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Abstract

A fractal field is a collection of fractals with, in general, different Hausdorff dimensions,
embedded in R?. We will construct diffusion processes on such fields which behave as Brow-
nian motion in R? outside the fractals and as the appropriate fractal diffusion within each
fractal component of the field. We will discuss the properties of the diffusion process in
the case where the fractal components tile R?. By working in a suitable shortest path met-
ric we will establish heat kernel bounds and large deviation estimates which determine the

trajectories followed by the diffusion over short times.

1 Introduction

Let {K;}M, (1 £ M < o) be a countable family of sets containing different disordered media
on R%. Is it possible to construct a diffusion process which moves over the whole of R?, whose
behaviour is like that of the (in general singular) Brownian motion inside each of the different
media K;, and also like that of Brownian motion on R? outside? If so, how does such a diffusion
behave? In particular, what is asymptotically the “most probable path” for the diffusion in the
short time limit? In this paper we will give some answers to these questions when the sets K; are
fractals.

The initial interest in this area came from the study of the range of behaviour for diffusion
processes in more than one dimension. In [10] a class of diffusions was constructed on R* with
singular symmetrizing measure and generators that were not necessarily differential operators. It
was shown by [24] that some of these processes could be regarded as superpositions of Dirichlet
forms and this has led to work on understanding the semigroups and Markov processes which
correspond to superpositions of Dirichlet forms, (for recent results see [22] and the references
therein). All this work has been done for the case where the sets K; are Euclidean subspaces
or more generally submanifolds in R?. Note that, even in this setting, little is known about the
detailed properties of the corresponding processes.

In the fractal context this type of problem was first considered by Lindstrgm [21], in the

case of the Sierpinski gasket embedded in R%. He was able to prove an existence theorem for
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a process which behaves like a diffusion on the Sierpinski gasket within the unit triangle, yet
standard Brownian motion in R? outside. This problem was then viewed as the superposition
of two Dirichlet forms, which led to constructions of ‘penetrating’ diffusions for other fractals
embedded in R, [17], [12].

We wish to consider the more general situation where there may be many (non-overlapping)
fractals embedded in R, with different Hausdorff dimensions and which may touch each other
or not. Our work will extend the existence theorem to the case of many different nested fractals,
which may be embedded in R? with gaps between them, but also may tile the space. We will call

spaces of either type fractal fields and two examples are shown in Figures 1 and 2.

Figure 1: A part of a fractal field

A key family of examples that we would like readers to bear in mind throughout the paper is
what we will call the gasket tiling in R®. Consider the triangular lattice on R* where each edge is of
length 1. We will fill each triangle with a version of the Sierpinski gasket in a periodic way. More
precisely, let SG(I) be the family of 2-dimensional Sierpinski gaskets from [7] with sidelength 1,
each constructed from a set of contraction maps with contraction factor 1/I. Now, take a set of
triangles (we let L be the number of triangles in the set) from the triangular lattice so that their
union is a connected closed set. In each triangle we place {SG(Ix)}~_; and denote the union of
these fractals by Gy. Without loss of generality, we can assume that one of the vertices of Gy is
(0,0). We take i, € Nso that Go N (G + (iz,0)) # 0 and Int Go NInt (Go + (i5,0)) = 0. We also
take 4, € Nin the same way by taking (0,4 ,) instead of (iz,0). Then, G = U y,ez(Go + (lig, miy))
is the space we will consider. Figure 2 illustrates the case when Gy is a parallelogram filled with
SG(2) and SG(4).

In this particular example, as the boundaries of the constituent fractals fit together in a natural
way, the construction of the Dirichlet form is quite a straightforward extension of the approach
of [14] as a limit of a sequence of Dirichlet forms on the natural approximating lattices. However,
in general we will not have such a simple boundary structure between the different components
and the construction problem requires more work.

Throughout we will only consider our field to consist of nested fractals in R? (The definition

and key properties of nested fractals are given in an Appendix). Indeed we will assume that



Figure 2: A part of a fractal field made from SG(2) and SG(4)

the number of different nested fractals used in the construction of the field is finite. We restrict
ourselves to nested fractals because we do not know how to prove the regularity of the Dirichlet
form when two (or more) fractals intersect at a particular boundary in general (see Remark 2.7
(1)). The restriction to R? is because Assumption 2.1 (3) and Assumption 2.2 seldom hold for
fractals embedded in higher dimensions (see Remark 2.3 (4)). For the construction problem we
work in the more general setting where our diffusion may move through R? as well as the fractals
(as in Figure 1). For the study of heat kernels and large deviations we restrict ourselves further
to the case of fractal tilings (as in Figure 2). Despite these restrictions we still have a rich class
of examples.

We now give an outline of the ingredients of this paper. Our initial aim will be to consider the
general construction problem. Here we incorporate the ideas of Kumagai [17], for the embedding
into a Euclidean space, with an idea originally due to Kusuoka, [18] which shows how to extend
a Lipschitz function from the boundary of a fractal to the interior while controlling its energy.
This will allow us to build up a Dirichlet form and establish various properties, such as a Nash
inequality and the existence of a resistance metric in the tiling case.

Once we have the existence of a regular local Dirichlet form and hence a continuous strong
Markov process on the field we turn to establishing some heat kernel estimates and determining
the short time asymptotics for the process when the fractals tile R?. The heat kernel on fractals
has been considered in a number of papers, see [1], [2], [3], [8], [15] and it is typically of a sub-

Gaussian form in that for short times there are constants ¢, such that for all z,y in the fractal,

o\ 1/(du—1)

with a corresponding lower bound (with different constants) and where d;, d,, are the spectral and
walk dimensions respectively. The metric d(.,.) is an intrinsic shortest path metric considered for
instance in [15].

In the fractal tiling setting we are able to build a family of shortest path metrics d#)(.,.), based
on counting shortest paths in a resistance metric, each of which lives on G(), the component of

the field of type j. The resistance approximation is used as the Harnack inequality holds with
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respect to this metric, and though we do not explicitly state such an inequality, we require this
type of control to get at the off-diagonal heat kernel. In the case where the fractals do not tile
the space we cannot construct a resistance metric and for this reason we restrict our attention to
the tiling case. We will extend the usual probabilistic techniques for heat kernel estimation on
fractals to this setting. It is on the boundaries between components that control is difficult and,
as a result, we are not able to obtain uniform upper and lower estimates of the same functional
form as in (1.1).

We state the heat kernel estimates for our gasket tiling example to show what we are able
to deduce. Let I3 < Iy < ... < Iy where M’ < oo denote the different fractal types and write
d%"),d(li)(., .) for the walk dimension and metric on G(#) respectively. Also, for each z € G, let
ds(x) be the local spectral dimension at z € G whose definition will be given at the beginning of

Section 4.

Theorem 1.1 For the gasket tiling, there are constants ¢1.1,¢1.2,¢1.3, 1.4 S0 that for each x,y € G

there are constants to(x),to(y) << 1 such that for 0 < t < to(z) A to(y),
pe(w,y) < crat” BEVEIEHE (2,y), ... dD) (2,y), L),
and there are further constants p(z,y), i, (x,y) > 0,0(z,y) € R such that for 0 <t < 1,

pt($7 y) Z CI.StG(E’y)E(z’J Y, t)é(d(ll) (.Z'7 y); R d(lMl)(xa y): Cl.4t)7

where
M' atti)
& _ U \1/(d%) 1)
(ula"'auM’at) - exp(_Z(T) )7

=1

M’ ! ali) (z.4) \ 2

S t) = J[d0(m,y)m e e bl S tog(1 )
=1

Note that if x = y in the lower bound we can take p = m, = 0, so that =(z,y,t) = 1 and
0(z,z) = — min, d /2. The correction factor for the lower bound Z(z,y,t) arises from the
technique of proof and has the property that Z(z,y,t) — 0 as d(z,y) — oo or t — 0. However
the rate is sufficiently slow that, from the exponential term, we are able to obtain a Schilder type
large deviation estimate in terms of the metric d(*) and demonstrate the shape of the shortest
paths through our fractal tiling. Our main observation is that it is the component fractals with
smallest d,, which take the longest time to cross (in the short time limit) and which determine the
shortest paths followed by the diffusion. We cannot obtain precise large deviation asymptotics as
there are small oscillations which do not allow the existence of the usual large deviation principle,
even in the case of the Sierpinski gasket [5].

In particular we will see that in the gasket tiling case consisting of [ = 2,1 = 4, as céf,l ) > dgf )
the asymptotic shortest paths for our diffusion through this tiling avoid SG(2) and move through
SG(4). By [9], for SG(I) we have dY — 2 as | - 0o and hence by choosing a large enough [ we
have that the asymptotic shortest paths now prefer to move through SG(2) and avoid SG(I), as
shown in Figure 3 (where | = 16). We note that the shortest paths which achieve the infimum in

the two fields shown in Figure 3 are not unique.
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Figure 3: Shortest paths across two fractal tilings

2 Fractal fields and their Dirichlet forms

In this section we will introduce the framework of fractal fields. Our initial aim is to construct

local regular Dirichlet forms on these spaces.

2.1 Framework and construction of Dirichlet forms

Let {K;}M, C R* (1 < M < o) be a family of (bounded or unbounded) nested fractals (the
definition can be found in the Appendix). When K; is unbounded, we denote by K; the corre-
sponding bounded nested fractal (when K is bounded, K; = K;) and denote by {\I;;i)}je s, the
family of contractions which determine K; (S; =1{1,2,---,N;}). Let Vo(i) be the set of essential
fixed points for K;.

For each closed set A, let Cov (A) be the set of points covered by A. That is, if we decompose
R*\ A4 into connected components { D, }321 and denote by {D;};cy(4) the unbounded components,
Cov (4) =R*\ Ujeva)D;. We note that if the set A has holes, these are contained in Cov(A4).

Define G = UM | K; and D = R?\ Cov(G). Clearly, D = Ujev(a)Dj. We make the following

assumption on the family of fractals {K,},.

Assumption 2.1 (1) For each 1<i#j <M,
Int (Cov (K;)) N Int (Cov (K;)) = 0,

where, for a set A, Int (A) is the interior of A, that is Int(A) = CI(A)\(CI(A) N CI(R?\ A)).
(2) For each compact set C C R*, |{i : CNK; # 0}| < 0o, where for a set A we denote by |A| the
number of elements in A.

(8) {x e R?:z € K;NK; NCIUD) for some 1 <i #j < M} is a discrete set.

We will make some comments on this assumption in Remark 2.7. Note that G is a closed set
by Assumption 2.1 (2). We define G = G U D and call it a fractal field generated by {K,;}M,.
(When G is connected as in the introduction, we also call G a fractal field or a fractal tiling.)
Note that we can define fractal fields on R? in the same way using nested fractals on R%, but as
our Assumptions 2.1 (3) and 2.2, which will be introduced later, seldom hold for nested fractals

in R? for d > 3, we will restrict our attention to the case d = 2.



Let 9., G be the topological boundary of Cov(G) as a subset of R%. For 1 <i # j < M, let
'y = Cov (K;) N Cov (K;), 0inG = Ur<izj<mlyj- (2.1)

Set 0G = 0., G U 9;,G. Let u; be a Hausdorff measure on K;, and set u = Ef\il Wi, L =m|p+p
where m is the Lebesgue measure on R

Our next task is to define a Dirichlet form on G. First, for each 4, the local regular Dirichlet
form (£k,, Fk,) on L?(K;, ;) is given as in Theorem A.2 and Theorem A.5 in the Appendix. We
denote by d;(K;),ds(K;), dy(K;),d.(K;) the Hausdorff, spectral, walk dimension and chemical
exponent respectively with respect to the shortest path metric introduced in the Appendix.

Before we define a Dirichlet form on the fractal field we need a technical assumption which
allows us to prove regularity. Let K C K; be a compact nested fractal which is congruent to
K, (thus, when K; is bounded, K = K;). For each I';; in (2.1) where 1 <4 # j < M and for
we T = (8N, let dr,, k(w) = min{n > 1: Ty N TS, (K) = 0} where {3} s, is the

family of a;-contractions which determine K, and define

1 1

r,;,,K) = — li ~ log vi(dr,,
&(Tij, K) log IV, [ Sup og vi(dr;;,k (w) > n),
#(Lij, K;) = infs(ly, K).

Here v; is the Bernoulli measure on ¥; such that v;({w € ¥; : w; =1}) = 1/N; for each | € S; and
the infimum in the second definition is taken over all compact sets K C K; which are congruent

to K;. We adopt the convention that — log 0 = co.

Assumption 2.2 For each 1 <1i < M and each j # i, the following holds,
2 2
d,(K;)  dg(Ki)do(K;)
Remark 2.3 (1) As mentioned in the Appendix, ds g(K) = df(K)d.(K) is the Hausdorff di-
mension of K with respect to the Euclidean metric.
(2) When T';; = 0, then x(T';;, K;) = oo and (2.2) always holds. Further, when |T;;| < oo, (in

that K, and K intersect at only a finite number of points) and, writing p; for the conductance

< Ii(rij,Ki). (2.2)

scale factor of K;, p; < a2, (2.2) always holds. Indeed, in such a case we see that for any K C K;
which is congruent to K, vi(dr,; k(w) > n) < c1N; " for large n so that x(I'y;, K;) > 1. Using
the fact that d;(K;)d.(K;) = log N;/log o; and ds(K;) = 2log N;/log(p;N;), we see that

2 2 _ . log(pi/a?)

— =1
LK) " d(K)d(K) T T logh

<1,

where we use p; < o2 in the last inequality, so that (2.2) holds. Note further that p; < a; < o2
always holds when d.(K;) = 1, as d,,(K;) < d¢(K;) + 1 (see Theorem 3.20 in [1]; the exponents
are with respect to the shortest path metric).

(3) For the gasket tiling introduced in the Introduction, (2.2) always holds. Indeed, let K =
SG(l) I > 2 and T' =T;; be the bottom line of K. As there are I n-cells which intersect with T,
we see that v(dr x(w) > n) = I"/N™ where N = [(l 4+ 1)/2. Thus, x(I', K) =1 —log!/log N and
(2.2) is equivalent to

log(pN) — 2log! 1 log

log N log N’




which is equivalent to p < I. The last inequality can easily be checked, either by using d,,(K) <
ds(K) + 1 as mentioned above (equality holds only in the case where the fractal is a tree), or by
simple electrical network arguments.

(4) For fractals embedded in R? (d > 3), it seems that (2.2) is a very restrictive condition. In
fact, even for the 3-dimensional Sierpinski gasket with the contraction rate 1/2, (2.2) does not
hold when I' =T';; is the bottom triangle of the gasket. Indeed, by similar computations to the
above, we have

2 2 _ log3

1
dy(K) d;(K)d.(K) 2log2 2

whereas
log 3 log 3 1

~ 2log2 " 2log2 2

As mentioned in the introduction, this is part of the reason why we restrict our framework to

KT, K) =1

2-dimensions.

Assumption 2.1 and Assumption 2.2 will be in force throughout the paper. We define a bilinear
form (&, D(£)) on L*(G, j1) as follows,

Ki)+% Z /

jeu(@) P
k; € Fk, Vi, u|D]. € Wl’z(Dj) v j, g(u,u) < OO},

M
E(u,v) = ZEK,. (u|k;,v Vu(z)Vo(z)dz for all u,v € D(E),
i=1 i

DE) = {u€eCy(@):u

where D = Ujcy(q)D; is a decomposition of D into open connected components, Co(G) is the
space of continuous functions on G with compact support and Wh2(D;) is the Sobolev space of

functions on D; with first derivatives in L?(D;, m| p;)- Then, it is easy to check the following.

Lemma 2.4 (1) (§,D(£)) is closable in L*(G, j1).

(2) D(E) is an algebra.

(3) For each j, x € K; and each U(x) which is a neighbourhood of z, there exists f € F k;NCo(Kj)
such that f(x) > 0 and Supp f C U(z) N K;, where Supp f denotes the support of f.

(4) C*(D) C D).

~ —,.,g 1 ~ o~ ~ ~ ~
Now, let F = D(£) @ %o that (€, F) is the smallest extension of (£, D(E)), where £(1)(f, f) =

Ef, )+ ||f||]2LQ(é e We then have the following.

Theorem 2.5 (&, F) is a local regular Dirichlet form on L*(G, ji).

By the general theory of Dirichlet forms ([6]), there is a one to one correspondence between
a local regular Dirichlet form on le(G', i1) and a fi-symmetric diffusion process on G up to an
exceptional set of starting points. We will denote by {Xt}tzo the diffusion process corresponding
to (£,F). Note that, as the original forms on {K;}; and {D;}; are strong local, (£, F) is also
strong local.

For the proof of Theorem 2.5, the key part is to prove the following.



Proposition 2.6 (1) For each x # y € G, there ezists g € D(E) such that g(x) # g(y).
(2) For any compact set L in G, there exists f € D(E) such that f|; = 1.

Indeed, using this proposition, we can prove Theorem 2.5 as follows. It is easy to see that

(€, F) is a local Dirichlet form. Also, as F = D(€) (1), it is clear that D(£) is dense in F with
respect to the & (ry-norm. Thus, all we need for the regularity of the form is to show that D(€)
is dense in Co(G') with respect to the || - ||so-norm. Now, as D(€) is an algebra (Lemma 2.4 (2)),
we see that for each compact set L in G, D(£)|1, is dense in C(L) by using Proposition 2.6 and
applying the Stone-Weierstrass theorem. This establishes regularity and we have completed the

proof.

Remark 2.7 (1) In this paper, we assume that each K is a nested fractal. We need this technical
condition as we could only prove Proposition 2.6 for 2 # y € 0;,G\ e G under this condition and
Assumption 2.2 (see Proposition 2.13). If we assume the following strong separation condition
instead of Assumption 2.1 and 2.2, we can prove Theorem 2.5 even if some of the K; are fractals
such as the Sierpinski carpet, where the domains of the Dirichlet forms are Lipschitz (Besov)
spaces (see [17], [23]):

There exists § > 0 such that d¥(K;,U;xK;) > & for all 1 < i < M where d¥ is the Euclidean
distance.

(2) E.B. Davies pointed out to us that Assumption 2.1 (2) is not necessary for the construction
of the Dirichlet form. Indeed, when {K;}; does not satisfy this assumption, we can always
approximate G by a sequence {G;}; which does satisfy the assumption. Then, we can construct
a monotone sequence of regular local Dirichlet forms using {G;}; so that the desired form is
obtained as a limit of this monotone sequence of forms. However we will leave the assumption in
force as we will need it for the heat kernel estimates discussed in Section 4.

(3) It is not hard to extend our results to the cases where (a) Dirichlet integrals are added on
each domain inside Cov(G); (b) the reference measure p is weighted so that p = m|p + ), a;p;
with a suitable positive sequence {a;};, or the mixture of the two cases (in [17], this possibility
is discussed for the case M = 1). In this paper, we do not choose to include these extensions for
simplicity.

(4) Assumption 2.1 (3) is used to prove Proposition 2.6 when z,y € 0;,G N 0 G (see the last
part of Section 2.2).

For each B C R?, define 75 = inf{t > 0 : X; € B}. We can then prove that X; penetrates

into each K;. More precisely we have the following.

Proposition 2.8 Assume that m(G) = 0 where m is the Lebesgue measure on R?. Then, for any

nearly Borel set B with positive 1-capacity (w.r.t. &),

P (1t < 20) >0 for quasi-every x € R (2.3)

Especially, when B is either a subset of K; whose 1-capacity w.r.t. £, is positive or a subset of

R? whose 1-capacity w.r.t. the Dirichlet integral is positive, then (2.3) holds.



Noting that dy g(K;) > 2 —2 = 0 and points in K; have positive capacities w.r.t. £k, for all K,
the proof is the same as Proposition 2.9 in [17].

In order to study the properties of {X;}¢>0, we will make the following additional assumption.
Firstly we say that two fractal components K; are equivalent if there exists a similitude mapping
one to the other, and we say that a fractal which belongs to such an equivalence class is of a

particular type.

Assumption 2.9 There are only a finite number M' of types in {K;}M,. Further, d,(K;) #
dy(K;) if K; and K; are different types.

In the same way as Theorem 2.11 in [17], we can prove a Nash inequality and a corresponding
upper estimate for the heat semigroup. If Ptg (t > 0) denotes the semigroup corresponding to
(€, F), then the following holds (see [17] for the proof).

Proposition 2.10 Under Assumption 2.1, 2.2 and 2.9, set d™" = min}, d,(K;). Then, there
exists co.1 > 0 such that the following holds

e cot™t, for all t € (0,1],
1PE Jl1 o0 < _gmin /g (2.4)
cait 9% , forall te[l,00).

2.2 Proof of Proposition 2.6

In this subsection, we will give a proof of Proposition 2.6. The crucial part is to show (1) for the
case £V Yy € 0;,,G and x V y € 0. G, where z V y means x or y. We adopt completely different
methods for the two cases; we use self-similarity and the nesting property for the first case and,
for the second case, we apply the extension operator used in the trace theory of Besov spaces.

We will first prove (1) for the case where zVy € 9;,G. Assumption 2.2 will be used here. For
cach f € (), let ||fllLip = sup{l/(@) — fw)|/llx — ]l : 2,y € B} and let Lip (B) = {f €
C(R?): ”f“Lip < oo} where || - || is the Euclidean metric.

We now give an important lemma due essentially to Kusuoka ([18]) about extension of functions
on fractals. We give a more general version than we need as the result is of interest in its own
right. Let da x(w) =min{n >1: AN Ty,..., (K) =0}.

Lemma 2.11 Let K be a compact nested fractal defined by the family of a-contractions {\Ilj}f[:1
and let A C K be a subset of K. Let H i : Lip (RY) — C(K) be a linear operator given by

Hakg(z) = E*[g(X.,)]  forall v €K, g€ Lip (RY) (2.5)

where {X;} is the Brownian motion on K and 74 = inf{t > 0 : X; € A}. Then there exists
ca.2 = c2.9(K) > 0 such that

(kg Hao) < eaal [ (pNa )X ()}l (2.6)

holds for any g € Lip (R%) where & = {1,--- ,N}N and p is the conductance scale factor of K.

9



Proof: For each g € C(K), define ha(-: g) : K — R as follows,

E™ ") [go T, ... (Xry,)] if da,x(w)=m,

.7
g(mw(w)) if dak(w)= o0, @7)

ha(r(w) : g) = {

for each w € ¥ = SN (see the Appendix for the notation). It is easy to see that ha(- : g)
is a well-defined continuous map which is harmonic inside ¥,...,  (K) if da x(w) = m, and

ha(-: g)|la = g|la. Moreover, noting that

Enlg) = p" Z Eo(goTy) for all g € C(V,),
wesn

where we abbreviate £,(g,g9) to £,(g), we can easily see that
En(hal-: 9)lv.) = /Epd“*’((““” VK NE ({g(n([w, il e (w)an)); 7(0) € VoPr(dw), (28)
where we set [w,?]; = wy ---w;ii - - -. Note also that there exists ¢; > 0 such that
¢; €0 (u) < max{lu(z) —u(y)f’ : 2,y € Vo} < c1€o(u), (2.9)

for any u € C(Vp). Using (2.8), (2.9) and the fact pNa 2 > 1, (which is shown in [1], Proposition
6.30), we have for each g € C(K) that

Enlhatglu) < e { [ (pNa2)inrCludn)
X
x sup{a™ - max{|g(z) = g(y)| : 2,y € Le(Vo)}ym > 0, € $™ .
We thus obtain

E(ha(-: ) hal-:g) < ex - /

E(/)1\7072)d’“‘(‘”)l/(dW) -{diam K} - [lg||f 3,

for each g € Lip(R?%). As
E(Ha kg, Ha kg) = inf{E(u,u): u€F, ula =g} <E(ha(-:g),hal(-:g)) forall ge Lip(R?),
we have completed the proof. ]

As a corollary we have the following result which we can apply to our fractal fields. This shows
that a Lipschitz function on the boundary of the fractal as a set in R? can be extended to the

interior, provided there is not too much mass of the fractal near the boundary.

Corollary 2.12 For each T';; in (2.1) where 1 < i # j < M and for each compact set K C K;
which is congruent to K; and K N Ty # 0, let Hr,, k : Lip (R?) — C(K) be a linear operator
given by

Hr,, kg(z) = E* [Q(erij )] for all xz € K, g € Lip (R?). (2.10)
Then, under Assumption 2.2, Hr,; kg € Fk and
Ek(Hr,;,k9,Hr,;,k9) < 62.2{/ (PiNz'Oéi_Q)dF”’K(w)’/(dw)}”g“iip <o (2.11)
3

holds for any g € Lip (R?).
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Note that Assumption 2.2 is used to guarantee fz_(piNia;2)dFif'K(w)V(dw) < 0.
Using this we can now show (1) of Proposition 2.6 for the case £ Vy € 0;,G \ 0z G.

Proposition 2.13 For each z # y € G where x € 3;,G \ 0o G, there exists f € D(E) such that
flz)=1,f(y) =0.

Proof: For x € 0;,G \ 0. G, denote by {K;}icr(z) the set of all K; such that z € K;. For each
K;, i € I(x), take m; € Nsuch that ai_m"_l <e ™ < a;™ and define D,,(x) as a union of the
mi-complexes which contain z for each ¢ € I(z). We also define D} (z) as the union of the m;-
complexes which intersect with D, (z). We take m suitably large so that DL (2)NG C User(x) Ki,
(Uiel(w)VO(i)) N (DL () \ Dm(z)) = 0 and y ¢ D} (z). It is enough to prove that there exists

g € D(€) such that
9D,y =1, Supp g C Dy, (2). (2.12)

We will now construct g € D(E) which satisfies (2.12). Set g[p,, () = 1 and take an arbitrary
connected component of I';; N (D}, (2) \ D ()), 4,7 € I(z) which we denote by I'. Denote by ag €
D, (2),a1 ¢ D(z) the end vertices of T. Take f € Lip(R?) so that f(ag) = 1, f(a;) = 0. Also,
for each i € I(x), take a compact fractal K; congruent to K; such that K;nN D (z) = K;n DL ().
Then, by Corollary 2.12, we can construct continuous functions Hy g, f and Hp g, f on the m;-
complexes on each side of T' such that Hr,}%lfh“ = f|r and 5(1)(HI‘,K1f) < oo for I = 4,j.
We apply the same procedure to each connected component of T;; N (DL (z) \ Di(z)), 4,5 €
I(z). Then, using the m-harmonic extension (A.2) for the rest of DL (z) \ Dy (z), we can easily
extend {Hp g, f}r z, (I € I(z)) m-harmonically and construct g which satisfies (2.12). Thus, by

construction, we see that g € D(E). I

We next consider the case where zVy € 0,;G. As we mentioned before, we will apply the
extension operator used in the theory of Besov spaces (see [13] for details of this theory). For
this purpose, we will briefly explain the construction of an extension operator. It is a slight
modification of the operator which extends a function in the Lipschitz (Besov) space on the set
K; to a function in a Besov space on R? (d = 2 for our case, but we can argue in the same way
for all d € N).

We begin by setting up the Whitney decomposition of the complement of K;. It consists
of a collection of closed cubes {Q;i) }jen, with mutually disjoint interiors and sides parallel to
the axes so that R\ K; = Ungi). We assume that the sidelength of the cubes is of the form
2-L I € 7. Denote the centre of ng') by acgi), its diameter by ly) and its sidelength by sgi). Then
sg-i) = ly)/\/a € {271 : L € Z}. (In the following, we may omit the superscript () when there is

no confusion.) This decomposition has the following properties,
L <d(Qs,K:) <4lj, QinQu#0= /4 <l <4l (2.13)

Let 0 < € < 1/4 and put @} = (1 +€)Q;. Note that by the above properties of {Q;};, each point
in R?\ K; is contained in at most My(d) (which depends only on the Euclidean dimension) cubes
Q; and, Q7 N Qy # 0 if and only if Q; N Qk # 0. To this decomposition, we associate a partition
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of unity, consisting of nonnegative functions {(;};en such that (pjl(Q;)c =0, ¢j(z) =1forall
r € R?\ K;, and

|D¥o;(z)| < Ap(l;)~* for all z € R?,j € Nk € (NU {0}) ™, (2.14)

for some constant A, > 0 depending only on k. Here, for k = (ky,---,kq), we set DF =
ak1 akda _
PO 6z§d and |k| = k1 +---kq.

We now define the extension operator &,. Set m; = pi(B(z;,6l;))7'. Note that when
l; = Vd2=" for v € N, then m; < c12% (where d; is the Hausdorff dimension of K;). Now, for

f € ]I‘Z(Kiaui)a define

&of(@) = ) pi(m)m; F(#)dps(t) for all z € R?\ K, (2.15)
jeTs l[t—w;]1<6l;
0
where §; > 0 and
Igo = {] €N: S < 6250}. (216)

We note that in the definition of the usual extension operator, I = {j € N: s; < 1} is used
instead of Is,. The concrete value 6 used in (2.15) is not important; it is enough to choose a
sufficiently large number ag so that p;({¢ : ||t — z;|| < aol;} N K;) is bounded away from 0. Take
f € Co(K;). For each fixed z € R? \ K;, there are only a finite number of ; where ¢;(z) # 0
so that &, f is well defined and in C*°(R? \ K;). Further, by (2.13) and by the definition of Iy,
&of(x) =0if 2 € Qj,5; > c3(dp) for some c3(dp) which depends on ¢y and 8. We will take co
(which depends only on the dimension of the Euclidean space) small enough so that Supp &, f
is in the §p-neighbourhood of K;. Thus we see that &5, f € C’g"’(IR{d \ K;) for f € Cy(K;), where
C° (R \ K;) is the space of infinitely differentiable functions with bounded support on R? \ K;.
In this case, &, f is uniformly continuous on R? \ K; and lim,_, 5, ecak; &5, f () = f(z0), which can
be proved in the same way as in [17] p78, p80. Thus, by defining &, f(z) = f(z) for z € K, it
holds that &5, f € Co(R?) for each f € Cy(K;). It can be also proved by the general trace theory
of Besov spaces (or, for this case, as in [17] p79) that f(Ki)c |V (&5, f)(z)|?dz < oco. Noting that
Supp &, f is in the §p-neighbourhood of K;, we obtain that &, f € D(£) for each f € Co(Kj;).
Using &5,, we now show (1) of Proposition 2.6 for the case where £V y € 0.2 G \ 9;nG.

Proposition 2.14 For each z # y € G where T € 9o, G \ 9;,G, there exists f € D(E) such that
fz)=1,f(y)=0.

Proof: As x € 0.;G \ 0inG, there is a unique K; such that z € K;. Denote by B(z,r) a ball
in R? centred at z and radius r. We take 7,8, > 0 small enough so that B(z,r + &) NG C K;
and y ¢ B(z,r + éy). Using Lemma 2.4 (3), we see that there exists f € Fg, N Co(K;) such that
f(z) =1 and Supp f C B(z,r) N K;. Now using the above extension operator, &, f € D(E),
(&0 f)|x; = f and Supp f C B(z,7 + éy). Thus &, f(z) = 1, &,f(y) = 0 and the proof is

completed. 1

End of the proof of Proposition 2.6
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We first complete the proof of (1). When zVy € G\ G, (1) is clear using Lemma 2.4 (3)
and (4). When z and y are both in 0G, there are three cases: (a) zVy € 90;nG \ 0ezG, (b)
VY E 0exG \ 0inG, (¢) 2,y € 0inG N BexG. For cases (a) and (b), (1) is proved in Proposition
2.13 and Proposition 2.14 respectively. For the case (c), denote by {K;}icr(s) the set of all K;
such that z € K;. In the same way as Proposition 2.13 (using Corollary 2.12 repeatedly), we can

construct non-negative f € Co(G) such that f|x, € Fk, for alli € I(x), f|y(z) = 1 for some small
neighbourhood U(x) of z, Supp f C Ujer(z)Ks and d®(Supp f,0inG N 0exG \ {2}) > € for some
€ > 0 where d¥ is the Euclidean metric (the last claim is guaranteed by Assumption 2.1 (3)).
Next we take the Whitney decomposition {Q;} of (U;er(z)K:)¢, with its associated partition of
unity {¢;}, and define &5, f in the same way as (2.15) using this {Q;}, {¢;} and p = Ziel(z) i
For y € Ujer(q) Ky, we set &, f(y) = f(y). Now consider the balls {t € G : ||t — z;]| < 6l;},
for j € Is, in the definition of &4, f, which intersect more than one K;. By taking 6y small,
either f(t) = 1 or f(¢t) = 0 for all ¢ which belong to the ball, depending on the distance of
the ball to z. Thus, either &, f(z) = Zj6150 w(2), or &, f(2) = 0 for z € Qj, where @, is the
cube of the Whitney decomposition centred at z; above. For the other z € Q; (i.e., Q; where
{t € G : ||t —zj| < 6l;} intersects only one K;), &, f(z) equals §§Z)(f|Ki)(z), as constructed
through the Whitney decomposition of (K;)¢. Using these facts, we can prove &, f € D(E) in the
same way as before so that &, f is the desired function.

We next prove (2). For each compact set L C G, define I, = {i : LN K; # §}. Note
that |I| < oo, by Assumption 2.1 (2). As each K, is closed, we can take 63(L) > 0 so that
the set of the indices of the K; which intersect with {y : d¥(L,y) < 8,(L)} is equal to If.

Now, in a similar way to the proof of (1), there exists f € D(£) such that flrng = 1. Let
L' =L\ {z € L: f(z) > 1/2}. Then there exists g € C5°(R%) so that g|z, = 1 and the support
of gisin {z € G : d¥(L,x) < §)(L)} \ G. Clearly g € D(E). Define h = 2f + g € D(E). Then,
h|z > 1. Thus, h = (hV0) A 1 (which is in D(£) by the Markovian property of F) is the desired

function. |

2.3 More properties of the forms on GG

When G is connected, we can define a bilinear form (€, D(€)) on L*(G, i) in the same way as

before:
M
E(u,v) = ZgKi(U’|Ki7’U|Ki) for all u,v € D(E),
=1
DE) = {ueCy(G):ulk, € Fk, Vi, E(u,u) < oo}.

The conclusions of Lemma 2.4 (1),(2),(3) hold for (£,D(€)) and we can define F = D(E) " so

that (£,F) is the smallest extension of (£,D(€)). As in the last subsection we can also prove
that (£, F) is a local regular Dirichlet form on L*(G, s1). In this subsection, we will describe more
properties of (£,F) in the case where G is connected.

Let Rk, (.,.) be the resistance metric on K; with respect to (£ k,,Fk,) (see the Appendix for
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details). For each z,y € G, = # vy, define

R(z,y)~" = inf{E(f, f) : f € D(€), f(z) =1, f(y) = 0}, (2.17)

and R(z,z) = 0 for all x € G. Using Proposition 2.6 (1), we see that R(z,y) # 0 for =z # y.
Further, for each f € D(£), we have that f|k, € Fk, and E(f, f) > Ex,(f|ki, [

k), and hence
R(z,y) < Rk, (z,y) for all z,y € K;. (2.18)

Using these facts, Proposition A.1, (where K should be changed to G, & to € and I(V,) to D(E))

can be proved in the same way and we have

|f(@) = f(W)* < R(z,y)E(f,f) forall feD(E), z,y€q. (2.19)

We can easily extend (2.19) to all f € F so that F C C(G). Thus we can take f € F in the infimum
of the definition of R(z,y) in (2.17). Using (2.19), if we set £(z)(.,.) = £(.,.) + B(., ')]Lz(G R

B > 0, then by routine arguments we can prove &) admits a positive symmetric continuous

for

reproducing kernel. Summarizing the results,

Theorem 2.15 If G is connected, then under Assumption 2.1 and 2.2, (€, F) is a local regular
Dirichlet form on ]LQ(G,[,L) which has the following property:

|f(@) = FW)|* < R(z,9)E(f, f) for all fEF, z,y€G. (2:20)
Further, £ gy admits a positive symmetric continuous reproducing kernel.

From this theorem, we can obtain several properties of the Dirichlet form by using the same
arguments as those for nested fractals. For instance, using (2.20), we can prove that there exists a
jointly continuous heat kernel p;(.,.) and therefore the corresponding diffusion is a Feller diffusion
(so there is no ambiguity in the starting points for the correspondence with the Dirichlet form).

Also, using the same proof as Theorem 2.11 in [17], Proposition 2.10 corresponds to the following.

Proposition 2.16 If G is connected, then under Assumption 2.1, 2.2 and 2.9, with d™® =
min?, d,(K;) and d® = min}, d,(K;), there exists co.3 > 0 such that the following holds
amex /2

co 3t~ , forall t€(0,1],
1P e < § 2 _gmin g ] (2.21)
Cost % 12 forall t€l,00).

3 Shortest path metric and hitting time estimates

For the rest of the paper we will work on G, the fractal tiling of R* and make Assumptions 2.1,
2.2 and 2.9. This restriction is because our arguments rely heavily on the existence of a resistance
metric. (We believe that similar results hold for G, though we do not have a proof as yet.) We
will also, without loss of generality, assume that the types are labelled in order of increasing d,,

in the shortest path metric and denote by 7(j) the type of fractal K;. We decompose the tiling
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as G = UM KU, where K() = Uiﬂil,f(i):jKi- We begin this section by defining shortest paths
on our fractal fields. Once we have obtained such paths it is straightforward to obtain a hierarchy
of shortest path metrics on the field.

To begin we introduce a sequence of subsets which approximate the field using conductivity
coordinates. Firstly, for a compact fractal K; of unit side, we can define conductivity coordinates

as usual, by ensuring that each edge in the n-th lattice is of resistance roughly e 7,
A;: {lw=wi...wn, €%; :p;n_1 <e” < pl'}.

This can be extended to larger and unbounded fractals by allowing a two sided shift space X;. For
each fractal subset K; we can define its conductivity coordinate approximation Vj: as the vertices
of the A7 -cells, [8]. We refer to a A%-cell, with address w as the vertices in Vi N v(K;). We
denote by G%, the graph which has an edge from z to y in K; if Pyi (z,y) > 0 for the transition
probability on Vj: induced by the Brownian motion on the fractal K.

Let A, = ®M,A?. The conductivity coordinate approximation Hy, to the field will be dif-
ferent from the approximation to the individual fractals as the components of the boundaries
between fractals incorporated in the approximation will not be just points. We begin by consid-
ering the interiors of the constituent fractals. Let z € Hy, if # € Vji\ U; T';; and we consider
such an z to be connected to y € Vi: \ U; T'y; if {z,y} € G%. We now define the boundary and
its connections. Consider I';;. We assume without loss of generality that p; > p; and hence there
are fewer vertices of V4i on I';; compared to vertices of VAZL . We now include in the set Hy,
the component of the boundary which joins each vertex of Vj: NI';; with the closest vertex of
Vyi Ny If these two vertices coincide, and are not at a corner where two or more boundary
components meet, we only take the point itself. In the case of a corner, we include the boundary

components from the corner to all the nearest points in V,; as shown in Figure 4.

Figure 4: The connected component of Hy,, at a corner where 6 fractals meet

The possible connections between elements of Hy, are then inherited from the constituent
fractals in that we regard each point in Hy, as connected to any other point for which there is a
path in the fractal to that point which does not pass through any other point of Ha,,. A boundary
complex in the gasket tiling case is shown in Figure 5. Note that the thick line segments on the
boundary are elements of Hy, and hence all points in the segment are connected to the other
elements on Hy, in the complex.

We introduce a little more notation. As in [20] we call the set in K; corresponding to the
word w € AY a A?-complex. For the field G the A,-complexes consist of all the A -complexes for

each ¢ which do not intersect the boundary while, if the A,-complex intersects the boundary I';;,
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Figure 5: The Hy, boundary complex and its internal connections

where p; > p;, there will be one A,-complex for each A%-complex which intersects the boundary.
It consists of the A?-complex A and all the AJ-complexes B such that BNT;; C A as well as
those with at least half of BNI';; C A. As we take components of the boundary between fractals
in our Aj,-cell (the boundary of the A,-complex) any path from the interior of one A,-complex
to another must pass through an element of Hy,.

Let

Dy, (=)
D}, (@)

{A: Ais a A,-complex containing z},

DY, U{A:Aisa Ap-complex connected to DY }.

We write 0D} (x) = CI(G\D}_(x)) N D} (x) for the components of the boundary of the set
D} (z) which connect the neighbourhood of z to the rest of the field. We denote a path from x

toy on Hy, as
Tn(z,y) = {(z0,1,...,2N) 1 79 € ODY_(z),zn € D} (y),xi € Hp,,i=1,...,N —1}.

Note that if the path runs along a boundary between two fractals it will only contain the points
from the side with larger spacing between points. We define the set of all such paths to be
(2, y).

An intrinsic shortest path metric can be defined on the fractal and will be used to express
the heat kernel bounds and the large deviation estimates in the next section. Firstly we note
that as our fractal tiling is composed of nested fractals there exists a shortest path scaling factor
for each type (see the Appendix). That is, if we write Nﬁbj)(:v,y) for the number of steps in the
shortest path on VAi, from z to y € K, then Nfbj) satisfies c(j)Nﬁj)Nfrf) < Néj_'gm < Nfbj)Nf,f) and
hence there exists a b; > 1 such that cgj)b]” < Nﬁbj)(;c,y) < cgj)b?. Note that, as we work on the
resistance approximation, the scale factor b; depends on the resistance.

We introduce the following metric to make our later construction of a hierarchy of metrics

clearer. We begin by defining a distance function on Hy, as,

M’ .
1 yo ez em Hy KO
dn($7y) = lnf{ |{$ en (may)bg An n }l :
J

=1

7Tn(37,y) € Hn(m,y)}
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The convergence of dy,(z,y) — d(z,y) as n — oo can be established using the convergence of the
shortest path counting function on each type. The path (or paths) that achieves this infimum is
the shortest path from z to y in G.

The metric d on G can be decomposed into a family of metrics, one on each of the different
K@ fori=1,...,M'. We begin by defining G(!) to be the field G where we identify all points
in each connected component of the closure of the complement of K(!) in G which are not of type
1. Now we define, for z,y € GV,

NSV (z,9)
S

7

4D (z,y) = (3.1)
where NS) (z,v) denotes the number of steps in the shortest path on the Hy, NK (1) approximation
to G(). Then the shortest path metric is defined as in [1] page 78, by taking a limit along a suitable
subsequence, dV)(z,y) = limy_ o0 d') (z, y).

We now define in a hierarchical fashion our family of metrics. Let G) be the field G in which
the interior of all components of type i for ¢ < j are removed completely, while all points are
identified in the closure of the connected components of K (9 with i > j. We can then count the
number of steps between 2 and y on Ha, N GY), where if the fractal G(9) is disconnected we fix

the end points of the path which achieves the infimum on G for i < j. Thus if we define

N (z,y)

n ?
bj

AP (w,y) =
the metric d¥) can be defined as before by taking a limit (along a subsequence if necessary). The
consequences of the above discussion are summarized in the following.

Proposition 3.1 (1) The distance function J(m,y) on the field G can be written as

MI
dz,y) = > d(z,y).
i=1
(2) There exist constants ¢3.1,c¢3.2 such that
cg.1d9 (w,y)b7 < N (z,y) < c3.2d9) (2, y)b}. (3:2)

We recall that the walk dimension in the effective resistance metric is given by dy, r(K;) =
S; + 1 where §; is the Hausdorfl dimension of the fractal K; in the effective resistance metric.
We will also define the chemical exponent for type j fractals as dgj ) = logb;. For x € G we write
I (z) = {r(i) : D}_(x) N Int(K;) # 0}, for I = 0,1 for the indices of the different types of fractal
which are in the neighbourhood of the point z.

The key is to show that our approximating sets are compatible with the resistance metric.

Lemma 3.2 There exist constants c3.3,¢3.4 such that if x,y € Hp
then

and z,y € DY~ and x,y not

in the same connected component of Hy,,,,

cz3e” " < R(z,y) < czqe”™.
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Proof: We first obtain the upper bound for z,y € Ha,, \U; T';; by observing that if z,y € Vj: ,

then {z,y} € G¢, for some i. Hence
R(z,y) < Rk, (z,y) < cre” ™,

using [8] Lemma 3.2. For z,y € [';;, (where p; > p;) then, as they are not in the same connected
component, we can take z; € Va; in the component containing =, so that, R(z,z;) < coe™™ and

similarly for y;. Putting these estimates together
R(z,y) < R(z, i) + R(zi,y:) + R(yi, y) < cze”™.
For a point z € I';; and y € Vi ,
R(z,y) < R(z,zi) + R(zi,y) < cae” ™.

Finally for y € Vyi , as it is adjacent to the boundary, there is a point z; € I';; N Vy; such that

R(z;,y) < cse~™. Now, as there is a ¢ such that R(x;,2) < cge™™ for all z € DO,-"(CL'), we have
R(z,y) < R(z,z;) + R(xi, 2j) + R(zj,y) < cre™™.
For the lower bound, we begin by considering x € Vj: \ U; I';; for some 4. For any y € G,
R(z,y)~' = inf{E(f,f): f(2) =0, f(y) =1}
M
inf{> " Ex,(flx., k) : f&) =0, f(y) =1}.
i=1

K>

We can upper bound this by choosing a particular function g. Let g(y) = 0 for y € K}, j # i and
g(z) = 1. We also set g(y) = 0 for all y # x € Vj; . In a similar way to [8] Lemma 3.2, though
with a little more thought if y € T';;, this gives R(z,y)™! < cse™ and hence the required lower
bound.

Finally for the lower bound on the boundary we use Corollary 2.12. Let z,y € I';;. We now
consider the restriction to T';; of a function g € Lip(R?) which has g(x) = 0 and g(y) = 1. We then
extend this to the neighbouring cells using Corollary 2.12 in the same way as in Proposition 2.13,
where instead of the support being in D}, () it lies in D} (). We keep the notation g for this

new function. Now we consider a unit cell of K;, then, writing |w| for the length of the word w,
Exi(9,9)= Y. Exi(g0 T, g0 D),
wEA?,

and using the fact that g is only non-zero on a bounded number of A, -cells, there are constants
C;, CL, CY such that

Exi(9:9)< Y CiemExi(9o¥R),go Q)< Y CleMlgo ¥ |1, < Cfe™.
w:goW () £0 w:gow () 20
Now, by Assumption 2.9, there are only a finite number of C!’, we can sum them all to get

M
}uwﬂﬁilSéx%g)::E:gKAQthhﬂ)S‘bema

=1
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which gives the result. I

Tt is straightforward to establish an estimate on the measure of A,-complexes.

Lemma 3.3 There exist constants cs.s5,c3.6 such that for all x € G,n € N, = 0,1,

CB.Sefnmini{Si:iEI:‘L(w)} < IU,(D}'\ (.’E)) < 03.667nmini{5i:iel,fz(w)}_

Fori=0,1,let d, p(n,z) = min{S;+1:j € I},(z)}, the smallest walk dimension with respect
to the resistance metric among the A,-cells in D} (z). We will abbreviate dy, r(n,z) = d}U’R(n, z).
Let T¢ = inf{t > 0: X; € Hp, } and for ¢ > 0 let

TP =inf{t >T",: X; € HAW,\{XIQ"_l}}-
We then define the crossing time W =T, — T ;.
Lemma 3.4 There exist constants c3.7,c3.8 such that

sup  E'Tpg 5y < C3,7e_”d?"~R(”’z), Vz e G, n>0, (3.3)
yeDY (z) "

E'Tpy ) 2 cage MRy € Hy , n > 0. (3.4)

Proof: We first observe that in a ball B about the point x we can define the process killed when
it exits the ball. The green kernel for this process gp is a reproducing kernel for the associated
Dirichlet form (£, Fp). As the form is obtained by taking the trace, the resistance metric on B
is compatible with the resistance metric on the field. The reproducing kernel gg(z,y) = E*(L%, )
([1]), the expected local time at y for the process started from z before first exit from B. Thus

we have the following estimate
93($7y) = gB(yax) = Py(TZ < TB)QB(SC,SU) < gB($,$). (35)

For the upper bound in (3.3) we have for any z € D} (z),

E*Tpg, @) = / .

e ¢ )ng" (@) (% 9dY) < gpy_(2)(2,2)W(DY, (2))-
An T

We note that, for our tiling, points have positive capacity and hence
00y, (2)(2:2) = R(z, DY, (2)°) < exe™ (3.6)
Combining this with Lemma 3.3 we have
EzTDR" ((E) S CQe_nd?u.R(nﬂ;)‘

Note that as the constant ¢y is independent of the starting point within D} (z) we have (3.3).

For the lower bound (3.4) we follow the same argument as Barlow [1] Proposition 8.11. The
first step is to show that for y € Hy,,, 908} () (y, z) is bounded below over Dgnﬂ (y). To establish
this we first show that R(y, D} (y)°) > cze™". Consider

R(y, D}, (y)°)~ =inf{&(f, f) : f(y) =1, () = 0,2 € D} (y)°}-
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If D} (y) is contained within one fractal type, this result is standard. We only need to consider the
case where D?\n (y) overlaps the boundary between two or more types. In this case we can define
a function h by setting h(a) = 1, for a € D} . (y) and h(a) = 0 for a € D} (y)° and we take h
to be Lipschitz on the boundary. The function h can then be extended away from the boundary
using Corollary 2.12, as in Proposition 2.13, which ensures that the energy of this extension is
controlled. To do this we observe that, as the support of A within fractal K; is contained within a
few Ap-cells, Ek; (h, h) < cze™E i, (ho Ty, ho¥,,), where ¥, is the composition of similitudes that
leads to the A, cell supporting h. As the Lipschitz norm of ho ¥, < ¢4, we have £(h,h) < cse™.
For other parts of the fractal within a single component we can use the harmonic extension. Thus

we can control the energy of h over the whole field and hence
R(y,D}, (y)°) > cze™". (3.7)

Let f(2) = 9pg (1)(¥,2)/9Dg_(1)(¥:9), so that f € F, f(y) =1 and, by (3.5), f <1. By (3.7)
we have

g(fa f) = gD%n (y)(yay)il = R(yJDRn (y)c)71 < cqe™.
Hence, by (2.20), we can choose a ¢5 such that
[f(y) = f(2)]” <1/2, if R(y,2) < cse™™.

Thus f(2) > ¢ on ng+a (y) for some ¢, and hence

BTo = [ 98, 0 2Jld) 2 exgig (0, 9(R, )

An\Y

which gives the required result. ]

We now give an extension of [2] Lemma 1.1 which will be useful for the next result.
Lemma 3.5 Let Uy,...,Uy,V € Nand let Z;;,i =1,...,U;,j = 1,...,V be non-negative ran-
dom wvariables. If a random variable X satisfies X > Z;/:l Y;, where Y; > ZZU:]1 Z;j, and
P(Zi; < zlo(Zyj, k < 1)) <pj+gqz, i=1,...,U;,z >0,
where 0 < p; <1,¢; >0 for j=1,...,V, then,

q;Ujz
Dj

v
P(X <z)<exp 22 ((

j=1

1
12 _U.lo —)
) J gZU

Proof: We recall from the proof of Lemma 1.1 in [2] that E(e~%%i

0(Zrj, k <1)) <pj+q0".

Now for any positive vector (01, ...,0y) we have

4 4
P(X<z) < PO 6;Y;<> 6;x)
J=1 J=1
< eXimitimp(em Xim 03V
4
— Ximbiz H Ee 9iYi
7j=1
14

\4 . _ .
e>i=1 %% [ [ (p; + 4567 )Y

=1

IA
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We now optimise over each ;, by setting 8; = (g;U;/p;x)'/?, to get the result. 1

With this estimate we can now extend the standard machinery to deduce an estimate on the
tail of the crossing time distribution in our setting.

For z,y € G such that e™"~! < R(z,y) < e ", let m, x(z,y) be a potential minimal path from
x to y on Hy, . That is, if we write Ni’Z(:c,y) = |{z; € mnk(z,y) N V)5 }|, the number of steps
in the path 7 from = to ¥ on a fractal of type j, then (]\Afi”g(m,y), .. .,Nf,;’”(m,y)) attains the
lower boundary of this set of vectors in the usual partial order in NM'. If the path runs along the
boundary between two cells we count it as in the fractal with the smallest j (that is the smallest
d,, in the shortest path metric). We write Ngyk(w, y) for the number of type j steps in the shortest
path from z to y. We note that, as in [8] Lemma 3.3, Ng:’;(x,y)e*(””)(sﬁl) — 0 as r — oo for

Jj=1,...,M" and for all such m, ;(z,y).

Lemma 3.6 There exist constants cs.9,¢3.10 such that for each © € G, there exists a to(x) < 1
such that

M . o\ 1/(d3) 1)
d) sy
P*(Ty <t) < czg9exp(—cs.0 Z <%) ), 0<t<ti(z).

Jj=1

Proof: To obtain a preliminary estimate, we use the argument of [2] Lemma 4.3, to show that
for yo € Hy, and 0 <t < 1,

E¥Tpg  (vo) t

A (v0) SUP.eng (yo) E°TDY (wo)  SUPzeDY, (vo) E*TDY, (30)
We now substitute in the estimates on the mean exit times from Lemma 3.4 to obtain constants
0 < ¢1 < 1,co such that

pvo (TDR (7o) < t) <l—c + Cgtend?”’R(n’yo), Vyo € Hp,, 0 <t < 1. (38)
From the definition of W* we have

PEWR < t) = / PY(W < £)P*(Xry € dy).
oD} (x)

As W' =Tpo (y), P¥ —a.s.if yo € Hy,, by (3.8) and the fact dJ, z(n,z) > d, g(n,yo) for all
yo € ODY (z) if x ¢ Hy,, we have

PEWP <t) <1—¢ + cote™unlm®) 0<t<1 (3.9)

In order to apply Lemma 3.5 we now need to consider the shortest path from = to y on finer

levels Hyp The path will exit each cell at a particular boundary point but this path and exit

n4tk®
point may vary as we refine the level n + k on which they are viewed. Indeed there may be small
fractals in the field which are only seen when n + k gets large. However, by Assumption 2.1 (2),
there is a level k,, where the shortest path to each boundary point is fixed. For the moment we

will assume that we are working on finer levels than ky,.
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We begin by considering the crossing time random variable 7). As in the discussion before the

Lemma, 7y, x(z,y) denotes a minimal path on Hy, ,, from z to y where e ™! < R(z,y) <e ™.

etk
For the minimal path {ay = z,a1,---,a;, = y}, when the component of the boundary of the
Ap-cell containing a; (1 <1 <o) is not a point, we take a; € Vj: for one of the possible types i
containing a;. Given such a path 7 = 7, x(z,y) we have the following P* almost sure inequality
for any k;,

ar Nk (@)

T,>3 S Wit @), (3.10)
j=1 i=1

where W] (7) denotes the crossing time random variable for the i-th step in the path #. We will
condition on the path 7, x(z,y) and write P*(my, x(z,y)) for the probability that the process hits
the points in 7, x(z,%) successively. If we label the i-th step in the path 7 on GU) as z-z, then
by the definition of Ni”,; for such a potential minimal path (that the steps lie in the fractal with
smaller d,, if the path runs along the boundary), dg,,R(n-l—kj, mz) =S+ fori=1,.. Nfl’k]
Using this and the fact that k; > 0, we have, by Lemma 3.5, (3.9) and (3.10), that

“T, <)< Y P Z Z W (x) <t (@, 9)) P (0, (2, )

Tn k j=1 =1

<3 exp c3Z(Nf;’,’,;je(”%f')(sf“)t)lp—041\7,];’,7,21.) P* (70,4 (2,9))

Tn,k
< Zexp _C3C4ZNZ:I¢ (1 - ( : ])_le(n+kj)(sj+l)t)1/2) PO (mn,k(2,9))-
Tn,k
For this particular path we now choose the level k;(n) for each j =1,..., M’ so that

T2(NIT YT le(mthi(m)(Si4 )y < 14,

n,kj(m)

Hence if we take a constant c3.11 large enough and take

. Ni(@,y) . ,
kj(ﬂ')zkj Elnf{?" m <Cg 11t} Vi =1,...,M, (3].].)
then
PY(T, <t) < Y csexp( 062 ok () (& W) P (T 1 (2,9)),
Tn,k
M/
< esexp(—cg min ZNi’k (@ 9))- (3.12)

Tn,k £

Set dglk (z,y) = Ni’kj (a:,y)/b?”j. Then, by our choice of k; and the fact that d¥¥) = logb;,
for small ¢ > 0 we have _
ks ten(sj"’l*dg]))
b =

i - J(j)

—d¥) /(Sj+1—dS)
9
n+k; (-Ta y)
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where we write a,, X by, if there exist constants C7, Cy such that C1b,, < a,, < Csb,, for all m.
Then, as d9 = (S; + 1)/d§j),

Qg . ki
NIt (wyy) = d), (w,y)b)
o\ 49 /(S5+1-d9))
< @D, gy [ D
" ), (@,y)
; )\ 1/(@9-1)
d_(nj-l)—kj(may)dgg)

; (3.13)

Now, there is a t5(z) << 1 such that, in order to minimize (3.12) for ¢ < #;(x), we should
first take J(nllkj (z,y) as small as possible, because ¢~1/(4' 1) > ¢=1/(d4’=1) for all j > 1 and for
t < 1. The minimum of this quantity is attained by the d(nllk]_ (z,y) given in (3.1). (Note there
is a small difference as we count the smallest d,, on the boundary, however the difference only
affects the constants and hence does not change our estimate.) We can inductively choose the
minimum dYq)ij (z,v), given an i-type path for ¢ < j, and obtain

49, (@, \

(RHS of (3.13)) < | =777 = (

d9) (z,y)% ) =Y
t ’

t

and the desired result is obtained. We note that we have an alternative expression

MI
P*(T, < t) < cgexp(—ca y_ NI, (z,9))- (3.14)

j=1

Finally, in order to carry through the above calculations we must ensure that k;(w) > ky,.
Using the definition of k; this can be done by choosing a sufficiently small ¢, and thus for
t < to(z) = ty(z) Aty we have the upper bound. I
Corollary 3.7 There exists constants cz.12 and c3.13 < 1 such that, for all x € G,

P*(Tp1 (o) <t) <csas, for t< cz.10e "R (MT),
Proof: We observe that Ty (;) > Wi" and thus from (3.9), we have
P*(Tpy () St)<l—a+ cate™du n (M),

for all z € G and all t < 1. As ¢; > 0, the result holds by taking, for instance, c3.12 = ¢1/(2¢2)
and c3.13 =1 — 01/2. 1
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4 Heat kernel bounds

With the estimate on the tail of the crossing time distribution and a local on-diagonal estimate
we can obtain a heat kernel upper estimate in terms of our hierarchy of shortest path metrics.
The lower bound requires a more detailed analysis and yields a slightly weaker bound, though
still expressed in terms of our shortest path metrics.

Firstly, as noted in Section 2.3, there exists a jointly continuous heat kernel on our fractal
field. We also note that, by definition of de’R(n, x) and Assumption 2.1 (2), for each z € G, there
exists No(z) € N such that

Tim_d, y(m, ) = dS, p(n.)

= lim dqlmR(m,m) =d,, r(n,z) for all n > Ny(z). (4.1)

m—0Q

We denote this limit by d,(z).

An upper bound on the norm of the heat semigroup was stated in Proposition 2.16, and hence
there is an on-diagonal upper bound for the heat kernel. We begin by giving a local version of this
result. On our fractal tilings, in the same way as (3.6), we can obtain a uniform upper estimate

for the on-diagonal Green density,
9o} (2)(¥,y) < care™™, Vy e D} (z), Vr €@.

Using the tail of the crossing time distribution we can convert this into an estimate on the A\-Green

density as, by [3] Lemma 4.3,

9 (4:9) < PY(Toy () 2 0) 9y (2)(:9),

where () is an independent exponentially distributed random variable with mean A~!. Follow-
ing the proof of [3] Proposition 4.4, Corollary 3.5, we have from the crossing time estimate of
Corollary 3.7, that

PY(Tpy (5> C) > 1/2 if e mwn(™®) > ¢y,

Thus, if we choose A large so that there exists n > Ny(x) with 4 e (®) < A < ¢ pert D),
then
gA(‘Z’J 37) < C4_3A_1/d1u($)‘

Denote ds(z)/2 = (dy(z) — 1)/dy(z). Using Tauberian ideas in the same way as in the proof of
[3] Lemma 5.2 we get the following.

Lemma 4.1 There exists a constant cq4.4 such that for each x € G, n > No(z) and for t <
cq.pe" "0 (@)

pi(z, ) < caqt™ @2,

We note that here we obtain a sharper result than that arising from Proposition 2.16 as we
use the local structure of the field.
By extending the standard approach, see [8] Theorem 4.2, we can convert our bound on the

tail of the hitting time distribution into an off diagonal upper bound on the heat kernel. Recall
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that dgj),d(i)(., .) are the walk dimension and metric on G(*) respectively where i = {1,..., M’}
and M’ < oo denotes the different fractal types. We will also write dgi) for the spectral dimension

of a fractal of type i.

Theorem 4.2 There exist constants cq 5, ca.¢ such that, for each x,y, there are constants t1(x),t1(y)
< 1 such that for all 0 < t < t1(x) A t1(y),

M < o\ 1/(d—1)
_ 4@ z,y)%
pi(,y) < a5t (@ (@VAW)/2 oxpy _04.65 : (%) . (4.2)
j=1

Proof: Recall that Ni’ «(®,y) denotes the number of steps of type j in the shortest path from

Z to y on Hy where e="~! < R(x,y) < e™". Tt is enough to prove

n—+k?

M’
pi(@,y) < ext™ (B ENVEWNR exp(—c, Y NI | (z,9)), (4.3)
j=1

where k; = k;(t,z,y) = inf{r : N .(z,y)/ exp((n + r)(S; + 1)) < c3.11t}. Indeed, we can then
use a version of (3.13) to rewrite this estimate in terms of the metric and obtain (4.2).

To show (4.3), we will apply the technique of [8] Theorem 4.2 as follows. Fix z # y and let €
be sufficiently small. Let v, = pu|p,_(,) for any z € G, where B.(z) denote a ball of radius ¢ about
z. Now, fix j < M’ and define

Al ={z: Nf;’kj (z,2) > %Ni,kj (z,9)}, AZ ={z: Ni,kj (y,2) > %Nz’kj (z,9)}

(note that we take the same k; = k;(t,z,y) for all the terms). Then,

P*(X; € B(y)) = P (X: € Be(y), Xy/2 € AL) + P (X € Be(y), X2 € (A])°)
= 6L+ L.

Take € small enough. Using (3.14) for this particular j,

P (Xyp € A]) < ér}ga?)Pz(Xtﬂ € A})p(Be())
< mmax P*(Ty 5 <t/2)p(Be(z))

< cgexp(—caN) . (2, 9))u(Be(x)).

Let q(z) = P(X; € Be(y)|X¢/2 = 2), then by the on-diagonal upper bound

a(z) = /B P < est O (B ().

Putting these two estimates together we obtain

I B [q(Xyy2) : Xoj2 € Al

< esp(Be(@))u(Be(y))t W7 exp(—eaN] . (2,9)). (4.4)

A

For I, we use the reversibility to write
pv= (Xt € Be(y)aXt/2 € (Agv)c) =P (Xt € Be(m)aXt/Q € (Agv)c)
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Using the fact that (A4%)° C Ag, we can obtain a similar estimate to (4.4), with the only difference

being that we use ds(z) instead of ds(y). We can now add the bounds to arrive at
P (X, € Be(y)) < cou(Be(@))u(Be(y))t @OV 2 exp(—c; N7 | (,9)).-

Since this estimate holds for all j < M’, we have

M’ .
P (X; € B(y) < csp(Be(a))u(Be(y))t Va2 min{exp(—colV; ;. (2,9))}
o :

3

s i Be(m) (B ()t~ @V 0D/2 exp(—co thax N7, (2,))
G= ok

MI
< esp(Be(@))p(Be ()t @@V exp(—c1g Y NI (w,9))-
Jj=1
Taking € — 0, we obtain (4.3). I

For the lower bound we follow a standard route through a sequence of estimates, see [1] Sec-
tion 3, [8] Section 5, making appropriate extensions but only obtaining weaker results. Firstly,
to obtain the on-diagonal lower bound, we use our estimate on the tail of the crossing time

distribution.

Lemma 4.3 There exists a constant cq.7 such that for each x € G, n > No(z) and for t <
efnd,,,(w);

(@, ) > caqt™4@)/2,

Proof: As in [8] Lemma 5.1, we use our local estimate from Corollary 3.7 to get that for each

z € G and for t < e "w.r(m2),
pi(e,3) > eqgebor(mo)=D),

Using the fact n > No(z), we can obtain the result. I

For the lower bound we require an estimate on the Holder continuity of the heat kernel. As

in the proof of [8] Lemma 5.2, using (2.19), we have
pe(z,y) = pu(@, 2)|* < R(y, 2)t ' py(, ). (4.5)

Lemma 4.4 There exist constants ca.s,cq4.9 such that for each x € G, n > No(z) and t <
e—ndw(x)’

pe(@,y) > cast™=@/2 if R(z,y) < cagtt/?(@).

Remark 4.5 As this result is symmetric in x and y, we can state it for n > No(y); then

dy(x),ds(x) are changed to d.(y),ds(y) accordingly.

Proof: Using (4.5),

pi(z,y) > pi(z,z) — |pe(x, ) — pe(z, )|
> pz,z) (1— %)
Z %pt(l‘am)
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if R(z,y) < tpi(x,z)/4. Thus, by Lemma 4.3,
tpe(w,3) /4 > cqptt (G @D/ du(@) > o) gyl/du(@)
as required. 1

We are now ready to use a chaining argument to get a lower bound. This is based on the

following chaining Lemma.

Lemma 4.6 Let 7 = {z;:i=1,...,N} be a path from z = xy to y = xn41, fi(t),i =0,...,N
be decreasing functions of t and assume py, (2;, ziv1) > fi(t;) fori=0,...,N and z; € B(x;,71;),

then, if YN o t; = t,
N

pi(x,y) > folto) [ filt)n(B(zi, 1))

=1

Proof: The transition density can be bounded below by
p@) > [ o [ gz idey).
B1 Bn
The result follows by applying the lower bound on the heat kernel given in the assumption. ]

A key lemma for tackling the lower bound is the following extension of the near diagonal
bound Lemma 4.4. It allows us to control the heat kernel as we move across a boundary where

the walk dimension drops.

Lemma 4.7 There exist constants c4.10,¢4.11 Such that for y € KW K(jl), ze KUWn D}h (y)
with B(z,e™) C K; and dy r(lI',y) = §' +1 < S; + 1, where [ is given by e~ (St < it <

e~U=1(Si+) and I s given by e~V (S'H) <t < e~ ("=D(S'+1)  thep
pt(zo, zll)) > c4.10t7dgj)/26*04.11(l'7l)’
where 2y € B(z,e™'), 2" € B(y,e™").

Proof: We let o = x and note that by the assumptions, y is a point on the boundary with
R(z,y) < e7! < ¢q9t'/SitD) and z is such that e~ No(@)dw(?) < ¢ < e=WNo(2)=Ddu(2) (Ny(z) is
defined in (4.1)). Thus, for this time, at level Ny(z), we cannot use our near diagonal bound
Lemma 4.4. In order to use the near diagonal bound we construct a path from z to y consisting of
points {z; € Hp,,,,i =1,...,4.(k),k=1,...,I' =+ ¢} and times t(k) for k =0,...,I' =+ ¢,
where 4, (0) = 0 and

in(k) = inf{i : i > 0. (k = 1),t(k) > e No@ir)du(@ict g — 11— 4 ¢,

and t(k) = e~*(Sit1¢. The constant ¢; will be chosen later and we note that there is an i < oo
such that i,(k) —i.(k—1) <iforall k=1,...,I' =1+ c1, and hence that there is a ¢, such that

l'—l+cl -
1

cot < Z (14 (k) —ix(k — 1))t(k) < mt-
k=1
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Let B(z;,cze™'"%) denote a ball at z; for i € i.(k—1) +1,...,i.(k) with radius cze~!=% in

the resistance metric. Then, for ¢ € i,(k—1) +1,...4.(k) — 1, we can choose ¢z, in order to have
R(zi, 2i41) < 2c3e % + R(z, 2i41) < cagt(k)/ St
and, by our construction of the path and times, we are able to apply Lemma 4.4 to get
Pi(k) (20, Zit1) > cast(k)~% /2,
for z; € B(z;,c3e™'F). For i = i, (k) we have
R(zi, 2ziy1) < cs(1+ e e % 4 R(wi, 441) < caot(k)/ it
which also gives

_g
Pek) (26 2i41) > cagt(k) a2
for z; € B(z;, (1), c3e77%), 2i41 € B(mi, (k)41,c3e " F ) fork=1,...,I' =l + ¢;.
Finally, we can choose ¢, to ensure that the point z;, (y_i4.,) € HAu+c1 is close enough to the
boundary such that
R(2i, (0 —t4e1)> 244) < cagt(l! = 1+ ¢q)' /5D,

in order to obtain

e
Dot —t4en) (Zin(—14¢1), 27) > cast(l — 1+ c1) a2,

for 2, (1 —14¢,) € B(mi*(l,,lﬂl),c;;e_l') and z; € B(y,e‘l').
We write B;(k) = B(x;,e~'~F). For the path in the vicinity of the boundary point y, but with
Bi(k) C KU, there are constants c4,cs such that

cat(B)5" 12 < u(By(k)) < est(B)™"12, i = i(k = 1) +1,...,in(k),

for k=1,...,I' =1+ ¢;. Using these estimates in Lemma 4.6, there is a constant cg < 1 such that

l'—l+c1 s (k)
e _q)
pi(20,20) = cot(0)™% 2 I T cast(k)™ u(Bi(k)),

k=1 =1
l'*l+c1

_ g
crt /2 H cg
k=1

as required. ]

v

Theorem 4.8 There exist constants c4.12,C4.13,C4.14 Such that, for each x,y € G, there are con-
stants 0(z,y) € R, p(z,y),n:(x,y) >0, i =1,..., M’ such that, for 0 <t <1,

P 2 casnt ™ [[d0G0 D e —c4.13p(m,y>;(log (=2))
M ; @\ 1/(dP-1)
dD (z,y)mw
X exp —04.14Z<7( ty) ) . (4.6)
i=1
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Remark 4.9 (1) If R(z,y) < caot'/®™(®) and t < e~ No(®)dw(2) we will have the near diagonal
bound by choice of §(z,y) = —ds(z)/2 and n;(z,y) = 0, p(z,y) = 0.
(2) The dependence of 8, p,n; on x,y is only through the number and type of path segments over

different fractals in the shortest path from z to y.

Proof: Fix z,y. The shortest path between the two points z,y € G can be constructed
recursively as follows. Firstly we fix the path on G™) using the d(!) metric. Once this part of
the path is fixed we determine the shortest path on G(?) given the path on GV, using the d(
metric, and continue recursively until all constituent fractals have been exhausted. Once we have
determined the shortest path we can approximate it, where it may be on different A,-coordinates

within different types, by

! _ .1 1 2 m m+1
W(x,y)—{x—xl,...,a:Nll,ml,...,lem,ml =y},
1

where :c{ C 0;» G denotes a point in a connected component of the boundary for j = 2,...,m and

:Uf € HAl]_ for some [;, for i = 2,... ,NIJ] The number of steps in the path will depend upon the
scale and we write Nlj;_ (#7271 for the number of steps in the shortest path from z to zI*" o
Ha,, (we may drop the (z],2™") when it is clear). The j-th segment of the path, where it lies in
N

n

a particular fractal on level I;, is {2],..., 2 #It1). If 2 = 2! is on a boundary, we regard it as a

separate segment with Nll1 = 0 only if dg[(l))]< dg@)) (similarly for y = z7"*!). Note that in this
proof our notation differs from the exit time distribution upper bound proof, as here the j refers
to the j-th segment of path, not the j-th type of fractal. We will also modify the notation 7(7)
and use it to denote the type of the j-th segment. If the shortest path runs along the boundary
T4, then we consider our path 7’ to run in the fractal K; on the side where dgf) > d%ﬂl).

Let aj = d7W) (], 2Jt1)/(d ") (z,y)M"). The key idea is to split the shortest path up in
such a way that over a fractal of a particular type we examine the fractal at a particular depth.

Fix a segment j, and find n;, m; such that
e~ (8- +1) < ajt < e ™ (Sri 1)
and
e < Rz, i) < e,

Now let

Riaf, o)

D, =
J ajt

Sriy+1 .
We first assume that D; > ¢; = c4;(J)+ and hence there is a ¢ > 0 such that n; > m; + c».

Thus, for ¢ > 0, we can choose a k; > 0 such that
NI (wj,:cj+1)
k; = inf{k: itV
e(mi+k)(S-j)+1)

S éajt}.

With this choice we treat the j-th path segment on level I; = m; + k;. As k; > 0, there is a

constant c¢3 such that
03N£ («F, 2ithLelSro ki < D < éNli_ («F, 23Ty LelSrm Tk (4.7)
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Thus, letting s; = a]t/N (27, 27), we have
R(z],a{t")e™ < (es)"/ ot (4.8)

and observe that by the definition of D;, (4.7), and the fact that NZ = bfj = e~kid7"  where

dgi) = logb; is the chemical exponent, there are constants ¢4, ¢5 such that

. R(z?. 231 S-iy+1
C4Nl]j($1a$]1+1)ﬁ( ( 1541 )

< NJ zith). 4.9
p s N} (], ) (4.9)

)dﬁf(m/(sfu)ﬂdﬁT(”))
Also, by rearranging in the definition of k; and m;, we have

log (M'd" ) (z,y)/t)
S;+1—d

For our segment j, under the assumption that D; > ¢;, there are three cases to consider

0<l=

(4.10)

depending on the size of dSZ @) relative to that for the neighbouring fractals. In Figure 6 a tiling
of SG(2) and SG(4), where a5 < dSUSG(4)), is shown. The three cases for segments are the

ieces x to 22, z* to y and z? to z3 respectively.
p 1> 1 1
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\ANAANAANNANNNANNNNNN

Figure 6: A short path from z to y showing the different cases for short path segments

(1) S;; +1= d}u’R(lj,xg) for all =7 in the j-th segment.
The shortest path along the j-th segment can be realized as {mf i =1,... ,NZJ;_ (ml, J+1)} By

our construction so far we have
— R ; ; L. R 1 X 1
R(mj 371+1) < cge ™R < C7R(${,${+1)e ki < ey (¢és5) [(Sr@+1)

We set €; = e ' and write BJ B.. ( ) for the resistance ball of radius €; about arf . As
d), p(l,]) = Sry + 1for 1< i <
1,...,N{ (], 2]"), then, by (4.8),

', we have that if 2] € B! and 2/, € B, fori =

R(Z zz+1) < 2+ R(:C 2+1) < cg(és )1/(ST(J)+1)
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By choice of ¢ we have
] 1/(S-jy+1)
R(Zg; Z§+1) < C4,98j o) .

j

As dw(xg) = Sy and t < e_NO(”f)d"’(mi), for all xz,z =1,.. .,Nli, we can apply Lemma 4.4 to

obtain
P a6 J2
ps; (2], 2141) 2 Ca.88; / ) (4.11)

for all 2/ € Bf,zf_l_l € sz+1-

We note that in the segment j, by the choice of ¢;, the measure of the ball can be controlled
by

, () ‘

< B < sl i =0
PP
. J
1,...,N7. Thus, from Lemma 4.6, we have the following lower bound on the transition density

dr@) 2
095j“

and we have that c¢11(j) = u(Bf )s is bounded above and below by constants for i =

for crossing between two balls at each end of a segment of this type,
P pICIe)) j
Paji(#, AH) > cia(ast) ™42 exp(—cisN}), (4.12)

for all 2¢ € B(z¢,e7 ), fora=j,j+ 1.
(2) Sy +1> d}u,R(lj,xz) for a set of mf at one end of the j-th segment.
We will assume that d}U,R(lj,:c{) = S;(;) + 1, but if not, we can apply the following proof at the
beginning of the path segment. In this situation, we may not be able to use Lemma 4.4 right
up to the boundary but we can use Lemma 4.7 at the boundary. We assume here that r{“ is
the first point in the j-th segment after a:{ which is on a boundary. If this is not the case (as in
Figure 6), we can follow the same idea up to the first point on a boundary (the point 2*) and
then use case (3).

First note that there exists i2(0) = inf{i — 1 : s; > e~ No(@)du(@D)} and 47(0) < Né and by
Lemma 4.4 we will have (4.11) for 1 < i < (0).

We determine the appropriate time scale at the boundary and need l; in place of I;, where

e BADEH) < o < o b8,

where 8’ +1 = dy,(27™"). Note that S’ # Sr(j+1) and hence I; # l; 11 in general. By definition of
case (2) we have I; < I.

For i = 1,...,N' —i}(0) we have c11(j) as in case (1). For the final part of the path use
Lemma 4.7. We note that from the definition of I; and the estimate on [; in (4.10),

I S;— 8 _Jog M'd(T(j))(ar,y)-
J (S"+1)(S;+1—db) t

jX

Using these estimates in Lemma 4.6 and Lemma 4.7 we have the following lower bound for a

segment of type (2),

o N7 -i(0) preae)) 2Nj_i1(0) i dir@ /2
ol A 2 I 5 T eBesos; ™ exp(=cann(ly - 1)) (4.13)
1=1 i=2
o0 gy ) s N
. 0148;dg ( ))/2(%@’3}))’7@ c1s N}, (4.14)
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for some 5 = n(z,y) > 0 for all 2 € B(z!,e7), 21" € B(:c{""l,e_l;).

(3) Sy +1> di“R(lj,:vg) for a subset of x in the j-th segment.

The worst case occurs when the shortest path runs along the boundary between two components
and we concentrate on this situation. If it is only for a portion of the segment (as in Figure 6
from z$ to z*) we can incorporate this with case (2) to get a suitable lower bound for the path
segment. We can define a new path 7 across this segment (the dotted line in Figure 6) with the
property that |7(z7,zIth)| < cleNlJ;_ (z7,277") and such that there is a sequence Z of at most
ci7k; = c17(l; — m;) boundary points at which the path must be at the boundary. In between
these points our path consists of a sequence of points {yf € H A,j} where ylj are chosen such that
B(yl,e ) C K, ;). We note that this can be done by the choice of k; > 0 which ensures that
the steps are on a finer level than the size of the component K (). The case where we are near
the intersection with other fractals will be considered later.

We note that there is an I; such that (és5)!/dw(®) < e~ and hence at 3‘:{ we can only apply
Lemma 4.4 on the level l;. We choose the points of our new path to use Lemma 4.7 to move
from the resistance ball of radius e~ at #J on the boundary to that of radius e s centred at the
neighbouring point ng and then along inside the fractal K (;) until it must return to j:z 1

We note that by the definition of l;- we have

1
A _
7 (dw(i"ﬁ) Sy +1

) log(s;). (4.15)

The total number of steps on the modified path is controlled by NZJ;_ .

Finally we note that it may not be possible to choose y! € H, Ay if the path approaches a
vertex. We follow a similar approach to case (2), with a path that moves inside the fractal K5
but with the points g{ chosen on finer levels than [; in the same way as the proof of Lemma 4.7
(see the dotted path near to z3 in Figure 6). The path must move into the interior and out again
and the transition probability can be controlled using Lemma 4.6 and Lemma 4.7 again.

Using the chaining Lemma 4.6, (4.15) and the definition of I; we have

5=l .
pajt(z{7z{+1) 2 Cls(ajt)_dgr(ﬁl))m( H Clg(k))mk]‘eimwj
k=1

eo1l2 _ g G+1) 1o —cag NP
ca1€ czll](ajt) dy /26 2007,

v

?

i ) (o o N
—d (]+1))/2€7622(10g AL ~y))2e czoNl]J_

> coi(ayt) , (4.16)

for 20 € B(z%,e %) fora=j,j + 1.

By combining cases (2) and (3) we can control the path which meets the boundary at some
internal point of the shortest path on the j-th segment and moves along it after that. Again this
follows from the chaining Lemma 4.6,

. . (7(5)) 3J
+1 0 i —coa(log FT (@) Y2 —cog Ny
Paje(2], 2HY) > cas(a;1)’dT ) (g, y)memcrellor ) T

7

for z¢ € B(z%,e %) for a = j,j + 1.
Finally we return to our initial assumption, that D; > ¢;, and consider the case where D; < ¢;.

In this case we choose k; = 0 and split into two cases.
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Firstly, if S;(;) + 1 = dy, p(n;,z) for either z = #l or z = it by the choice of ¢; we can

apply Lemma 4.4 to get that
pase(d, A1) 2 caslajt) @/t o€ Baf,e ™), a=j,j + 1.

The other case to consider is where S,(;) +1 > max{d, p(n;,z) : z = o, 23T} Let Si+1=

min{d}, p(n;,z):z = #2771}, and find n’; such that

0266—(n;+1)(3;-+1) <a;t< 026€—n9(55+1)‘
Thus if ng < my, by choice of cy¢ we can apply Lemma 4.4 to obtain
Pase(A, 2 T) > cas(a;t) ™5/, 2t € B(af,e™™), a=j,j +1.

Alternatively we have n; < m; < n’, in which case we use the approach for cases (2) and (3)
above. We allow a time e~ (%1 to move from x{ to a neighbouring point at resistance distance
e ™ on a path which has asymptotically the shortest number of steps. We use Lemma 4.7 to
make the move. In this case we have to move from n; to m; + co7 and back again. We omit the

details which lead to

1 ont—m.
-s; j

Paji(#, A1) > cas(a;t) 5™ [ canlh)-
k=1

Using the fact that m; < n}, there is a constant x such that

pt(z{7 z{—H) > C3O(ajt)xa

for 2¢ € B(z%,e ™), a =7,j + 1.
Finally we put these two cases together and use the fact that k; = 0, so that Ny, (a:{, :U{H) =1,

to write

pe(ed, 2t > cxolagtyxeme M het™) (4.17)
for 28 € B(z%,e ™), a =75,j+ 1.

We are now ready to chain along the whole path. Note that in the case where z,y are both in
the interior of one fractal component we just use the standard chaining argument.

We now proceed inductively starting from the case where our path moves between 2 different
fractals, m = 2 and assuming S; > S and [; < I and the path does not touch the boundary except
at the final point (we are in cases (1) and (2)). Writing N7 = NfJ («2,2]™), and s; = a;t/N7?, we

have by the chaining Lemma, 4.6,

) o d(T(1)) _(r(2))
pea, )2 enasy AT O 1N (a7, ooy ergs T e

Note if z was on the boundary we would be in the m = 1 case, and if y is on the boundary we
are in the m = 2 case but with N2 = 0.
If D; > ¢1, then by (4.10), we have d"(M)(z,y) > t/M’, if not we can use to (4.17), to obtain

pi(,y) > ezpmin{e 2 ppemesn i N

> cgqt? e L N (4.18)
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It is straightforward to show that if we had l; > I5, the exponent for leading term in ¢ in (4.18)
would be 8 = max{—d\®’ /2, x}.
If the path is along the boundary for a segment

, (7(3)) (2,4 i
Pi(@,y) > cagt? e Limi(lo8 T gmess XA, N (4.19)

We now incorporate more segments using the chaining Lemma 4.6. To apply this we need
bounds on the transition probabilities across each different segment p,;¢(2f, 2] < fi(a;t) and
on the measure of the boundary ball. For the bounds on the transition probabilities between
boundary points we use the bounds from cases (1), (2) and (3) when D; > ¢, otherwise we use
(4.17). Each time we arrive at a boundary we may need to adjust the level from I; to an I},
This is done by considering the boundary ball to be in the medium with smaller d,, and using
a near diagonal estimate. A lower bound on the measure of the boundary ball can be written
uw(BI) > C375§]’ = ¢35(t/d ") (z,9))7 for some 5’ > 0. Combining these two sets of bounds
we have constants § € R,p,n; > 0, for i = 1,..., M’ (which may depend on m, the number of
different segments in the path), such that

m .
P, ) > caot® [] dT0) (, )~ e=cs0 Bt los WD w2 ey 5, N

i=1
Using (4.9), we can write this lower estimate as

M’

pi(z,y) > cget?@Y) Hd(z) z,y) "M@V g caor(@y) $M (log v y2 (4.20)

=1
X exp —0422 <

Now, using the construction of the shortest path metrics, and the fact that :z:l, z)

.j ]+1) ,,.(j)-l—l

) T /() +1-d{TO))

+1 are in this

shortest path
d(T(j))(a:{,a:{“) - R(xj xj+1)df:‘F(J))'

1>%1

Using this we have

d{m) /(S iy +1—d(7@)) . ) . 1/(d{TGN 1)
j+1\ S e+l c T(3) c . j j+1 d(‘l’(])) w
R(371>$1 ) nt - d(T(j))(wpaﬁ )%

a;

ajt it
From the definition of a; we have d™) (21, 27™) = a;d")) (z,y) M’ and hence

AT (g I H1YaT ) 1/(df Y 1) 470 (g, )8 1 1/(df Y 1)
101 v ) yY)Tw w

~
~

Thus the exponent in the exponential term becomes
FEO)

1
j ]+1) Sri) 1\ s,y +1-al @) M m aly@» d@) (g drEN N\ GGG g
T G) Y)
> (Mt D IRTC TR L

=1 j=1

X

al®)

w (D) a0\ T
. zaM,,g.,>1( (.0 ,
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where af = Y7 a;I(,(jy=ip = 1/M'. Thus a(M'®’ /(4D = p/(40-1D < M, giving the

result. ]

Remark 4.10 (1) We believe that the on-diagonal part of the above estimate can be improved
but we do not know how to do this via the usual chaining argument.

(2) The term eca13(l0g(d(,9)/4)* arises from shortest paths which move along a boundary. If
the points z and y are such that the shortest path between them only intersects component

boundaries at single points it is not required.

5 Large deviations

Now that we have estimates for the heat kernel (4.2) and (4.6), it is reasonably straight forward,
using the well-known results of [26] (see also [4]), to obtain large deviation results for the process.
In this section we will briefly explain these results. Throughout this section we will write d(.,.) =
dM(.,.) for the shortest path metric defined in Section 3 and d,, = dg}), for the smallest value of
the walk dimension. We note that by construction d(.,.) is a pseudo-metric over the whole field
as points in connected components of the closure of the complement of K(!) in G are identified.
The large deviation results presented here hold for all points in the field but are determined by
the component of the fractal field with smallest d,, and this associated pseudo-metric.

For T >0and z € G, let Q, = {¢ € C([0,T] — G) : $(0) = z} with uniformly continuous
topology. For ¢ € ., we say ¢ is absolutely continuous if for each € > 0, there exists § > 0 such
that -7, d(¢(t:), #(ti—1)) < € for any n and any disjoint collection of intervals {(t;—1,t;)}/~, in
[0,T] whose lengths satisfy ) ,(t; — t;—1) < 6. It can be proved by routine arguments that if ¢
is absolutely continuous, then ¢(t) = lim,_; % exists for a.e. ¢t € [0,T], ¢ € L' ([0, T, dt)
and fOT $(t)dt is the length of the path {¢(s): 0 < s < T'}. Now, for ¢ € Q, define I, (¢) as

T, ) )
B(t))%w/(dw—1) g ¢ is absolutely continuous,
W):{ Jo (9(2) (5.1)

0, otherwise.

When ¢ € C([0,T] — G) (no restriction for ¢(0)), we denote the corresponding rate function by
1(9).

For A: 0=t <t <tg-- <ty =T and ¢ € Q, we set IIandp = {&(t1), -, ¢(tm)}-
Also, define ¢a € Q, by taking points {¢(¢,;)} and joining them successively by geodesic paths.
If there is more than one geodesic path between two such points, it is immaterial which one is
chosen. Thus, ¢a is a piecewise geodesic path and ¢a(t;) = ¢(t;) (0 < j < m). We then have
the following (see [4] Lemma 2.4 or [5] Lemma 3.2 for the proof).

Lemma 5.1 (a) On C([0,T] — G) we have

.  rd(a, byt \ 1/ ()
1@ = (T2 )
$(B)=b
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where the infimum is attained by the geodesic path on G.
(b) On C,([0,T] — G) we have

m
. €T Xs 1 1/(dw—1)
£ I(¢) = L(¢n) = ( LT )
".’(ilir)l=zi (¢ ¢A Z ty —ti—1
i=1,---,m =1
where A : 0=ty <t; <<ty <T, 29 = 2,21, ", T, € G and da is a piecewise geodesic

path with ¢a(t;) =z; (0<j <m).
Now by a standard argument, we have the following (see, for example, [4] Lemma 2.5).
Lemma 5.2 (1) The function I;($) is lower semi-continuous. Further, for every N > 0, {¢ :

I,(¢) < N} is compact.
(2) If C C Qg is closed in Q, then

lim inf I,(¢) = inf T
lim inf =(9) Jnf, +(8),

where Cs = {p € Qg : |0 — || <6 for some ¢ € C}.

Here ||¢ — ¢|| = sup,<7 d(é(t), ¥(t))-

We have the following estimates.
Proposition 5.3 (1) For each z,y € G,

csad(z,y) ™= < —limsupem=1 log pe(z,y)

e—0
< —lim 1nfedm—1 log pe(z,y) < ¢5.2d(z,y) ey
6—)
(2) For each Ky > 0 and Ty < 1, there exist ¢s.3,¢5.4 > 0 such that the following holds,
—1 A
0 < —tm= log py(z,y) < 53Ty ((log 1/Ty)* + ¢s.4)  for all t < Ty, d(z,y) < Ko,

where d(.,.) is a distance on G given in Section 3.
(8) There exist c5.5,c¢5.6 > 0 which depend only on 0 < Ty < 1 such that

1
T\ @w-1)
P®(0B,(a,r) <t) < cssexp ( - 05.6(7) ' );

for all0 < r,0 <t <Ty,z € G, where By(x,r) is a ball centred x radius r with respect to the dm
metric and o4 = inf{t > 0: X, ¢ A}.

Proof: Using (4.2), (4.6), (1) is straightforward. (2) is a consequence of our uniform lower

bound Theorem 4.8. (3) is an easy consequence of Lemma 3.6. ]

Let P* be the law for X*(et) where X* is the process starting at . We now state our large

deviation theorem.
Theorem 5.4 There exist c5.7,c5.8 > 0 such that for each A C Q,
_ : < DI 1/(dw—1) T
Cs.7 ¢€151th I.(¢) < hm 1nf € log P*(A)
< 1/(d“, 1) T _ .
< limsupe log PP(A) < —cs 8 ¢éncflA I.(9)

e—0
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Using Lemma 5.1, Lemma 5.2 and Proposition 5.3, the proof of this theorem is almost the
same as that of the classical case (see, for instance, [26]) though we do not necessarily have a
limit in Proposition 5.3. In [4] Section 2, the proof of this type of large deviation theorem is given
and thus we omit the proof here. Note that, even though we have not proved compact uniform
convergence in Proposition 5.3 (1), we can change limits and integrals in the proof of Theorem

5.4 using Proposition 5.3 (2) (by the dominated convergence theorem).

Remark 5.5 (1) We cannot take ¢c5.7 = ¢5.8 in general; as we explain in the Appendix (Theorem
A.7), even for Brownian motion on the Sierpinski gasket, there are oscillations which mean that
we cannot take c5.7 = ¢5.8.

(2) The results hold for all z € G, though the probabilities only have a non-zero limit when the

paths must pass through components of type 1.

Finally, we mention that we can “observe” the following asymptotic expansion of log P*(A)
using (4.2), (4.6). Define Ia(cl)(-) in the same way as (5.1) using d¥)(.,.) and d¥ (thus Ia(cl)(qﬁ) =
I.(¢)). Then, for each A C Q,

MI
log PE(A) < — 3 e /4D inf 100(9).
=1

As e/(du=1) < /(dP-1) for ¢ < 1 and i > 1, only the rate function I, = I" appears in the
asymptotic behaviour of e!/(¢»=1) log P*(A) in Theorem 5.4.

A Appendix

In this appendix, we will briefly summarize properties of nested fractals and their Brownian
motions, as introduced by Lindstrgm ([20]). See [1], [14], [15], [19], etc. for details.

Let S = {1,2,---,N} (N < o) and let {¥;};cs be similitudes on R%, i.e., ¥;(z) = a Uz +
B;, € R? where U; is a unitary map, & > 1 and 3; € R. We assume the open set condition
for {U;}ics, that is, there is a non-empty, bounded open set V' such that {¥;(V)};cs are disjoint
and U;es (V) C V. As {¥;}ics is a family of contraction maps, there exists a unique non-void
compact set K such that K = Ujc S\Ili(f( ). Before defining nested fractals, we give some more
definitions and notation. Let F' be the set of fixed points of the maps ¥;, s € S (thus |F| = N).
A point x € F is called an essential fixed point if there exist 4,7 (i # j) and y € F such that
¥i(z) = ¥;(y). Let Vi be the set of essential fixed points. Set V,, = Ugevy Uiy, ines Tigein (X)
where ¥;,..;, = ¥;, 0---0¥; and Vi = Up>oVy; then K= cl(Vy). For iy,---,i, € S, we call
T,...i, (Vo) an n-cell and ¥;,...;, (K) an n-complex. For z,y € R%(x # y), set Hyy = {z € R? :
|z—=x| = |z—y|} and let Uy, : R — R be a symmetric transformation with respect to Hy,. Then
K is called a (compact) nested fractal if the following holds in addition to the above conditions:
(1) K is connected, |Vp| > 2.

(2) ( Nesting ) If (41,---,4n) and (j1,---,jn) are distinct elements of S™, then

Uy, ()N (K) = Ty (V)N T, (Vo).
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(3) ( Symmetry ) For z,y € Vp (x # y), Uy, maps n-cells to n-cells, and it maps any n-cell which
contains elements in both sides of Hy, to itself for each n > 0.

From (2), we know that every nested fractal is a finitely ramified fractal. It is known that for
each nested fractal, V; should be vertices of a regular planar polygon, a d-dimensional tetrahedron
or a d-dimensional simplex (see [1], page 71). Asin [17],[15], we also make the following assumption
on nested fractals.

(NF*) There exists ko > 0 satisfying the following for all m > 0:

If z,y € F satisfy |z — y|| < ko™ ™, then z,y join either in the same m-complex or adjacent
m~complexes.

Set © = SN and define a continuous surjective map 7 : ¥ — K as m(w) = limpy, o0 Yuy o, (To)
where zy € V. Let 0 : ¥ — X be the shift map, i.e. ow = wows - - - for w = wywy - - -.

The Hausdorff dimension of K with respect to the Euclidean metric is dy, z(K) = log N/ log a.
A Bernoulli measure ji on K with the property that (%, (K)) = N~" is a normalized
Hausdorff measure.

We will next summarize how to construct a Dirichlet form on K. Let {ly,---,1,} = {|z — | :
z,y € Vo,z # y} (where l; < --- < I,). Set m; = [{y € Vo : |z — y| = I;}| (note that m; is
independent of z € Vp) and let P = {(p1,---,pr) : p1,---,pr > 0,50, mip; = 1}. Now, for
f9€l(Vy)={f:V, — R} and (p1,---,pr) € P, set

Bn(fa g) = Z Z (f o lI’ir--in (.CL') - f o \Ijir--in (y))

$1,0,0n €S T,yEVD
x(g0 Wi (2) — g0 Uy, () ay

(where ¢z = p; if |[t—y|=1;, 0 otherwise). Then, it is known that there exists a unique vector

(p1,---,pr) € P and a unique p > 1 such that
p-inf{B1(g,9) : glv, = v} = Bo(v,v) for all v € l(Vp). (A1)
In the following we use the vector (p,---,p,) to define the form. For f,g € I(V,,), set
En(f,9) = p"Bu(f, ).
Using (A.1) and the nesting property of K,
Enlf, ) SEnna(f.f) forall fe€l(Vag)
(equality holds when f is harmonic on V41 \ V3,). Define
F={felV,): T}Lnéofn(f,f) <}, &(f,9) = lim En(f,g) forall f,gelF.
Then, for each f € F, there exists a unique P, f € F such that

g(me,me) :gm(f Vm)f|Vm)7 (A2)

which is called the m-harmonic extension of f|v, . In order to embed this closed form in L(K, p),

we prepare the following. Let

R(p,q)~' =inf{&(f,f): f € Vi, f() =1, f(q) =0} forall p,ge Vi, p#q.
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This function R(p,q) is the effective resistance between p and g over the network V.. We set
R(p,p) = 0 for each p € V.

Proposition A.1 (1) R(.,.) is a metric on V,. It can be extended to a metric on K, (which will
be denoted by the same symbol R) and it gives the same topology on K as that inherited from the

FEuclidean metric.

(2) For p # q € Vi, R(p,q) = sup{|f(p) — f(@)?/E(f, f): f € F, f(p) # f(a)}-

Note that p > 1 is important for R(.,.) to be a metric on K. From (2), we have that
If(»)— f(@)I? < R(p,@)é(f, f) for f € F,p,q € V,. Therefore f € F can be extended continuously
to K and hence we can regard F C C(K,R) ¢ L*(K, ).

Theorem A.2 (£,F) is a local regular Dirichlet form on L2(K, i) with the following property,

/() = F(@ < Rp,)é(f,f)  forall f€F,andp,q€K, (A.3)
E(f,9)=p> E(foligol;)  forall fgeF. (A.4)
€S

Further, for 8 > 0, 3(3) admits a positive symmetric continuous reproducing kernel, where
g(ﬁ)('a ) = g(: ) + ﬂ(a ')][f(f(’ﬂ)'

By the general theory of Dirichlet forms ([6]), there is a one to one correspondence between
a local regular Dirichlet form on ]LQ(K' , i) and a fi-symmetric diffusion process on K up to some
exceptional set of starting points. In this case, thanks to (A.3), we can prove the Feller property
of the process to show that this one to one correspondence holds without any ambiguity in the
starting points. We will denote by {X;}¢>o the diffusion process corresponding to (£, F) . Roughly
speaking, this process is constructed from the random walk X'n on V,, (whose transition probability
is given by (p1,---,pr)) by multiplying the time by % (that is X,,([t%¢]); where tx = pN is the
time scaling factor) and letting n — oo. It is known that any self-similar Feller diffusion process
which is invariant under locally symmetric transformations on K is a constant time change of this
process, so that we call this process Brownian motion on K.

On nested fractals, there is another important metric d(.,.) called the shortest path metric
(see [15], [1]). For each z,y € K, let N,(z,y) be the number of steps in the shortest path on V,
from zg to yo where zo € V,, (respectively yo € V;,) is chosen so that z and xo (respectively y
and yo) are in the same n-complex. Then, there exists b > 1 such that N,(z,y)/b"™ is bounded
from above and below by some positive constants for all n. Taking a subsequence if necessary, we
can define the metric d(z,y) = limg_, o Ny, (z,9)/b™. d is a geodesic metric and each similitude
U, has a contraction rate b~ with respect to d(.,.). Set d. = logb/loga > 1 (d, is called
the chemical exponent). We also define the walk dimension d,, = logtk/logb and Hausdorff
dimension dy = log N/logb, with respect to the shortest path metric. Note that dy, g = dyd.,
ds.r = dyd. are the walk dimension and the Hausdorff dimension with respect to the Euclidean

metric. Then, for each p,q € K , we have the following relation,
() < llp = qll* < R(p,q)/ (4=,
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Here | - || is a Euclidean metric and f(z) < g(x) means f(x)/g(z) are bounded from above and
below by some positive constants.
Define d; = 2log N/ log tx which is called the spectral dimension. We then have the following

heat kernel estimates.

Theorem A.3 Brownian motion on K has a jointly continuous transition density (heat kernel)

pe(z,y) t > 0,2,y € K. Further, there exist ca1,---,ca4 such that

caat™%/? exP(—CA.z(M)dw%l) < Bt =,y)
< cagtd/? eXP(—CAA(d(x’ 9 )ﬁ)
forall0 <t <1 and all x,y € K.
The domain of the form is characterized as follows.
Theorem A.4 ([11], [17], [23])
F= Lip(M, 2,00)(K), (A.5)

2

where the Lipschitz space Lip(dyd./2,2,00)(K) is the set of f € L2(K, ji) such that

sup aldettdn) / / 1£(@) — F(u)Pda(e)dily) < oo (A.6)
veNu{0} [lz—y||<coag”

for some ag > 1,¢9 > 0.

Note that it is easy to see that in (A.6), different values of the constants ¢y and g give equivalent
spaces as long as the former is positive and the latter is greater than 1. For this theorem, the ex-
ponents are simpler if we express them with respect to the Euclidean metric; dy g = dwd.,ds g =
dsd.. It is known that when dy g/2 = dyd./2 ¢ Z, this Lipschitz space corresponds to (a sub-
space of) the Besov space Bji‘;/Q(K') (see [13] Chapter V Proposition 3 and [11] Proposition
1).

If we assume, without loss of generality, that ¥;(z) = a 'z, then an unbounded nested
fractal K can be constructed as K = U%"zlank . The local regular Dirichlet form (£,F) on K,
whose restriction to K is £, can be constructed on L%(K,p) (where p is a Bernoulli measure
on K so that p|p, = fi) as follows. Set K.» = o'K and define o; : (K¢s) — I(K) by
o1 f(x) = f(alz) = fo U ! (x) for all 2 € K. Set j—'f(<1> =o_,F and ¢‘:'I~(<l> (f,9) = pt&(orf,019)
for all f,g € ‘7:R’<z>‘ Tt is easy to see

gf(<t—1> (f|f(<t—1>’f|f(<t—1>) < gf(<l> (f’f) for all f e j:f(<t>' (A'7)

Define

Dk ={f €Co(K): flg_,, € Fi  VIEN, lim s Flior s flic) <00},

E(f9)=limEx  (fliy9li,,,) forall fg€Dx.
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It is easy to show that (£,Dg) is closable in L*(K, y) by using (A.7). Let F = Dg " so

that (£, F) is the smallest extension of (£,Dk). Then we can define the resistance metric R(.,.)

in the same way as for the compact case and we have the following.

Theorem A.5 (£,F) is a local reqular Dirichlet form on L?(K, p) which satisfies (A.3) and the

following scaling property,
E(f,9) =AE(foT,90W) forall f,g€F.
Further, for 3 > 0, £ admits a positive symmetric continuous reproducing kernel.

We call the corresponding diffusion process Brownian motion on K. Theorem A.3 holds for
the heat kernel on K for 0 < ¢ < co. Similarly to Theorem A.4, we have F = Lip(%sle. 2, 00)(K),
where Lip(dyd./2,2,00)(K) is a set of f € L*(K,u) such that

supa (@i [ [ @) - ) Pdu(e)duty) < o0 (48)
vEeZ [lz—y||<coagy”

for some ag > 1,¢9 > 0.

Finally, we will mention the detailed short time asymptotics (the so called Varadhan type
estimate) and (Schilder type) large deviations on fractals. As we will see, these results do not
hold in their original forms on R?, due to oscillations which arise from the fractal structure. So
far, these results are only proved for the two-dimensional Sierpinski gasket, but it is believed that
such behaviour is “typical” for Brownian motion on nested fractals.

Let K be a (either compact or unbounded) 2-dimensional Sierpinski gasket.

Theorem A.6 ([16]) There exists a periodic non-constant positive continuous function F with
period 5/2 such that the following holds for all z > 0,z,y € E.

= lim ((2/5)"2) T log piojoys (3,) = () T F (s

In particular, — lim;_,q taw=1 log pi(z,y) does not exists.

This F is defined as the Legendre transform of a limiting function arising from the Laplace
transform of the hitting time distribution of the Brownian motion X and a “tiny” oscillation in
the tail of the hitting time distribution makes F' non-constant (this is also related to a “tiny”
oscillation in the generating function of an associated branching process).

For the same reason, we have an oscillation in the large deviations. For fixed T > 0, let
Q, =C.([0,T] » K)={¢ € C([0,T] = K) : $(0) = z} with uniformly continuous topology. Let
P? be the law for X*(et). Then the following holds.

Theorem A.7 ([5]) For each z >0, A C Q,,

— inf IZ(¢) < liminf((2/5)"2)" (%D log Pf s5)n.(A)

pcIntA n—o0
< Timsup((2/5)"2)"/ % log Pl e (A) < = inf I(9)
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Here {I}}.c[2/5,1) is a sequence of rate functions defined as follows for each ¢ € Q,

fOT(q.S(t))dw/(dw_I)F(z/d)(t))dt, ¢ is absolutely continuous,

0, otherwise,

I7(¢) = {

where F is as before and ¢(t) = lim,_; % for ¢t € [0, T]. This result tells us that the usual
(Schilder type) large deviation principle does not hold when one takes the time scaling € to 0.
When A = {f € Q; : f(T) =y}, inf{I?(¢) : ¢ € A} is attained independently of z by the path(s)
which moves on the geodesic(s) between z and y homogeneously. Thus “the most probable path”
should be this path, but the energy (action functional) of the path depends on the time sequence

determined by z.

ACKNOWLEDGEMENT. The authors thank Professor S. Kusuoka for allowing us to use his
unpublished result. This paper was completed during a visit by the second author to the University
of Oxford. He thanks the University of Oxford for its hospitality. This research was partly
supported by the Grant-in-Aid for Scientific Research of Japan.

References

[1] M.T. Barlow, Diffusions on fractals, Lectures in Probability Theory and Statistics: Ecole
d’été de probabilités de Saint-Flour XXV (Lect. Notes Math., vol. 1690), Springer, New York,
1998.

[2] M.T. Barlow and R.F. Bass, Construction of Brownian motion on the Sierpinski carpet, Ann
Inst H. Poincare, 25 (1989), 225-257.

[3] M.T. Barlow and R.F. Bass, Transition density estimates for Brownian motion on the Sier-
pinski carpet, Probab. Theory Relat. Fields, 91 (1992), 307-330.

[4] R.F. Bass and T. Kumagai, Laws of the iterated logarithm for some symmetric diffusion
processes, Osaka J. Math., 37 (2000), 625-650.

[5] G. Ben Arous and T. Kumagai, Large deviations for Brownian motion on the Sierpinski
gasket, Stoch. Proc. Their Appl., 85 (2000), 225-235.

[6] M. Fukushima, Y. Oshima and M. Takeda, Dirichlet forms and symmetric Markov processes,
de Gruyter, Berlin, 1994.

[7] B.M. Hambly, Brownian motion on a random recursive Sierpinski gasket, Ann. Probab., 25
(1997), 1059-1102.

[8] B.M. Hambly and T. Kumagai, Transition density estimates for diffusion processes on post
critically finite self-similar fractals, Proc. London Math. Soc., 78 (1999), 431-458.

[9] B.M. Hambly and T. Kumagai, Asymptotic behaviour of the spectral and walk dimensions
as fractals approach Euclidean space, Fractals, 10 (2002), 403-413.

42



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

N. Ikeda and S. Watanabe, The local structure of a class of diffusions and related problems,
In: Proceedings of the Second Japan-USSR Symposium on Probability Theory (Kyoto, 1972),
pp. 124-169, Lect. Notes Math., vol. 330, Springer, Berlin, 1973.

A. Jonsson, Brownian motion on fractals and function spaces, Math. Z., 222 (1996), 496-504.

A. Jonsson, Dirichlet forms and Brownian motion penetrating fractals, Potential Analysis,
13 (2000), 69-80.

A. Jonsson and H. Wallin, Function spaces on subsets of R, Mathematical Reports Vol. 2,
Part 1, Acad. Publ., Harwood, 1984.

J. Kigami, Analysis on fractals, Cambridge Univ. Press, Cambridge, 2001.

T. Kumagai, Estimates of transition densities for Brownian motion on nested fractals, Probab.
Theory Relat. Fields, 96 (1993), 205-224.

T. Kumagai, Short time asymptotic behavior and large deviations for Brownian motion on
some affine nested fractals, Publ. RIMS. Kyoto Univ., 33 (1997), 223—240.

T. Kumagai, Brownian motion penetrating fractals -An application of the trace theorem of
Besov spaces-, J. Func. Anal., 170 (2000), 69-92.

S. Kusuoka, Unpublished work (1993).

S. Kusuoka, Diffusion processes on nested fractals, In: R.L. Dobrushin and S. Kusuoka:
Statistical Mechanics and Fractals, Lect. Notes Math., vol. 1567, Springer, New York, 1993.

T. Lindstrgm, Brownian motion on nested fractals, Memoirs Amer. Math. Soc. 420, 83,
1990.

T. Lindstrgm, Brownian motion penetrating the Sierpinski gasket, In: Asymptotic Problems
in Probability Theory, stochastic models and diffusions on fractals (K. D. Elworthy and
N. Ikeda (eds.)), pp. 248278, Longman Scientific, Harlow UK, 1993.

Y. Ogura, M. Tomisaki and M. Tsuchiya, Superposition of diffusion processes—Feller prop-
erty, In: Trends in probability and related analysis (Taipei, 1998), pp. 113-128, World Sci.
Publishing, River Edge, NJ, 1999.

K. Pietruska-Paluba, On function spaces related to fractional diffusions on d-sets, Stochastics
Stochastics Rep., 70 (2000), 153-164.

M. Tomisaki, Superposition of diffusion processes, J. Math. Soc. Japan, 32 (1980), 671-696.

H. Triebel, Fractals and spectra -related to Fourier analysis and function spaces-, Monographs
in Math. Vol. 91, Birkh&user, Basel, 1997.

S.R.S. Varadhan, Diffusion processes in a small time interval, Commun. Pure Appl. Math.,
20 (1967), 659-685.

43



