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Abstract

We consider a trace theorem for self-similar Dirichlet forms on self-similar sets to self-
similar subsets. In particular, we characterize the trace of the domains of Dirichlet forms
on Sierpinski gaskets and Sierpinski carpets to their boundaries, where the boundaries
are represented by triangles and squares that confine the gaskets and the carpets. As an
application, we construct diffusion processes on a collection of fractals called fractal fields.
These processes behave as an appropriate fractal diffusion within each fractal component
of the field.
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1 Introduction

The traces of Sobolev spaces on R™ to linear subspaces have been studied from various view-
points as the generalizations of the Sobolev imbedding theorem. Further, the extension of
Sobolev, Besov, and Lipschitz spaces from subdomains of R" to whole spaces has been exten-
sively studied (see, for example, [1, 26] and references therein). Since the 1980s, the problems
for Besov-type spaces have been generalized for more complicated spaces, namely, the so-called
Alfors d-regular sets ([16, 29]).

On the other hand, recent developments in the analysis of fractals shed new light on these
problems. Diffusion processes and “Laplace” operators are constructed on fractals such as
Sierpinski gaskets and Sierpinski carpets. It is observed that the domains of the corresponding
Dirichlet forms are Besov-Lipschitz spaces.
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Figure 1: The Sierpinski carpet and the Pentakun

In this paper, we consider the following natural question: Given a Besov-type space on
a self-similar fractal K, what is the trace of the space to a self-similar subspace L? Figure 1
shows two examples. The figure on the left is obtained when K is the so-called two-dimensional
Sierpinski carpet (see Section 2 and Section 5 3) for the definition) and L is the line on the
bottom (indicated by the thick line). The figure on the right is obtained when K is the Pentakun
(a self-similar fractal determined by five contraction maps; see Section 5 2) for the definition)
and L is a Koch-like curve (indicated by the thick curve). In each case, the domain of the
Dirichlet form on K is a Besov-Lipschitz space; however, the trace cannot be obtained by using
the general theory given by Jonsson-Wallin ([16]) and Triebel ([29]).

This problem was recently solved by Jonsson ([15]) for one typical case, i.e., when K is a
two-dimensional Sierpinski gasket and L is the bottom line. However, his methods strongly
depend on the structure of the Sierpinski gasket and its Dirichlet form, and they cannot be
applied to the so-called infinitely ramified fractals such as the Sierpinski carpets. Instead, we use
the self-similarity of the Dirichlet form and the compactness property of a family of harmonic
functions, which can be obtained using the elliptic Harnack inequalities. Our methods can be
applied to the Sierpinski carpets (even to the higher dimensional ones), and we can state the
trace theorem under some abstract framework. In fact, we would need various assumptions for
K and for the Dirichlet form on K, which are stated in Section 2. Unless these conditions are
satisfied, nonstandard indices may appear in the trace spaces because of the “complexity” of



the space (see Section 5 4) for an example).

In order to prove our trace theorem, we provide a discrete approximation of the Besov-
Lipschitz space in Section 3.1. The approximation result is new, and it is regarded as a gen-
eralization of the main result in [17]. The restriction theorem is given in Section 3.2; the key
estimate (Proposition 3.8) is based on the idea used by one of the authors in [13]. The extension
theorem is given in Section 3.3, where a classical construction of the Whitney decomposition
and the extension map is modified and generalized to this framework.
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Figure 2: An example of fractal fields

Such a trace theorem has an important application in the penetrating process, which is
discussed in Section 6. Let us discuss one concrete example. Two types of Sierpinski carpets
are shown in Figure 2 (the carpet on the left is obtained from eight contraction maps with a
contraction rate of 1/3; the carpet on the right is obtained from twelve contraction maps with a
contraction rate of 1/4). On each carpet, a self-similar diffusion can be constructed; a question
arises whether one can construct a diffusion that behaves as appropriate fractal diffusions within
each carpet and one that can penetrate each fractal. In order to construct such a diffusion by
the superposition of Dirichlet forms on each carpet, the primary problem is whether a sufficient
number of functions exist whose restrictions for each carpet are in the domain of each Dirichlet
form. To answer this question, it is crucial to obtain the information on the trace space of
the domain of the Dirichlet form on each carpet to the line that intersects the two carpets.
Indeed, when one of the authors studied this problem regarding fractals in [12, 20], a very
strong assumption was required on each fractal because of the lack of information for the trace.
Our trace theorem can be applied here, and we can construct the penetrating processes on a
much wider class of fractals.

Hereafter, if f and ¢ depend on a variable z ranging in a set A, f < ¢ implies that there
exists C' > 0 such that C!f(z) < g(x) < C f(x) for all z € A. We use ¢, with or without
subscripts, to denote strictly positive constants whose values are insignificant.

2 Framework and the main theorem

Let (X,d) be a complete separable metric space. For o > 1 and a finite index set W, let
{F;}iew be a family of a-similitudes on X, i.e., d(Fy(z), F;(y)) = o *d(z,y) for all 7,y € X.



Let S be a subset of W, and let N denote the cardinality of S. Since {F}};cs is a family of
contraction maps, there exists a unique non-void compact set K such that K = J, ¢ Fi(K).
We assume that K is connected. Note that the extra indices in W are required in general in
order to define a self-similar subset L (such as in the Pentakun example in Section 5 2)). In
various important examples such as 1) and 3) in Section 5, we can take W = S.

We formulate a relation with the shift space. The one-sided shift space ¥ is defined by
Y = WN. For w € ¥, we denote the i-th element in the sequence by w; and express w =
wiwaws -+ -. When w € W", |w| denotes n. Forv € W™ and w € W™, we define v-w € W™ by
VW = ViU - - VW Wa - - - Wy For A C W™ and B C W™, A- B denotes {v-w :v € A, w € B}.
The set w - A is defined as {w} - A. By definition, W° = {})} and 0 - A = A.

We assume that there exists a group & comprising isometries on K such that the following
hold.

e For each ¢ € W, there exist j = j(i) € S and ¥; € & such that F; = F; o ¥;.
e For each (¥, ) € & x S, there exists (¥, &) € & x S such that ¥ o F, = F; 0 0.

Note that when W = S, we can invariably take & as a trivial group comprising one element.
We express Fiy,..np, = Fiy, 0 Fy, 0---0F,, for w = wiwsy---w,. We consider Fj as an identity
map. For w € W” and A C W" for some n € Z,, we define K,, = F,,(K) and K4 =

UEA

Lemma 2.1. There exist maps ®: |J

nez, W = Upez, ™ and ¥ U, o, W" — & such that
Fyy = Fog) o Y(w) for each w € |J

W™. In particular, Ky, = Kg(y)-

neEZ 4

Proof. Set ®(0) = @ and ¥(()) = the unit element of &. When i € W', it suffices to set
®(i) = j(4) and ¥(i) = ¥;. Suppose that ®(w) is defined for w € W™. Then, for w' = w-i with
i €W, Fy = Fy 0 F; = Fag) o W(w) o Fju o ;. This is equal to Fa(y) o F; o W o ¥; for some
(¥,7) € & x S. Therefore, it is sufficient to define ®(w') = ®(w) - and ¥(w') = ¥ o ¥;. O

We define 7: ¥ — K by the relation {m(w)} =,, Kuw;-w,, for w =wjw,--- € X. Further,

CK = ’ﬂ'_l ( U (KZ N KJ)) s PK = U O'n(CK), (21)

§,JES,i#] n>1

where 0: ¥ — X is the left shift map, i.e., cw = wows - - - if w = wiwows - - -

For v,w € W™, we Writevnr’\lfwivaﬂKw # (). Forw € W" and A C W™, w " A
implies that w " v for some v € A. For A C W", define No(A) = A and Ny (A) = {v e W™ |
v " Ni_1(A)} for k € N inductively. We set Ny(w) = N,({w}) for w € W™,

Let I be a subset of W. We assume that the cardinality N; of I is less than N. Let L be

a unique non-void compact set such that L = |J,.; Fi(L). Evidently, L is a subset of K due
to Lemma 2.1. We denote F, (L) by L, for w € | I". Let M € N. For v, w € I", we

neZ 4
write v %) w if v € Ny (w). We fix M such that for each i, j € I, there exist iy,%,... € [

e e. . 1L . 1L . 1,L 1,L . . . n,L
satisfying ¢ <~ i1 = 19 < - -+ <— j. Hereafter, we omit M from the notation <+—.
M M M




Now, we introduce several conditions. In order to avoid burdening the readers, we rec-
ommend them to keep in mind the standard two-dimensional Sierpinski carpet (SC(2)) to be
K and the bottom line to be L (the left figure in Figure 1) as a typical example. The car-
pet is constructed as follows. Let (X,d) be R? with the Euclidean metric. Let o = 1/3,
W ={1,2,...,8}, and define F; to be a standard a-similitude on X with center (0,0), (1/2,0),
(1,0), (0,1/2), (1,1/2), (0,1), (1/2,1), and (1,1), for i = 1,2,...,8, respectively. Let S =W
and I = {1,2,3}. Then, K is a subset of [0,1] x [0,1] and L is equal to [0,1] x {0}. We
can easily verify that Py is the boundary of [0,1] x [0,1] in R?. We can take M = 1 and for
v,w € I™, v &Ly 4y if and only if L, N L,, # (. We take a trivial group {e} as &. Then, ® is
the identity map and ¥(w) = e for all w.

With regard to the general situation, we assume the following:

(A1) sup,ez, maxyesn # (N1 (w) N S™) < oo and Cp := sup,,cz, Mmaxyem #(Ny(w) N I") < oco.

(A2) There exist ki, ko > 0 such that for x,y € L, n € Z, and v,w € I" with z € K, and
y € Ky, d(z,y) < ko™ implies v 2L w and v B w implies d(z,y) < koa™™.

(A3) There exist ki, ks > 0 such that for z,y € K, n € Z, and v,w € S™ with z € K, and
y € Ky, d(z,y) < kya ™ implies v " and v " w implies d(z,y) < ko™ ™.

In the case of SC(2), the first value in (A1) is 8 and Cy = 3. In (A2), we can take k; = 1 and
ko =2.01. In (A3), we can take k; = 1 and ky = 21/2 + 0.01.

Let 4 and © be the canonical Bernoulli measures on SN and IV, respectively. In other
words, they are infinite product measures of S and I, respectively, with uniformly distributed
probability measures. The image measures of fi are denoted by p in the map m|gn: SN — K.
Similarly, the probability measure v on L is defined. Based on conditions (A1), (A2), and (A3)
and [18, Theorem 1.5.7], the Hausdorff dimensions of K and L are equal to dy := log N/log o
and d; := log N;/log «, respectively, and p and v are equivalent to the Hausdorff measures on
K and L, respectively.

Further, we make the following assumptions that are clearly satisfied in the case of SC(2)
because both the sets in (A4) are empty sets.

(Ad) p{r e K : #(m ()N SN) =cc}) =0and v({z € L : #(r ' (z) N I) = 00}) = 0.

Then, by Theorem 1.4.5 in [18], u(K,) = N~*! for every w €
for every w € [J,,cz, I". Furthermore, y(L) = 0 holds.

Suppose that we are given a strong local regular Dirichlet form (€, F) on L?(K,p). F is
equipped with a norm ||f||z = (£(f) + ||f||%2(“))1/2. Hereafter, for each quadratic form E(-, ),
we abbreviate E(f, f) as E(f). We assume the following:

S and v(Ly,) = N; !

neEZ

(A5) (Self-similarity) For each f € F and i € S, F;f € F where F}f = f o F;. Further, there
exists p > 0 such that

E(f)=p) EF'S), feF.

1€S



(A6) For every ¥ € &, V*F = F, that is, {f oV : f € F} = F. Further, £(¥*f) = E(f) for
all f € F.

(A7) Let dy, = (logpN)/(log ). Then, d,, > dy — d;.

(B1) The space F is compactly imbedded in L?(K, ), and £(f) = 0 if and only if f is a
constant function.

In the case of SC(2), there exists a Dirichlet form on L?(K, i) satisfying (A5)-(A7) and (B1).
(See Section 5 3) for details).

For each subset A of W™ for some m € Z,, let F4 be a function space on K, such that
{flgs : f € F} CFaC{f € L*Ka):Ffe Florallw € A}. The space F4 will be
specified later for some class of Dirichlet forms in Section 4. For f,g € F4, we define

Ealf,9) = ™Y E(FLf Fyg). (2:2)

wEA

We assume that F4 = Fage for all n € N and (£, Fa) is a closed form on L?*(Ka, p|x,)-
Hereafter, we always consider F,4 as a normed space with norm || f||z, = (€a(f)+ ||f||%2(KA))1/2.

By (A5), £a(f) = Ea.s»(f) holds for any f € Fa, and Epa)(f) = Ea(f) if #P(A) = #A by
(A6). When A = {w}, we use the notation &, instead of £f,}. Functions in F can be naturally
considered as elements in F4 due to the restriction of the domain. For notational convenience,
we often simply write f in the place of f|x, when f € F is regarded as an element of Fj.

Definition 2.2. Let A be a nonempty subset of W™ for some m € Z,. We say that A is
Ea-connected if, for f € Fa, E4(f) = 0 implies that f is constant on K 4.

Definition 2.3. Let A C W™ and B C W™ for some m and n. We say that A and B are of
the same type if there exist a homeomorphism F': K4 — Kpg and a bijection x: A — B such
that F'o F, = Fy(y) for all u € A and F*(Fg) = Fa.

We assume the following:
(B2) There exists I C W such that the following hold:

(1) I > 1 and #I < N.

(2) For each w € I, Ny (w) N I™ is an Epyy (wynin-connected set.

(3) There exist finite elements uy,...,u; € UnEZt I™ such that for any w € Unez, 1™
there exists j € {1,...,k} such that Ny (w)NI™ and Ny (u;)NI%! are of the same

type; moreover, F(LNM(w)nj|w|) = LNM(uj)mf'“j" where F' is provided in Definition 2.3.

(4) C1 == sup,ez, max,¢jn #(Np(w)NI™) < 00 and Cy = SUp,,cz, MaXyesn #{v € I
O(v) =w} < oo.

Let us check (B2) in the case of SC(2). We define F4 as in (4.3). Then, we can take I = I,
k =3, and {u1,us,us} = {1,2,3}. In (B2) (4), C; =3 and Cy = 1.



For an open set U C K, we define the capacity of U by
Cap(U) = inf{||u|% : u € F,u>1 p-a.e. on U}.

The capacity of any set D C K is defined as the infimum of the capacity of open sets that
contain D. We denote a quasi-continuous modification of f € F by f. We assume the following:

(A8) There exists some ¢ > 0 such that v(D) < ¢Cap(D) for every compact set D C K.
It is known that (A8) is equivalent to the following (see, for example, [7, Theorem 3.1]):

(A8)’ The measure v charges no set of zero capacity and f — f |1 is a continuous map from F
to L*(L,v).

We will provide sufficient conditions for (A8) in Section 4.
For each n € Z, define Q,: L*(L,v) — RI" as

an(w): . f(y)dy(y)’ w el

where, in general, f,---dA(y) := MA)™' [, ---dA(y) denotes the normalized integral on A.
Then, one can easily check

Nyt D Quiaf(w5) = Quf(w), wel™ (2:3)

jel

Let meN, AC S™, and J C I"™. We define F(J,A) ={f € F: f=0o0n Kgm\q, Qm(flL) =
0 on J}. Further, we define a closed subspace H(J, A) of F by

H(J,A)={he F:EM,f)=0 forall fe F(J A}
When J is an empty set, we omit it from the notation. We assume the following:

(B3) There exist some ly,mg € Zy, C > 0, a proper subset D'(w) of Sl with w € D'(w)
for each w € U, ®(I™"™), a finite subset = C (U, 7, ®(I"™), and subsets D*(v) of
+ +

D'(v) with v € D*(v) for each v € = such that the following hold:

(1) For each n € Z, and w € ®(I"t™),
(a) w € D'(w) and D'(w) C N, (w) N (®(I7) - S™),
(b) there exists v € Z such that

Fy((h e MU D'w))s [ hdu=0, " Enw () < 1)

KD’('w)

C Fy({h € H(I®, D)) : [z, < C})

or each v € =, the operator F: v))|k_, . — F is a compact operator, where
2) F h =, th tor F*: H (D" Do) Fi t t h
H(Dﬂ(v))\Km(v) is regarded as a subspace of Fpi(,).



We set D(w) = D'(®(w)) for w € U,¢z, I™tmo_ For a sufficient condition regarding (B3), see
Section 4.

In the case of SC(2), let lp = 12 and mg = 3. For k € N, m > 3, and w € I™, we define
Ay (w) as the intersection of K and a cube in R* whose center is identical to the center of K,, and
whose length is (2k 4+ 1)37™. Further, we also define D’(w) C S™ such that Kpi,) = Ag(w).
We take = = I® and D*(v) = A3(v) for v € E. For w € I3, we take v € = such that
there exists a similitude from Kpi () to Kpr(,) and the image of K,, is K,. Then, (B3) (1) (a)
is clearly satisfied. (B3) (1) (b) with a sufficiently large C, and (B3) (2) can be verified by
Propositions 4.6 and 4.7. See also Section 5 3).

The following assumption (B4) will be used in the restriction theorem.

B4) For f € F,if Eqn\giim)(f) = 0 for every m € Z,, then f is a constant function.
Sm\®(im) +
Next, we introduce Besov spaces.

Definition 2.4. For 1 <p<oo, 1 <¢<o0, #>0and m € Z,, we set

1/p
am(B, ) = 4 (Wf /] (@)= F)P du(x)du(y)>
{(z,y)EK X K:d(z,y)<cy~™}

for f € LP(K, p), where 1 < v < 00, 0 < ¢ < oo. Further, we define a Besov space Ag,q(K)
as a set of all f € LP(K,p) such that a(B, f) = {am(B, f)}oe_e € 1% A (K) is a Banach
space with the norm ||f||qu(K) = || fllze(xy + |1@(B, f)||ia. Let f\g’q(K) denote the closure of
A (K)NC(K) in A5 (K). AZ (L) and f\g,q(L) are defined in a similar manner by replacing

(Ka :U') by (L’ V)'

This definition is valid for general Alfors regular compact sets K with a normalized Hausdorff
measure . We use the notation A2 (K), as used in [11]. AS (K) was denoted as Lip (8, p, ¢)(K)
in [14, 20] and AZ?(K) in [28]. Note that different selections of ¢ > 0 and v > 1 provide the
same space AS (K) with equivalent norms. Hereafter, we will take v = c.

Now, we state our main theorems. Let § = d,,/2 — (df — d;)/2.

Theorem 2.5. Suppose that (A1)—(A8) and (B1)-(B4) hold. Then, for every f € F, flL
belongs to AQ,Q(L). Moreover, there exists ¢ > 0 such that ||f|L||A§2(L) < c||fllF for every

ferF.

Theorem 2.6. Suppose that (A1)-(A8) and (C1)-(C2) hold. (Conditions (C1) and (C2) will
be defined in Section 3.3). Then, there exists a bounded linear map & from Ag’Q(L) to F such

that £(A5,(L) N C(L)) € FNC(K) and £f|, = f v-a.e. for all f € Aj,(L).

Hereafter, we often express F|; = ]A\S,Q(L) to denote the assertions of both the abovemen-
tioned theorems.

Remark 2.7. In the following two cases, we can prove AgQ(L) = A§’2(L).
1) L C R" for some n € N and 8 < 1. In this case, according to [16], the following trace

theorem holds: Bzf(nf an2 R = AQ’Q(L), where B2?(R") is a classical Besov space with a



smoothness order . Since C§°(R"*) is dense in B2?*(R"*) for v > 0, it follows that the functions
in C§°(R™) restricted to L are dense in A’g,z(L).

2) 8 > d;/2. In this case, according to [11] Theorem 8.1, the following holds: Ag,oo(L) C
CP=4u/2(L), where C*(L) is a Holder space defined as follows: u € C*(L) if

u(z) —u
llullexy = ||ullzoo(z) + v — ess sup M < 0. (2.4)

z,y€EL, z#y d(% y))‘

Since Ag?(L) C Ag,oo (L), we observe that any element in Ag,Z(L) is continuous in this case.

Remark 2.8. Since v is smooth with respect to (£,F), we can consider the time-changed
Markov process with respect to the positive continuous additive functional associated with
v via the Revuz correspondence. According to the general theory of Dirichlet forms, this
has an associated regular Dirichlet form (£, F) on L*(L,v) with F = {f € L*(L,v) : f =
@ v-a.e. on L for some u € F.}, where F, is the family of u-measurable functions u on K such
that |u| < oo p-a.e., and there exists an £-Cauchy sequence {u,}nen of functions in F such
that lim,, , . u, = u p-a.e. As observed in the following proposition, F, = F in our framework.
Therefore, our main theorems determine the function space F.

Proposition 2.9. Under the condition (B1), F. = F.

Proof. By (B1), there exists some ¢ > 0 such that

e

Let u € F.. We consider {u,}nen from F as in the definition of F, in Remark 2.8. Further,
we define g, = u, — fK un dp for each n. Then, {g,}nen is an E-Cauchy sequence. Since
Jx 9ndp =0, (2.5) implies that {g,} is an L?*(K, pu)-Cauchy sequence. Therefore, g, converges
to some g in F. By considering a subsequence, we may assume that g, — g p-a.e. Thus,
fK Up dpp ( = ty — gn) converges to some C' € R In particular, fK Up di converges to C' in F
as a sequence of constant functions. Therefore, u, converges to g + C in F. This implies that
u = g + C belongs to F. O

2

<c(f), feF. (2.5)

L2(K,u)

3 Proof of main theorems

3.1 Discrete approximation

In this section, we assume (A1)—(A8). For n € Z, we define a bilinear form on I" as

Ew(9,9)= Y, (9(v) —g(w))* for geR".

n,L
v,wel™, v & w

Then, we obtain the following discrete characterization of Ag,q(L) (for related results, see [17]).



Lemma 3.1. Let § > 0 and q € [1,00]. Then, there exists ¢; > 0 such that for each f €

L*(L,v),
1/2)
np ndr — 2d d )
{a <a //{(w,y)ELxL:d(w,kam“}‘f(x) f(y)| V(x) V(y) }

n=0
< [{a (0 B @)}

n=0

1q

la

1/2)
nf [ ,mndr — 2dv(x) dv )
< H{a G N L B (T }

n=0

. (3.1)

1a

Here, ki and ko are provided in (A2).

Proof. Due to the selection of M, there exists some ¢, > 0 such that

Z( - NP> g ><02E n(g), geR.

i€l jeI

For f € L*(L,v) and n € Z, we have

//{( YeLxL:d(zy)<kia—n} £ (@) = f ()] dv(z) dv(y)
: 2 // ‘L f)Pdv(z)dv(y)  (by (A2))

(v,w)elr xI™, 0w

< Y[ 3@ - Q)+ @uf ) - Quftw)
(v,w) EI”XI”'U(—)w vxb
1 Quf(w) = ()P }du() v(y)

< 60N Y [ (70 - Qui) o) + 3N, Eiy (Quf),

vel™

where Cj is similar to that in (A1). With regard to the first term, we have

3 / F(0))? dv(w)

veln

_ /Lf(a:)2 dv() = N7 S Quf(v)?

vel™
= Z ( ;D) Z Qmir f(v)" = N ™ Z Qmf(w )
m=n velm+1 wel™
2
— ZN (m+1) Z Z (Qm+1f w - 1) Nlleme(w'j))
wel™m i€l jel

10



o0

o Z Nl_(mﬂ) Z Eqy(Qmirf(w - %))

m=n welm

< ¢ Z N;(m+1)E(m+1)(Qm+lf)’

m=n

IN

where the martingale convergence theorem was used in the second equality and (2.3) was used

in the third equality. Note that «¥ = N;. Suppose that ¢ € [1,00). Then,

q/2
S aweane ([ @)~ 1) dvte) av(y) )
_ {(z,y)ELX L:d(z,y)<kia—"}

q/2
< Z n(B+di/2)q (6020()]\7 Z Ny (m+1)E(m+1 (Qmirf) + 3N, 2nE(n)(Q"f)>

n=0 m=n

IN

q/2
c3 Za"ﬁq (Z o ™ Eq, me))

Y am Q)

m=0

= c:;H{oz” ( _”d’E (an))1/2}oo

n=0

IN

q

]
1a

where in the third inequality, we used (A7) and the following inequality for v > 0:

oo p oo
ZQW (Zaj) ScZQ”@? for y #0, p>0, a; >0,
i=0 = =0

where A; = {4,i+1,...} when v > 0and A; ={0,1,...,¢} when v < 0. When 0 < p <1, this
is obvious since (z + y)P < 2P 4+ y? for =, y > 0. When p > 1, this is proved by the application

of Hélder’s inequality (see, for example, [22]).

n=0

[

1/2
o) ( I/ (@) f) dv(a) du(w)
{(z,y)€ELx L:d(z,y)<kia—"}

< C5an(2ﬂ+d1) (NI—TL Z N[_(m+1)E(m+1) (Qm+1f) + N[_QnE(n) (an)>

m=n

2

o0
< s z a—Zm,B,YZ

m=n
1-a 2

Thus, the first inequality in (3.1) is proved.

11

, for every n € Z,, we have



Next, we have
2

Ewy(Qnf) = >

(vw)eln x I v w

S / / 1) = ) (o) ()

(vw)eln I v w

< o2nd // 1f(2) —f(y)|2dy(x) dv(y),
{(z,y)€Lx L:d(z,y)<kaa—™}

which deduces the second inequality of (3.1). O

v [ @) = fw) o) o)

IN

Remark 3.2. Recently, M. Bodin ([8]) provided a discrete characterization of A? (K) for the
Alfors d-regular set K that has a regular triangular system with some property (property (B)
in the thesis).

3.2 Proof of the restriction theorem

In this section, we assume (A1)—(A8) and (B1)—(B4) and prove Theorem 2.5. The following
lemma is immediately proved by equation (2.2).

Lemma 3.3. Let A C W™, B C W™, f € Fa, and g € Fp. Suppose that there exists a
bijection v from A to B and Fy f = Fy, g for every v € A. Then, p mEAf) = p"ER(9).

Let n € Z, and w € I". Let A = Ny (w) N I". We define G, = {f € Fa : Qu(flr,) =
0on Ny(w) NI} and Ky, = {h € Fy : Ea(h, f) = 0forall f € G,}. Hereafter, we use
notations Q,(f|r,) (on A) and E4(f) for f € F4 in the obvious sense.

Lemma 3.4. (1) There exists some ¢ > 0 such that ||f||%2(KA) < c€alf) for all f € Gy.

(2) For each g € Fa, there exists hy € Ky such that Qn(hy|r,) = Qn(§lr,) on Ny (w) N I"
and E4(hy) < Ea(9).

Proof. (1) Suppose that the claim does not hold. Then, there exists a sequence { fx}ren C Gu
such that || fe||z2(x,) = 1 and limy_,o E4(fx) = 0. We may assume that f; converges weakly
to some f in F4 and F fi converges to F, f weakly in F for every w € A. By (B1), F fx
converges to F*f in L?(K) for each w € A. Thus, f; converges to f in L?(K,). Further, we
have £4(f) < liminfy o E4(fx) = 0. Therefore, £4(f) = 0. Based on (B2)(2), f is constant
on K 4. Since f belongs to G, by (A8)’, we conclude that f =0 on K4, which contradicts the
fact that ||f||L2(KA) = limk_,oo ||fkuL2(KA) =1.

(2) Let Fy = {f € Fa: Qu(flr,) = Qn(glL,) on Ny (w) N I™}. We consider a sequence
{hk}ren C F, such that E4(hg) converges to the infimum of {€4(f) : f € F,}. Since

1wl z2csy < N1he = gllzzn) + N9llzany < c?Ealbe — 9)2 + 119l L2(xa)s (3.3)

we have supy, ||hg||r2(x,) < 0o. There exists a weak limit h € F4 of a subsequence of {hy}ren
in F4. Then, h € F, and h attains the infimum of {E4(f) : f € F,}. Dividing both sides of
the inequality E4(h + €f) — Ea(h) > 0 by € for f € G, and letting € — 0, we obtain h € ,,. O

12



Lemma 3.5. There exists some ¢; > 0 such that

c1p " Eqiny (f) > E(n)(Qn(ﬂL)) forall f € F andn € Z,. (3.4)
Proof. First, we prove that IC,, is a finite-dimensional vector space. For each i € Ny (w) N I™,

{ (1] ;;z for all j € Ny(w)NI™ The
existence of such functions is established by the regularity of the Dirichlet form (£, F). Further,
we define a linear map ©: K, — RNM@NI" by O(f) = {£4(f, 6i) YieNs(w)nin- Suppose f
belongs to the kernel of ©. Then, £4(f,g) = 0 for every g € F4, which implies that f is
constant on K4 by (B2) (2). Therefore, IC,, is finite dimensional.

Since £4(h) = 0 implies ZveA(Qn(MLA)(v) — Qu(h|p,)(w))? = 0 for h € K, there exists
ca > 0 such that ZveA(Qn(MLA)(U) — Qu(hlp,)(w))? < cop"Ea(h) for every h € K,. By
(B2) (3) and Lemma 3.3, we can independently take ¢, with respect tow € |J I™. Therefore,
for any f € F and n € Z,, by considering h; € K,, as in Lemma 3.4 (2),

Y (@ufl)(0) = Qu(flz) () Y. @ullylr) () = Qulhylr,) ()

vEN(w)NIT vEN(w)NIT
cop” "Ealhy)
cop "Ea(f).

take a function g; € F such that Q,(g:z)(j) =

neZ 4

IAINA

This implies that

Ew(@u(fl) = D Y. (@u(fl)®) — Qu(flo)(w))?

weI™ veNy (w)NI™

< e Y Enynin(f)

welm

< Cip " (f) < 2CiCp™ " Egjuy (f),
where C) and Cj are provided in (B2) (4). O
Recall that the finite sets Z and D*(v) for v € = were introduced in (B3).

—.

Lemma 3.6. For each v € E, F;: %(I‘”‘,D”(v)ﬂ;{m(v) — F is a compact operator. Here,

I

’H(I‘”‘,Dﬁ(v))mm(v) is regarded as a subspace of Fic , .

Proof. We define I(v) = {w € I : Ly, ¢ Kgonpi(y)}- Note that H(I", D¥(v)) = H(I(v), D}(v)).
1 ifj =i

0 ifj #£i
for all j € I(v). Further, we define a linear map ©: ’H(I‘“',Dﬁ(v)ﬂKDﬂ(v) — RI® by O(f) =
{&(f, 9;) }ierw)- Then, the kernel of © is equal to H(D*(v)) |K s, The homomorphism theorem
implies that (11", Dﬂ(vaDu(v)/H(Dﬁ(vmlﬂgu(v) is isomorphic to ©(H (11", Dﬂ(vaDu(v)
vector space. Therefore, there exists a finite-dimensional vector space Z of H(I'*', D¥(v))|x

D (v)
such that H (1", Dﬁ(v))|KDu(v) is a direct sum of H(Dﬁ(v))|KDu(u) and Z. Condition (B3) (2)

concludes this assertion. O

For each i € I(v), we consider a function g; in F(D*(v)) such that Q, (3:|1)(j) =

)asa
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Lemma 3.7. Let m € N; A, a proper subset of S™; and J, a subset of I™. For g € F, there
exists a unique function g' in H(J, A) such that ¢' = g on Kgm\ s and Qun(¢'|L) = Qm(g|L) on
J. Moreover, there exists ¢ > 0 such that

19'll74 < cllgllzs,  E(9) < E(9g) (3.5)
for all g € F. Further, if g > 0 p-a.e., then ¢' > 0 p-a.e.

Proof. First, we prove that there exists some ¢’ > 0 such that ||f||%2(KA) < dEA(f) for every
f € F(A). Suppose this does not hold. Then, there exists a sequence {f,}nen € F(A) such
that || fnllr2(x,) = 1 for every n and £4(f,) converges to 0 as n — co. We may assume that
fn converges weakly to some f in F. Then, f, converges to f € F in L*(K) by (B1), and
E(f) < liminf, , E(f,) = 0. Therefore, £(f) = 0 and f is constant on K. Since f € F(A)
and A # S™, f is identically 0, which is contradictory to the fact that || f||zz2(x) = 1.

Now, given that g € F, let Fy = {f € F: f = g on Kgm\4 and Qm(flL) = Qm(glr) on J}.
Then, in a similar manner to the proof of Lemma 3.4 (2), there exists h € F, attaining the
infimum of {£(f) : f € F,} and h € H(J, A). Such functions exist uniquely; indeed, if both A

and A’ attain the abovementioned infimum, we have

£ (h’ - hl) _ %(S(h) LEM)) — € (h“;h'> <0,

which implies that A — A’ is a constant. Since A — h' = 0 on Kgm\ 4, we conclude that h = h'.
On the other hand, it can be observed that ¢’ should attain the abovementioned infimum.
Therefore, ¢’ is uniquely determined. By an inequality similar to (3.3), we conclude (3.5). The
last assertion follows from the characterization of ¢’ and the Markov property of the Dirichlet
form. O

The following is the primary proposition. Condition (B4) will be used (only) here.

Proposition 3.8. There ezist 0 < ¢g < 1 and by € N such that the following holds for all
n € Zy and h € H(I", ®(I™)):

Eginteoy(h) < cofq(iny(h).
Moreover, for alli>j>1,b=0,1,...,by — 1, and h € H(I?7 d(I%7)),
5¢(iboi+b) (h) < Cf)_jgtb(fbojﬂx) (h).

Proof. 1t is sufficient to prove the first claim. Recall ly and my in condition (B3). By (B3),
C = Sup,,ez, MAX ¢ jntmo #D(w) is finite. Let n € Z, and w € I""™. We define

Co = {Fof:feHI"™, D(w)), / fdu=0, p="mELq, (f) <1},

Kp(w)

C = the closure of U Cp in F.

weUn€Z+ In+m0
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Then, C is a compact subset in F by Lemma 3.6 and (B3). Let § = 1/(4C?); we define C(§) =
{feC:&(f) > d}. Since (B4) holds, for each f € C(), there exist m(f) € Nand a(f) € (0,1)
such that Egjm)(f) < a(f)E(f) for all m > m(f). By continuity, E4m(g) < a(f)€(g) for all
m > m(f) for any g in some neighborhood of f in F. Since C(d) is compact in F, there exist
my € N and a; € (0,1) such that Eqjm,)(f) < a1€(f) for every f € C(6). In particular,

E(f) < a255m1\<1>(fm1)(f)’ f€c(d) (3.6)

with ay = (1 —ay) ' > 1.

Now, consider A as in the claim of the proposition. We construct an oriented graph such that
the set of vertices is ®(I"7™0) and a set of oriented edges is E = {(v,w) € ®(I"170) x H(I™+mo) .
v € D'(w), &(h) > 0 and &,(h) > 2CE,(h)}. This graph does not allow any loops. Let Y
be the set of all elements w in ®(I"*™) such that &,(h) > 0 and w is not a source of any
edges. For w € Y, we define Ny(w) = {w}, Nx(w) = {v € ®I"m0)\ Uf;ol Ny(w) : (v,u) €
E for some u € Ny_;(w)} for k € N inductively, and N(w) = Uy NVe(w). It is evident that
#Ni(w) < C* and &,(h) < (2C)7*E,(h) for all k > 0 and v € Ni(w). Then, for each w € Y,

=Y ¥ am

k= OUENk )

C*(20)7*€, (h) = 2E,(h). (3.7)

Mg

By
Il

0

Suppose w € Y and &,(h) > §€p(w)y(h). Then, since

F, ((h - ][ hdu) X p("+m°)/25pf(w)(h)l/2> € C(9),
KD’(w)

(3.6) implies that £(Fyh) < as€gm,\g(jm)(Fph), namely,
Eu(h) < a25w.(5m1\q>(fm1))(h)-

Next, suppose w € Y and &,(h) < 6Eprw)(h). Since w is not a source of any edges, &,(h) <
2CE,(h) for every v € D'(w) N ®(I"+™0). Then,

1
8D’(w)ﬂ<b(f”+m0)(h) < C : Qng(h) < 202551)!(1”) (h) = §gD’(w) (h),

Wthh lmplles that gD/(w)mq)(frH—mo)(h) < gD’(w)ﬂ((q)(f")SmO)\(I)(fn+m0)) (h) by (B3) (1) (a) In par-
ticular,

Eu(h) < Epiwyn(@(in)-smopa(irtmoy (h)-
Therefore, in any case, for w € Y, we have

Eu(h) < a2€y (smagim)u(pr@n((@(in)-smona(in+moy).sm) (h)

02€ 11 (- 5m1)((@(7)- Sty (7o) (B) (3.8)

IANINA

where by = mg 4+ my; further, it should be noted that ®(I"t%) c &(I"*+™0) . §™  Then, we
have

5<I>(fn+bo)(h) < 5<I>(fn+mo)(h)

15



< Y Enw(h)

weyY
< 202 ) Epiuysmn(a(inystona(in+ioy (7)
weyY
S 2a2035 In Sbo)\¢(1n+b0)(h})

Here, we used (3.7) and (3.8) in the third inequality and Cs := sup,,cz, max,egn+mo # (N, (v) N
Smtmo) is finite by (Al). Hence, the claim of the proposition holds when ¢y = 2a2C3/(14+2a5C3).
O

Proof of Theorem 2.5. We set b € {0,1,...,bp — 1}. For each f € F, we can take g, €
H(Ibom-l-b’ (I)(Ibom-l-b)) such that ¢,, = f on K5b0m+b\<1> fom+b) and Qb0m+b(§m\L) = Qb0m+b(f|L)
by Lemma 3.7. By using the relations ||gn||z < || f|l=, €(g9m) < E(f) (by Lemma 3.7), and
9m — [ p-a.e., we will prove g,, — f in F as m — oo. Here, note that the constant c is
taken independently of m, which derives from the fact that ¢ depends only on ¢’ in the proof
of Lemma 3.7. We first obtain that g, converges weakly to f in F and limsup,, . £(gm —
f) = limsup,, ,. €(9m) — E(f) < 0. Therefore, £(g, — f) — 0 as m — oo. By (Bl),
9m — [ — [ (gm — ) dp converges to 0 in L?(K). Since ||gm — fllr2x) < || fll7 + | fllz2x), we
have [, (gm — f)dp — 0 as m — oo, which implies that ||g,, — f||L2(K) — 0 as m — oo. Thus,
gm — fin F as m — oo.
Let fm = gm—Gm_ 1, where weset g 1 = 0. Then, f = 3°°_ f,.. Since f; € F(I%i+b &([P0i+?))

for i > j and f; € H(I%I? ®(IPi 1Y), we have E(f;, f;) = 0 for i # j; therefore,

=Y E(fm)- (3.9)

Now, for each f € F,

; 1/2
(Ehoi+t) Quoirs (FI))? = (Boirt) (Quoirs(Fil2)))* = (E(b0i+b) (Z Qbm’+b(fj|L))>

1

< Z(E(boH—b (Quoisn(fil))'? < Z por ¢(jb0i+b)(fj))1/2
=0

< Z(Clp bot =t B 5<1>(fboj+b)(fj))l/2
=0

< Y(er ™ hGTE()) (3.10)

J=0

where we apply Minkowski’s inequality to the first inequality, (3.4) to the second inequality,
and Proposition 3.8 to the third inequality.
By applying (3.10) and noting that a®™ =% = p, we have

0 © ¢ ’
D eI B (@beise(flL)) <) P (Z(Cl p Tl TIE ()Y 2)
=0

i=0 §=0
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%

= aXd (Z(coje(fj))”?)

< CQZC]CO f] —CQZg(fj):c2g(f)'

J=0

Here, we use (3.2) in the second inequality and (3.9) in the last equality. Thus, we have
D a0 B (Qu(F1L)) < bocs ().
n=0

By combining this with Lemma 3.1 and (A8)’, we have ||-ﬂL||A§2(L) < ¢s||f||#; therefore, F|r C

Agﬂ(L) and (FNC(K))|L C A§,2(L) N C(L). The claim of Theorem 2.5 follows from a simple
limiting procedure by the fact that F N C(K) is dense in F due to the regularity of (£, F). O

Remark 3.9. Even if (B4) does not hold, the relation F|;, C f\goo(L) holds. Indeed, for each
f€eFand n € Z,, by Lemma 3.5, we have

A&(f) > e1€q(iy(F) > P By (@n(fl1)) = o~ By (Qn(f]1)).
Hence,

<o’E(NY

{ar (@)}

n=0

[oo

therefore, the same argument as the abovementioned one yields the result.

3.3 Proof of the extension theorem

In this section, we assume (A1)—(A8) and (C1)-(C2), and prove Theorem 2.6. Conditions (C1)
and (C2) are defined as follows:

In order to construct an extension map &, we first define a Whitney-type decomposition
and an associated partition of unity. Let Q™ = |J'_ I™ for n € Z,. For w € I° = {0},
we set A, = W\NQ(I)A and B, = W\J\/'l(I). For w € I" with n € N, we set A, =
(Na(w) - W)\No(I™F1), Ay = No(w) - W, By = (N3(w) - W)\ N1(I"*), and B, = Ns(w) - W
Evidently, K, C Kp,, K C Ky, KAw ﬁ KW|w|+1\B =0, and K3 N Ky g, =0

By (A3), the following holds for w,w' € Y

TLEZ+
ca v <d(L,Kp,) < caa”Vlif B, # 0, (3.11)
there exists [ > 0 such that if |w'| > |w|+ [, then Kp, N Kz , = 0. (3.12)

For n € N and w € Q™ we set

A(n)_{Aw if jw| <n B(”)—{Bw if (w| <n

A, ifjw=n" "% B, if|lw=n"

and Rq(;l) ={w € Q™ K

g N K B # (0}. We assume the following:
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(C1) There exists a finite subset I' of |, .y({n} x Q™) such that for any n € N and w € Q™
there exist (m, v) € T, a bijection ¢: RY”’ — R{™, and a homeomorphism F: K,

UuGR( )Bén) -
KU oy B such that for every u € R,(,? ), Au" and A( , and B ) and B((u) are of the
uERvm w

same type for the homeomorphism F'.

For each (m, v) € T, we take a function @\™ € F N C(K) such that 0 < @™ < 1, ™ (z) =1

on K ), and oo )( )=0on K

Wlol+1\ BUm - Such a function exists since (€, F) is regular. For

o™ (F(z)) ifz € B

) , where m, v, and F are
0 otherwise

n €N and w € QMW we define ¢\ (z) = {

given in (C1). We assume

(C2) ¢ € FNC(K) for every n € N and w € Q.

In the case of SC(2), it is sufficient to take that I' = [ J>_, ({n} x Q) to ensure (C1), and (C2)
clearly holds.
For n € N and w € Q™ we define

(n)
@) = — @ g

Zw/en(n) %(Uf) ()

This is well-defined since the sum in the denominator is not less than 1. wq(,,n) is continuous and
takes values between 0 and 1. Since gog,? ) € F and vanishes outside K B, 80 does 1/),(,,"). For

each f € A’QBQ(L) NC(L), we define

= ) M @)Quifw) = > v (z) ()dv(s)-

weﬂ(n) weﬂ(n)

£™ is a linear map from A'g,Q(L) NC(L) to FNC(K). For x € K\ L, £™ f(z) is independent
of n if n is sufficiently large because of (3.12). Therefore, for f € Ag’z(L) NC(L),

Ef(@) =4 now (3.13)

lim EMf(z), z€ K\L
f(z), x €L

is well-defined and £ f converges to £f p-a.e.

Proof of Theorem 2.6. First, we prove that £f is continuous on K. Since £ f is continuous on
K \ L by the construction, it is enough to show that for each zy € L,
lim £f(z) = f(o). (3.14)

T—T0
TzEK\L

Since f is uniformly continuous on L, if we set w,(f) = sup{|f(s) — f(¢)| : s,t € L, d(s,t) < a}
for a > 0, then lim, ,ow,(f) = 0. Let zp € L, z € K\ L, and § = d(x,xy). Suppose that
w € |, ey I" satisfies z € Kp,. Then, c;a®l < d(L, Kp,) < d(z,z) = § by (3.11). Next, we
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consider y € L,, and select z € Kp,_ that satisfies d(y,z) = d(y, Kp,) < coa”®!. Then, since
diam (Kp,) < o, we have

d(y, o) < d(y, 2) + d(z,z) + d(z, 20) < coa ¥l + c5a ¥ + 6§ < 4.

Therefore, f; [f(y) — f(z0)| dv(y) < we,s(f). Now, n is taken to be sufficiently large such that
2 ¢ Uperm Kp, - Then, M f(z) = £f(z) and

@)~ feol = | 2 w@)f () - fa) dvly)

weﬂ(n) w

IN

Y W@ 156 - sl )

weNr—1) z€Kp,,
S w045(f)'

Thus, (3.14) is proved.
Next, we prove that {£™ f},cy is bounded in F. It should be noted that [, P (z) du(x) <
csa ¥ for all n € N and w € QM for some ¢5 > 0; therefore, we have

2

€ f ey = /K Sy @) ][ £(s)dv(s) | du(z)

weN(n)

IN

/K > () . f(9)?dv(s) | dp(z)

weNr)

Z c5a_df|“’ad’|“’/ f(s)%dv(s)

wEQ(n)

= 5y o f 72,

k=0

Cs
< m”f”%z@,u)- (3.15)

IN

Forn € N, w € Q™ with m = |w|, let Ry = Uyerom v =l ¢ [mH where [ s given
by (3.12). For g € L*(L,v), we define

EP(9)= Y (Qmug(w) = Qmug(®))®, ES(9) = Egpeny | D Quig(v)vi”

uwe RV ve R

+1,L
u Sy

Both E{" (9) and ESY (9) are determined only from the values {Qm119(u)}, gz If ESY (g) =0,

then Q1,9 is constant on R ), which implies that EM (9) = 0. Therefore, there exists M >0
such that Eq(un)(g) < &’E&"’(g) for every g € F. Due to (C1) and Lemma 3.3, there exists
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some cg > 0 such that ESV(g) < cgp?' ESV(g) for allm € N, w € Q™. and g € F. Further,

there exists ¢; > 0 independent of m such that ) E" )(g) < 7B (41 (@m+19) for all n and
g € L*(L,v). Then, we have

EE™f) < Y gt = > EO(f

weN(n) weNn)

6y, > PMED(f) < cocr Y 0" By (@uiif)
m=0

m=0welm

wEIm

IN

< g Z " Em) (Qm.f).
m=0

Since a4 = a® =% = p, we obtain £(§™ f) < || fI1%, by Lemma 3.1.

By combining this with (3.15), {£(™ f},en is bounded in F; therefore, we conclude that
£f € F and ||£f||f<09||f||A3 y for some ¢y > 0.

Next, we take any A% 92(L)- Cauchy sequence { f, }nen C Ag’Q(L)ﬂC(L) and let f € Ag’Q(L) be
the limit point. By the abovementioned result, {£f,, }nen € FNC(K) is a £;-Cauchy sequence.
Let g € F be the limit point. Since £f,|r, = f, and a subsequence &f,,, converges to § q.e.,
glr = f v-a.e. Thus, £ can extend to a continuous map from AQQ(L) to F such that E}\L =f

v-a.e. for f € Ag,Q(L). O

Remark 3.10. Let {L;}"™, be a finite number of self-similar subsets of K, where each L; is
constructed by the same number of contraction maps and satisfies (A2), the second identity of
(A4), (A7), and (A8) in Section 2. Let L = J*, L,. With suitable changes for A4,, B,, etc.,

we can consider conditions (C1)*—(C2)* that correspond to (C1)-(C2). We define AQ,Q(L) as
in Definition 2.4. Then, under such conditions, Theorem 2.6 is still valid, i.e., there is a linear
map & from AJ,(L) to F such that £(A5,(L) NC(L)) € FNC(K), £f|p = f, and

leFlF < er Y Nfludlag, iy F € Aa(L).
=1

4 Complementary results

In this section, we provide sufficient conditions with regard to (A8) and (B3) and discuss a
suitable selection of F4 for A C W™. First, we define fractional diffusions in the sense of [2]
Definition 3.5.

Definition 4.1. Let (X, d) be a complete metric space, where d exhibits the midpoint property;
for each z,y € X, there exists z € X such that d(z,y) = d(z,2)/2 = d(z,y)/2. For simplicity,
we assume diam X = 1. Let p be a Borel measure on X such that there exists dy > 0 with
w(B(z,r)) < % for all 0 < r < 1. A Markov process {Y;}+>¢ is a fractional diffusion on X if
1) Y is a p-symmetric conservative Feller diffusion and
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2) Y has a symmetric jointly continuous transition density p;(z,y) (t > 0,2,y € X), which
satisfies the Chapman-Kolmogorov equations and has the following estimate:

ert= /% exp(—ey(d(x, y) ot )Y@ Y) < py(a,y)
< gt/ exp(—cy(d(z, y)det )Y (dw=1)) forall 0<t<1, z,y € X,

with some constant d,, > 2.

Proposition 4.2. (A8) holds for the following three cases:
1) There exists ¢ > 0 such that || f|| (k) < || f||7 for all f € F.
2) The diffusion process corresponding to (€, F) is the fractional diffusion and (A7) holds.
3) K C R", (A7) holds, and F = Ay"l*(K).
Proof. Suppose that 1) holds. Then, for any nonempty set D of K, Cap(D) > ¢~2. Therefore,
v(D) <1< ¢?Cap(D).
When 2) holds, the proof is similar to Lemma 2.5 of [5]; however, we provide it for com-
pleteness. Let g;(-,-) be the 1-order Green density given by

B [ / " f(xgdt] - /K g1(2,9) F(y)dp

for any Borel measurable function f, where {X;} is the diffusion corresponding to (£, F). Then,
since {X;} is a fractional diffusion, we have

cid(z, y) e ds if df > do,
gz, y) = —cologd(z,y) + ¢35  if df = dy, (4.1)
e if dy < do.

See [2] Proposition 3.28 for the proof. If d; < d,, then the points have a strictly positive
capacity, and the result is immediate. We prove the result for dy > d,,: the proof for d; = d,,
is similar. It is well known that for each compact set M C K,

(4.2)

Cap(M) = sup {m(M) . m s a positive Radon measure, suppm C M, } .

Gim(z) = [,, 91(z, y)m(dy) < 1 for every z € K

Using the abovementioned estimates of g, (-, -),

/Mgl(ac,y)lx(dy) < /Kgl(:v,y)u(dy)gz:/nl<d( e 91(z,y)v(dy)

< ¢ Z o™ity (o " < d(z,y) < a ™)

< ¢ Za"(df_dw_d’) =cp <0
n

because of the assumption d; —d; < d,,. Thus, by setting vj;(-) = v(-NM), we have G vy < 7.
Using (4.2), Cap(M) > v(M)/c; for each compact set M.
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For 3), we will use the results by Jonsson-Wallin in [16] and Triebel in [29]. We denote the
Lipschitz spaces and the Besov spaces in the sense of Jonsson-Wallin by Lip;y («, p, ¢, K) and
By (K) (see page 122-123 in [16] for definition). Note that Lip sy (o, p, ¢, K) C By %y (K)
and they are equal when o ¢ N (page 125 in [16]). For each f € Ag:"oéZ(K), (f,0,...,0) €
Lipy (dw/2,2, 00, K). Thus, by using the extension theorem in page 155 of [16], we have

Ag:‘f(K) C Lip jyp(dw/2,2, 00, K) C ij/Q,JW(K) C A2 (R,
where v = (dy, +n —dy)/2 and AL(R") is a classical Besov space on R". Now, since d,, —dy >

—dy (2d1ue to (A7), A2°(R") C A{;_,,»(R"). Finally, by Corollary 18.12 (i) in [29], we have

trp, A g,y 0(R") = L?(L,v). (Note that this trace in the sense of Triebel is simply a restriction
and there is no corresponding extension.) By combining these facts, we have F|, C L?(L,v),

which implies ||f|L||L2(L,,,) < ¢yl f||F for all f € F. Therefore, (A8)’ holds. O

Now, we consider one concrete selection of F4 for A C W™ and show that such a selection
is suitable for Dirichlet forms whose corresponding processes are fractional diffusions. By
(A5), (A6), and the self-similarity of u, for any w € (J,c,, W", there exists ¢ > 0 such that
Cap(D) < ¢Cap(F,(D)) for any D C K. We assume the converse as follows:

(A*) For any w € |J
DCK.

W™, there exists ¢ > 0 such that Cap(F,(D)) < cCap(D) for any

neZ

For a subset A of W™ for some m € N, we say that a collection { fy}weca of functions in F is
compatible if f,(F, 1 (z)) = fu(F;'(z)) q.e. on K, N K, for every v,w € A. Note that this is
well-defined by (A*). We define

Fa={fe€L*(Kaplg,): Fif € Fforall w € A and {Ff}yea is compatible}. (4.3)

If we equip A with a graph structure such that v € A and w € A are connected if Cap(K, N
K,) > 0, then A is £-connected when A is a connected graph. This is verified by (B1).

Lemma 4.3. For A C¢ W™ with m € Z,, (Ea,Fa) is a strong local Dirichlet form on
LZ(KA7:U'|KA)‘

Proof. Let {f,}nen C Fa be a Cauchy sequence in F4. Let g be the limit in L?(K,). Let
w € A. Since {F} fn}nen is a Cauchy sequence in F, F f, — Fjg in F. Further, it is easily
deduced that {Fg}wea is compatible. Therefore, g € F4 and f, — ¢ in F4. This implies that
(Ea, Fa) is a closed form on L?(K4). The Markov property and strong locality are inherited
from those of (£, F) via relation (2.2). O

Corollary 4.4. Assume case 1) or 2) in Proposition 4.2. Then, (A*) holds.

Proof. In case 1), non-empty sets have uniform positive capacities, which implies (A*). In
case 2), (A*) is easily obtained from (4.1) and (4.2). O

Hereafter, in this section, we will discuss the sufficient conditions for (B3).
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Lemma 4.5. Let A C W,,, m € Z,. Then, Fa is compactly imbedded in L*(Ka, ji|x,)-
Suppose that A is Ea-connected. Then, when we set A={f € Fa: [ fdu=0, Ea(f) <C}
for a constant C' > 0, A is bounded in F,.

Proof. Let B be a bounded subset of F4. For each v € A, {F;f : f € B} is bounded in F. By
(B1), we can take a sequence {f, }nen from B such that F:f, converges in L?(K). Therefore,
we can take a sequence from B converging in L?(K4). This implies the first assertion.

By combining this with the £4-connectedness of K4, there exists ¢ > 0 such that ||f —
fic, f Aplliz i,y < c€a(f) for every f € Fy. The latter assertion immediately follows from this.
d

Now, we give a sufficient condition for (B3) (2).
Proposition 4.6. The following condition (EHI1) implies (B3) (2).

(EHI1) For any v € Z, there exist some ¢, > 0 and subsets D"(v) and D" (v) of D*(v) such
that DI”(’U) C D”(’U) C Dﬂ(’U), KD”(v) N KSM\Dﬂ('U) == @, Kv N KS‘”‘\D’”(U) == @, and
eSS SUP ek ) h(z) < c1essinfoeryn,, h(z) for every h € H(D*(v)) with h > 0 p-a.e.

Proof. First, we apply Lemma 3.7 to ¢ € F with A = D*(v) and J = () and denote ¢’ by Hg.
We follow the proof of Theorem 2.2 in [13]. For h € H(D*(v)) with h > 0 p-a.e., by (EHI1),
we have
esssup h(z) < ¢ essinf h(z) < co|hfr2
Z‘EKDIH(U) wEKD'”(u)
For h € H(D*(v)), let hy(z) = max{h(z),0} and h_(z) = max{—h(z),0}. Since h = Hh =
Hhy — Hh_ and Hhy > 0 p-a.e., we have

KD/H(,)))'

esssup |h(z)] < esssup Hh (z)+ esssup Hh (z)
JJEKDH/(U) $EKDIH(U) Z‘EKD/H(v)

CQ(HH}L—F”L?(KD/”(U)) + ||Hh—||L2(KDm(U)))
C3(||h’+||—7:DH(U) + ||h—||—7:DH(v))
203||h||fDH(U)' (44)

IAN A IA

In order to prove (B3) (2), it suffices to prove the following:

() If a sequence {h;} in H(D*(v)) converges weakly to 0 in Fpy,, then there exists a
subsequence {hyx)} such that Fyhyy) converges strongly to 0 in F.

Indeed, suppose (*) holds. Let {fn} be a sequence in #(D*(v)) that is bounded in Fps(,y. We
can take a subsequence {fn} and f € Fpi,) such that f,q) converges weakly to f in Fpu(,).
We take g; € H(D*(v)) such that g; — f in Fpiw)- By applying (*) to by == fiq) — g1, we can
take a sequence {l(k)} diverging to oo such that F} f,uu)) — Fy f in F. This implies (B3) (2).

In order to prove (%), recall the notion of energy measure. For f € F N L*(K), the energy
measure [y is a unique positive Radon measure on K such that the following identity holds
for every g € FNC(K):

/Kgdum =28(f, fg) — E(f%9).
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Now, by (4.4), C' := ess SUDe K |hy(z)] is bounded in . We define i, = ((—=C)Vh)AC. Since
Fpi() is compactly imbedded in L?(Kps(,)) by Lemma 4.5, {h;} converges to 0 in L*(Kpz(,))-
We consider a subsequence {hy} converging to 0 p-a.e. on Kpy(,). Since (€, F) is regular, we
can take ¢ € F N C(K) such that 0 < ¢ <1on K, ¢ =1 on K, and ¢ = 0 outside K pm(y).
We have

0 = 28 (hur, hwp) = 2€ (hu, hup) = E(h, ) + / pdug,,,
K

because hy¢ vanishes outside Kpm (). Note that E(h2) < 4C?E(hy), which is bounded in I'. A
suitable subsequence hy can be considered such that {ill%,} converges weakly to some ¢ in F.
Since g = 0 on Kpi(y), €(hir, ) = E(g,¢) = 0 as I — oo. On the other hand,

/ SDdﬂml”) = Z p'”'/ F;wdu(Fz*ill”)
K | K

zeSlv
K
= P gy () = 20 E(F hyr) = 207 E(F ).

By combining these estimates, we obtain lim_, E(Frhp) < 0. Therefore, F*hyn converges to
0 in F. This proves (). O

Next, we provide the sufficient conditions for (B3) (1) (b).
Proposition 4.7. The following conditions imply (B3) (1) (b).
(1) F= Ag’oo(K) for some 8> 0.
(2) For eachv € 2, D'(v) is Epr(y)-connected.

(3) For each w € U,¢yz, Imtmo  there exist subsets DF(w), D (w), and D@ (w) of D'(w)
such that D (w) C DM (w) € D@ (w) € D'(w) and the following hold:
(a) There exists v € E such that both D'(w) and D'(v), and D*(w) and D*(v), are of the
same type by the same map F.
(b) Kpiw) N KSIwI\D(l)(w) = KD(2)(w) N KslwI\D'(w) =0.
(EHI2) There exists ¢ > 0 such that ess SUPsex ., h(z) < cess infmeKD(l)(w) h(z) for h €
H(DP (w)) with h > 0 p-a.e.

Proof. Let g be a function in F such that fKD/( )gdu = 0 and p¥Epi(9) < 1. Let

f(l') = g(Fil(x))’ T € KD’(U)' Then, f € ]:D’(v)a fKD/(U)fdM = 0, and p|v|gD’(v)(f) < 1
By Lemma 4.5, || f||#p'@)) < C, where C is a constant independent of w. Moreover, suppose
that g € H(I*!, D'(w)). Apply Lemma 3.7 to g with A = D®(w) and J = () and denote ¢’
by g1. Let go = g — ¢g;. By (EHI2) and the same argument in the first part of the proof of
Proposition 4.6, g; is bounded on D™ (w). We consider a function 1) € F such that 0 < 1 <1,
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1 = 0 on KSW\D(U , and ¥ =1 on Kps(,). Then, g1 € F. Since both g17 and g, vanish

_J (g +9)(FH(2), =€ Kp ,
on Kgjul\ p () When we set f'(x) = { 0 v e K\ Ko’ f' belongs to F
by using the fact that F = Aj  (K). Since f' = f on Kps,, we have f' € H(I", D¥(v)) and
'z = IIfllz, < C. These conclude the assertion. O

5 Examples

In this section, we choose Fy4 as in (4.3) for A C W™.

1) Sierpinski gaskets: Let {ag, a1, ...,a,} C R™ be the vertices of an n-dimensional simplex. Let
W=5=1{0,1,...,n} and let Fj(z) = (x —a;)/2+a; for z € R* and i = 0,1,...,n. Then, the
unique non-void compact set K, which satisfies K = | J;__, F;(K), is an n-dimensional Sierpinski
gasket. The map ® in Lemma 2.1 is an identity map. It is well known (see [2, 6, 18]) that there is
a self-similar Dirichlet form (£, F) on L?(K, p), where the corresponding diffusion is fractional
diffusion. In particular, F = Ad“’/Q( K) c C(K), where d,, = (log(n + 3))/(log2). Note that
dw — dy > 0 in this case. Let L be the (n — 1)-dimensional gasket determined by {F;}"/
other words, I = {0,1,...,n — 1}. Let I=1 M=1. Tt is evident that F, = F|k, for each
A C W™, Then, (A1)-(AT), (B2), and (C1)—(C2) are easy to verify with p = (n+ 3)/(n + 1).
(A8) holds by Proposition 4.2 and (B1) holds by [18] Lemma 3.4.5. For (B3), we define [, = 0,
mo = 0, D'(w) = {w} for w € U,z I", E = {0}, and D}0) = {0}. It is easy to verify
(B3) (1) by using Lemma 3.3 and Lemma 4.5. Since Hpi(w)(D'(w)) is a finite-dimensional
space, (B3) (2) is clearly true. We will prove (B4). Let f € F and Egm\/m(f) = 0 for some
m € Z.. Then, for each w € S™\ I"™, E(Fif) = p~™Ew(f) = 0. Therefore, f is constant on
K, for each w € S™\ I"™. We consider an unoriented graph with a vertex set V' = S™\ I" and
an edge set {(v,w) € VxV : Cap(K,NK,) > 0}. Then, V is a connected set. Note that (v, w)
is an edge if and only if K, N K,, # (. Therefore, f should be constant on K gm\r» and thus
constant on K \ L. This concludes that (B4) holds. Therefore, by Theorem 2.5, Theorem 2.6,
and Remark 2.7, we have

dy log(l+1/n)

= A (L h =
FlrL 2,2( ); where 3 9 2Tog 2

When n = 2, this characterization was obtained in [15].

2) Pentakun: Let a = e2V=17/5+V=17/2 ¢ C, k = 0,1,2,3,4. Let W = {0,1,2,3,4,5,6},
S ={0,1,2,3,4}, I = I = {2,3,5,6}, and M = 1. Let & = {Gy}i_, with G;: C — C
defined by Gi(z) = e*V=1"/52. For i = 0,1,2,3,4, we define a contraction map F;: C — C
by Fi(z) = o (2 — a;) + a;, where o = (3 4+ v/5)/2. We also define F5 = F, o G; and
Fs = F50 (4. Then, the resulting nested fractal K is called a Pentakun and the subset L is
a Koch curve (see Figure 1). The Hausdorff dimensions of K and L are (log5)/(loga) and
(log4)/(log ), respectively. There exists a canonical Dirichlet form (£, F) on L*(K, i), where
the corresponding diffusion is fractional diffusion (see [2, 19, 23]); therefore, F = Ag:“oéz(K ). It

is known (see [19]) that d,, = (log M“’) /(log @) and we can check all the assumptions in a
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similar manner to the case of the Sierpinski gasket. Note that Cy given in (B2) (4) is equal to
4. Thus, by Theorem 2.5, Theorem 2.6, and Remark 2.7,

dy 1 —log4
.7:|L:A§72(L), where [ = T_M'

2log a

For the Pentakun K, let I' = {2,3}. Then, the corresponding self-similar subset L' is a
Cantor set with Hausdorff dimension (log2)/(loga). In this case, we should set I = {2,3,5,6};
therefore, I # I. Further, we can check all the assumptions in a similar manner; therefore, by
Theorem 2.5, Theorem 2.6, and Remark 2.7,
/ d, logh—log2
Flp = A§,2(L’), where ' = > g;Tgag.

In general, if K is a nested fractal satisfying (A3), then there exists a canonical Dirichlet
form on L?(K, i), where the corresponding diffusion is fractional diffusion (see [2, 19, 23]). Let
L be a self-similar subset of K given in a manner similar to that in the first part of Section 2
and satisfying (A2). In most cases, all the assumptions except (B4) can be checked in a similar
manner to the case of the Sierpinski gasket; therefore, we can use Theorem 2.5 and Theorem 2.6

to characterize the trace space if (B4) holds. However, there are cases where (B4) does not
hold (see 4)).

3) Sierpinski carpets: We consider general Sierpinski carpets. Let Hy = [0,1]", n > 2, and let
l €N, I >2be fixed. Weset Q@ = {II" ,[(k; — 1)/l k;/l] : 1 < k; <1, k; e N (1 <i<n)},let
N <™ and W =S ={1,...,N}. Let F};, i € S be orientation preserving affine maps of Hy
onto some element of Q. We assume that the sets F;(Hy) are distinct. We set H; = |J,.; Fi(Ho).

Then, the unique non-void compact set K, which satisfies K = [JY, F;(K), is called the
generalized Sierpinski carpet if the following holds:

(SC1) (Symmetry) H; is preserved by all the isometries of the unit cube Hj.
(SC2) (Connected) H; is connected.

(SC3) (Non-diagonality) Let B be a cube in Hy, which is the union of 2" distinct elements of
Q. (Therefore, B has a side length of 2/=1.) Then, if Int(H; N B) is non-empty, it is
connected.

(SC4) (Borders included) H; contains the line segment {z : 0 < z; < 1,29 = --- = x, = 0}.

Here, (see [3]) (SC1) and (SC2) are essential, while (SC3) and (SC4) are included for technical
convenience. The Sierpinski carpets are infinitely ramified: the critical set C in (2.1) is an
infinite set, and K cannot be disconnected by removing a finite number of points.

It is known (see [3, 4, 21]) that there is a self-similar Dirichlet form (€, F) on L?(K, i), where
the corresponding diffusion is fractional diffusion. In particular, F = Ag:”oéQ(K ), where d,, =
(log pN)/(logl) and pis given in (A5). Let & = {the identity map} and L = ([0, 1]*' x {0})NK
(cf. Figure 1). Let I = {i € S: F;(K)NL # 0}, N; = #I, and assume
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For simplicity, we assume that the (n — 1)-dimensional Sierpinski carpet L also satisfies the
conditions corresponding to (SC1)—(SC4). Then, (A1)—(A6) and (C1)—(C2) are easy to check
with M = 1. (A7) holds by (5.1) because § = d,,/2 — (df — d;)/2 = (log pN;)/(2logl). (A8)
holds by Proposition 4.2. It is known that the corresponding self-adjoint operator has compact
resolvents (see [3, 4, 21]); therefore, (B1) holds. Letting I = I, we can check (B2). For w € I™,
m € Z, let zo(w) € [0, 1]" be the center of K, and A(w) be the intersection of K and a cube in
R™ with center zo(w) and length (2k +1)I~™ for £ € N. In order to ensure (B3), we assume for
the moment that there exists some k& > 6 such that Agz(w) is connected for all w € UmEZ+ Im.
Let lp = (2k + 1)n and consider mg € N such that {™ > 2k + 1. For each w € ™™o
m € Z,, we consider D"(w) C D"(w) c D¥w) ¢ DW(w) ¢ D®(w) C D'(w) such that
KD”’(w) = Al(w), KD”(w) = Ag(w), KDﬁ(w) = A3(w), KD(l)(w) = A4(w), KD(Z)(’M)) = A5(w), and
Kpiw) = Ax(w). With the use of Proposition 4.6 and Proposition 4.7, (B3) can be checked.
Here, the Harnack inequalities (EHI1) and (EHI2) are ensured by [3, 4, 21]. To be more
precise, let K = Uze—1,0y» (& + ), which is a subset of [—1,1]". Then, one can construct

a Dirichlet form on K whose corresponding diffusion is fractal diffusion in the same manner
as in [3, 4, 21]. Indeed, K has sufficient symmetry to employ the coupling arguments in [3].
In this manner, the Harnack inequalities (EHI1) and (EHI2) are ensured. If for each k, there
exists w € [J,,¢, I™ such that Ax(w) is not connected, we consider the connected component
of Ag(w) including K, instead of Ag(w) and discuss in a similar manner as mentioned above.
By the covering argument, we can check (B3). (B4) is confirmed by an argument similar to the
case of Sierpinski gaskets. Thus, by Theorem 2.5 and Theorem 2.6, we have

dy 1 (logN

=AS,(L h =2z
-ﬂL 2,2( ); where 3 5 2 \ Tog!

- dimHL> .

Note that when 0[0,1]" C K, 0 < § < 1; therefore, (5.1) holds and F|;, = Ag,Q(L) by Remark
2.7. Indeed, let Ky = [0,1]" and K be a generalized Sierpinski carpet in R" with 9[0, 1] C K;,
which is determined by {F;}; where F;([0,1]*) N 9[0, 1]" # 0 for all 7. Evidently, K; C K C K.
For each Kj;, one can construct the self-similar Dirichlet form. Let p; be the scaling factor given
in (A5). By the shorting and cutting laws for electrical networks (see [9]), p2 < p < p;. Then,

p2 = 1?>"" and
2 n -2 <, < [
T Ty R T PLS (1 —2)n1

(5.2)

by (5.9) in [3]. Since L = [0,1]""!x{0} and N; = I"~" in this case, we have pN; > poN; =1 > 2;
therefore, (5.1) holds and 8 > 0. Using (5.2),

ln

N < pN; <
PINT = P1 = (=gt

<?,

where the last inequality is a simple computation. Thus, 5 < 1.

4) The Vicsek set: Let a; = (0,0),as = (1,0),a3 = (1,1),a4 = (0,1) and a5 = (1/2,1/2) be
points in R?2. We define F;(z) = (r—a;)/3+a; forz € R andi = 1,...,5. The unique non-void
compact set K, which satisfies K = |JJ_, F;(K), is the Vicsek set. Similar to the case of 1),
there is a self-similar Dirichlet form (€, F) on L*(K, ) with p = 3, where the corresponding
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diffusion is fractional diffusion. In particular, F = Ag:”oéQ(K ), where d,, = (log15)/(log3). Let
L be the line segment from (0,0) to (1,1). Then, (B4) does not hold. In this case, the trace
of Brownian motion on the Vicsek set is the Brownian motion on the line segment. Indeed,
one can easily check conditions (H;)—(Hs) in Section 8 of [6] on the one-dimensional Sierpinski
gasket, which is a line. Therefore, by [6] Theorem 8.1, it can be observed that the trace of
Brownian motion on the Vicsek set is a constant time change of the Brownian motion on the
line. Thus,

f|L = A;,oo(L)a
which is greater than Aj,(L). This shows that (B4) is necessary for Theorem 2.5.

6 Application: Brownian motion penetrating fractals

In [12], one of the authors constructed Brownian motions on fractal fields—a collection of
fractals with (in general) different Hausdorff dimensions (see also [20]). They are diffusion
processes that behave as appropriate fractal diffusions within each fractal component of the
field and they penetrate each fractal. In [12], a restrictive assumption (Assumption 2.2 in [12])
was required to construct such processes because the corresponding function spaces were not
known. Our result in this paper can be applied here, and we can construct such penetrating
diffusions without the restrictive assumption.

Let Ag be a countable set and let {K;};ca, C R” be a family of self-similar sets along with
strong local, regular, and self-similar Dirichlet forms (€g,, Fg,) on L?(K;, u;), where K; and
1; lie within the framework of Section 2. We also regard u; as a measure on R" by letting
,U/z(Rn \Kz) =0. Weset G = UiEAo Kz

Let A; be another countable set and let {D;};c4, C R* be a family of disjoint domains in
R™ \ G. We denote the closure of D; in R* by K; and the Lebesgue measure restricted on K
by ;. Further, G=GU (Uj€A1 Kj). G is called a fractal field generated by {K;}ica, and
{D,};ca,- (When G is connected as in the introduction, we also refer to G as a fractal field or
a fractal tiling.)

We denote the disjoint union of Ay and A; by A. For i,j € A with ¢ # 7, let [';; = K; N Kj.
We define I' = Ui,jeA,i# [ij. Forz e I',let J, := {i € A: z € K,} and define N, :=
Ui,je Tuviti I';;. Throughout this section, we impose the following assumption:

Assumption A (1) For each compact set C CR*, #{i € A: CN K; # 0} < oc.
(2) For each i € Ay, K; \ D; is a null set with respect to the Lebesgue measure on R".

For each 7 € Ay, we define D(Ek,) = {u € Co(K;) : ulp, € WH*(D;)} and

&k, (u,v) = %/ (Vu(z), Vo(z))re dz, for u,v € D(Ek;)-
D;
Then, (£x,, D(Ek,)) is closable on L?(K;, i1;). Its closure is denoted by (Ex,, Fx,). It is evident
that (€k,, Fk;) is a strong local regular Dirichlet form.
For z € I and i € J,, we define §,,; = dy(K;)/2 — (ds(K;) — df (N, N K;))/2. Here, d,,(K;)
is defined in (A7) for (Ek,, Fk,) if i € Ap; it is equal to 2 if ¢ € A;. Further, d;(K;) and
df(Ny N K;) are the Hausdorff dimensions of K; and N, N K;, respectively.
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Further, we assume the following throughout this section.

Assumption B (1) Fori € Ay, (€x,, Fk,) is a strong local regular Dirichlet form on L?(Kj;, y;),
which satisfies (A1), (A3), the first identity of (A4), (A5), and (A6) in Section 2.

(2) For each 2z € T"and 7 € J,N Ay, N;NK; is a finite number of the union of compact self-similar
sets {L;} that are constructed using the same number of contraction maps and each of which
satisfies (A2), the second identity of (A4), (A7), and (A8) in Section 2. Further, (C1)*—(C2)*
in Remark 3.10 hold when K = K; and L = N, N K;.

(3) For each z € I' and ¢ € J, N A;, N, N K; is a closed Alfors d, ;-regular set with some d ;.
(4) For every x € I', B,; > 0 for all i € J,, and the set A, := {f € Co(Ny) : flnv,nk, €
Agg" (N; N K;) for all ¢ € J,} is dense in Cy(N,).

Now, we make several remarks. When ¢ € A;, we have d;(K;) = n and d;(K; N N,) = dy.
The set A, is closed under the operation of the normal contraction; (0V f)Al € A, for f € A,.
If N, is an Alfors regular set and S,; € (0,1) for all i € J,, then Ayy P24 (N,) N Co(N,) (a
subset of A,) is dense in Cy(N,) by Chapter V, Proposition 1 in [16], and Theorem 3 in [27].
The condition 3, ; € (0, 1) holds, for example, if i € N, N A; and d;; € (n—2,n), because then
Bri=1—(n—dy;)/2 € (0,1).

Define a measure i on G by ji = >, pti- Now, we define a bilinear form (€,D(€)) on
L?*(G, i) as follows:

E(u,v) = > Ex(ulx,,vlx,) foru,ve D(E),
icA
D) = {u€Cy(Q): ulx, € Fg, for alli € A and &(u,u) < co}.
Then, the following is easy to check.
Lemma 6.1. (1) (£,D(€)) is closable in L*(G, J1).
(2) D(€) is an algebra.

(3) Fori € A, x € K;, and for U(x)—a neighborhood of x in K;—there exists f € Fy, N
Co(K;) such that f(x) > 0 and supp f C U(x) N K;, where supp f denotes the support of

f.
Now, let (€, F) be the closure of (£, D(£)). We then have the following;
Theorem 6.2. (c‘:’, .7:") is a strong local reqular Dirichlet form on LZ(G', ).

Note that the strong local property of (£, F) can be easily deduced from those of the original
forms on {K;};ca. Therefore, it is sufficient to prove the regularity of (£,F). To prove the
regularity, primarily the following should be proved:

Proposition 6.3. (1) For each x # y € G, there exists g € D(E) such that g(x) # g(y).
(2) For any compact set L in G, there exists f € D(é) such that f =1 on L.

Once this proposition is proved, it is easy to prove the regularity of (5~ , .7:") (see [12]); there-
fore, we only prove the proposition.
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Proof of Proposition 6.3. Let B(xz,r) denote the open ball in R"® with center x € R" and
radius 7. When z or y is in the compliment of I', then (1) is clear by Lemma 6.1 (3); therefore,
we consider the case z,y € I'. By Assumption A (1), #J, < oo. Since each Kj is closed, by
Assumption A (1), there exists r, > 0 such that B(z,r,) N K; # 0 if and only if j € J,, and
y ¢ B(z, ;). Since A, is dense in Cy(N,;) by Assumption B (4), there exists u € A, such that
U|Bar./2) = 1 and u|p(a,r, /2y = 0.

Now, by Assumption B (1), (2), and the extension theorem (Remark 3.10), for each i €
Jy N Ap, there exists 4; € Fk, N C(K;) such that 4;|y,nx, = u. For each i € J, N Ay, since
N, N K, is a closed Alfors d, ;-regular set, we have

WH2(RY) vk, = Mgz (N, N K;) (6.1)

(see [16]). By carefully tracing the proof of the extension theorem in (6.1), we see that there
exists 4; € WH2(R™) N Cy(R") such that 4;|y,nx, = u (see, for example, pages 77-78 in [20]).
For both the cases, since (Ek,, Fk,) is regular, by multiplying a function in Fg, N Cy(K;) that
is 1 in B(z,3r,/4) and 0 outside B(z,r,), we may assume suppi; C B(z,7;). We define
g € Co(Q) as glg, = @; for i € J, and g|x, = 0 otherwise. Then, g € D(E), g(x) = 1 and
g(y) = 0. We thus obtain the desired function.

The proof of (2) is quite similar; therefore, we omit it (see Proposition 2.6 (2) in [12]). O

The 1-capacity associated with (€x,, Fx,) and (£, F) are denoted by Capg, and Capg,
respectively. By definition, it is evident that u|x, € Fk, for any i € A and u € F. Further,
Capg, (H) < Capg(H) for any i € Aand H C K;. Fori € A, let Fxr = {f € Fg, : f=
0 gq.e. on K;N F} and F; = {f eF:f=0q.e on UjeA\{z.} Kj}, where f is a (corresponding)
quasi-continuous modification of f.

We will denote the diffusion process corresponding to (£, F) by ({X;}is0, {Pe}sec)- The
following proposition shows that {X;} behaves on K; in the same manner as the diffusion
process associated with (Ek,, Fk,) until the process reaches T

Proposition 6.4. (€x,, Fx) and (€, F;) yield the same Dirichlet forms on L*(K;, il kar) by
identifying the measure space (G, ;| kr) with (K, pi| k). In particular, the corresponding
parts of the processes on K; \ T are the same.

Proof. It is evident that f € F; satisfies f |k, € Fi; therefore, we prove the converse. Let
f € Fgr. By Theorem 4.4.3 of [10], we can take an approximation sequence of f from Fgs N

Co(K; \T). Therefore, the 0-extension of f outside K; is an element of F;. O

For each distinct 4,5 € A, we denote K; ~ Kj if Capg,(I'y;) > 0 for [ = i and j. We now
assume the following in addition to Assumptions A and B.

Assumption C (1) For each i € Ay, (€k,, Fk,) is irreducible.

(2) For each distinct i,j € A, there exist £ € N and a sequence i, iy,...,7; € A such that
Kio :Ki, sz = K] and Kil ~ Kil+1 for [ = 0,1,...,]{)— 1.

(3) For each distinct 4, j € A with K; ~ K, there exists a positive Radon measure v;; on I';;
such that ;;(I';;) > 0 and v;; is smooth with respect to both (€k,, Fk;) and (Ex;, Fk;)-
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Note that when i € Ay, (€k,, Fk,) is irreducible since D; is connected. (See, for example,
Theorem 4.5 in [24] for the proof.)

For each nearly Borel set B C R", we define o5 = inf{t > 0 : X; € B}. The next proposition
shows that X't penetrates into each K;.

Proposition 6.5. The following holds for any nearly Borel set B with Capg(B) > 0:
P%(op < 00) > 0 for (£, F)-quasi every z € G. (6.2)
In particular, if B is a subset of a certain K; with Capg, (B) > 0, then (6.2) holds.

Proof. Due to Theorem 4.6.6 in [10], it is sufficient to prove that (£, F) is irreducible. First,
we recall the following fact. Let (£, F) be a local Dirichlet form. (Here, the locality represents
the condition that £(f,g) = 0 if fg = 0 a.e. All Dirichlet forms appearing in this paper are
local in this sense; see [25].) Let Y be a measurable subset of the state space and C be a dense
set in F. Then, Y is an invariant set if and only if 1y - u € F for any u € C. This is verified
by Theorem 1.6.1 in [10] and a usual approximation argument.

Now, let M be an invariant set for (£, F). We set i € A and take u € Fg, N Cy(K;). We
can take v € D(€) such that v = 1 on supp u by Proposition 6.3 (2). Then, 1 - v € F, which
implies that (157 - v)|k, € Fk,. Therefore, u- (1ps-v)|k;, = v - Lynk, also belongs to Fg,. Since
Fk, N Co(K;) is dense in Fg,, we conclude that M N K; is an invariant set for (€k,, Fk,). By
the irreducibility of (£k,, Fk,), either p;(M N K;) = 0 or p;(K; \ M) = 0 holds.

By this argument, there exists a subset A’ of A such that M = [J,.,, K; fi-a.e. We assume
that M is a nontrivial invariance set. Then, A’ # @, A" # A, and there exist 7 € A’ and
j € A\ A" such that K; ~ K; by Assumption C (2). We consider a compact set H C I';; such
that v;;(H) > 0 and a relatively compact open set H' including H. Further, v € D(€) such
that v = 1 on H' and let u = 14, - v € F. We denote the quasi-continuous modification of
u w.r.t. (£, F) by @. Then, ik, is also quasi-continuous w.r.t. (x,, Fx,) for | = i,j. Since
@ =1 p-a.e. on H' N K;, we have 4 = 1 Eg,-q.e. on H C H'N K;. By Assumption C (3), & =1
vij-a.e. on H. On the other hand, since % = 0 p-a.e. on H' N K}, we have 4 = 0 £k;-q.e. on H.
Therefore, & = 0 v;5-a.e. on H. This is a contradiction, which reveals that (f:' F ) is irreducible.
g

The fractal field in Figure 2 satisfies Assumptions A, B, and C; therefore, a penetrating
diffusion exists on the field.

In [12], detailed properties of X, such as heat kernel bounds and large deviation estimates
are established under strong assumptions such as Assumption 2.2 in [12]. By using the results
given in this section, the assumption can be relaxed and the same results can be obtained by
the proof given in [12] when each Dirichlet form exhibits the resistance form in the sense of
[18].
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