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Abstract
In this paper, we consider the following type of non-local (pseudo-differential) op-

erators £ on R<:
d

Lufa) = § > ai (Uai) +lim (uly) — u(@))J (z,y)dy,

el0 {yeR4: |y—z|>¢c}

where A(z) = (a;;j(7))1<i j<d is a measurable d x d matrix-valued function on R? that
is uniformly elliptic and bounded and J is a symmetric measurable non-trivial non-
negative kernel on R? x R? satisfying certain conditions. Corresponding to £ is a
symmetric strong Markov process X on R? that has both the diffusion component and
pure jump component. We establish a priori Holder estimate for bounded parabolic
functions of £ and parabolic Harnack principle for positive parabolic functions of L.
Moreover, two-sided sharp heat kernel estimates are derived for such operator £ and
jump-diffusion X. In particular, our results apply to the mixture of symmetric diffusion
of uniformly elliptic divergence form operator and mixed stable-like processes on R¢. To

establish these results, we employ methods from both probability theory and analysis.
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1 Introduction

It is well-known that there is an intimate interplay between self-adjoint pseudo-differential
operators on R? and symmetric strong Markov processes on R?. For a large class of self-
adjoint pseudo-differential operators £ on R? that enjoys maximum property, there is a
jump-diffusion X on R? associated with it so that £ is the infinitesimal generator of X, and
vice versa. The connection between £ and X can also be seen as follows. The fundamental
solution (also called heat kernel) for £ is the transition density function of X. In this paper,
we are interested in the a priori Holder estimate for harmonic functions of such operator L,
parabolic Harnack principle and the sharp estimates on the heat kernel of L.

Throughout this paper, d > 1 is an integer. Denote by my the d-dimensional Lebesgue
measure in RY, and C!(R?) the space of C'-functions on R? with compact support. We

consider the following type of non-local (pseudo-differential) operators £ on R%:

d

cue) =3 Y- o (o0t ) + 1 (uly) ~ ule) ey, (1)

2 ij=1 =0 J{yerd: [y—a|>}

where A(x) = (a;j(2))1<ij<a is a measurable d x d matrix-valued function on R? that is

uniform elliptic and bounded in the sense that there exists a constant ¢ > 1 such that
d d
Z Z x)&& < cZ§2 for every @, (&1, -+, &) € RY, (1.2)
=1 : =1

and J is a symmetric non-negative measurable kernel on R? x R? such that there are positive
constants kg > 0, and 3 € (0,2) so that

J(w,y) < rolz —y| ™77 for |z —y| < &, (1.3)
and that
sup / (|Jz —y|* A1) J (2, y) dy < oo. (1.4)
z€RT J R4

Clearly under condition (1.3), condition (1.4) is equivalent to

sup / J(z,y) dy < oo.
zeR? J {yeRd:|y—x|>1}

Associated with such a non-local operator £ is an R%valued symmetric strong Markov



process X whose associated Dirichlet form (€, F) on L*(R%; my) is given by

E(u,v) = =

QRd

V() - Alx) Vo(z)dz + / (ulz) — u(y)) (v(x) — v(y))J (x, y)dxdy.

R4
F = CI®Y
(1.5)
where for a > 0, &, (u,v) == E(u,v) +  [p, u(x)v(z)mqy(de).
When the jumping kernel J = 0 in (1.1) and (1.5), £ is a uniform elliptic operator of
divergence form and X is a symmetric diffusion on R?. It is well-known that X has a joint
Holder continuous transition density function p(t, x, y), which enjoys the following celebrated

Aronson’s two-sided heat kernel estimate: there are constants ¢, > 0, k= 1,---,4, so that
e Pt eale — y|) < plt,z,y) < csp(t, calz —y)) for t > 0,2,y € RY.

Here
pe(t,r) =t~ exp(—r?/t). (1.6)
It is also known that parabolic Harnack principle holds for such £ and that every bounded
parabolic function of £ is locally Hélder continuous. See [Str| for some history and a survey
on this subject, where a mixture of analytic and probabilistic method is presented.
Let ¢ be a strictly increasing continuous function ¢ : R, — R, with ¢(0) = 0, and
¢(1) = 1 such that there are constants ¢ > 1, 0 < 31 < 83 < 2 such that

() = %) <e(3)

for every 0 <r < R < o0, (1.7)
,

and

2
,
—ds for every r > 0. (1.8)
J, ™= 3w

Observe that condition (1.7) 1mphes that
b < o(r) < cr?2 forr>1
and
L2 < p(r) < er for r € (0, 1].

In the sequel, if f and g are two functions defined on a set D, f < g means that there exists
C > 0 such that C~!f(x) < g(x) < C f(x) for all x € D.
When A(x) =0 in (1.5) and J is given by
1
[z —yl?o(lz —yl)’

J(z,y) =<
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where ¢ satisfies the conditions (1.7)-(1.8), the corresponding process X is a mixed stable-like

process on R? studied in [CK2]. A typical example of J satisfying condition (1.9) is

Ty = [ 225 ()

| —yldre

where v is a probability measure on [ay, as] C (0,2) and ¢(«, z,y) is a symmetric function
in  and y is bounded between two positive constants that are independent of « € [ay, ).
Under the above condition, a priori Holder estimate and parabolic Harnack principle are
established in [CK2] for parabolic functions of X. Moreover, it is proved in [CK2] that X
has a jointly continuous transition density function p(¢,z,y) and that it has the following

two-sided sharp estimates: there are positive constants 0 < ¢; < ¢y so that

Clpj(ta ‘.I’ - y’) < p(tamay) < Cij(t7 ’.T - y‘) for ¢ > O,.%,y € Rda

where

Pt = (070 ) (110

with ¢! being the inverse function of ¢. Here and in the sequel, for two real numbers a and
b, a Ab:=min{a, b} and a Vb := max{a,b}. We point out that, in contrast to the diffusions
(or differential operator) case, heat kernel estimates for pure jump processes (or non-local
integro-differential operators) have been studied only quite recently. See the introduction
part of [CK2]| for a brief account of some history.

In this paper, we consider the case where both A and .J are non-trivial in (1.1) and
(1.5). Clearly the corresponding operators and jump diffusions take up an important place
both in theory and in applications. However there are very limited work in literature for
this mixture case on the topics of this paper, see [BKU], [CKS] and [SV] though. One of
the difficulties in obtaining fine properties for such an operator £ and process X is that it
exhibits different scales: the diffusion part has Brownian scaling r +— r2 while the pure jump
part has a different type of scaling. Nevertheless, there is a folklore which says that with
8_), better results

92,
can be expected under weaker assumptions on the jumping kernel .J as the diffusion part

the presence of the diffusion part corresponding to %Zf i1 % <aij (x)

helps to smooth things out. Our investigation confirms such an intuition. In fact we can
establish a priori Holder estimate and parabolic Harnack inequality under weaker conditions
than (1.9). We now present the main results of this paper. Let W1?(R?) denote the Sobolev
space of order (1,2) on R% that is, WH2(RY) := {f € L*(R% my) : Vf € L2 (R mg)}. Tt is
not difficult to show the following.



Proposition 1.1 Under the conditions (1.2)-(1.4), the domain of the Dirichlet form of (1.5)

18 characterized by
F=W"RYN ={f € L* (R, my) : E(f, f) < oo}

Let X be the symmetric Hunt process on R associated with the regular Dirichlet form
(€,F). It will be shown in Theorem 2.2 below that X has infinite lifetime. Let Z =
{Z; .= (Vo — t,X;),t > 0} denote the space-time process of X. We say that a non-negative
real valued Borel measurable function h(t,z) on [0,00) x R? is parabolic (or caloric) on
D = (a,b) x B(xg,r) if there is a properly exceptional set N' C R such that for every

relatively compact open subset D of D,
h(t, z) = B [A(Z,, )]

for every (t,z) € Dy N ([0,00) x (R?\ N)), where 7p, = inf{s > 0: Z, ¢ D;}. We remark
that in [CK1, CK2] the space-time process is defined to be (V + ¢, X;) but this is merely a
notational difference. In this paper, we first show that any parabolic function of X is Holder

continuous. Recall that dy is the positive constant in condition (1.3).

Theorem 1.2 Assume that the Dirichlet form (£, F) given by (1.5) satisfies the conditions
(1.2)-(1.4) and that for every 0 < r < dy,

inf inf / J(z,z)dz > 0. (1.11)
‘zo,yoe‘Rd z€B(zo,7/16) B(yo,/16)
zo—ygl="r

Then for every Ry € (0,1], there are constants ¢ = ¢(Ry) > 0 and k > 0 such that for every
0 < R < Ry and every bounded parabolic function h in Q(0,xq,2R) := (0,4R?) x B(xg,2R),

h(s,2) = h(ty)] < ¢ [hlloon B (1t = 5|2 + 2 = y])" (1.12)

holds for (s,x), (t,y) € (R?,4R?) x B(xo, R), where ||h||co,r := SUD(y)c(0 ar2yxravn 1Y)
In particular, X has a jointly continuous transition density function p(t,z,y) with respect to
the Lebesgque measure. Moreover, for every ty € (0,1) there are constants ¢ > 0 and k > 0
such that for any t, s € (to, 1] and (x;,y;) € R x R with i = 1,2,

p(5, 21, 31) — plt, 22, y2)| < ety T2 (jt— 5[V 4 Jzy — @] + 1 — 1)) (1.13)



In addition to (1.2)-(1.4) and (1.11), if there is a constant ¢ > 0 such that
J(z,y) < %/ J(z,y)dz whenever r < Lz —y| A1, 2,y € RY, (1.14)
r B(z,r)

we show that the parabolic Harnack principle holds for non-negative parabolic functions of
X. (Note that (1.14) was introduced in [BBK, CKK] and it was denoted as (UJS)<; there.)

Theorem 1.3 Suppose that the Dirichlet form (€, F) given by (1.5) satisfies the condition
(1.2)-(1.4), (1.11) and (1.14). For every 6 € (0,1), there exist constants ¢; = c¢1(9) and
co = co(8) > 0 such that for every z € R, t5 > 0, 0 < R < ¢; and every non-negative
function u on [0,00) x R? that is parabolic on (ty,to + 66R?) X B(z,4R),

sup  u(ty,y1) < e inf u(lz, ye), (1.15)
(t1.91)€Q - (t2,y2)€Q+

where Q_ = (to + 0R?, tg + 20 R?) X B(zg, R) and Q1 = (to + 30 R?, tg + 40 R?) X B(zo, R).

Note that elliptic versions of Theorem 1.2 and 1.3 are claimed in [Fo] under similar
assumptions, however we have some difficulty to follow some of the arguments there. Clearly,
our theorems imply the elliptic versions given in [Fo].

We next derive two-sided heat kernel estimate for X when J(z,y) satisfies the condition
(1.9). Clearly (1.3)-(1.4), (1.11) and (1.14) are satisfied when (1.9) holds. Recall that
functions p°(t, x,y) and p’ (¢, z,y) are defined by (1.6) and (1.10), respectively.

Theorem 1.4 Suppose that (1.2) holds and that the jumping kernel J of the Dirichlet form
(&€, F) given by (1.5) satisfies the condition (1.9). Denote by p(t,x,y) the continuous transi-
tion density function of the symmetric Hunt process X associated with the regqular Dirichlet
form (£, F) of (1.5) with the jumping kernel J given by (1.9). There are positive constants
¢, 1 =1,2,3,4 such that for every t >0 and z,y € R?,

o (P AGTHE) ) A (B ol —yl) 07 (2 2 — )
< pltayy) <es (CPAGTHO)T) A (P ealr —y)) + (e —yl) . (1.16)
The following figure shows which term is the dominant term in each region when ¢ in

(1.9) is given by ¢(r) = r* with 0 < o < 2. It is worth mentioning that there is a short-time
short-distance region in ¢ < R? < 1 where the jump part is the dominant term.



When A(z) = Ixq, the dxd identity matrix, and J(z,y) = c|lz—y| =4~ for some a € (0, 2)
in (1.5), that is, when X is the independent sum of a Brownian motion W on R? and an
isotropically symmetric a-stable process Y on R? the transition density function p(t,z,y)
can be expressed as the convolution of the transition density functions of W and Y, whose
two-sided estimates are known. In [SV], heat kernel estimates for this Lévy process X are
carried out by computing the convolution and the estimates are given in a form that depends
on which region the point (¢, x,y) falls into. Subsequently, the parabolic Harnack inequality
(1.15) for such a Lévy process X is derived in [SV] by using the two-sided Heat kernel
estimate. Clearly such an approach is not applicable in our setting even when ¢(r) = r,
since in our case, the diffusion and jumping part of X are typically not independent. The
two-sided estimate in this simple form of (1.16) is a new observation even in the independent
sum of a Brownian motion and an isotropically symmetric a-stable process case considered
in [SV].

Our approach employs methods from both probability theory and analysis, but it is
mainly probabilistic. It uses some ideas previously developed in [BBCK, BGK, CK1, CK2,
CKK]. To get a priori Holder estimates for parabolic functions of X, we establish the
following three key ingredients.

(i) Exit time upper bound estimate (Lemma 2.3):
E.[TB(z0,m] < cr? for x € B(xo,7),
where gz, = inf{t > 0: Xy ¢ B(x,r)} is the first exit time from B(zq,r) by X.

(i) Hitting probability estimate ((4.1) below):

2

CoT

for every r € (0,1] and s > 2r.



(iii) Hitting probability estimate for space-time process Z; = (Vo — ¢, X;) (Lemma 4.1): for
every x € R% 7 € (0,1] and any compact subset A C Q(x,r) := (0,72) x B(x,71),

(r?,z) mat1(A)
PV (o4 < 1) > 0377“6”2 ,

where by slightly abusing the notation, o4 := {t > 0: Z, € A} is the first hitting time
of A, 7, :=inf{t > 0: Z; ¢ Q(z,r)} is the first exit time from Q(z,r) by Z and mg;4
is the Lebesgue measure on R4*!,

Throughout this paper, we use the following notations. The probability law of the process
X starting from x is denoted as P, and the mathematical expectation under it is denoted
as E,, while probability law of the space-time process Z = (V, X) starting from (¢, z), i.e.
(Vo, Xo) = (t,z), is denoted as P®*) and the mathematical expectation under it is denoted

as E®%). To establish parabolic Harnack inequality, we need in addition the following.

(iv) Short time near-diagonal heat kernel estimate (Theorem 3.1): for every ¢y > 0, there
is ¢4 = c4(tg) > 0 such that for every zo € R? and t € (0, to],

pPEND (¢ 2 ) > eit™ ¥ for z,y € Blwo, V/2).

Here pB(IO"/Z) is the transition density function for the part process X Bzo.Vi) of X
killed upon leaving the ball B(x, v/1).

(v) (Lemma 4.3): Let R < 1and 6 < 1. Q = [ty + 20R?/3, to + 50R?] x B(zo,3R/2),
Qy = [to+0R?/3, to+ 110 R?/2] X B(xo,2R) and define @ and Q. as in Theorem 1.3.
Let h : [0,00) x R?” — R, be bounded and supported in [0,00) x B(xg,3R)°. Then
there exists ¢5 = ¢5(d) > 0 such that

ECh(Z,, )] < esE@¥[h(Z,, )] for (t1, 1) € Q- and (f2,10) € Q4.

The proof of (iv) uses ideas from [BBCK], where a similar inequality is established for
finite range pure jump process. However, some difficulties arise due to the presence of the
diffusion part.

The upper bound heat kernel estimate in Theorem 1.4 is established by using method of
scaling, by Meyer’s construction of the process X based on finite range process X ), where
the jumping kernel J is replaced by J(z,y)1{z—y<r}, and by Davies” method from [CKS] to
derive an upper bound estimate for the transition density function of X through carefully



chosen testing functions. Here we need to select the value of A in a very careful way that
depends on the values of ¢ and |z — y|.

To get the lower bound heat kernel estimate in Theorem 1.4, we need a full scale parabolic
Harnack principle that extends Theorem 1.3 to all R > 0 with the scale function g(R) =
R* A ¢(R) in place of R — R? there. To establish such a full scale parabolic Harnack

principle, we show the following.

(iii’) Strengthened version of (iii) (Lemma 6.5): for every x € R%, r > 0 and any compact
subset A C Q(0,z,r) := [0,v%¢(r)] x B(z,r),
mat1(A)
rio(r)
Here 7y denotes the constant v(1/2,1/2) in Proposition 6.2.

POod(r).a) (04 <) > cs

(vi) (Corollary 6.6): For every § € (0, 0], there is a constant cg = ¢(7y) so that for every
0<R<1,re(0,R/4] and (t,z) € Q(0,z, R/3) with 0 <t < yo(R/3) — o (1),

rio(r)

p(“fofg(R/i%)J) (UU il 7
Rip(R)

(tar) < TQO,2R)) = Co

where U(t,z,r) .= {t} x B(x,r).

With the full scale parabolic Harnack inequality, the lower bound heat kernel estimate can

then be derived once the following estimate is obtained.

(vii) Tightness result (Proposition 6.3): there are constants ¢; > 2 and cg > 0 such that for
every t > 0 and x,y € R? with |z — y| > ¢;¢(t),

t(s}i(t))d .
|z —ylio(|z —yl)

P, (X € B(y,er6 (1)) = cs

Throughout the paper, we will define and use various Dirichlet forms, the corresponding

processes and heat kernels. For the convenience of the reader, we list the notations here.

Dirichlet form)

F) = (&, WH(RT))
E,FB): X killed on exiting B
5()\ Wl Q(Rd))

(Heat kernel) (Process) (Jump kernel) (
pt,z,y) X J(z,y) (€,
pitay)  XP J(z,y) (
W(tzy) XY J(2,Y) Ljjo—yi<n} (



pA(t,wy) X T2, ) Lja—yixt Lpmyxpm)  (EXM, FA™)

py (t,x,y) Y (z,y)|v —y|~4F subordinated Dirichlet form --» (A)
qé(twruy) Za J(g(l',y) -3 (B) (86 fﬂ)

@B (t,x,y) ARES Js(x,y) (5‘5,.7:‘S BT) 79 killed on exiting B,

B (t, z,y) r’lfo’“ J§T> (z,y) --» (C) (&m )BY: r=179, killed on exiting B
pe(t, 2, y) X JU (z,y) --> (D) (M, Fry = (£, WH(R?))

p1(">\) (t7 X, y) X<r7>\) J<T) (I7 y>1{\$—y|§>\} (5 " A Wl Q(Rd)>

where in the above,
1S the subordination of the symmetric diffusion lor , the local part ot &, by
A) Y is the subordinati f th ic diffusion for V(AV), the local f&€, b
the subordinator n = {t + cont(l),t > 0}, where {nt(l)} is a (8/2)-subordinator.
(B) Js(z,y) == J(x, ) Ljja—yzs) + K(z,y) |2 = Y|P L0 y<s)-
(C) 2P (t,w,y) = aP (1,2, y) = rig™ B (2 v, vy), 207 = v 20, T (@, y) o= 102y, ry)
for r € (0, 1].

(D) pr(twray) = po(a(r)tﬂ“ﬂ?ﬂ“y)a )(z€<r> = ring(r)ta ']<T>(way> = a(r)rd‘](rl'ary) fOI‘
r > 0.

2 Heat kernel upper bound estimate and exit time es-

timate

Throughout this paper, We always assume the uniform elliptic condition (1.2) holds for the
diffusion matrix A. Let (£,F) be the Dirichlet form in (1.5) with the jumping kernel J
satisfying the conditions (1.3) and (1.4). We start this section by giving a

Proof of Proposition 1.1: For any u € C}(R?), we have

Vu(zx) - A(z)Vu(x)dx + ||u||§ = / \Vu(x)|2dx + ||uH§ =: Cyc(u,u),
]Rd

Rd

and

[ (wle) = ), iy

< [ ) ) gy el
< @(/Rd (urj)__ TZ(%)) dzdy + ||u||3 ) =: 2Cy a(u, u). (2.1)

10



Using Fourier transform, it is well-known that
Cuauw) =c [ (6P + DIaOF <2 [ (€ + DROPE = exCrolun). (22
R R

Thus we have &(u,u) < Cy o(u,u) for all u € C3(R?). Tt follows then

C
Cl,c

F=CHRY" = CIRH ™ = Wh2(RY),

2.1 Heat kernel upper bound estimate

By the Nash’s inequality
£157 < e [ IVu@Pde- IFIY < cl(F DI tor f e WIERD,  (23)
R

we have, by Theorem [CKS, Theorem 2.9] and [BBCK, Theorem 3.1], that there is a properly
E-exceptional set N/ C RY of X and a positive symmetric kernel p(t, x,y) defined on [0, c0) x
(RE\ N) x (R?\ NV) such that for every z € R¢\ N and t > 0,

EL (/X0 = [t ) f@mald),

p(t+s,z,y) = / p(t, z, 2)p(s, z,9) for every t,s > 0 and z,y € R\
R

and
p(t,z,y) < ct™4? for t > 0 and every z,y € R?\ V. (2.4)

Moreover, there is an £-nest {Fj, k > 1} of compact subsets of R? so that N' = R%\ U2, F},
and that for every t > 0 and y € R4\ N, z — p(t,z,y) is continuous on each F. Later, as
a consequence of the Holder continuity result for parabolic functions, p(t, z,y) in fact has a

continuous version so the exceptional set A can be taken to be an empty set.

Now, for A € Q,, where Q, is the set of positive rational numbers, let (€W, WH2(R%)) be
the Dirichlet form defined by (1.5) but with the jumping kernel J(z,y)1{z—y<x} in place of
J(z,y). Let XY be the symmetric strong Markov process associated with (€N, W12(R9)),

and let p™ (¢, z,y) be its transition density function.

11



Proposition 2.1 Let §(\) := sup/ & —n|*J(n, €)dn. Then, there exist c1,cy >
§ERT J{neR: [n—¢|<A}
0 (independent of X € Q4 ) such that for any s > 0, the following holds for allt > 0 and q.e.

LY,
PVt 2, y) < eitm P exp (—s|z — y| + cas® (1 +e6(N)) ¢) . (2.5)

Proof. First, note that by condition (1.3), we have

lim 3(A) = 0. (2.6)

We use Davies” method to derive the desired heat kernel upper bound. From Nash’s in-
equality (2.3), by the same reasoning as that for X at the beginning of this section, the
symmetric process XM has a quasi-continuous transition density function p™ (¢, z,y) de-
fined on [0,00) x (R?\ N,) x (R?\ NV,) such that

PV (L, z,y) < ¢ t7? for every ¢ > 0 and z,y € R%\ N,. (2.7)

Note that the above constant ¢; > 0 is independent of A > 0. By (2.2), we have 81(’\) (u,u) <
Cie(u,u) < & (u,u), so a set is M _exceptional if and only if it is &-exceptional. Thus,
letting N' = Upeg, Ny, N is a Ej-exceptional set. (2.7) together with [CKS, Theorem 3.25]
and [BBCK, Theorem 3.2] implies that there exist constants C' > 0 and ¢ > 0, such that

PV (t,2,y) < ent™ 2 exp (<(y) — d(@)| + C A(¥)* t) (2.8)
for all t > 0, z,y € R4\ N, and for any function 1 having A(¢)) < co. Here
M@)? = e Ta[e"]lloo V [l€**Tale™]]|oo-
where for £ € R?,

d
D) = Y a5 g @+ [ ) (@), @9)

ij=1
For s > 0, take
(&) =5 (€—a2[Alzr—yl)  forEeR™

12



Note that |¢(n) — (&) < s|n— €| for all £, n € R So for £ € RY,

e 2OT, [e¥](€) < el VH(E)* + / w(l — VN2 I (, £)dn

<ot / (1) — ()2 D=V 1y €)ay
[n—&I<A

< s 1 2P / I — €2 (n, €)dn

In—¢|<A
< 0p8” (1+€*M5(N)) .

Here ¢, > 0 is independent of A € Q. The same estimate holds for e?*©Ty[e=¥](£). So we

have the desired estimate. O

2.2 Conservativeness

Theorem 2.2 The process X is conservative; that is, X has infinite lifetime.

Proof. Recall the process X defined in the previous subsection. X can be obtained from
X® through Meyer’s construction by adding all the jumps whose size is larger than A (see
Remarks 3.4-3.5 of [BBCK] and Lemma 3.1 of [BGK]). Note that by (1.3) and (1.4), there

is a constant by > 0 such that

sup / L{ja—yi>ayd (2, y)dy < boA? for every A € (0, 1]. (2.10)
z€R4 JRd

Thus, it suffices to show that X™ is conservative. To show this, we look at reflected jump-
diffusions with jumping kernel J(z,y)1{;—y<x} in big balls, as in [CK2, Theorem 4.7]. In
the following, we fix A € Q. Let 7y € R?, 7, > 100\. Define B(n) = B(wg,r,) and

e = VI AV / . / ) = F) ) Ly,

S(A?")

FOm = {feClBm): € On(f,f) <o} |

where EX (4, u) = £ (u, w)+ [ u(x)?dz. Clearly (EXm) | FAin)) is a regular symmetric
Dirichlet form on L?(B(n);dz). Let X™ be the Hunt process on B(n) associated with
(EXm) | Fm)) - Since a constant function 1 € FO™) with £Xm)(1,1) = 0, XA is recurrent

and so XN is conservative. Let p»m) (t,z,y) be the transition density function of X (in)
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Then, similarly to the proof of Proposition 2.1, we see that p™ (¢, z, y) exists for all ¢ > 0,
x,y € B(n)\N,, where N, is a properly exceptional set for X (i) and moreover it enjoys the
estimate (2.5) with constants independent of n. Using (2.5) with s = 1, for € B(n) \ NV,
t €[1,2] and R < r,, we have

B, (X0 o > ) = / PO, 2, ) dy
B(n)\B(z,R)

< 01/ ey < cpe™ R,
B(n)\B(z,R)

where ¢q, co may depend on A, but they are independent of n and R. Given this estimate,
the rest is the same as that of [CK2, Theorem 4.7]. We will sketch the argument. Note that
for x € B, _x \ Ny, X*™ has the same distribution as that of X») before X*™) leaves the
ball B,, 5. Thus, estimating as in [CK2, (4.23)], we have for a.e. € B,,,

P, (C > 1 and sup |XW — z| < R) > P, (sup | XA _ g < R)

s<1 s<1
> 1 —2cpe 2 for every R > 0,

where ( is the lifetime of X»). Passing R — oo, we have for a.e. z € B,,,
P,(XM e RY) = 1. (2.11)

Taking 7o 1 oo, (2.11) holds for a.e. # € R%; by the Markov property, IP’;D(Xt()‘) € RY) =1 for
every rational ¢ > 0. Since for each rational ¢ > 0, P{"1 is finely continuous and P{"'1 = 1
a.e. on RY, we must have P’1 = 1 q.e. on RY, so that P,(( =) =1 for qe. z € R O

2.3 Exit time estimate

For A C R%, denote by
T4 :=inf{t >0: X, ¢ A}

the first exit time from A by X.
Lemma 2.3 For every zo € R? andr > 0, E, [TB(:BOJ,)] < c1r? for every x € B(xg, 1) \ N.

Proof. The proof for this is nowadays standard, see for example [Ch|. For reader’s conve-
nience, we spell out the details here. Let ¢ > 0 be the constant in (2.4). Take co > 0 be
large enough so that

cma(B(0,1)) ;7% < L.
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Then for every r > 0, 7o € R? and z € B(xg,7) \ N, with ¢ := cyr? we have by (2.4),

N [—=

]P)x(Xt € B(:L‘O’T')) = / p(t,l’, Z)dZ S Ctid/2md(B(x07T)) S
B(zo,r)

Since X is conservative, this implies that for every x € B(xg,r) \ N,
]P)x(TB(:co,r) < t) > ]P)x(Xt ¢ B($0,T)) > 1/2

In other words, we have P, (Tp(,» > t) < 3. By the Markov property of X, for integer

2
k> 1,

Pu(TB@or) > (b + 1)t) < EuPx,, (TBzo.r) > 1) TB@owr) > ] < 5Pu(TB(e.r) > Kt).

1
2
Using mathematical induction, we can conclude that for every k& > 1,

]P)x(TB(a:o,r) > kt) < 27]6,

which yields the desired estimate E, [TB(:BOJ,)] < e o P (TR ) > kt) < ey O

Lemma 2.4 There is are constants ag,ro € (0,1) so that for every x € R\ N,
P, < sup | X5 — Xo| < r> >1/4 for every r € (0,19].
s<agr?

Consequently, there exists a constant a; > 0 so that for every ¥ € RT\ N,
E. [TB@r)] = arr? for every r € (0, 7).

Proof. By Lemma 3.6 of [BBCK] and (2.10), we have for 0 <r <1,

P, ( sup ’Xs _ XO’ < 7«) > e*(borfﬂ)(aoﬂ) P, ( sup ‘Xs(r) _ Xér)’ < ’l”)

s<agr? s<agr?

> e wbhop ( sup ]Xs(r) — Xér)\ < r) )

s<agr?

So it suffices to show that there is a positive constant ag € (0, 1) small so that

agho < boal’* < log(8/7) (2.12)
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and that

P, ( sup | X0 — x| < r) >1/2  for every r € (0,79] NQ and z € R*\ V.

s<agr?

Taking s = 1/+/t in (2.5), we have

P (t,z,y) < cot™¥? exp (— |x\;¥y| + ¢ <1 + eQT/*/Z(S(r))) ) (2.13)

Using polar coordinate,

/ cot~%e%2 exp (—u) dy = wgcoe* / e “dv, (2.14)
{la—y|>r/2) Vit :

2Vt

where w, is a positive constant that depends only on dimension d. Let ag > 0 be small

enough so that

wdcerCQ/ e "dv < 1/8.
1/(2v/ao0)

Due to (2.6), there exists ro € (0,1) so that
Vs (r) <1 for every r € (0, 7o)

This together with (2.13) and (2.14) implies that for every r € (0,7] N Q and x € R?,
<]Xa0r2 Xér)] > r/2) :/ P (agr?, z,y)dy < 1/8.
{ly—z|=r/2}
Moreover, by [BBCK, Lemma 3.6], we have for every s < agr® with r € (0,79 N Q,
P, (X" -z <r/2) > P, <|X§7’) — ] < \/s/ao/Q)

> e_SJ&TP} (}Xé\/&mo ‘ /S/QO/Q)
7

Z g 6*5J5,r7

where

Jsr = sup /]Rd l{\/s/—aoﬂxiy‘gr}(](a:,y)dy.

z€R4

By (2.10) and (2.12),
S']s,r S boag/ZS(Qiﬁ)/2 S b(]&(ﬁ]/2 < lOg(8/7)
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and so

inf P, (| X" — 2| <r/2) > (7/8)* > 3/4.
%@W (1X{) — 2| <r/2) > (7/8) /

In other words, we have

sup P, (X —z|>7r/2) <1/4  for every s < aor’.
z€RNN

Now, since X () is conservative, by Lemma 3.8 of [BBCK],

sup P, ( sup | X — x| > r) <1/2,

2ERIN s<aor?

for every r € (0,79] N Q. This proves the lemma. O

3 Short time near-diagonal heat kernel lower bound

estimate

Let X be the strong Markov process associated with the Dirichlet form (£, F) of (1.5) with
the jumping kernel satisfying the condition (1.3)-(1.4) and (1.11). Recall that p(¢,z,y) is
the transition density function for X. For a ball B C R¢, denote by p?(t, z,y) the transition
density function of the subprocess X? of X killed upon exiting B. In this section we will

establish the following.

Theorem 3.1 For each ty > 0, there exists ¢ = c(to) > 0 such that for every xo € RY and
t S tO;
pB(IO’*/Z)(t,w,y) > ¢t~ 4? for q.e. x,y € B(xo,Vt/2)

and
p(t,x,y) > ct™Y? for q.e. x,y with |v —y|> < t.

This result will be used in later sections with ¢ty = 1. For its proof, we adopt an approach
from [BBCK] that deals with finite range pure jump processes. But there are some new
technical difficulties to overcome in our setting.

Fix 7o € R? and let a; = 12/(2— 3). (In fact, the following argument works for any fixed
ay bigger than 4V (6/(2 — 3)).) For r > 0, define

Uy () = (L —r~Ha = zol)4)™,
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where ¢ > 0 is the normalizing constant such that [,, V,(z)dz = 1. Then the following
weighted Poincaré inequality holds. (See, for example, [SC, Theorem 5.3.4] for the proof.)

Proposition 3.2 There is a positive constant ¢c; = ¢1(d) independent of r, such that

/ (u(z) — uy,)*V,(2)dr < 017"2/ \Vu(2)|?V,(z)de  for u € C;°(RY).
B(zo,r)

B(zo,r)

Here uy, = fB(xO " u(z)W,(x)dx.

Let W be the symmetric diffusion that corresponds to the divergence form operator
V(AV), the local part of £. Let n(V) = {nt(l),t > 0} be an ((3/2)-subordinator and define
m=1t+ conﬁl), where ¢y > 0 is a large constant to be chosen at the end of this paragraph.
Define Y to be the subordination of W by the subordinator n = {n;;¢ > 0}. Note that Y is
a symmetric strong Markov process, whose continuous part has the same law as W, and its
jumping part comes from the subordination of W by cyn™. By the uniform ellipticity (1.2)
of the diffusion matrix A(z), the heat kernel of W enjoys Aronson-type two-sided Gaussian
estimate. It follows that (see [Sto]) the jump kernel of Y is of the form x(z,y)/|x — y|¢*?,
where k(x,y) is a symmetric measurable function that is bounded between two positive

constants. By taking ¢y > 0 sufficiently large, we can and do assume that

KT, y)
J < — f 1|z -yl <1.
@w%_m_mﬂﬁ or all [z —y| <
For 6 € (0,1), set
J(x,y) for [z —y| > ¢

k(z,y)|ly — x|~ P for |x —y| <,

and define (£°, F%) with J; in place of J in the definition of (£, F).

For § € (0,1), let Z° be the symmetric Markov process associated with (£°, F?). Note
that the jumping kernel for Z° differs from that of Y by a bounded and integrable kernel.
So Z° can be constructed from Y through Meyer’s construction (see Remarks 3.4 and 3.5
of [BBCK] and Lemma 3.1 of [BGK]). Consequently, the process Z° can be modified to
start from every point in R? and Z° is conservative. Moreover by a similar proof to that in
[BBCK], we can show that Z° has a quasi-continuous transition density function ¢°(¢,x,y)
defined on [0,00) x RY x R? with respect to the Lebesgue measure on R Since Y is

a subordination of W, we can readily get a two-sided kernel estimate on py (t,z,y) of ¥
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from that of W. In fact, since the heat kernel of W is comparable to that of Brownian
motion, py (¢, x,y) is comparable to that of the independent sum of Brownian motion and a

rotationally symmetric -stable process. So by [SV],

—d/2 —d —d/2  —co|z—y|?/t —d ¢
t
—d/2 p 4=d/BY [ 4—d/2 ~dela—y2/t | 1—d/B —
< py(tz,y) <cg (V2N (t ¢ ! <1/\ \x—yl‘”ﬁ))

for all t > 0 and z,y € R% Consequently, parabolic Harnack principle holds for Y (see [SV,
Theorem 4.5]). On the other hand, as a consequence of Meyer’s construction (see the proof
of Proposition 2.1 of [CKK]) and (3.2), there are constant to,r € (0,1) and ¢ > 1, which
depend on 9, so that

cpy(tr,y) < @t a,y) <cpy(t,r,y)  fort € (0,t] and |x — y| < . (3.3)

From (3.3), we can easily show that parabolic Harnack principle holds at small-size scale for
7% and that its parabolic functions are jointly continuous (see [CKK, Remark 4.3(ii)]). In
particular, ¢°(t, z,y) is jointly continuous on R, x R? x R¢.

For r € (0,1], let B, = B(0,r) and let (£°, F%5") be the Dirichlet form corresponding to
the process Z° killed on leaving the ball B,. Let ¢>5r(t, z,y) be its heat kernel with respect
to the Lebesgue measure in B,. We first prove the following, which corresponds to Lemmas
4.5, 4.6 and 4.7 in [BBCK]. The latter can be traced back to Fabes and Stroock’s simplified
version [FS] of Nash’s lower bound approach to the heat kernel estimates for symmetric
diffusions. Due to the non-local nature of the operator £ of (1.1) in this paper, certain

regularity issues need to be addressed before the aforementioned method can be employed.

Proposition 3.3 (i) For each t > 0 and yo € B,, we have

6,B r 5,8
q’rta'ayO)a — € Fo°r.
( q&BT (t> ) yO)

(ii) Fiz yo € B and let G(t) = f

5, Vr(7)log B (t,z,y0) dx. Then for every t > 0,

at)=-¢ (CI‘*B’“(t’ o). ‘117()) |

q&BT (ta ) yO)

The following lemma plays a key role in our proof of above proposition.
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Lemma 3.4 Assume 0 < § < 1/16. Let 0 < t; < ty < o0 and r € (160,1]. There is a
constant ¢; = ¢1(9,7,to,t1) > 0 such that

P (t,xy) > ea(r —|2))°(r—|y))>  for every t € [t1,t5] and x,y € B,.

Proof. Due to the Chapman-Kolmogorov equation, without loss of generality, we can and

do assume that
t1 < 3aomin{dor, 79}*/16,

where dp € (0,1) is the constant in (1.3) and (1.11). and a¢ and 7y are the constant in
Lemma 2.4.

First, since as mentioned above Z° enjoys parabolic Harnack principle at the small-size
scale, we have by the same proof as that for Lemma 4.2 of [BBCK] that for every v € (0, 1),

there is a constant ¢, > 0 so that

P (t,7,y) > ¢, for t € [t1/12, t5] and x,y € B(0,~r). (3.4)

So it suffices to prove the lemma for x,y € B, with
max{r — |z|,r — |y|} < r1 := min{ro, dr/8, t1/(4ao)}.

Let y € B, with 6(y) :==r — |y| < r;. Take yo € B(0, (1 — 3dp/4)r) with |y — yo| = dor-
Define T := inf{t > 0: |Z? —Z? | > §or} and set sg = t;/3. By the strong Markov property
of Z9,

(22 € B(0,(1 - 6y/2)r) and 75, > s0))

]P)y
P, <T < agd(y)?/4, Z € B(yo, 6or/16), sup|Z° —y| < 6(y)/2
s<T

and sup |Z°— 75| < 507“/4>

s€[T,s0+T)

> P, (T < aod(y)*/4, Zy € B(yo, dor/16) and sup |Z] — y| < 5(y)/2)

s<T

inf P, < sup |Z° — x| < 507“/4) : (3.5)

YERNN 5€[0,50]

Note that by conditions (1.3)-(1.4) and (1.11),

K1 = sup/ Lfja—z|>s0r} J5 (2, 2)dz < 00
z€R4 J R4
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and

Ko = inf inf Js(x, z)dz > 0.
yEBr z€B(y,dor/16)\N B(yo, dor/16)

As T is the first time the process Z? makes a jump of size no less than dyr, T is stochastically
dominated from above by the exponential random variable with parameter x; and at time

T, process Z° jumps to position z according to the probability kernel

Js(Z3._, d2)
f{w: |lw—Z3._|>607)} J(S(Z%fa dw)

Thus we have

s<TA(aod(y)?/4)

P, (T < a05(y)2/4 and Z:‘; € B(yo, 6or/16) sup \Zf —y| < (5(y)/2>
> (1 - e*“lao‘s(y)Qm) (ko/K1) > cagd(y)>. (3.6)

By Meyer’s construction [BBCK, Lemma 3.6] and Lemma 2.4,

s<TNA(aod(y)?/4)

]P’y< sup  |Z0 —y Sé(y)/2)

> IP’y( sup |20 —y| <6(y)/2 andeaoé(y)2/4>

s<apd(y)?/4

> e*”‘aoa(y)g/‘iﬁ”y sup ]Zg -yl <6(y)/2 | = 1/(4e").
s<aod(y)?/4

This together with (3.6) yields that
Py (7 < d)*/4, 2§ € Blun, r/16) and sup |25, o] < 50)/2) = 0% (3)
s<T
Since sq = t1/3 < ag(dor)?/16, we have from Lemma 2.4 that
inf P, 72— Z3| < bor/4 ) = 1/4.
Lot <§3£)! s = Zol < dor/ ) > 1/

Therefore we have by (3.5) and (3.7) that

P, (Zgo € B(0,(1—6¢/2)r) and 75, > so) > c(r — |y|)2.
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Now for t € [t1/2,ts], y € B, and z € B(0, (1 — d9/2)r), by (3.4)

Pty z) > / a"P" (50, y, w)g" P (t — so,w, z)dw
B(0,(1—d0/2)r)

> c/ g7 (s0,y, w)dw
B(0,(1—60/2)r)

= ¢P, (2 € B(0,(1 —6y/2)r) and 75, > so)

> c(r—yl)*.

This together with the Chapman-Kolmogorov’s equation
¢*P(t,x,y) > / ¢ (t/2,2,2)0>7 ()2, 2, y)dz
B(0,(1-80/2)r)

proves the lemma. O

Proof of Proposition 3.3. (i) First, similarly to the proof of [BBCK, Lemma 4.1], we

have
¢ B (t, z,y)

ot
for every 2,y € B, and t > 0. Using this, ¢>%7(¢,-,90) € F>P can be proved in the same

Pt x,y) < et and ' < et (3.8)

way as the proof of [BBCK, Lemma 4.5]. Next, by Lemma 3.4 and by the choice of a;, for
every yo € B, € € (0,1) and v € (%, 1], there is a constant C' = C(yo, ,0,¢) > 0 such
that

W, () /¢*P (t,x,y0) < C, for every t € (¢, '] and x € B,. (3.9)

Using this, W,.(-)Y/2/¢%B"(t,-,10) is bounded on B,. By extending the function x

U, (x)
qé’BT(tv*TvyO)
of Proposition 1.1,

to be zero on Bf, we see that it vanishes continuously on Bf. Similar to the proof

FoPr={f € L*(R%ma) : f

pe =0 and E°(f, f) < o0} .

So, in order to prove h;(-) := W,.(-)/q¢>P"(t,-,y0) € F*Br, it is enough to prove E°(hy, hy) < oo.
Let us(-) = ¢*Pr(t,,y0). In order to show J5 Vhi(z)A(z)Vhi(z)de < oo, it is enough
to prove [i |u(2)VV,(z) — ¥, (2)Vu(2)]? /us(x)*dz < oo, since a(-) is uniform elliptic.
Computing this,

/ \ut(x)V‘I’r(ﬂf)—‘I’r(x)vut(w)‘de < 2(/ de+/ ’\IJT(ZL’)VUt(l’)Pdw)

ug(z)* u(z)? ug(z)*

< 2 (clcg ma(By) —i—cg/ ]Vut(w)\de) < 00,

T
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where |V, []?/¥, < ¢ and \I/%/Q/ut < ¢y (due to (3.9)) are used in the second inequality.
The proof of

/T /T(Ut(x) — ue(y))* 5z, y)dzdy + 2/BT () (/B Jé(x,y)dy) dr < oo

can be done similarly to that of [BBCK, Lemma 4.6] (with a suitable change due to the
shape of J;, for example v = (2 — 3)/3 in the proof). We thus obtain £°(hy, hy) < oco.

(ii) Given (i), (3.8) and (3.9), this can be proved in the same way as the proof of [BBCK,
Lemma 4.7]. O

The idea of the proof of the following theorem is motivated by that of Theorem 3.4 in
[CKK] and Proposition 4.9 in [BBCK]. However, due to the existence of the divergence form

part, various non-trivial changes are required.

Theorem 3.5 For each ty > 0, there exists ¢ = c(ty) > 0, independent of § € (0,1) such
that for every xo € RY, t < t,

q5’B($°’t1/2)(t, x,y) > ct™ for q.e. x,y € B(xo,Vt/2) (3.10)

and
5 —d/2 , 2
¢ (t,z,y) > ct for q.e. x,y with |z —y|* < t. (3.11)

Proof. Fix § € (0,1) and, for simplicity, in this proof we sometimes drop the superscript
“6” from Z° and ¢°(t,r,y). Also, for notational convenience, let xo = 0. For ball B, :=
B(0,r) C RY, let ¢P (¢, z,y) denote the transition density function of the subprocess ZPr of
Z killed on leaving the ball B,.

Define B := B(0,1) and for r < 1, let (£, F»5) be the Dirichlet form corresponding
to {r*1Z5§fr,t > 0}, which is the subprocess of {Z,fr> = 1r12%,,,t > 0} killed on leaving

T

the unit ball B. Define
q?(t,x,y) = @B (t, z,y) == P (¥t ra, 1y). (3.12)

It is easy to see ¢Z(t, z,y) is the transition density function for process rilfor.
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Set ¥(z) = ¢((1 — |z|)4)*, where ¢ > 0 is the normalizing constant. Let zy € B(0,1),
r <1, and define

u(t,r) = ¢2(t,x, x0),

v(t,x) = qf(t,x,wo)/\lf(a:)l/2,
1o = [ vzt
G(t) = /B‘I’(y)logv(t,y)dyz/

; U(y) logu(t,y)dy — %/ U(z)log W(x)dx
= H(t)+ .

B

By Proposition 3.3 and the scaling, we have

\J
G'(t) = =& (ut,- )= =+ 3.13
() u(’)’u(t,-) ( 1+ 2)7 ( )

where J; is the diffusion part and J, is the jump part of the Dirichlet form.
We first estimate the jump part. Write J§T> (z,y) := r¥*2Js(rz, ry). By the same argu-
ment as in the proof of Proposition 4.9 of [BBCK] (up to the formula four lines after (4.15)

there), we have

IN

//k D2 = () ) = (Vo) A () o 2 I o oy
+/ U (z) <2/CJ5T (a:,y)dy)da:

// x)\/? — y)l/Z)Z‘Jér)(x’y)dxdy—i_/ngj(w)<2/cJ§r>($,y)dy)dx

— \111/2 \1,1/2)
027“2 ﬁE(\Ifl/Q,\Ifl/Q)
< E(VY2 U?) < oo,

IN

IN

where the last inequality is due to the shape of J and the Lipschitz continuity of ¥ (note
that c.&€(¥, V) is independent of r).
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We next estimate the diffusion part.

A (Y

< /BVu(t,x)a(rx)V< V() )dx

u(t, x)

= /BVIOg;u(t,x)a(rx)V\I/(ﬁ)duT
_/BVlogu(t,a:)a(rx)Vlogu(t,x)\P(x)dx. (3.14)

Note that
A v
0 < /B((Vlogu)\/_— ﬁ)cﬁ L ((V1ogu) VO — ﬁ)dx

= / V" VOO tdr + / (Vlogu)a™ - (Vlogu)Wdr — 2 / (Vlogu)a'™ - VWdz,
B B B

where a{"(-) = a(r-). Using this and (1.2) in (3.14), we obtain
i} 2
Ji < 03/ de - 04/ |V logu(t, )|*¥(x)dr = c5 — 04/ |V logu(t, z)|*¥(z)dx,
B Y(z) B B

where the last equality is due to the fact |[VU(z)|?/¥(z) < c55 for © € B, which is because
a; > 2 in the definition of ¥. Thus, using Proposition 3.2,

Jp < cg— 07/ (logu(t, =) — H(t))*¥(z)dx.
B
Combining these, we obtain from (3.13),
G'(t) = H'(t) =2 —cs + 07/ (log u(t, y) — H(t))*¥(y) dy. (3.15)

B

Given this inequality, (2.4) and Lemma 2.4, the rest of the proof is the same as that of
[BBCK, Proposition 4.9] (cf. also [CKK, Theorem 3.4]).

Proof of Theorem 3.1. For any ball B C R?, let (€%, F%B) denote the Dirichlet form of
the subprocess Z%F of Z? killed upon leaving the ball B. Similarly to the proof of [BBCK,
Theorem 1.5 and Theorem 2.6], we can show that (£9, F°) and (£%8, F%B) converge as § — 0
to (€, F) and (EB, FP), respectively in the sense of Mosco, where B is a ball in R¢. Therefore
the semigroup of Z° and Z%% converge in L? to that of X and X?, respectively. Theorem
3.1 follows from Theorem 3.5 by a similar argument as that for [BBCK, Theorem 1.3]. O
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4 Holder continuity and Parabolic Harnack inequality

4.1 Holder continuity

In this subsection, the Dirichlet form (€, F) is given by (1.5) with the jumping kernel satis-
fying the conditions (1.3)-(1.4), and X is its associated strong Markov process in R
For r € (0, 1], define
Q(z,7) :== (0,7%] x B(x, 7).

For each A C [0,00) x R? denote o4 :=inf{t >0: 7, € A} and A, := {y e R?: (s,y) € A}.

Lemma 4.1 There exists Cy > 0 such that for all x € R?, 0 < r < 1 and any compact

subset A C Q(0,x,7r),
mat1(A)

r2.x
P( ’)(O'A<TT)ZOQ TR

where T, = TQ(z) and mgay1 ts the Lebesque measure on R+,

Proof. For 0 <r <1,

2

PP (04 <7p) 2 / PO (2 — 5, XP0) € A) ds
0

T‘2
= / / pB(x””)(s, x,y)dyds
0 Ar2fs

2
" A
> / / %dyds = CW+72(>’
0o Ja, T r

where Theorem 3.1 is used in the last inequality. a

We can now establish the Holder continuity for parabolic functions of X. First, recall

the following well-known formula (see, for example [CK2, Appendix A]).

Lemma 4.2 (Lévy system formula) Let f be a non-negative measurable function on Ry X
R? x RY that vanishes along the diagonal. Then for everyt > 0, x € R\ N and stopping
time T (with respect to the filtration of X ),

E. =E, UOT ( g f(saXs,y)J(Xs,y)dy) dS} :

> fls X, X,)

s<T
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Proof of Theorem 1.2. For x € R?\ N and r < 1, apply Lemma 4.2 to f(s,y,2) =
1 (¥) 1B (2) and T = 7p(,. Then it follows from (1.4) and Lemma 2.3, for every
s> 2r,

TB(z,r)
]Pjif <X7'B(z,r) ¢ B(ZE, S)) = E;B |:/ (/ J(Xt,y)dy) dt:|
0 R4\ B(z,s)

A(s N1)2E, UOTBW) (/Rd(’Xt Y AJIX,, y)dy) dt]

C (8 AN 1)72 E, [TB(%T)}
cr?/(s N1)2 (4.1)

IN

ININA

Using this and Lemma 4.1, the rest of the proof is the same as that for the proof of Theorem
4.14 in [CK1] except that the estimate for

ZEZI (4(Z:,,) — a(22); 04 > Tip1 and Zo,, € Qpi \ Qrgr—i] (4.2)
i—1

at the bottom of page 57 of [CK1] should be bound as follows. Take p < 7, then

M-

(42) < (bh—i — ar—i)P-, (X7, & Qrir-i) + || Plloo,rP:, (Xry, & Qo)

=1

cn®(p*/n)" + ¢ ||hl|so,r P

M-

1

anfpo + Cpk+1

k+1

(2

IA A
I

cn

4.2 Parabolic Harnack inequality

In this subsection, the Dirichlet form (€, F) is given by (1.5) with the jumping kernel satis-
fying the conditions (1.3)-(1.4) and (1.14), and X is its associated strong Markov process in
R

Recall that Z, := (V;, X;) is the space-time process of X, where V; = Vj —s. The
following lemma corresponds to [CKK, Lemma 4.2]. Noting that the continuous component
of the process does not play any role since the function h is supported in [0, 00) X B(z¢, 3R)¢,
the proof is almost the same as that of [CKK, Lemma 4.2]. We point out that condition

(1.14) is used in a crucial way in the proof of this lemma.
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Lemma 4.3 Let R < 1 and § < 1. Qy = [to + 20R?*/3, to + HIR?| X B(xg,3R/2), Q2 =
[to + OR?/3, ty + 116R?/2] x B(x,2R) and define Q_ and Q. as in Theorem 1.3. Let
h:[0,00) x R — R, be bounded and supported in [0,00) x B(zg,3R)°. Then there exists
Cy = C1(0) > 0 such that the following holds:

E@h(Z,, )] < CLE®¥)[h(Z:, )] for (ti,y1) € Q- and (t2,y) € Q.

Proof of Theorem 1.3. With the above lemma, Lemma 4.1 and the heat kernel estimates
in the previous sections, the proof is almost the same as that of the proof of [CKK, Theorem
4.1] for R < 1. O

5 Heat kernel upper bound estimate under condition
(1.9)

For the remaining two sections, we assume that the jumping kernel J for the Dirichlet form
(€, F) of (1.5) satisfies condition (1.9). For simplicity, define

B(r) == 1> A B(r).

Note that r — ¢(r) is a strictly increasing function on [0, 00) so it has an inverse function
¢ 1(r). Clearly,
o7 (r) =112V e (),

where ¢! is the inverse function of ¢. Note that
gfl(t)fd — 4742 p ¢71(t)fd‘

Theorem 5.1 There are positive constants ¢1 and co such that for every z,y € R? and
t >0, we have

plt,z,y) < et d ()TN (Pt colw — y) + Pt 2 — y]) - (5.1)

Before proving this theorem, we make some preparations. For r > 0, let (£, F()) be
the Dirichlet form corresponding to {X,fr) =rlX Syt > O}. By simple computations, we
see that ' = WH2(R?) and for u,v € F,
£0(u,0) = 2 [ Fute)-atro) Vet + [ (ute)  u))(0(0) = v(6) 7 o)y,

7”2 R4 Rd
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where J) (z,y) = ¢(r)r®J(rz, ry). Note that

[N o(r) _ L
R P ) R EE X i)

where ¢,(s) = ¢(rs)/¢(r) (note that ¢, enjoys the properties (1.7) and (1.8) with the
constant ¢ > 0 independent of r). Clearly the transition density function p,(¢,z,y) of X

with respect to my is given by
pr(t,z,y) == rdp(qNS(r)t, TT,TY). (5.2)
The following on-diagonal estimate holds for p(t, z, y):
pt,,y) <c (AT,  VE>0. (5.3)

If follows from the Nash inequality for the stable-type Dirichlet form obtained in [CK2,
Theorem 3.1], we have p(t,z,y) < c¢~(t)~%, so that (5.3) holds. Thus, using (5.2), we have

peltay) < (57600) = glr1). (54)

Clearly g(r,1) = 1 and

IN

c <rd(¢(7‘)t)_d/2]l{$(r)t§1} + Td(¢_1(Qb(r)t))_dﬂ{as(r)tx})
< ¢ <rd ¢(7‘)*d/2t7d/21{$(r)t§1} 4 7 ¢(7“)7d/ﬁ2tid/52]l{a(r)t>1}> :

For A > 0, define

g(r,t)

‘]<T7)\> ([L’, y) = J<T> (.1', y)]l{|$—y|§)\}

and let (€7 WH2(R?)) be defined as (£, F) but with jumping kernel J™" in place of
J . Let XV be the symmetric strong Markov process associated with (£ TW1h2(R?)).

The process X " can be obtained from X ) by removing all the jumps whose size is larger

than A\. We will apply Davies’ method to derive heat kernel estimate for process X .

On-diagonal estimate (5.4) together with Theorem 3.25 of [CKS] implies that there exist
constants C' > 0 and ¢ > 0, independent of A > 0 and d > 0 such that

PVt wy) < g(r,t) exp (—|v(y) —d(@)] + O M) t) (5.5)
for all £ > 0, x,y € R?\ N and every A > 0, and for some 1 satisfying A, »(¢)) < oo, where
Ap(@)? = e Trale’]lloo V 1€ Trnle™][loo-
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Caltl©) = 25 3 aur) SO0 [ -0l i, € <R (56)

1,7=1

H(,,) =qv:G—R ’ sup I'; A [v](€) < oo} .

£eRd

A key observation is that H(T,

(€)=

where s > 0 is a parameter to be chosen later. Note that |¢(n) — ¥ (&)] < (s/3)|n—&| for all
&,neRe So

PO, | [e](€) < e V(E) + / (1= -2 70 () €)dy

In—€|<A

contains the cut-off distance function 1 given by

(1€ — 2| A |z —y]) for £ € RY, (5.7)

QJ|03 \_/

2

S
<o+ _ 2 2
o RORG) O, )y

52 S S r
<ot (S / Iy — €27 (. €)dn
9 3 [n—¢&|<A

2

S
sag e o On(t)
32 2 _2s)\/3 2
— 4 cs7e” N ——
¢r(N)
SA
< co(s*+ ¢ ,
2( ¢r()\))

for every ¢ € R%. Here we used Lemma 2.1(ii) of [CK2] for the fourth inequality and the fifth
inequality is by (1.8). The same estimate holds for e2*(9T, y[e™¥](¢). Denote the constant
co > 0 by C, and define

sk e
F(r, )\ s,t, R) :==exp <——+C’* <S2+ )t) : 5.8
( ) 3 5.0 )
Then, by (5.5), with R = |z — y|, we have
PVt 2,y) < g(r,F (1, A, 5,1, R). (5.9)

Note that there is a freedom to choose s > 0 properly. We are now ready to prove Theorem
5.1.
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Proof of Theorem 5.1. By (5.3), it suffices to show that

p(t,z,y) < (P°(t colz — yl) + 07 (t |z — y))) - (5.10)

Our proof consists of considering 5 cases. Recall that R := |z — y].
Case 1: R? <t < ¢(R) <1.

Take r =1, A= R and s = lt in (5.9). Note that in this case, g(1,t) = ct~%? and

S

So
pg)‘) (t,z,y) < a1 /2= 5+ 0 (14e)s?t _ ot 673%5.

(In fact, p\ (¢, z,y) < c1t~%2 in this case.) It follows by Meyer’s construction that

A
pt,z,y) < pM(tzy) +t Sup/ J(2, ) Ljz—y|>11dY
z€Rd JRd
[
< 1—4/2 7R/(3\/Z)_‘_
= ‘ clecb(R)

< t—d/? €—R2/(3t)+

" RIG(R)
The last inequality is due to the assumption that R? < ¢. So (5.10) holds in this case.

Case 2: ¢(R) < t.
This is a free lunch as p’(t, z,y) ~ c¢~1(t)~¢ in this case and (5.10) follows.

Let K = 3,/(72C.(d+ (1)) and let a = eK/c, where C, and ¢ are the positive constants
in (5.8) and (1.7), respectively. Before we consider the remaining three cases, let us first do
estimate on F':= F(r, A, s,t, R) under two situations:

(i) NI/ > agb%(R) with R? > t, and (ii) KRt G%t(R)‘
Since m>1(r)1 e”/x = e, we have
i t eKRQ/t — R t KR2/t 2 ¢(T>R2 e,
K ¢.(R) ¢.(R) KR2 o(rR)



which, by (1.7) is no less than 1/c¢ if min{r, R} > 1 or if » < 1 but 7R > 1. So Situation (ii)
may happen only when r <1 < R and 7R < 1.

Situation (i): X%/t > ) anq R2 > ¢,
Let H = 3,/(12(d + 3)). We take A = HR and s = (HR) " log(e¢.(R)/t) > 0 in (5.8).
By (1.7), there is a constant ¢; > 0 such that
o oS
——t<cg———1t = ce.

Or(A) ¢r(R)

Moreover, using the assumption,

st 0 ed(R)

C.s%t = O] L g 22r(B)

t
:C'*S—logf+0 i

HR t HR a "HR t
st st KR? t R sR
S 02§+C*ﬁ ; :S(Cgﬁ—i‘g) SI“‘C&

since K = (3,/(72C.(d + (1)) = H/(6C.). The last inequality is due to that fact that when
R2/t > 12¢y,

while for 1 < R%/t < 12¢y,

t t "
CQS— = ¢y log (e@> < 2 log <E€1262K> =: c3.

R HR? 13
So, by (5.8), we have

<R ; 1/(12H) NS
F<exp (-2 e ) = — . .
= eXp( p tetc ) ‘i (@(R)e) . (@(R)) (5:11)

Situation (ii): e #/t < 2,
We take A\ = KR/(6C,), s = R/(6C.t) in (5.8). By (1.7), there is a constant ¢ > 0 such
that

es)\ es)\ 6KR2/t
—t<ec¢ t=c t < ca.
¢r(N) T on(R) or(R)
So
F < exp (—% + C.s%t + C'*ca) (5.12)

Cq €X sk +C sk Cg €X sk e R
= - | = —— | =csexp | — :
6P\ 773 6C, 6P\ 776 6P\ 760
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Case 3: t <1<R.
We will take r = 1 in this case so by (5.4),

g(t, 1) = ct™ 42 < et~

This case falls into Situation (i) and so we have from (5.9) and (5.11)

()\) d/ﬁ t d/ﬁl +1 t C7t
t < et YPL | —— = <
pilboy) S e (¢<R>) “G(R)WA+1 = RiG(R)’

where we used (1.7) in the last inequality. By Meyer’s construction, we conclude

t t t
) < (5.13)

p(t,z,y) < cs <Rd¢T(R) +Rd¢(R) S Rio®)

This establishes (5.10) in this case.

Case 4: ¢(R) >t > 1.
Let r = ¢71(t) > 1,2/ = z/r and y' = y/r. Since R > r, |/ —y'| > 1 so the estimate
for p,(1,2',y) falls into Situation (i). As g(r,1) = 1, we have from (5.9), (5.11) and Meyer’s

construction

rip((r), z,y) = pe(L2'y)

pM(1, 2 y) + SHP/ ‘]<r>(x7y)]l{|xfy|>)\}
zeRd J R4

IN

IN

1 d/B1+1 c
C(¢>r(\x’—y’!)) " 2" = y'|?p (|2 — y/'|)
1 n Cy
(V)Y — |1 (|2 —y']) |2 — | ([2" — ¢/])
c109(r)
2" =yl — yl)

Here we used (1.7) in the second to the last inequality and the fact that ¢,(1) > 1 in the

last inequality. Since t = ¢(r), we conclude that

Co

Clot
p(t,z,y) < :
|z —yldo(|lz —yl)

This proves (5.10) in this case.
Case 5: t < R?*(< ¢(R)) < 1.
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Let r=R= |z —y|, 2’ =x/r,y = y/r. Note that 5(7“) =r?2asr<land |z —y|=1
Let ¢/ =t/r? < 1. Note that

gl ¥) < et 2 < ety

If e5/¥ > a¢,(1)/t', then we are in Situation (i) for p,(#',2’,%'). By the same calculation

as that for Case 3, we have

d, (.24 A et Cllt/TQ
t = Pr t sy by f; = '
’I“p(T‘ ,x,y) p ( x y) |x’—y’\d¢r(\x’—y’|) \x’—y’\d¢(|x—y|)

Noting ¢t = 'r?, we obtain

Cllt
p(t,z,y) <
[z =yl oz —yl)

If XY < a¢.(1)/t', then we are in Situation (ii) for p,(#, ', y'). So by (5.9), (5.12) and
Meyer’s construction

/r.dp(/th/? x? y) = pr(t/7x

< p(t', 2 y) + 1 sup /dJ<’">(x>y)11{a:—y|>A}dy
R

_ cislr’ —y')? c1at’
c1at’ ™% exp (— + )
t 2 —y'|4¢,(|2" — o)

IN

Noting ¢t = t'r?, we obtain

616|$—y|2)+ ci7t

p(t,z,y) < crst Y2 exp(— :
t |z —yldo(|lz —yl)

This proves the claim (5.10).
The upper bound estimate in (5.1) is now established for every t > 0 and z,y € RY. O

6 Heat kernel lower bound estimate under condition
(1.9)

Recall that ¢(t) := t2 A ¢(t) and so ¢—1(t)"¢ = t9/2 A ¢=1(¢)~% 1In this section, we will
establish the following.
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Theorem 6.1 There exist positive constants ¢, and co such that

p(ta (L’,y) > g_l(t)_d A (pc(t7 02‘$ - y|) +p](t7 |I - y|>) (61>
for each x,y € R and t > 0.

To prove it, we need first establish some tightness results and extend Lemma 4.1 to all
r > 0 and Theorem 1.3 to all R > 0.

6.1 Tightness and some lower bound estimate

Using the heat kernel upper bound, we can prove the following estimate of the exit time
from a ball.

Proposition 6.2 For each A >0 and 0 < B < 1, there exists v = v(A, B) € (0, 1/2) such
that for every r > 0 and x € R4\ NV,

Py <TB(w,Ar> < 75(7‘)) < B.

Proof. Let x € R?\ /. By the upper bound estimate in (5.1), for every s > 0 and ¢ > 0,

P, (|X; —a| > 5) = / p(t, 7, y)dy

B(z,s)¢
td —y|?
< / dC1 Y +02t—d/2/ exp(—c3’$ yl )dy
B(z,s)c 1T — y| ¢(01|ZE - y|) B(z,s)°¢ t
cut cgS> cat ot cst

< @+C56Xp(_7)§%+§_%'

The above computation is standard; see Lemma 2.1(i) in [CK2] for the estimate of the stable
part in the second inequality, and [Ba] Lemma 3.9 (a) for the estimate of the Gaussian part
in the second inequality. Given this inequality, the rest of the proof is the same as that of
Proposition 4.9 in [CK2] with 5 in place of ¢ for the case of v = 75 = 0 there. a

Using Proposition 6.2, one can prove the following proposition in the same way as the
proof of Proposition 4.11 in [CK2] but with ¢ in place of ¢ for the case of 73 = 75 = 0 there.

Proposition 6.3 There exist constants ¢, > 2 and co > 0 such that for every t > 0 and
every z,y € R\ N with

P, <Xt € B(y,cl&l(t)» S ¢ o~ (t)*

) _ . 6.2
= yl%(lr —yl) 62
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6.2 Parabolic Harnack Inequality

Denote v(1/2,1/2) in Proposition 6.2 by ~y,. For each r,t > 0, we define

Q(t, ,7) == [t,t +706(r)] x B(x,7).
The following is an extension of Lemma 4.3 to all r > 0.

Lemma 6.4 There exists C; > 0 such that for every x € RY, r >0, y € B(x, r/3) and a

bounded nonnegative function h on [0,00) x R? that is supported in [0, 00) X B(z,2r)C,
EC090)2) (7., X,..)] < CLEOO) (7, X, )], (6.3)
where T, = TQ(,z,r)-

Proof. The proof is the same as Lemma 6.1 in [CK2]. Note that the continuous component
of the process does not play any role since the function A is supported in [0, 00) X B(z, 2r)°.
(Note that in [CK2] the space-time process is running forward in the sense that V, = V + ¢
there while in this paper V; = Vj — t is defined to run backward. Clearly there is one-to-one
correspondence between these two situations. Thus the estimate in Lemma 6.1 in [CK2] is
under probability law P(®*) while here it is under P(06():2) The same remark applies in the

following when [CK2] is cited, for example, in the proof of the next three results.) O

For each A C [0,00) x RY, denote o4 := inf{t > 0: Z, € A}.

Lemma 6.5 There exists Cy > 0 such that for all x € R¢, r > 0 and any compact subset
ACQ,z,1),

PO0RO) (5, < 1) > o, e A)
rdp(r)

where T, = TQ(,z,r)-

Proof. When r < 1, this is proved in Lemma 4.1. When r > 1, we have ¢(r) = ¢(r) so the
desired inequality can be proved similarly to Lemma 6.2 in [CK2]. O
Define U(t, x,r) := {t} x B(z,r).

Corollary 6.6 For every 0 < § < 7o, there exists C3 > 0 such that for every R € (0,1],
r e (0,R/4] and (t,z) € Q(0, z, R/3) with 0 < t < vop(R/3) — 6¢(r),

1300
"RIG(R)

POSERD) (5000 < Toam) >
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Proof. Given Lemma 6.5 and Proposition 6.2, the proof is the same as Corollary 6.3 in
[CK2] but with ¢ in place of ¢ there. 0

The following extends the parabolic Harnack principle in Theorem 1.3 to all R > 0.

Theorem 6.7 For every 0 < & < 7y, there exists ¢, > 0 such that for every z € RY,

R > 0 and every non-negative function h on [0,00) x R® that is parabolic and bounded on

[0,7¢(2R)] x B(z,2R),

sup h(t,y) <c; inf h(0,y).
(L) EQ(H(R) = R) yeB(=F)

In particular, the following holds for t > 0.

sup p(s,z,y) <c  inf  p((1+7)t,z,y). (6.4)
(5:)€Q(1—7)t, 2,31 () vEB(2,61(t)

Proof. Given Lemma 6.4, Lemma 6.5 and Corollary 6.6, the proof of this PHI is the same
as that of Theorem 4.12 in [CK2] (see also the proof of Theorem 4.5 in [SV]). O

6.3 Lower bound

Lemma 6.8 There exist ¢y, cg > 0 such that

plt,a,y) > e (67 (t) ™
for allt >0 and z,y € R\ N with |z — y| < ¢ 5_1(15).

Proof. This is already proved in Theorem 3.1 for ¢ < 1. Given (5.1), Proposition 6.2, and
Theorem 6.7, the proof is the same as that of Lemma 4.13 in [CK2] but with 5 in place of
¢ there. O

Proof of Theorem 6.1. Let ¢t > 0. Due to Lemma 6.8, it is enough to prove the theorem
for |z —y| > ¢3¢ (t). Applying Proposition 6.3 with ¢, = (1 — )¢ in place of ¢, we have

71 t(o 1 (8)¢
o0 € Bl 0 ) 2 o e gtesle =y
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As ma(Bly, d~1(1.))) < ea(671(£.))", the above implies p(t., . 2) > ¢5t/(|z — y|*6(csla —
y|)) for some 2 € B(y, c;¢'(t.)). By applying (6.4) as before, we have

t
z —ylo(lz —yl)

For (6.1), the exponential decay appears on its right hand side only when ¢ < r?(< ¢(r)) < 1

p(t,z,y) > c’

(Case 4 in the upper bound), where r = |z — y|. So, the only case left is this case. In this
case, choose N € N so that s :=t/N < (r/N)? (so N < r?/t). Then, p(s,z,y) > cs~%2, by
Lemma 6.8. Thus the usual chain argument gives p(t, z,y) > ct =2 exp(—c'r?/t). O
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