Function Spaces and Stochastic Processes on Fractals

Takashi Kumagai

Abstract. We summarize recent work on function spaces and stochastic processes on fractals. We discuss relations between various non-local Dirichlet forms on fractals whose domains are Besov spaces. The corresponding stochastic processes are jump-type processes. Results on heat kernel estimates for the processes are introduced. We will also discuss how jump processes and diffusion processes are related by observing their function spaces.

1. Introduction

In this article, we summarize recent work on function spaces and stochastic processes on fractals. Mathematical study of stochastic processes and the corresponding operators on fractals has its original motivation in physics to understand the heat transfer on such disordered media ([17]). Diffusion processes on fractals typically have sub-Gaussian behaviour and detailed properties such as estimates of the heat kernels (fundamental solutions of the heat equations) are obtained for typical fractals (see, for instance, [2, 23, 24, 28, 33]). On the other hand, there has been deep study of Besov spaces (fractional extensions of Sobolev spaces) on the so called d-sets (see [22, 36, 37]). Recently, it is getting clear that the domains of Dirichlet forms (quadratic forms that determine stochastic processes and the corresponding operators) on fractals are Besov-Lipschitz spaces. This motivates further study of Besov-type function spaces using probability and potential theory. For instance, detailed estimates of heat kernels can be obtained for operators naturally defined from norms of Besov spaces ([8, 9]). The purpose of this article is to make it clearer how the recent results on this direction are connected. Because of the limitation of pages, we do not give any proof except that of Theorem 3.2. The proof and further details are given in the references cited.

Received by the editors August **, 2003.

2000 Mathematics Subject Classification. Primary 46E35; Secondary 60J35; 60J75. Key words and phrases. Besov-Lipschitz spaces, Heat kernels, Jump processes, Sub-Gaussian estimates, Stable-like processes.

This research is supported in part by the Inamori Foundation.

The organization of the paper is as follows. In Section 2, we first review basic facts on the Dirichlet form theory which connect function spaces and stochastic processes. We will also give a definition of d-sets, the state space we work on. In Section 3, we discuss about function spaces appear as domains of local regular Dirichlet forms on fractals, whose corresponding generators are so called Laplacians on fractals. Characterization of the domains is possible through heat kernel estimates (3.1) of the Laplacians. In Section 4, we introduce other types of function spaces appear as domains of non-local Dirichlet forms on d-sets, whose corresponding processes are stable-like jump processes. Three natural jump-type processes are introduced on d-sets and the corresponding three forms are shown to be equivalent. It turns out that one of the forms (and the corresponding operators) corresponds to the form (and the operator) studied by Triebel in [36, 37] and by Zähle in [39, 40, 16]. In Section 5, we will summarize results on heat kernel estimates for the stable-like jump processes. Finally in Section 6, we will give some sufficient conditions to construct diffusion processes on d-sets. The relation to stable-like jump processes is also discussed.

Throughout the paper, we will mainly consider compact fractals, but most of the results hold for unbounded fractals with suitable modifications of the statements.

For readers who are interested in the topics, we note that function spaces on fractals are also discussed in [14, 34]. Surveys and references on jump-type process on fractals may be found in [26, 38].

2. Dirichlet forms and d-sets

In this section, we will briefly review the definition of Dirichlet forms and the correspondence to processes following [12]. We will also introduce d-sets.

Let X be a locally compact separable metric space and ν be a positive Radon measure on X whose support is X. Let E be a symmetric bilinear closed form on L^2(X, ν) with domain F. (E, F) is called a Dirichlet form if it is Markovian, i.e., for each u ∈ F, v := (0 ∨ u) ∧ 1 ∈ F and E(v, v) ≤ E(u, u). A Dirichlet form (E, F) is regular if there exists C ⊂ F ∩ C_0(X) such that C is dense in F under E_1- norm and C is dense in C_0(X) under the uniform norm, where C_0(X) is a space of continuous compact supported functions on X and E_1(·, ·) = E(·, ·)+‖·‖^2L_2 . (E, F) is local if for each u, v ∈ F whose supports are disjoint compact sets, E(u, v) = 0. There is a one to one correspondence between a regular Dirichlet form on L^2(X, ν) and a ν-symmetric Hunt process (i.e. a strong Markov process whose paths are right continuous and quasi-left continuous w.r.t. some filtration) on X except for some exceptional set of starting points. Further, if the regular Dirichlet form is local, then the corresponding process is a diffusion process (i.e. Hunt process with continuous paths).

We next introduce our state space. Let G be a compact d-set in R^n (n ≥ 2, 0 < d ≤ n). That is, G ⊂ R^n and there exist a positive Radon measure μ on G and c_{2.1}, c_{2.2} > 0 such that

(2.1) c_{2.1}r^d ≤ μ(B(x, r)) ≤ c_{2.2}r^d for all x ∈ G, 0 ≤ r ≤ 1,

where B(x, r) is a ball centered at x and radius r w.r.t. the Euclidean metric. Thus d is the Hausdorff dimension of G and μ the Hausdorff measure on G. We normalize the size of G so that the diameter of G is 1.

3. Lipschitz spaces and domains of Dirichlet forms

For several sub-classes of d-sets, diffusion processes, corresponding Laplace operators and Dirichlet forms have been studied extensively (see [2, 23, 24, 28, 33] etc). The most typical example is the Sierpinski gasket which we will define later. In this section, we will consider a class of d-sets which has a fractional diffusion in the sense of Barlow [2] and show that the domain of the Dirichlet form is a Lipschitz space. We first give a definition of the fractional diffusion.

Definition 3.1. Let (G, ρ) be a complete compact metric space. (G, ρ) is called a fractional metric space and {B^G_t }_{t≥0} is called a fractional diffusion if the following holds.

1) ρ has the midpoint property; for each x, y ∈ G, there exists z ∈ G such that ρ(x, y) = ρ(x, z)/2 = ρ(z, y)/2. Further, there exists a Borel measure μ which satisfies (2.1) w.r.t. ρ.

2) {B^G_t }_{t≥0} is a μ-symmetric conservative Feller diffusion on G which has a symmetric jointly continuous heat kernel (fundamental solution of the heat equation) p_t(x, y) (t > 0, x, y ∈ G) satisfying the following estimate, c_{3.1}t^{−ds/2} exp(−c_{3.2}(ρ(x, y)^{dw} t^{−1})^{1/(dw −1)}) ≤ p_t(x, y) (3.1)

≤ c_{3.3}t^{−ds/2} exp(−c_{3.4}(ρ(x, y)^{dw} t^{−1})^{1/(dw −1)}) for all 0 < t < 1, x, y ∈ G,

with some constants d_s > 0, d_w ≥ 2.

We note that in the original definition of the fractional diffusions in [2], G is not necessarily compact. For simplicity, we further assume that ρ(·, ·) is equivalent to the Euclidean metric, i.e., (3.2) c_{3.5}|x − y| ≤ ρ(x, y) ≤ c_{3.6}|x − y| for all x, y ∈ G. In this case, d_s/2 = d/d_w holds. Example: Sierpinski gasket Let D_n be a n-dimensional simplex whose vertices are {p_0, p_1, · · · , p_n}. For i = 1, 2, · · · , n+1, let F_i(z) = (z −p_i)/2+p_i, z ∈ R^n. Then, there exists a unique nonvoid compact set G such that G = ∪^{n+1}_{i=1} F_i(G). This G is called a (n-dimensional) Sierpinski gasket. It is known that the Sierpinski gasket has a fractional diffusion with d = log(n + 1)/ log 2, d_s = 2 log(n + 1)/ log(n + 3), d_w = log(n + 3)/ log 2. (Note that d_s < 2 for this example.)

In general, (affine) nested fractals, (which is a class of finitely ramified fractals including Sierpinski gaskets) and Sierpinski carpets have fractional diffusions with c_1|x − y|^{dc} ≤ ρ(x, y) ≤ c_2|x − y|^{dc} for some d_c ≥ 1 instead of (3.2).

We now introduce Lipschitz spaces. For 1 ≤ p < ∞, 1 ≤ q ≤ ∞, β ≥ 0 and m ∈ N ∪ {0}, set a_m(β, f) := L^{mβ}(L^{md} ∫ ∫ |x−y|<c_0L^{−m} |f(x)−f(y)|^pdμ(x)dμ(y))^{1/p} , f ∈ L^p(G, μ), where 1 < L < ∞, 0 < c_0 < ∞. Define a Lipschitz space Lip(β, p, q)(G) as a set of f ∈ L^p(G, μ) such that ā(β, f) := {a_m(β, f)}^∞_{m=0} ∈ l^q. Lip(β, p, q)(G) is a Banach space with the norm ‖f‖Lip := ‖f‖L p + ‖ā(β, f)‖_lq . Note that the Lipschitz space is determined independently of the choice of L and c_0 as long as the former is greater than 1 and the latter is positive.

Theorem 3.2. ([20, 25, 30, 15, 14, 27]) Let (E, F) be a local regular Dirichlet form on G which corresponds to a fractional diffusion. Then, the following holds.

F = Lip( d_w 2 , 2, ∞)(G). Proof. We will follow the argument in [30]. We first prove F ⊂ Lip. For f ∈ L^2(G, μ), let E_t(f, f) := (f − P_tf, f)L 2 /t, where P_t is a semigroup corresponding to (E, F). Then, E_t(f, f) = 1 2t ∫ ∫ G×G (f(x) − f(y))^2p_t(x, y)μ(dx)μ(dy) ≥ 1 2t ∫ ∫ |x−y|≤c_0t^{1/dw} (f(x) − f(y))^2p_t(x, y)μ(dx)μ(dy) ≥ c_1 2t ∫ ∫ |x−y|≤c_0t^{1/dw} t^{−ds/2}(f(x) − f(y))^2μ(dx)μ(dy), (3.3)

where we use the lower bound of (3.1) in the last inequality. Taking t = L^{−mdw} and using the fact d_s/2 = d/d_w, we see that (3.3) is equal to c_1a_m(d_w/2, f)^2. It is well known that E_t(f, f) ↗ E(f, f) as t ↓ 0 ([12], Lemma 1.3.4). We thus obtain sup_m a_m(d_w/2, f) ≤ c_2 √ E(f, f) and the result holds.

We next prove F ⊃ Lip. Set γ = 1/(d_w − 1). Since the diameter of G is 1, we have for each g ∈ Lip, E_t(g, g) = 1 2t ∫ ∫ x,y∈G |x−y|≤1 (g(x) − g(y))^2p_t(x, y)μ(dx)μ(dy)

≤ 1 2t ∞∑ m=1 c_3t^{−ds/2}e^{−c4(tLmdw )−γ} ∫ ∫ L^{−m}<|x−y|≤L^{−m+1} (g(x) − g(y))^2μ(dx)μ(dy)

≤ c_3t^{−(1+ds/2)} ∞∑ m=1 e^{−c4(tLmdw )−γ} L^{−m(dw+d)}a_{m−1}(d_w/2, g)^2, (3.4) where we use the upper bound of (3.1) in the first inequality. For 0 < t and 0 ≤ x, let Φ_t(x) = e^{−c4(tLxdw )−γ} L^{−x(dw+d)}. By elementary calculations, we see that Φ_t(0) > 0, lim_{x→∞} Φ_t(x) = 0 and ∫_∞ 0 Φ_t(x)dx = c_5t^{1+ds/2}. Further, there exists x_t > 0 such that Φ_t(x) is increasing for 0 ≤ x < x_t, decreasing for x_t < x < ∞ and Φ_t(x_t) = c_6t^{1+ds/2}. Thus, ∑_∞ m=1 Φ_t(m) ≤ ∫_∞ 0 Φ_t(x)dx + 2Φ_t(x_t) ≤ c_7t^{1+ds/2}.

Since (3.4) is less than or equal to c_3t^{−(1+ds/2)}‖g‖^2Lip ∑_∞ m=1 Φ_t(m), we conclude that sup_{t>0} E_t(g, g) = lim_{t→0} E_t(g, g) ≤ c_8‖g‖^2Lip and the result holds.

Remark 3.3. 1) The argument here can be extended to a class of diffusions wider than fractional diffusions. Indeed, by checking the proof of [30, 15] carefully, we see that the same results hold for diffusions whose heat kernels satisfy estimates similar to (3.1), but with different orders 0 < γ_1, γ_2 < ∞ on the shoulders of ρ(x, y)^{dw} t^{−1} (instead of 1/(d_w − 1)). If we weaken the condition in this way, then we can include all diffusions on p.c.f. self-similar sets (which roughly corresponds to finitely ramified fractals) as mentioned in [27].

2) In [14], characterization of domains of Dirichlet forms is given using heat kernel estimates under a more general and abstract setting.

4. Dirichlet forms and jump type processes on d-sets

In [26], three natural non-local regular Dirichlet forms are introduced, whose corresponding processes are stable-like jump type processes on compact d-sets. Here we will survey them and give relations to other results.

4.1. Jump process as a Besov space on a d-set We first introduce Besov spaces on G and their trace theory within the scope of our use (see [22, 36] etc. for details).

For 0 < α < 1, we introduce a Besov space B^{2,2}_α (G) as follows, ‖u|B^{2,2}_α (G)‖ = ‖u‖L 2_{(G,μ)} + ( ∫ ∫ G×G |u(x) − u(y)|^2 |x − y|^{d+2α} μ(dx)μ(dy))^{1/2}, (4.1)

B^{2,2}_α (G) = {u : u is measurable, ‖u|B^{2,2}_α (G)‖ < ∞}.

(4.2)

In [22], it is shown that for 0 < α < 1, B^{2,2}_α (G) = Lip(α, 2, 2)(G) and the two norms are equivalent (Chapter V, Proposition 3).

For each f ∈ L^1_{loc}(R^n) and x ∈ R^n, define

Rf(x) = lim_{r↓0} 1 m(B(x, r)) ∫ B(x,r) f(y)dy, if the limit exists, where m is the Lebesgue measure in R^n. It is well-known that the limit exists quasi-everywhere (i.e. except a set of zero capacity) in R^n with respect to the Newtonian capacity if n ≥ 3 or logarithmic capacity if n = 2 and coincides with f(x) almost everywhere in R^n. For each β > 0, denote by B^{2,2}_β (R^n) the classical Besov space on R^n (see Remark 4.2 below for its definition). The following trace theorem plays an important role in the study of Besov spaces on d-sets (see, for instance, Chapters V and VI in [22]).

Proposition 4.1. For 0 < s < 1, the trace operator Tr_G : f → Rf is a bounded linear surjection from B^{2,2}_{s+(n−d)/2}(R^n) onto B^{2,2}_s (G) and it has a bounded linear right inverse operator E_G (which is called the extension operator in literature) so that Tr_G ∘ E_G is the identity map on B^{2,2}_s (G).

Remark 4.2. Note that for β > 0 with integer k < β ≤ k + 1, the classical Besov space B^{2,2}_β (R^n) is defined to be

B^{2,2}_β (R^n) = u ∈ C^k(R^n) : ‖u‖_B2,2_β := ∑ 0≤|j|≤k ‖D^j u‖2 + ∑ |j|=k (∫ R^n ‖Δ_hD^j f‖^2 |h|^{n+2(β−k)} dh )_{1/2} < ∞ , where for j = (j_1, j_2, · · · , j_n) ∈ Z^n_+, |j| = ∑_n k=1 j_k and D^j =^{∂|j|}_{∂xj11 ··· ∂xjnn} , Δ_h is a difference operator so that for h ∈ R^n, (Δ_hf)(x) = f(x + h) − f(x), and ‖ · ‖_2 denotes the L^2-norm in L^2(R^n, m) (see, for instance, section I.1.5 in [22]). It is known (cf. Section V.1.1 in [22]) that when 0 < β < 1, the norm ‖u‖_B2,2_β is

equivalent to ‖ ‖ ‖u | | B^{2,2}_β (R^n) ‖ ‖ ‖ defined by (4.2) with G = R^n, and therefore B^{2,2}_β (R^n) is the same as the space defined by (4.1) with G = R^n. Furthermore, the space B^{2,2}_β (R^n) coincides with the classical Bessel potential space on R^n (also called the fractional Sobolev space or the Liouville space); see, for instance, p. 8 in Section I.1.5 of [22].

Now, for 0 < α < 1 and u, v ∈ B^{2,2}_α (G), define

E_Y (α) (u, v) = ∫ ∫ G×G (u(x) − u(y))(v(x) − v(y)) |x − y|^{d+2α} μ(dx)μ(dy). By standard properties of Besov spaces, it is easy to check that (E_Y (α) , B^{2,2}_α (G)) is a regular Dirichlet space on L^2(G, μ) (a detailed proof is given, for instance, in Theorem 3 of [32]). We denote {Y^{(α)}_t }_{t≥0} the corresponding Hunt process on G. We note that when G = R^n, this is a (2α)-stable process on R^n. When G is an open n-set, it is the so called reflected (2α)-stable process on G proposed in [5].

4.2. Jump process as a subordination of a diffusion In this subsection, we assume that there exists a fractional diffusion {B^G_t }_{t≥0} on G. For 0 < α < 1, let {ξ_t}_{t>0} be the strictly α-stable subordinator, i.e., it is a one dimensional non-negative Lévy process independent of {B^G_t }_{t≥0} with the generating function E[exp(−uξ_t)] = exp(−tu^α). Let {η_t(u) : t > 0, u ≥ 0} be the distribution density of {ξ_t}_{t>0}. Using p_t(x, y) in (3.1), we define q_t(x, y) = ∫_∞ 0 p_u(x, y)η_t(u)du for all t > 0, x, y ∈ G.

Then, by a general theory, q_t(x, y) is a heat kernel of some Markov process which we denote by {X^{(α)}_t }_{t≥0}, called the subordinate process (see [4, 31]). In our case, {X^{(α)}_t }_{t≥0} is a μ-symmetric Hunt process and we denote the corresponding Dirichlet form on L^2(G, μ) as (E_X (α) , F_X (α) ).

4.3. Jump process as a time change of a stable process on R^n We first briefly give a result by Triebel. In [36], Triebel defines a Besov space on d-set G as follows. (In order to distinguish it from the previous one, we put ^·.) ‖u|B̂^{2,2}_α (G)‖ = inf_{T rGg=u} ‖g|B^{2,2}_{α+(n−d)/2}(R^n)‖, (4.3)

B̂^{2,2}_α (G) = T r_G B^{2,2}_{α+(n−d)/2}(R^n), (4.4) where α > 0. Here T r_G is the trace operator given in Proposition 4.1 and the norm of B^{2,2}_{α+(n−d)/2}(R^n) is the one given in Remark 4.2. (To be precise, the definition of the trace operator in [36] is different from the one given here, but it turns out to be the same; see p 261 in [37].) In general, this Besov space is different from the one defined by Jonsson-Wallin ([22]), but it is known that for 0 < α < 1, the two spaces coincide and the two norms are equivalent. Let H_α be the corresponding self-adjoint operator on G so that (4.5) (H^{1/2}_α u, H^{1/2}_α u)L 2_{(G,μ)} = ‖u|B̂^{2,2}_α (G)‖^2, Dom (H^{1/2}_α ) = B̂^{2,2}_α (G).

Theorem 4.3. ([36]; Theorem 25.2) H_α is a positive definite self-adjoint operator on L^2(G, μ) with pure point spectrum. Let μ_k be its k-th eigenvalue (including multiplicities). Then there exist c_{4.1}, c_{4.2} > 0 such that the following holds. c_{4.1}k^{2α/d} ≤ μ_k ≤ c_{4.2}k^{2α/d} for all k ∈ N .

We now give the third jump process on d-sets ([26]). It will be shown that the corresponding operator of the process is the one given by Triebel when 0 < α < 1.

We construct a jump process though a time change of (2α)-stable process on R^n. Let G be a d-set on R^n with a Radon measure μ which satisfies (2.1). Also, let {B^{(α)}_t }_{t≥0} (0 < α ≤ 1) be a rotation invariant (2α)-stable process on R^n (when α = 1 it is a Brownian motion) and let (E^{(α)}, H^α(R^n)) be the corresponding Dirichlet form. (Note that H^α(R^n) = B^{2,2}_α (R^n) when 0 < α < 1.) Then, it is proved in [26] that when 2α > n − d, then μ is a smooth measure w.r.t. {B^{(α)}_t }_t, i.e. μ charges no set of zero capacity w.r.t. the form corresponding to {B^{(α)}_t }_t. Thus, by a general theory (see [12]), there exists a unique positive continuous additive functional {A^{(α)}_t }_{t≥0} which is in Revuz correspondence with μ (thus, A^{(α)}_t increases only when B^{(α)}_t ∈ G). Set τ_t = inf{s > 0 : A^{(α)}_s > t} and define Z^{(α)}_t = B^{(α)}_{τt} . Then, again by a general theory, {Z^{(α)}_t }_{t≥0} is a μ-symmetric jump process and the corresponding regular Dirichlet form can be expressed as

F_Z = {ϕ ∈ L^2(G, μ) : ϕ = u μ − a.e. for some u ∈ H^α_e (R^n)}, E_Z (ϕ, ϕ) = E^{(α)}(H_S u, H_S u), ϕ ∈ F_Z , ϕ = u μ − a.e., u ∈ H^α_e (R^n).

Here S is a quasi-support of μ (see p168 of [12]), H_S u(x) = E^x[u(B^{(α)}_{σS} )] where σ_S = inf{t ≥ 0 : B^{(α)}_t ∈ S} and H^α_e (R^n) is the extended Dirichlet space. See Theorem 6.2.1 in [12] for details.

In subsection 2.3 of [26], it is proved that for 2α > n − d, P^x(σ_S = 0) = 1 for all x ∈ G, so H_S u(x) = u(x) for μ-a.e. x ∈ G. As μ is the smooth measure, we can prove T r_GH_S u = u, μ-a.e.. Since H_S u is harmonic outside G, we obtain E^{(α)}(H_S u, H_S u) = inf_{T rGg=u} ‖g|B^{2,2}_α (R^n)‖.

Therefore, E_Z , the trace of the Dirichlet form of the (2α)-stable process on R^n, is equal to ‖ · |B̂^{2,2}_{α−(n−d)/2}(G)‖ in (4.3) so that the corresponding operator is H_{α−(n−d)/2} given above.

Remark 4.4. When A ⊂ R^n is a bounded domain with smooth boundary ∂A, a similar time changed form (with exponential killing) is studied in [18], where the original form lies on A and the time changed form lies on ∂A. In [11], a similar problem is treated when A is a bounded (ϵ, δ)-domain with boundary ∂A which is a d-set with n − 1 ≤ d < n.

There is an alternative analytic approach by Zähle using Riesz potentials ([39, 40, 16]). For 0 < 2α < d, define a Riesz potential of order 2α as follows I^{2α}_μ f(x) := c_{n,2α+n−d} ∫ f(y)dμ(y) |x − y|^{d−2α} , ∀f ∈ L^2(G, μ), where c_{n,s} := Γ((n − s)/2)/(2^sπ^{n/2}Γ(s/2)). In [39], it is proved that I^{2α}_μ is invertible. Define D^{2α}_μ := (I^{2α}_μ )^{−1}; the domain of this operator is B̂^{2,2}_{2α} (G) ([40]). Let E^{2α}_μ (f, g) = ∫ G √ D^{2α}_μ f(x) √ D^{2α}_μ g(x)dμ(x), ∀f, g ∈ B̂^{2,2}_α (G). It is proved in [40] that (E^{2α}_μ , B̂^{2,2}_α (G)) is a regular Dirichlet form on L^2(G, μ) for 0 < α + (n − d)/2 ≤ 1. In [16], it is shown that (E^{2α}_μ , B̂^{2,2}_α (G)) coincides with (E_Z(s) , F_Z(s) ) where s = α + (n − d)/2. Thus, √ D^{2α}_μ = H^{1/2}_α given in (4.5).

4.4. Comparison of the forms and heat kernel bounds Define ᾱ = αd_w /2 and α̂ = α − (n − d)/2. We then have the following. Proposition 4.5. ([26, 32]) Let G be a d-set. For (n − d)/2 < α < 1 or α = 1, n − 2 < d < n, (4.6) c_{4.3}E_Y (α̂) (f, f) ≤ E_Z(α) (f, f) ≤ c_{4.4}E_Y (α̂) (f, f) for all f ∈ L^2(G, μ). Assume further that there exists a fractional diffusion on G. For 0 < α < 1, (4.7) c_{4.5}E_Y (ᾱ) (f, f) ≤ E_X (α) (f, f) ≤ c_{4.6}E_Y (ᾱ) (f, f) for all f ∈ L^2(G, μ).

In particular, under the conditions, F_Z(α) = B^{2,2}_{α̂} (G), F_X (α) = B^{2,2}_ᾱ (G).

Remark 4.6. 1) In [26], (4.7) is stated for 0 < α < 2/d_w. But the proof there shows that it actually holds for 0 < α < 1. From this fact, we see that when G is a d-set on which there exists a fractional diffusion, (E_Y (α) , B^{2,2}_α (G)) is a regular Dirichlet form for 0 < α < d_w/2.

2) Note that in general the three-type Dirichlet forms introduced are different and the corresponding processes cannot be obtained by time changes of others by positive continuous additive functionals (see [26]).

5. Heat kernel estimates for stable-like processes on d-sets

In [8], detailed estimates of heat kernels for {Y^{(α)}} are obtained. There exists a non-negative bounded heat kernel p_t(x, y) on (t, x, y) ∈ (0, ∞) × G × G with

P^{Y (α)}_t f(x) = ∫ G p_t(x, y)f(y)μ(dy) for all x ∈ G, f ∈ L^2(G, μ), (where P^{Y (α)}_t is the heat semigroup w.r.t. E_Y (α) ), satisfying the following.

Theorem 5.1. ([8]) For 0 < α < 1, the following holds.

1) There are constants c_{5.1}, c_{5.2} > 0 such that for all x, y ∈ G, 0 < t < 1, c_{5.1}(t^{− d2α} ∧ t |x − y|^{d+2α} ) ≤ p_t(x, y) ≤ c_{5.2}(t^{− d2α} ∧ t |x − y|^{d+2α} ). 2) There are constants c_{5.3} > 0 and β > 0 such that for any 0 < t, s < 1 and (x_i, y_i) ∈ G × G with i = 1, 2,

|p_s(x_1, y_1) − p_t(x_2, y_2)| ≤ c_{5.3} (t ∧ s)^{− d+β2α} ( |t − s|^{12α} + |x_1 − x_2| + |y_1 − y_2| )_β . Theorem 5.2. ([8]) For every x ∈ F , P^x-a.s., the Hausdorff dimension of Y [0, 1] := {Y_t : 0 ≤ t ≤ 1} is d ∧ (2α).

Note that above theorems hold under a wider framework, i.e. when the form is expressed as E(f, f) = ∫ ∫ G×G (f(x) − f(y))^2n(x, y)dμ(x)dμ(y), where n(x, y), x, y ∈ G is a jointly measurable function such that n(x, y) = n(y, x) for all x, y ∈ G and satisfies c_{5.4} |x − y|^{d+2α} ≤ n(x, y) ≤ c_{5.5} |x − y|^{d+2α} . In [8], it is also proved that all the parabolic functions (two variable functions which satisfy the heat equation) satisfy the parabolic Harnack inequality.

Remark 5.3. 1) When G is a global d-set (i.e. an unbounded closed d-set satisfying μ(B(x, r)) ≤ c_1r^d for all x ∈ G and r > 0), Theorem 5.1 holds for all 0 < t, s < ∞ ([9]). Thus Y^{(α)} is transient if and only if d > 2α, it is point recurrent if and only if d < 2α.

2) In [7, 6], similar heat kernel estimates for the subordinate process {X^{(α)}} (0 < α < 1) of the fractional diffusion (see subsection 4.2) are obtained. There the original diffusion processes is assumed to satisfy the properties in Definition 3.1. 3) In relation to Theorem 5.2, results on ranges of stochastic processes are surveyed in [38]. In [3], among others, Hausdorff dimensions of boundary traces of reflecting Brownian motions and stable-like processes are computed on various Euclidean domains including the von Koch snowflake domain.

6. From jump-type processes to diffusion processes

6.1. Construction of diffusion processes on fractals In [27], some sufficient conditions for constructing diffusion processes on metric measure spaces are given. In this subsection, we will briefly explain some of the results in the paper. (The results in the paper are more general, but we simplify to avoid complicated settings.) Let (6.1) E^{β,r}(u, u) = 1 r^{2β} ∫ G − ∫ B(x,r) [u(x) − u(y)]^2 μ(dy) μ(dx) for all u ∈ L^2(G, μ). Here − ∫ A . . . μ(dy) := μ(A)^{−1} ∫ A . . . μ(dy) denotes the normalized integral. We fix a sequence (r_n)_n of positive numbers decreasing to 0 and put E^{β,∗}(u, u) := lim sup_{n→∞} E^{β,rn} (u, u), C^{β,∗} := { u ∈ C_0(G) : E^{β,∗}(u, u) < ∞ } . Let β̄ := sup{β : {u ∈ L^2(G, μ) : E^{β,∗}(u, u) < ∞} is dense in L^2(G, μ).}.

In the following, we assume • {u ∈ L^2(G, μ) : E^{β̄,∗}(u, u) = 0} is not dense in L^2(G, μ), • {u ∈ L^2(G, μ) : E^{β̄,∗}(u, u) < ∞} is dense in L^2(G, μ), and denote d_w = 2β̄.

Theorem 6.1. ([27]) (i) Assume that C^{dw/2,∗} is dense in C_0(G). Then for a suitable subsequence (r^′_n) of (r_n) the Γ-limit

E^0 := Γ- lim_{n→∞} E^{dw /2,r′n} exists, is dominated by E^∗ on L^2(G, μ) and is the extension of a regular Dirichlet form (E, F) on L^2(G, μ) with core C^{dw/2,∗}.

Hence, there exists a μ-reversible strong Markov process associated with (E, F). (ii) Assume in addition the following;

There exists δ > 0 such that (6.2) lim inf_{n→∞} E^{dw /2,rn} (u_n, u_n) ≥ δ · E^{dw /2,∗}(u, u) for all u ∈ L^2(G, μ) and all (u_n)_n ⊂ L^2(G, μ) with u_n → u in L^2(G, μ).

Let E^{(c)} denote the diffusion part of E. Then C^{dw/2,∗} = F ∩ C_0(G), E^{dw/2,∗} ≥ E ≥ E^{(c)} ≥ δ · E^{dw/2,∗} on F and (E^{(c)}, F) is a strongly local regular Dirichlet form.

Hence, there exists a diffusion process associated with (E^{(c)}, F). It is μ-reversible and strongly Markovian. Let Lip( d_w 2 , 2, ∞)(G) = { u ∈ L^2(G, μ) : sup_n E^{dw /2,rn} (u, u) < ∞ } . If we assume the following instead of (6.2), (6.3) lim inf_{n→∞} E^{dw /2,rn} (u_n, u_n) ≥ δ · sup_n E^{dw /2,rn} (u, u), then C^{dw/2,∗} = Lip(d_w /2, 2, ∞)(G) ∩ C_0(G) holds. Note that when r_n = L^{−n}, then Lip(d_w/2, 2, ∞)(G) coincides with the Lipschitz space discussed in Section 3. When there is a fractional diffusions on G, then the assumptions given in this section always hold.

6.2. Jump-type processes for 1 ≤ α < d_w/2 It is natural to ask whether the results in Section 5 can be extended to α ≥ 1. The problem is that in this case Davies methods cannot be applied, likewise the case of diffusions on fractals. Let d̄_w := sup{2α : (E_{Y (α)} , B^{2,2}_α (G)) is regular in L^2(G, μ)}.

It is easy to show d̄_w ≤ d_w. We do not know whether the equality holds in general or not (clearly the equality holds when there is a fractional diffusion on G).

We believe we can prove the theorems in Section 5 for all α < d̄_w/2 when d̄_w > d, i.e. when the process is point recurrent ([9]). It is still currently under investigation whether or not these results hold in general for all α < d̄_w/2 or not.

References

[1] D.R. Adams and L.I. Hedberg, Function spaces and potential theory, (1996), Springer, Berlin-Heidelberg.

12 Takashi Kumagai

[2] M.T. Barlow, Diffusions on fractals, Lectures in Probability Theory and Statistics:

Ecole d’été de probabilités de Saint-Flour XXV, Lect. Notes Math., 1690 (1998), Springer, New York.

[3] I. Benjamini, Z.-Q. Chen and S. Rohde, Boundary Trace of Reflecting Brownian Motions, Preprint 2003.

[4] J. Bertoin, Lévy processes, (1996), Cambridge Univ. Press, Cambridge. [5] K. Bogdan, K. Burdzy and Z.-Q. Chen, Censored stable processes, Probab. Theory Relat. Fields, to appear.

[6] K. Bogdan, A. Stós and P. Sztonyk, Harnack inequality for symmetric stable processes on fractals, C. R. Acad. Sci. Paris, Ser. I, 335 (2002), 59–63.

[7] K. Bogdan, A. Stós and P. Sztonyk, Harnack inequality for stable processes on d-sets, Studia Math., 158 (2003), 163–198.

[8] Z.-Q. Chen and T. Kumagai, Heat kernel estimates for stable-like processes on d-sets, Stochastic Process. Appl., to appear.

[9] Z.-Q. Chen and T. Kumagai, in preparation.

[10] E.B. Davies, Heat kernels and spectral theory, (1989), Cambridge Univ. Press, Cambridge.

[11] W. Farkas and N. Jacob, Sobolev spaces on non-smooth domains and Dirichlet forms related to subordinate reflecting diffusions, Math. Nachr., 224 (2001), 75–104.

[12] M. Fukushima, Y. Oshima, and M. Takeda, Dirichlet forms and symmetric Markov processes, (1994), de Gruyter, Berlin.

[13] M. Fukushima and T. Uemura, On Sobolev and capacitary inequalities for contractive Besov spaces over d-sets, Potential Anal., 18 (2003), 59–77.

[14] A. Grigoryan, Heat kernels and function theory on metric measure spaces, Contemporary Math., to appear.

[15] A. Grigoryan, J. Hu and K.S. Lau, Heat kernels on metric-measure spaces and an application to semi-linear elliptic equations, Trans. Amer. Math. Soc., 355 (2003), 2065–2095.

[16] W. Hansen and M. Zähle, Restricting isotropic α-stable Lévy processes from R^n to fractal sets, Preprint 2003.

[17] S. Havlin and D. Ben-Avraham, Diffusion in disordered media, Adv. Phys., 36 (1987), 695–798.

[18] N. Jacob and R.L. Schilling, Some Dirichlet spaces obtained by subordinate reflected diffusions, Rev. Mat. Iberoamericana, 15 (1999), 59–91.

[19] N. Jacob and R.L. Schilling, Lévy-type processes and pseudodifferential operators, In: O.E. Barndorff-Nielsen et al. (eds.), Lévy Processes, Birkhäuser, Boston, pp. 139–168, 2001.

[20] A. Jonsson, Brownian motion on fractals and function spaces, Math. Z., 222 (1996), 496–504.

[21] A. Jonsson, Dirichlet forms and Brownian motion penetrating fractals, Potential Anal., 13 (2000), 69–80.

[22] A. Jonsson and H. Wallin, Function spaces on subsets of R^n, Mathematical Reports, Vol. 2, Part 1 (1984), Acad. Publ., Harwood.

[23] J. Kigami, Analysis on fractals, (2001), Cambridge Univ. Press, Cambridge.

Function Spaces and Stochastic Processes on Fractals 13

[24] T. Kumagai, Stochastic processes on fractals and related topics, (in Japanese) Sugaku, 49 (1997), 158–172, (English transl.) Sugaku Expositions, Amer. Math. Soc., 13 (2000), 55–71.

[25] T. Kumagai, Brownian motion penetrating fractals -An application of the trace theorem of Besov spaces-, J. Func. Anal., 170 (2000), 69–92.

[26] T. Kumagai, Some remarks for jump processes on fractals, In: P. Grabner and W.

Woess (eds.), Trends in Math.: Fractals in Graz 2001, Birkhäuser, pp. 185–196, 2002.

[27] T. Kumagai and K.T. Sturm, Construction of diffusion processes on fractals, d-sets, and general metric measure spaces, Preprint 2003 (available at http://www.kurims.kyoto-u.ac.jp/~kumagai/).

[28] S. Kusuoka, Diffusion processes on nested fractals, In: R.L. Dobrushin and S.

Kusuoka: Statistical Mechanics and Fractals, Lect. Notes Math., 1567 (1993), Springer, New York.

[29] T. Lindstrøm, Brownian motion on nested fractals, Memoirs Amer. Math. Soc., 420 83 (1990).

[30] K. Pietruska-Paluba, On function spaces related to fractional diffusions on d-sets, Stochastics Stochastics Rep., 70 (2000), 153–164.

[31] K. Sato, Lévy processes and infinitely divisible distributions, Cambridge Studies in Advanced Math., Vol. 68 (1999), Cambridge Univ. Press, Cambridge.

[32] A. Stós, Symmetric α-stable processes on d-sets, Bull. Polish Acad. Sci. Math., 48 (2000), 237–245.

[33] R.S. Strichartz, Analysis on fractals, Notices Amer. Math. Soc., 46 (1999), 1199– 1208.

[34] R.S. Strichartz, Function spaces on fractals, J. Funct. Anal., 198 (2003), 43–83.

[35] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, (1995), Johann Ambrosius Barth, Heidelberg.

[36] H. Triebel, Fractals and spectra -related to Fourier analysis and function spaces-, Monographs in Math., Vol. 91 (1997), Birkhäuser, Basel-Boston-Berlin.

[37] H. Triebel, The structure of functions, Monographs in Math., Vol. 97 (2001), Birkhäuser, Basel-Boston-Berlin.

[38] Y. Xiao, Random fractals and Markov processes, Proc. of Symposia in Pure Math., to appear.

[39] M. Zähle, Harmonic calculus on fractals - a measure geometric approach II, Preprint 2000.

[40] M. Zähle, Riesz potentials and Liouville operators on fractals, Potential Anal., to appear.

Acknowledgment The author expresses his gratitude to the organizers of the International Conference on Fractal Geometry and Stochastics III for inviting him to the nice conference. He is also grateful to Zhenqing Chen and Martina Zähle for valuable comments on a preliminary version of this paper.

Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-8502, Japan E-mail address: kumagai@kurims.kyoto-u.ac.jp

Current address: Department of Mathematics, Malott Hall, Cornell University, Ithaca, NY 14853, USA E-mail address: kumagai@math.cornell.edu