANB = 0.
(@) ThenR(A, B) < . Further if

(2.4) J(Q];Ile,y =c>0,
then
(2.5) R(A,B) < c"1d(A,B).

(b) Ther exists a funcion f which attains theinfimumin (1.8).

Proof. (a)Let f € R", £=d(A,B), anda= xy,X, ...,X, = b beashorestpathjoin-
inga€ A be B. Let f satidy theconstaintsin (1.8),andlet0 < k <min; Ll .
Then

-1
1=f(a) ~ f(b)> < ¢ (_;H(m— f(m)ﬁ)

-1
< kY (_Z}“(Xi) - f(Xi+1)|21v‘>q>q+1> <k UE(f).

ThusR(A,B)~1 > &(f) > k£~1 > 0. If (2.4) holds thenwe cantake k = ¢ and
obtain(2.5).

(b) Let f, beaseqiencesatidying thecorstrairtsin (1.8)with &( f,) — R(A,B) L.
We canassume that0 < f, < 1. A diagmalizaion agumentgives a seqence
g« = fm _suchthatg, corvergespointwiseto afunction g, andusing Fatou

£(g) = &(liminfg,) <liminf&(g,) = R(A,B) ™.
Thusaminimise exists. O

In geneal, R(x,y) canbe subsantialy smalle thand(x,y), but thereare ex-
tremalsituations, suc astrees wherethe two quantities arecompaable. In par
ticular, onanunweighedtreeonehasR(x,y) = d(x,y). SeeExample2 in Section
5 below.

We now shaw thatthe lower resiganceestimate(RL(f3)) self-improvesin the
preseceof the otherassumptions Conside the cordition:

thereexists ¢ > 0 suchthatR(x, B°(x,r)) > ¢ forallxel, r>0.

(B
V(xr)
(SRL(B))
It is easyto seethat (SRL(B)) implies(RL(B)), sinaeif d(x,y) =r > 2 then

—1B8 B
R(xY) 2 R(xB(xr —1)°) 2 \% z CZ_BV(rx, r’

(If r=d(x,y) = 1 thenthebourd (RL()) alwaysholds,sineR(x,y) > R(X, {x}€) =
pt>V(x 1))
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In fact,in thepresaceof (RU(B)) and(VG(B_)), thecorverseis true.

Lemma 2.2. Let (I', u) be a weightel graph. Assumeg(2.1) and (R(B)). Then
(SRL(B)) holas.

Usingthis,in thepresenceof (RL(3)) and(VG(B_)), theupperestimatgRU (3))
is equivalentto (PI(B)).

Lemma2.3. Let (I, u) beaweighedgraph.

(a) (2.1) and (R(B)) imply (PI(B)).

(b) (VG(B_))* and (P1()) imply (RU ().

In particular, if (I, u) satisfes(VG(B_)) and(RL(B)), then(PI(B3)) and(RJ (3))
areequialert.

2.1 Impr ovementof the lower estimates

In this sectian, we prove Lemmaz2.2, obtaning it asa patticular caseof amore
geneal resut.

Lemma2.4. Let(I, u) beaweighedgraph satifying (VD). Assumehat

n (d(xy))
2.6 R(X,y) ~ ————, X,yeTl
(2.6) (x,y) Vixy) " Y
holds with n increasingandsatigying
nANV(xr)
(2.7) ngrpn(r)V(x,)\r) —0asA = 0,.
r>0

Thenthere existsc > 0 sud that

n(cr)
. ¢ >
(28) RO B(6n) > e 7
Proof. Fix x, € I andr > 0, andlet A = B(x,,r) — B(X,,r/2). For x € A let hy
be the function on ' given by Lemmal.1, suchthat hy(x) = 0, hy(x,) = 1, and
&(h) = 1/R(%,X). LetA < 3. Ashyis harmongonT \ {X,y}, h«(y) is maximised
overB(x,Ar) byay, with d(x,y,) = Ar. So,fory € B(x,Ar), by (1.9)andtheupper
boundin (2.6),

, Vxerl, r>0.

A A
@9) I < Iny) (9P < CR6(h) = Cp .
Usingthelower bourd in (2.6),and(VD), if y € B(x,Ar) then
(2.10) )2 < cTANVKX) o n(ADV(r/2)

V(xANN(d(x,x) =~ V(xAr)n(r/2)’
Thus,by (2.7), thereexistsa constantd > 0 suchthatx € A, d(x,y) < dr, implies
thathy(y) < 3. We canassumed < 1/6.

1A carefulreademill noticein the proof below that,again,onecanslightly wealen (VG(B_))
here,by assuming2.1) with zf°=02‘i/3¢(2i) < 4 insteadof (2.2).
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Now use (VD) to cover A by balls B(x;,0r), 1 <i < j, with x, € A. Herej is
boundedfrom above, the bourd only depading on the volume douling consant.
Letg=ming_; ,hx h=2(g- )4, andh = hlg, .- Thenh'(x,) =h(x,) =1,
andh’ = 0 outsdeB(x,,r), sothat

R(Xg B%(%,1) "t < &£(H).
Butit is clea that&’ (i) < &(h) sinceh=0o0nA. Also, by (1.7),
&(h) <4£(g).
Now, for x,y € I' suchtha g(x) > g(y), if g(y) = hx (y), then

(90— 9)? = (909 = he (¥)? < (h () —hx (1)) < 5 (h (x) — hy (1))

Summingover X, y, we obtdn
i

(2.11) £(0) < Y &lhy).
I=

Now using thelowerboundin (2.6),and(VD),
1 V (%, X) V(") _ V(%1 /2)
RO = n(@0ex) = n(/2) = (/)

Combiningthiswith (2.11)impliesthaté’(g) <CV (xy,r/2)/n(r/2), andthisyields
(2.8). O

&(hy) =

Proof of Lemma2.2. For this it is enoudn to obseve thatif n(r) = rf then(2.6)
follows from (R(B)), (2.7) from (2.1),anduseLemmaz2.4. O

2.2 Upper estimatesand Poincaré inequalities

This secti;m, wherewe prove LemmaZ2.3, canbe skippedin a first readng.
In fact the implication from (VG(B_)) and (R(B)) to (PI(B)) will not be used
in the prod of the mainresut, and,furthermoreis in ary casebe a conequere
of Theoem 1.3 andProposiion 4.2, although this routeis rather indirect. As for
theimplicationfrom (PI(B)) to (RU(pB)), it is used only in theendto deducethe
corversepatt of Theoreml.3from Proposiion 4.2.

We first needa versian of Lemma3.5in [18], to compareresigancein ' with
resisaincein alarge ball. Recallthedefinition of &g in (1.14),andfor BC I' set

(2.12) Re(x,y) =inf{&g(f): f(x) =0, (y) = 1}.
Lemma 2.5. Assumé2.1) and(R(f)). Thenthere existsC' > 1 suc that
(213) R(Xa y) S RB(chld(x’y))(Xa y) S ZR(Xa y)
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Proof. Sinceé’z(f) < &(f) theleft sideof (2.13) is immediate
For theright handsidewe begin by proving theinequality
1 1 1
< + .
ROGY) ~ RepaoagY)  ROGB(,.C(xY))%)
LetC > 1, andwrite B = B(x,Cd(x,y)), B' = B(x,2Cd(x,y)). Let f,, f, befunc-
tionswhichattan theinfimumin thevariationalproblemsfor R, (x,y) andR(x, B).
Thusf,(x) = f,(x) =1, f,(y) =0,andf, = 0 onB°. We cantake f, = 0 on (B')°.
Let f =min(fy, f,). Then,using (2.11)in B', andthefactthat f = 0 on (B')¢,
ROGY) ™ < E(f) = Eg(f) < Eg(fy) +E(F) = E(f) +E(1)

= Ry (xy) "' +R(x,B)
proving (2.14). Using (RU(B)), (RL(B)) it follows thatthereexists C' (not de-
pendngonx,y) suchthat

R(xB(x,C'd(x,y))%) > 2R(x.Y),
and(2.14)therdore gives

(2.14)

1 1
< ?
2R(x,y) — RB(xyzcld(x’y))(Xa y)
compleing the prod of (2.13. O

We now returnto the prodf of Lemma2.3.

Proofof (2.1) + (R(B)) = (PI1(B)). Fix B=B(Xy,r). By Lemma2.5, there exist
C,C' > O suchthat

B/2
|f(x)—f(y)léc% Eqp(f), VfeR", X,y € B.
Thus,for x € B, we maywrite
(X,y) ]B/Z

e 1 Cy/&os(f) C’B
|f(x)_fB|§ﬁy€ [T = f(¥) by < Za\/m

Notethat,sincex,y € B, d(x,y) < 2r, therdore

(T < C\/Tisg/z u({y:d(xy) =s})
N9
C’rB/z\/? V(x,8) —V(x,5—1)
- Il( ) s=1 V(X S) '
Recallthatfor ary seqtences{as}s>1, {bs} s>, thefollowing holds
2r-1

Zasbs— ZAS s+1 +A2r 2r
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whereAs := S_; an. Applyingthiswith

as=V(x8)—V(x,s—1), bs= ! ’
(%9)
we obtain
2 V(xs) —V(xs—1) 21 \/—
Zx m B Z \/m (VV(x5+1) = VV(x9) +/V(x2r)

< 2\/V(x,2r) <Cy/u(B)

In the last inequality we usedthe fact that x € B = B(x,,r) and (VD). Taking
squaesandsummingwe have

_ B
> (100~ < %é@a(f) > e =Crh6g( ),

thatis (PI(B)). O
Proofof (VG(B_)) + (PI(B)) = (RJ(B)). Thiscanbeprovedby modifying Propo-

sition 3.3 of [18]. First, notethat by applying Caucly-Schwarzto (PI(B)), we
obtainfor eachB = B(x,r),

1 — 1 B 1/2 CrP 1/2
nge‘ f(2) — fglpz < (ngg(f(z) - fB)ZIJz> < (ﬁgC’B(fO

(2.15) < ﬂé”(f) 1/2.
~ \u(B)

Fixx,yin T andf € R". Write B, = B(x, 2—id(x y)),i € Z,. Wehave

xX)—fg | < f— f(2) — f,
| ;I IHI_ZN B ), 11(2) — fg |1z

i+1

2 (@idxy)P 7
c% f|uZ<C.Za< (B <§’(f)> :
Herewe have used(VD) and (2.15) ow (VG(B_)) impliesthat
1 c2@
< ,

with a < . Thisyields

(2.16) (%) — fg
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Similarly,
- d?(xy)
2 )
(2-17) |f(y) - fB(y,d(x,y))| < CV(x,y) éa(f)
Finally, unde (VD),
_ _ C _
(2.18) |f —f <7 f(z2—f Uz
otcate) ™ fotvaton| < Vix 20009)) oy | EE0IFe
Using(2.15), we have
1/2
1 £ d(X,y)B
(2.19) Grm—s If(2) - f mgc( e(f)]
V(x,2d(x,y)) ZEB(X%W)) B(x2d(x)) V(%)
By (2.16), (2.17),(2.18)and(2.19) we obtan
d?(xy)
f(x)— fy)P<C—22&(f), VieR' vxyerl,
10— )P <Cyp 8 () y
whichis theclaim. O

Theprod of Lemmaz2.3is complete

3 Fromresistanceestimatesto heatkernel estimates

In this sectbn, we shall prove that (R(8)) togetherwith (VG(B_)) implies
(HK(B)). In fact,we will only needthewealerform of (VG(_)) givenby (2.1).

3.1 On-diagonal upper heatkernel estimate

We obtdn the on-diagon& heatkemel uppe estimae from theresiganceupper
estimateanda volume upperbourd in a relatively direct way, andthis is the first
main simplification in our casewith respectto [30]. Here,we needonly assume
thatthe volumegrowth exponentdoesnot exceed (3.

Theorem3.1. AssumdVG(3)) and(RU(B)). Thenther existsC > 0 sud that

h(xx) < & vxer,neN. (DUHK(B))

_C
(x,n/F)’
We obtainthis from amoregereralresult Notethatin thefoll owing staement,
we do notassumeVD).

Proposition 3.2. Assumeéhatthere exists a oneto-oreincreasng function  from
[0, ) to itself such that
n (d(x,y))

3.1 R(xy) < =222 yxyeTl,
(3.1) (x,y) Vixy) y
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andsud that, for someA > 0, n(r)/V(x,r) satisfes
) r
vr2>(< )s) = Avréi, Z)
Thenthere existC, c > 0 sud that
C
V(x,n~*(cn))’
Theabove estimateholdsalsofor smalin if oneassimesthat iy ~ py for x~y.

(3.2) ,Vxerl,rssuhthat0<s<r.

(3.3) hn (%, X) < vxer,n>4.

Proof. Fixx, € . Forne Nandx € T, setfy(X) = hn(Xy,X) +h,, 1 (X9, %).
Letr > 0. Write B(r) = B(X,,r) andV (r) =V (X, r). If x_ € B(r) is suchthat
fn(x_) = m|nx€B(r) fn(x),

fa(Xx_)V(r) < z fn(X) px < Zhn(xoax)llx‘l‘ Zhn+1(X0aX)I1x <2,
xeB(r) € Xe

X

sothat f,(x_) < 2/V(r).
Using(1.9),(3.1)and(3.2),we canwrite

R06) < 2(F0)+ ) — i )F) < gy + 2R0GX ()
8 1 (d0gx) g cn)
SV T Vi) W <Gz g ¢

It is easyto ched, using (1.3)and(1.6),that

(3.4) 0 < &(fn) = F0(X0) — fon2(%0)-
We obtan therefore

fr () <8V(1) 2+Cn(nV(r) ™ (fr %) = fans2(%0)) -
Fix N > 2 andsumthisfrom N to 2N — 1:
2N—1

Zw (%) < BNV(r)"2+CV (1) 70 (1) (o (%) — fan (%))

n=

Sincefor eachevenn € {N,...,2N — 1} we have,using (3.4), fn(Xy) > fon(%o),
it follows that

1 _ _

E(N — 1) 3 (%) < BNV(r) 72 +CV(r) 70 (r) o (%p)-

Then

(%) SCV (N2 +CNTV ()70 (r) fon (%)-

Taker = n~1(cN), with ¢ > 0 smallenowgh, to obtain

_ C
fon () SCV(r) ™= V0o X(CeN))’
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thatis

___c
X, H(cN))’
from which (3.3)follows. O

hon (X0 X0) 4 oy 1 (%05 %) < i

Takingn (r) = Cr#, andusing(VD) oncemorein the endto obtan exadly the
desira@l estimae, we obtan Theoren 3.1.

The abore agumentcanalsobe usedwithout any volume grownth assunption
or resstanceestimate The following proposition givesan estimatesimilar to that
in [12], Theorem2.1, but with muchwealer hypaheses.

Proposition 3.3. Let (", u) beaweigttedgraphsatidyingassumgion (2.4). Then
there existsC > 0 sudh that

C

0 = Gowrim)

VXeTl,neN,
wheew(r) :=rV(xr).

Proof We usethe samenotation asin the prod of Propo#&ion 3.2. Proceethg as
beforeandusingLemma?2.1, we obtain

2R200) < AV (1) 24 Cré (),
andhence
F3(Xo) < 8V (1) 72+ C'r (F1(%0) — fany2(%p))-
Thisleadsto

fiN(X0) S CV(r) 2+ C'rN "y (%)
Sotakingry = sup{s: sV(s) < N} we obtan
fy <CV(ry) ™%

O

Insteadof usingR(x,y) < Cd(x,y), theuniversalestimatefrom Lemma2.1,o0ne
couldalsoderive otherupper estimaesof h,(x, x) under assumptionsof theform

R(x,y) < 6(d(xy)),

wheref(t) << t. We leave thisto thereacer.
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3.2 Off-diagonal upper heatkernel estimate

If B =2, (DUHK(2)) and(VD) imply (UHK(2)). (See[35] for the casewhen
thevolumegrowthis polynomial,and[16] or [17] for thegeneal douding volume
case).Thesituationis quitedifferentwhenf > 2, andfurthertodls areneede.

Recallthe definition of 7(x,r), andconsicer the following estmatefor the ex-
pectedexit time from a ball:

EXt(x,r)] ~rf,  r>1 (Ep)
Proposition 3.4. Assumae isincreasingandsatidies(VD), (2.6), (3.2) and(2.7).
Thenthere existC,c > 0 sud that:
(3.5)
EX[1(x,1)] <Cn(r), E®[T(x,r)] > cn(er),  Vr>1, % €T, XEB(X,r).

In particular, taking n(r) = r#, (2.1) and (R(B)) impIy(EB).

Proof Theamgumentfor the uppe bound in (3.5) goesbackto [51], andis quite
geneal. Let XB betherandomwalk on (I, i) killed onexiting B := B(x,,r). The
asso@atedsubMarkov kernd is definedby

Biy vy J P(XY) XYEB,
P(xy) = { 0 othemwise
Definethetransition function p2(x,y) asthen-th corvolution power of p?, andlet
hB(x,y) := pB(x,y)/Hy. The Greenkerrel gz(x,y) of XB is definedby gg(x,y) =

se ohB(x,y). It is easyto chedk thatgg(x,-) is harmoric on B\ {x} andthat
ZL9g(%,) atxis —(ux) L. Thusgg(-,-) hasthefollowing repraducing property:

(3.6) &(gg(x,-), f) = f(x) forall f € R" suchthat f|g. = 0.
Set (xy)
. gB Xay
=PY(Ty < T(X, 1)) = ==L,
pX(y) ( X ( )) gB(X,X)

Thesecod equality is becasebothfunctionsarel atx, 0 outsice B andharmoric
elsavhere Usingthereprodicing property of gz andthefad that py is anequilib-
rium potential for R(x, B€), we have

(3.7) R(X,B%) ™ = &(px) = gg(%,X) 1.
Sincepx(y) <1lforallyerl,
(3.8) Os(xy) <gg(x,x)  Vxyer.

Summarizingwe have
(3.9) R(X,B°) = gg(X,X) = Z)hﬁ(x, X)  VxerT.
n=

By themonobnicity of resstance
R(x,B°) <R(xy) Vxel,yeB"
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Thus,by theupperbourd in (2.6),

n(r)

) = C) < )
(3 10) gB(Xa X) R(Xa B ) = CV (X, r)
Now, since,for x € B,

(3.11) EXT(%,1) §Bga (X,Y) by,
we have

0O

n(r) /

X < <

Elrthon] = gV len <Cnl),

wherewe use(3.8),(3.10),and (VD). We thusobtan the uppe bourd in (3.5).
For thelower bourd, by (1.9)and(3.6) we have

R(X,Y)  R(Xp,Y)
=P < G o) ~ RO B

Thus,if d(xy,Yy) = Ar, usingtheupper bound in (2.6),and(2.8) (which holdsdue
to Lemmaz2.4)we obtan

1(A1) V0r.1
L= PO < ) Voan

Hence by (2.7),thereexists 0 > 0 suchthat

(3.12) Py, (Y) = 5;((:00 )22) >1/2 VY€ B(X,0r).
Ontheothe hand by (3.9)and(2.8), we have

_ ¢y - Cn(er)
(313) gB(XO’XO) - R(XOa B ) 2 V(XO,I')

Combiningthis with (3.12),

05 (X0:Y) > zf/”()((z?), ¥y € B(xg, 1)

Thus,using(3.11)and(VD),

cn(cr)
B[ (%o, O (%o, ) Hy > ,0r) >cn(cr),
[T(%0:T) Eaxo y (::’)(Xo) (cr)
wherec' > 0 dependson d. We thus obtainthe seondestimaten (3.5). O

As aby-produd of Propogtion 3.4,we obtan:

Proposition 3.5. Let (I, 1) bea weighedgraphsatidying (VD), (2.6), (3.2) and
(2.7). Thenit is verystrongly recurentandsaisfiestheelliptic Harnackinequality
(EHI).



SUB-GAUSSAN HEAT KERNELSON STRONGLY RECURRENTGRAPHS 19

Proof. (3.12, whichwasobtanedin the prod of Propogtion 3.4,impliesimme-
diately that(I", u) satsfies(1.10) Thisimplies(EHI) by [4], Lemmal.6. O

We alsocanprove that(1.10)implies (1.11).
Lemma3.6. If (I, u) is verystrongly recurentit is strongly recurrent.

Proof Notefirstthatif d(x,y) <r thent(x,2r) < 7(y,3r). So(1.10)impliesthat
(3.14) PX(Ty < 1(y,3r)) > p,;, forall ye [,r>1,xe B(y,r).
Fixye ', andset

n
_ -1
=K 3 Loy

ThenEYL., = gg(V,Y).
Let B = B(y,r), andwrite A = B(y,3r). Thenif d(x,y) =r + 1 the condtion
(1.10)impliesthat

(3.15) ga(%Y) > Pga(YsY)-
So,

(YY) = ]EXI—TA = ]EX(LTA — L) +95(%,Y)
= EXEXs Ly, +05(Y,Y) = P,0a(%Y) + Gs(%,Y)-

Thusg,(y,y) > (1— p,) ~tgg(y,y), andusing(3.7) we dedicethat (I, u) satisfies
(1.12). O

Wenow comebackto ourmaingoal,whichisto provethat(R(B))+(VG(B_)) =
(HK(B)). GivenPropasition 3.4 we couldfinishits proof by usingknown resuts.
By [30], Theoren 6.2, (VD)+(DUHK(B))+(E;) implies (UHK(B)). We coud
even have avoided Sectian 3.1, sinceLemmaz2.2 and Propasition 3.4 shav that
(R(B))+(VG(B)) impIies(EB), while aswe just observed (EHI) is a by-praduct
of Proposiion 3.4. Now one condudesby invoking [30], Theoran 3.1 (i), (iv),
ie. that(VD)+(EHI)+(EB) is equivalentto (HK()). We did not chocsethis way
becaseour Theoran 3.1is of independentinterest,andhasa muchsimplerproof
thanthegeneal on-dagoral uppe bourd in [30].

We will alsogive full detaik of the final stepsof the prod, becauseagainthey
aremuchsimple in our strorgly recurentsituationthanin [30].

We alsomentiontha yet anoher apprachcanbe foundin [27], whereit is
proved that (DUHK(3))+ (EB) implies (andin factis equvalent to) (UHK(p3)),
the intermedate stepbeinga B-verdon of the so-cdled relaive FaberKrahn in-
equaity usedfor instarcein [16]. Seealso[42] for related sufficient condtionsfor
(UHK(B)).

Finally, undertheassunptionsof Propositon 3.5,0necanprobablyobtaingen-
eral heatkerrel estmatesin the style of [36], Section5. We will not pursuethis
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here,andwe will limit oursdvesin this regardto the casewheren is a power
function. See[44] for this generézation.

Consicerthefollowing estimae of therepatition function of theexit time:

rB =
Wh(x,r) :=P*(1(x,r) < n) <Cexp ( (a) ) . (W)

Thenext lemmais known (seefor instarce, Propodion 7.1 of [29]) but we will
give a shater probabilistic proof bas& on an agumentwhich daesbackto [6],
with severd subs@uentvariaions

Lemma3.7. Onanyweightel graph (', ), (Eg) = (V).
Proof. Assume(EB). We first prove thatthereexist 0 < p < 1 andA > 0 suchthat
(3.16) PX(t(x,r) <n) < p+An/rfP vxel,r>0,nez,.
Indeed, by the Markov property we have
EX[1(x1)] < n+EX [1{T(X’r)>n}]EX"[r(x, r)]] < n+EX [1{T(X’r)>n}]EX"[r(Xn,2r)]] .
Applying (EB)' we have

crP <n+CrPPX(1(x,r) > n) = n+Crf(1—PX(1(x,r) < n)).

Rearran@g gives(3.16).
Next, letl > 1, b = [r/I], anddefinestappingtimesg;, i > 0 by

0,=0, g, =inf{m> g, : d(X5,Xm) > b}.

Leté =0, —0_,, i > 1. Let #, bethefiltration geneatedby {X; : i < m} and
letdm = .. Wehaveby (3.16)

PX(&,, <NZ;) =PX(1(Xg,b—1) <) < p+An/(b—1)P < p+An/bP.
Sinced(Xg, X, ,) =b, wehave d(Xy, X5) <, sothatg) = 31_; & < T(X,, ). So,
by Lemma3.14in [3],

! 1/2
logP*(7(x,r) <n) <2 (':‘:):) —1llog (%) =C(r PI¥Bn)t/2 _¢l,

Now we optimize on |; namey, we consder the caser®n—! > a for somea > 0
andtake |, thegredestinteger| thatsatidies

(3.17) Cl/2> c(r P13+Pn)1/2,
Notethatby taking a large enowgh, (3.17)holds for smalll € N. Then
1571 < (2/4C?)rPn~ < I+ 1)P~1, andlogP*(T(x,r) < n) < —cly/2.

We thus obtan (W) whenrfn=1 > a. Adjusting the consant if necessary (W)
clearly holdsalsoif r®n-1 < a. O
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Proposition 3.8. (VD) + (DUHK(B)) + (¥) = (UHK(B)).

Proof We adat the prod of Proposiion 8.1 of [29], which is written for polyno-
mial growth, to the volume doubling situation — seealso[8], Theorem6.2. This
useghefollowing geneal inequality for reversble Markov chairs:
(3.18)
hn+m(Xa y) S l'IJn(X7 I’) Suphm(ya Z) + me(ya r) SUphn(Xa 2)7 any € ra na me Na
z z

wherer < d(x,y)/2.

Let usrecallits prod for the sale of compleeness.For x,y € I distinct, let
r <d(x,y)/2. Then,since B(x,r) andB(y,r) donotintersect,andfor n,me N,

hnym(xy) < Z hn(X,2)hm(z Y) 1z + Z hn (X, 2)hm(z Y) Kz
2¢Bxr) 2¢80)

z

= SlzJphm(y, 2)P*(Xn ¢ B(x,r)) +ngn(xa 2P (Xn & By, 1))

< suphm(z,y) ; Pn(X, Z) -+ suphn (X, 2) ; Pm(Y; 2)
z 2¢6%) 2¢6%)

SinceP*(X, ¢ B(x,r)) < Wn(x,r), (3.18)follows. Now, using ChapmarKolmogorw,
Cauchy-Sctvarz,andagainthe symmetryof h,,

1/2 1/2
hon(X,y) = Zhn X, 2)hn(zy)pz < (Z ha(x,2) ) (Z hﬁ(Yl)“z)
Z
= h2n(xax) / h2n(yay)l/2'
Thus,by (DUHK()),

C
X b
Y S RPN ()

(3.19) hon Yx,yer,n>1

Takingm=nin (3.18) appling (V) andtaking, say r = d(x,y)/3 yields
(3.20)

c rB =
h expl —{| = Yxyer,n>1
2nxy —\/Vxnl/B ynl/B) p Cn ’ 8% yh= 4

anda similar estimae follows for oddn since

h2n+1(X, y) = Z h2r| (X’ Z) p(Z, y) S rPN‘a)-(Xth (X’ Z) -
zc

By (VD), theseestimaesareequialentto (UHK(f3)). O
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3.3 Lower heatkernel estimates

We now prove the lower bourds. Our apgroachis muchmoredired thanthe
onein [30], essetially becase we rely fully on the assumgion (VG(B_)) and
incorporatesomeargumentsrom [15]. Thefirst stepis anagumentof Benjamin-
Chavel-Feldnan[13] in the casef = 2 (seealsoLemma?.1 of [8]), which can
easilybeadaped(see[15], proof of Theorem3.1),to shav thatthe uppe estimate
(UHK(B)) togeher with (VD) alwaysimplies an on-diagond lower heatkerrel
estimate We sketch a proof for the sale of compktenes.

Proposition 3.9. AssumgVD) and (UHK(f3)). Thenthere exists a consantc > 0
sud that

C
n(%X) 2 gy YXET MEN. (DLHK (B))

Proof. Using (VD) and (UHK(f3)), one checks that, for C large enowgh, every
ne Nandeveryxe I,
ha(x,y) by < 1/2,
y#B(x,Cn/P)
(seethecomputaionsin [28], proofof Theorem3.2). Thus
ha(xy)y=1—" 5 bha(xy)py>1/2
yeB(x,Cnt/B) ygB(x,Cnl/F)
Write now

(%,X) ha(x,y) by > ha(%,y)
2n Z y — X;W;) n y

2
1 1

2 UGB MY Hy | > o

V (x,CnY/B) (B(X,;l/ﬂ) " Y 4V (x,Cn/B)

Adjusting for parity andusing(VD), (DLHK(3)) follows. O

We now prove anear-diagnallower estimaé. Thenext propgsitionis inspired
by [15], pp. 800-801,with theusuwal additionaldifficultiesdueto discraetime. See
also[20], Lemma2.4.

We first needalemma.For afixedx, in I, setfa(-) = ha(Xg,-) + 0,1 (X0 -)-

Lemma 3.10.

(3.21) s(t<?

Notny2)(%0r %) YN 2> 1.

Proof. Setgn(-) = hn(xo,-). Onechecks easilythatPg, = g,,, ;. Thus
&(fn) = (1 =P)(n + Gry1), 90+ Grp1)

(1 =P)(P"+P™1)gy, (P"+P™1)gp)

(1 = P?)P?'gy, o) + {(1 — PH)P*" gy, gp).
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Usingthefacttha P is self-adjoint andcontactive on £2(I", 1), write
&(fa) = (1 =P*)gn,Gh) + (I = P*)Gn41:Gn)
<10 =P anllalignllo + 10 =P gny1llallonll,
< 2||(I - Pz)gn||2||gn||2 <2||(I - PZ)P[(n+l)/2]g[n/2]||2||g[n/2]||2-

Now

| — P?)P" gg,n21
2—2 n

by spectal theow (this is becaiseP? is a non-regative opemtor on £2(I", 1)); for
detais andcommentssee[19], p. 426). Therefoe,forn> 1,

! 1!

C C
&(fn) < mllgw}ll% = th[n/z](xmxo)a
accordng to (1.3). O

Setun(X7 y) = hn(xa y) + hn+1(xa y)

Proposition 3.11. Assume(2.1), (RU(B)), and (DLHK(B)). Then,there exist
¢,C > 0 sud that

Un(X,y) > Vxyel,neN sudthat d(x,y) <CnYF. (NLHK(B))

_c
V(x,nY/B)’
Proof. Letx, € I'. Putting fn(-) = un(Xy,-) in (1.9) gives
(3.22) |fa(X) — fa(Y)[2 < R(X,y)&(f) forall x,y € T.
Since(DUHK(B)), (DLHK(B)) and(VD) hold,

h2[n/2] (XO’XO) S C fn(X07XO)
Thus,using(3.21),oneobtans

(3.23 [0 — )2 < ROXY) ol ).

So,using (RU(B)),
g8
1009 = 1012 < S5 2 1 0056),
andusing(DLHK(3)) again,

dB (Xa y) V(XO’ nl/B) f2

00— fn)? < "= ST T 0, %0)

In particular, choosingx, = X,

B /B
d (:](a y) V\(/X(a)z y) ) U%(X, X).

|Un(X,X) - Un(X,y)|2 < CH
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By (2.1),thereexists d > 0 suchthat

d?(x,y) V (x,nP)

i
C T Viny

1
< =
— 4

assoonasd(x,y) < dn'/B. For suchy,

[Un(X,X) —un(X,y)| < %un(x,x).
Thus
() > Sth(X),
and(NLHK ()) follows from (DLHK(f3)). O

Thefull heatkemellower bourd is now within read.

Proposition 3.12. (p,) + (VD) + (NLHK(B)) = (LHK(B))

Proof Thisis a classical iteration agument, seefor instance[22], Theorem3.8,
for the casef3 = 2. We write the prod for the sale of compktenes,andalsoto
emphasie therole of condiion (py). We write fn(X,y) = Un(X,Y) ly = pn(X,y) +
Pny1(XY). We corsiderthefollowing cases
Casel: d(x,y) < CnY/E:
Case2: Cn'/P < d(x,y) < en;
Case3: en< d(x,y) <n,
whereC is the congantin Propositon 3.11ande > 0 is a small congantchosn
later.

In Casel, (LHK(S)) follows from Propogtion 3.11. In Case3, (LHK(S))
becomes
- CLy
(3.24) Pn(xy) > \W
which canbededuceddirectly from (p,). Indeed, sincethereis a pathfrom xto y
of lengh eithern or n+ 1, the P*-probability thattherandbm walk will follow the
pathis atleag p; (™). Thus, Bn(x,y) > exp(—c'n). Clearly uy/V (y,n/F) < 1,s0
we obtain (3.24).

We now consder Case2, whichis themaincase Denoted = d(x,y), takek € N
suchthat

(3.25) k<d,

anddefinemby m= |n/k| — 1. Sincek < d < &n, we seethatn/k > ¢~ andm
is postive. Sincen > k(m+ 1), by a simple calcultion using (p,) condtion and
Chapman-KIimogorw, (cf. Lemmal3.6in [29]), we have

(3.26) C™ ™ Bn(xy) > (Bm) (%, Y),

exp(—c'n),
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where (fim)X is the k-th corvolution power of i = pm+ Pm.1- Notethatthere
existsaseqenceo,,0,,---o, € ' suchthatx = 0,,y = 0, and

(3.27) d(0,,0,41) < rd():(,y)} =r Vi=1,2--- k-1

Clearly we have

(3.28) (ﬁm)k(XaY) > z Z Pm(%,2y) Pm(21,2) - - Pm(Z_1,Y)-
zeB(oy,r)  z_,€B(o_4.r)

Assumethatwe have in addiion
(3.29) 3r <Cmv”.

Sinced(z_,,7) < 3r, by Propostion 3.11,wehave fm(z_,,2) > ¢V (z_,, mYP) =1
foralli=2,--- ,k—1. Thesameapdiesto Pfm(X,z;) andpm(z,_,,Yy). So,weobtan
from (3.26)and(3.28

(3.30) C”_mkﬁn(X,y)ZCkiu‘l’/Bﬁ .t
VmYP) L1\, eée,n V(% MYF)

Wenow spedfy thechoice of k to ensuie thatboth(3.25 and(3.29)hold. Using
thedefinition of m andr, we seethat(3.29)is equivalentto cd/k < C(n/k)YB or

1/(B-1)
(3.31) k>cC P/(B-1) (%) :

Let k be the minimal posgble integer satisiing (3.31). By the hypottesisd >
Cn'/B, we have

48\ YD
(3.32) k>d, ke |— .

n

Thecondtion (3.25)foll ows from thehypotresisn > £~d providede > 0 is small
enoudn. By (3.27) (3.29) (3.32 andby thechoice of m, we obtan

ny\ B/(B-1) n\ /(8-1)
(3.33) me (a) L re (a) .
By (VD) and(3.33),
Hz, CZZiGB(OiJ)uq _ cV(og;,r) >
ZiEB%)i,r)V(Ziaml/B) B V(Oiaml/B) V(Oiaml/B) B
Combiningthis with (3.30) we obtan
Ckak_m[Jy CkC—(n—mk) Ly . Ly
V(x,mYB) = V(x,m/F) = V(xn'/B)

wherewe usethefactsm < n, n— mk< 2k which foll ow from the definition of m.
Putting(3.32)into (3.34),we obtain (LHK(S3)). O

(3:34)  Pn(xy) =

exp(—C'k),
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4 From heatkernel estimatesto resistanceestimates

In this sectio, we prove that(HK ()) togeherwith (VG(B_)) implies (R(B)).
In fact, we shal prove that (HK(3)) alore implies (PI(B)) and (SRL(3)). The
above claim thenfollows from Lemmaz2.3. Notethat (HK(3)) = (VD) holds (see
Proposiion 7.2in [53], or Theorem3.1in [30]).

We first give alemma,which is a sub-Gaussiarversion of Lemma5s.1in [25]
(seealsoLemma3.9in [22]).

Lemma 4.1. Letx, € I, r > 0, B := B(Xy,r) and let hB(x,y) be the transtion
densty of therandomwalk X, killed on exiting B. Supose(HK()) holds. Given
0< € < 1, therexistc,a > 0 sud that

c

W00 1= R06Y) + B2 (%) 2 oy for Xy € B, (1—e)n*),n< (a)”.
Proof. Letx,y eI, ne N. By (LHK(B)), wehave

% 1
(4.2) Un(X,y) > V7B’ for x,y € B(xy, n*/F),
for somec, > 0. Then,note thatthefollowing holds
(4.2) ha(%Y) = ha(X,y) — Ex[l{TBSn} hn—TB(XTBa )]-
As acorsequace,
(43) hn(Xa y) - hE(X, y) = hn(y, X) - hﬁ(y, X) = z ]Py(XS = gaTBC = S) hn_s(f,X).

0<s<n
EeBC

Now we estimae (4.3) from above. By (UHK()), for 0 < s< n (in factwe
canassumenr— s> r > 0 since othewiseh,,_¢(&,x) = 0)

c e )"
hn—s(EaX):hn—s(X’E) S\W@(p - (C(n—s)) .

If & € BS, x € B(Xy, (L— &)n*#), andn < rP, it follows thatd(x, &) > er, hene@

. £ByB 1/(B-1)
hh_s(&,x) < \W@(p ( (m> .
Also,

c V() £BB 1/(B-1)
hnfs(E’X) < V(X, nl/B) (V(X,(HS)]'/B) &p ( (C(n—S))
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by dowbling . Now, if in addiion n < (ar), a< 1,

and /

C
= —_d g B/(B-1)
-s(€.X) < sy &P (—02 0.
Takinga smallenoudn we canensurehat
o

(4.4) hns(&,%) < & (x,m/B)’
for all £ € B¢ and0 < s< n. Gatheing (4.3)and(4.4),we obtan

n: «_ % y < %

hn(Xay) hn(xay) ( nl/B 0<Z<n]p XS E TBC — S) = 4V(X, nl/B)’

£eBC

hence

C
Un(XY) — UR(X,y) < W-

Togethemith (4.1),thisyieldstherestit. O

Proposition 4.2. 1) (HK(B)) = (PI(B)).
2) (HK(B)) = (RL(B))-

Proof Theprod of 1) is standrd. It originatesin [45]. We modify the argument
givenin [50] (seealso Theoren 3.111in [22]). Let B = B(x,,r). Let {HE} be
thediscrete time semigraup correspomling to &' (the correspomling processis the
randan walk X, reflecedat{y: d(x,,y) =r}). If we derptethetranstion densty
ashB(x,y), thencleaty hB(x,y) > h8(x,y). LetB' = B(x,,ar/2) wherea> Ois the
consantin Lemma4.1. Fory € B’ we have by Lemma4. 1(with £=1/2),

H[?ar)ﬂ](f H[?ar)ﬂ]f()’))z()’) VX, ar/2 zeEB’| ]f(y)|2Uz
C
> o § 162 — TPl
= V(xar/2) ZeB,“(Z) fo b

wherein the last inequality, we usethe fadt that 3, | f(2) — a|?p; attans its
minimumwhena = fB, SummingupoverB’, we obtan
Z H (ar [3] ar) ]f(Y))Z(Y)UyZCZB|f(z)_f731‘zllz
zeB

Ontheother hand we have
Z H [(ar) B] ar)ﬂ]f(y))z(y)l'lyS ||f||%,B ||H [(ar) B]fHZB <CrBéaB(f)

wherewe write || f||2’B =Yyen f(y)?1y. Herethefirstinequality is asimplecompu-
tationof thevariarce (plusthefact||HP f2||, 5 < || f||3 5) andthesecad inequality
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is a gereral estimateof Dirichletforms (Lemmal.3.3(i) in [26]). We thusobtan

(PI(B))-

We now prove 2). By (3.9), we have R(xy,B) = Siv_ohB(xy,%,). Thus, by
Lemma4.1,

l(anf] l(anf]
R(%;B) > ¢ 20 U (Xp: %) > € ( zl V(xo,nl/ﬁ)1+1>

(ar)P c'rB
2 2 ;
V(%o [(@n)F]HB) = V(% 1)
wherewe use(VD) in thelastinequality. We thusobtan (SRL(B)). O

5 Examples

In this sectbn, we give examples of weighted grapts where (HK(f3)) holds
Let (', u) beaweighted graphsatisfying the (p,) condition.

Examplel: Casefl =2

We notethat (RL(2)) awaysholds Indeed, for x,y € T, definef = fxy € R" by
f(2) :=d(x,2) Ad(x,y). Thenclealy &(f) <V(x,y). By thisand(1.9),we have

09— 1) d(y)
R R

asrequired. It followsthat(RL(3)) canholdonly if 8 > 2,and by using Theoren
1.3,onerecovers thewell-known factthat (HK(3)) canhold only if 8 > 2. Also,
by Theoren 1.3,we have thefollowing equivalenceunder (VG(2_)) and(p,):

(5.1) (HK(2)) & (RU(2)) & (PI(2)).

It is known in gener& that (HK(2)) is equivalentto (VD) + (PI(2)) (cf. [22]),
but (5.1) givesan addtional equivalencecordition under(VG(2_)). In theeven
moreparicular situaton where(V G(1)) and(2.4) hold (thevolumegrowth is then
linear) (RU(2)) follows from Lemma2.1. Onethereforerecoversthe well-known
factthat,onaweighted gragh with (VG(1)), (p,) and(2.4), (HK(2)) alwaysholds
(see[20Q)).

Example2: Trees
A graphT is called atreeif it hasnocycle,acyclebeingaseqienceof verticessuch
thatx, ~ ... ~ Xn, With norepettion besicesx, = Xj, andn > 2. A conrectedgraph
is atreeif andonly if ary two points X,y arejoined by a unique (non-oriented)
self-awiding pat.
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Lemmab5.1. If I is atreesatisfying(2.4) and
(52) Supux’y == M < OO_,
X~y
then
Rxy) ~d(xy), x,yer.

Proof. It followsfrom Lemma2.1thatR(x,y) <Cd(x,y), VXx,y € I'. Now take two
distinct pointsx,y in I', andlet f € R" besuchthat f(x) = 0, f(y) = 1, f islinear
onthegeodsic pathjoining x andy, andconganton ary othergeodsic emanaitng
from x, y, andary intermediatepoint. This congructionis of coursepossble only
becasel isatree.Now &(f) < % therefore

inf{&(f): feR", f(x)=1,f(y)=0} < axy)

henceMR(x,y) > d(x,y). O

As a con®quemre, if T is a tree satsfying (2.4) and (5.2), (RJ(B)) (resp
(RL(B))) is equivalentto thevolumegrowth condiionV (x,y) < Cd(x,y)?~1 (resp
V(x,y) > cd(x,y)?~1), i.e. to thefactthat (I, u) haspolynomial growth of expo-
nentf — 1:

V(x,r)~rf~1 xer, r>o0.
Thus,asacorollary to Theoreml.3,we have thefollowing.
Proposition 5.2. Let (I, u) beatreesud that 0 < igl;uxy < EUfuxy < oo If (M, )

has polynomial volume growth of exponen a > 1, thenit satidiesthe following
heatkernel estimaes

ha(xy) < i exp (— (M)

Na+1 Cn
c d(x,y)o+1 @
hn(%,Y) + Py (6y) > —oexp | — (SXY )7

Qe

), forall xyel, eN

and

Na+1 chn

Corversely if (I', u) satidies(VG(p_)) and (HK(S)) for someB > 2, thenit must
havepolynomialgrowth of exporent 3 — 1.

An interestingclassof treeswith polynomial growth is given by the Vicsek
grapls consderedfor instancein [12], Sectior4.

Example3: Finitely ramifiedfractd grapts

Fora > 1landl = {1,2,---,N}, let {¥,},., beafamily of a-similitudeson RP.
An a-similitudeis amapW;x = a~'U;x+ y, x € RP whereU, is aunitary mapand
¥ € RP. We assumehe open setcondition for {W,},,, thatthereis a non-empty,
boundedopensetW suchthat{W; (W)}, aredisjointandu;, ¥;(W) C W. Since
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{W,;},, isafamily of contractionmaps there exists auniquenon-voidcompat set
K suchthatK = U;, W;(K). We will consilerthecasewhereK is conrected

Let Fix bethesetof fixedpointsof theW,;’s,i € |. A point x € Fix is called an
essetial fixedpoint if thereexisti, j € I, i # j andy € Fix suchthatW¥;(x) = W, (y).
Wewrite V, for thesetof essetial fixedpoints, we assumgV,, > 2. Following [34],
K is called a (compat) uniform finitely ramifiedfractal (u.f.r. fractd for shot) if it
satisfieghefollowing finitely ramifiedpropety in addiion to theabove propeties:
(FRYIf {iy,...,in},{jq,---, in} aredistinct seqeencesthen

|17 7|ﬂ mlpjlz 7Jn LIJila 7|n(VO)ﬂLIJJ]_7 7jﬂ(V )’
wherewe denctellJ : _llJ o---oW, . If we further assume the following

wln

symmetrycordition, thenK is called a (compad:) neged fractd asintroducedin
[47].

(SYM) If x,y € V,,, then thereflectionin the hyperpaneHy, = {z€ RP : |z—X| =
|z—y|} mapsV,, to itsdf, where

(5.3) Vi =Ui et Piin (Vo)

Thus,u.f.r. fractalsform aclassof fractds whichis wider thannestel fractals,and
is includedin theclassof p.c.f. self-similar sets([40]).

We assumawithout lossof generdity thatW,; (x) = a; *x and0 belongsto V.
Let I = U;_,a"V,h. We now introduce uniform finitely ramified grapts. These
will be graphswith vertices " anda collectionof edges B. In order to definethe
edgeswe first defineBy := {{x,y} : x##y € o} Theninsideeacha"¥; ; (V,)
(n>0,iy,---,in € 1), we place a copy of By andwe denoe by B the setof all the
edgesdeteminedin this way. Now, we assig Ly = Hyx > 0 for each{x,y} € B.
We assimethat the weights are bourded from abose andbelow, i.e. there exist
¢,C > 0 suchthat

(5.4) Cc< Uy <C, v{x,y} € B.

Then, (I, u) is aweightedgraphsatigying condiion (p,). We call the weighied
graph(I', i) a uniform finitely ramified (u.f.r.) gragh. If we constuct the graph
startirg from a neded fractd, then it will be called a nesed fractal graph We
denoe the correponding quadraticform (1.5)asé&’,.

Onau.f.r. graph(,u), we cannatrally definea renamalizaton mapF as
follows.

Ee(W) =inf{Eu (V) :veRT, v(ax) =u(x), xeT},  WeR'.
In [34] (togetherwith aresultin [43]), thefollowing theoemis proved

Theorem5.3. Let(I", u) au.fr. graph andassimethat there exists { iy } satidying
(5.4) andsud that

(5.5) F(u)=p 'u
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for somep > 0. Then,there existC,c > 0 (which dependon ) and0O< y; <y,
sud thatfor each x,y € ' andn > d(x,y),

StI\ 11
hn<x,y)sc:n—sflexp(_(%> >

s St1\ Y2
hn(X,y) +hy 4 (% y) > cnsiiexp <_ (M) ) ’

cn
whee S=1logN/logp.

In [34], it is alsoshownby courterexamplesthatin gereral one canna take
Y1 = ¥,, andthat one canna obtan the sametype of heatkerrel estmateswith
d(-,-) instea of R(:,-).

By Theorem5.3 and Theorem1.3, we have the following charaterizaion of

(HK(B)).

Proposition5.4. Let(I", i) beau.fr. graphsatifying (5.5). Then,(HK(S)) holds
on(l, u) forsomeB > 2 if andonlyif thefollowing relationbetwea theresigance
metricandthegraphdistanceholds

(5.6) Rxy) ~d(xy)’  VxyerT,
for somey > 1.

Proof Suppae(5.6)holds Notethat i (Bg(x,r)) =~ rSwhereBg(x,r) :={y €T :
R(x,y) < r} (cf. Lemma3.2in [34]). Thus,wehaveV (x,r) ~r%. Similarly, since
EXTg )] = rSt1, we hare EX[1(x,r)] ~ rf wheref = (S+1)y. Thus(VG(B_)),
(RU(B)) and(RL(B)) holdwith B = (S+ 1)y whichimplies (HK()) by Theoren
1.3.

Next, supmse(HK(B)) holds Then,by comparhgthemwith Theoremb.3for

x=y, we haven ¥(t1) ~ v (x,n'/8) for all n € N andall x € I". Thus,

(5.7) V(xr)~r¥/SD yreN, xerl,
sothat (VG(B_)) holds. Now, by Theoem 1.3, (RU(8)) and(RL(3)) hold. So,
togetterwith (5.7),we obtan (5.6)with y= 3/(S+ 1). O

For nestel fractal graghs, it is knownthat(5.5)and(5.6) hold. Thus,thispropo-
sition givesanoher prod of the known factthat (HK(f3)) holds for suchgraghs
(cf. [34]).

Exampled: Graphcal Sierpinki cargets

Let Hy = [0,1]9, andlet | € N, | > 2 befixed. Set2 = {N%,[(k —1)/1,k/I] :
1<k <l,keN(@1<i<d)} letl <N<I9andletW, | el :={1,---,N} be
orientation preseving affine mapsof H, onto someelemen of 2. (We assume
thatthesetsW, (H,) aredistinct.) SetH; = U, ¥;(H,). Then,thereexistsaunique
non-voidcompacsetK C Hj suchthatK = U, W;(K). K is called a(genealized)
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Sierpinki cargetif thefollowing holds (cf. [9]):

(SC1)(Symmetry)H, is presenedby all theisometies of the unit cubeH,,.
(SC2)(Conneted)H, is comectel.

(SC3)(Non-dagorrlity) Let B be a cubein H, which is the union of 29 distinct
elementof 2. (SoB hassidelengh 21~1.) Thenif Int(H, NB) is nonempty it is
conneted.

(SC4)(Bordesincluded)H,; contanstheline sggment{x:0<x; <1, X, =+ =
X4 = 0}.

The maindifferencefrom p.c.f. self-similar setsis that Sierpinski carpes are
infinitely ramified,i.e. K camot be disconneted by remaoving a finite numbe of
points.

LetV, beasetof vertices for H, anddefineV, asin (5.3). Then,onecandefine
a graphical Sierpnski caret ™ in the sameway asin Example3 — see[10]. In
[7] and[49] it is shawvn thatthereexists p > 0 suchthatthe resitanceacros a
cubeof sidelX in ' grovs aspX. In [10] it is provedthat ™ satisfies(\VG(a)) for
a =logN/logl, and(HK(B)) with 8 =log(pN)/logl.

The prod in [10] relieson anelliptic Harna& inequality, which is provedin
[9] by a difficult probailistic couding amgument. In the casep > 1 it may be
possbleto prove (R(B)) diredly using resstancéboundssimilar to thosein [7] and
[49]; this would thenyield a muchquicker proof of (HK(3)) for theseSierpini
carpes. We remarkthatsuchclassesof infinitely ramifiedfractds arealsostuded
in [46].

Example5: A graphwhichis strorgly recurentbut notvery strongly recurent
Choosen; < B,i=1,2suchthat2 < < a;+ 1 andif 6 = — a; then8, < 6,.
Then, by [4] thereexist (distinct) grapts I';, i = 1,2 satisfying (p,), VG(a;) and
R(B;), andtherdore alsoHK(f3,). Sinceeachof I'; is very strorgly recurent, it is
alsostrondy recurent. Fix x, € I';, andlet " bethe graphobtainedfrom ', UT,,
by idertifying the verticesx; andx,. (I" is thejoin of I'; andl",.) We canassume
thatthe probability, startng in thecommonpointx = x; = X, thatX enterseachof
I is1/2.InT, onehas,f 1<r < 2r <s, tha R(B(x,r),B(x,R)®) ~ s%. Usingthis
it is nothardto checkthatl" satsfies(1.11)

However, I' canna satisfy (1.10 sinceit fails to satisl the EHI. To seethis,
let B= B, (x;,r) UB,(X,,r), andlet h betheharmoric function on B whichis zero
ondBNB,(x;,r) and1ondBNB,(x,,r). Since(in I';) onehasthatif y; ~ x then
PH(Ty > 1(x,r)) = r~% wededuethath(x) ~ r=%+%. Ontheotherhandiif z, is
apointin ', with d(x,,z,) =r/2 thenh(z,) > ¢, > 0.
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