goooboooogn
0 110 1966 O 22-45

\

ON A SOLUTION OF AN OPTIMIZATION PROBLEM IN LINEAR SYSTEMS

 WITH QUADRATIC PERFORMANCE INDEX
YOSHIYUKI SAKAWA

Department of Electrical Engineering

Kyoto University, Kyoto, Japan

1. Introduction.

We consider a linear control system defined by
1y ©dx/dt = A(t)x(t) + B(t)u(t),

‘wheré }x(t} is an n-dimensional state'vector, ru(t) is‘aﬂf
I;diménsiogal controi vector, and A(t) and B(t) are n)fh'

:éﬁd nxr mafrlces whlch are contlnuous in the time " t, Each -
~compﬂnent’kui(t) of the éontrol‘vector is as;umed~t0'bevg

 constrained as |

(2) oy =1 @=1, 2,0 1)

- The control ﬁ(t), (}éf(m, will be~ca11ed ank;ﬁmissible cohtrol
ifvit is measurablevand it'saiisfies the constralnt; (2)

Optlmlzatlon of (I), subgect to the constraints (2), for a

7>quad:at1c perfc:mance 1ndex has been studled,by seyeral authorsz

ﬁ~[1] - 543._ Letov [1’ dlSCuSSEd the pr@blem u51ng ‘the c1a351cai‘
;alcnlus of varlatlons WOnham Johnson and Reka51us (23 - k4]‘
/used the Hamllton—Jacobl equatlon ‘for ana1y21ng the problem,

'Chang f5} showed under falrly stzong COndlthDS that there

ﬂ“fex1sts a unlque Dptlmal control for any ch01ce of the 1n1t1a1



B

cénditién'  This papef tieats thevﬁroblem bﬁ.ﬁsing a different
 mathemat1c§1 procedure from those mentioned above Sincelthe;.
state varlables are expressed, by 1ntegrat1ng the 11near dlfferen-w4‘

tia}equatlon (1), in a 1;nea; formrln the control functlons’hthe .
quadxatic perflormance index can be éxpreésed as akqﬁadratic fﬁnc-VV'
tlonal of the control functlons Thus, ’we are requlred to mlnlmrm@:t
the quadratlc functlonal under the constraints {(2).: Thls prcblem  o
can be con31dered asan 1nf1n1te~d1men51ona1 nonllnear pxogrammlng{”%”
‘prOblem- By using the generalized KuhnnTucker theaxem~;n non-:

" linear programming, we derive a system of néﬁlinear integral
;équations»a§ a necessary and Sufficieﬁt céndition for the optimal
control%, The éxisfénce and %he7ﬁpiqueness of the solution of tb&é_
integral,eguations are Studied.' Successive apprbximations'for tﬁg{

solution éf the integral equations are shown also,
o Ry , /

2. Formulation of the optlmlzatlon Qroblem in the Hllbert space%'j

© The solution of (1) with initial value X(O) ~,xb is g w@miuyf

-

- (3) x(t) = X(t)xg + Xit)q/\X5{S)B(S)u(s)ds,v
’ : S Yo v

o

- where X(t), the fundamental matrix, satisfies

~(4) o | &x(t)/df‘:‘A(t)X(t;,~,‘x(0) = I.(i¢en£iiy mgtxixg;'

The.ﬁafrix vgkt)' is also called the tramsitionfmattix; Eh@k
performéhéefiﬁdngto be used’in this papez is thé‘géﬁexaliaeébl
lquadrﬁtié er:ér‘CIiteridnliﬁl Let d(t) “be an nndlmemﬁmﬁﬁal
_deéiredwstAte veCtbx. Let us also defmﬁe»the error: vect@x o h@

~ the difference between\thefdesired Sta&&;and.the‘actual St@k@i'”

23 -



e{t) = x {(t) - x(t).

ar

. Using {3), We can write- 4
. ‘ | -
(5) e(t) = o(t)= | W(t,s)u(s)ds,
70
where

(6)
Wit,s) = X{t}X [siB{s .
Clearlv, W{t.s) 1is an nx1 matrix,

The performance index is defined as

~3
. o
fnd
-
=
-
.
-
R—
i

where Q(t) is an nxn positive semi-definite symmeitric matrix
which is continuous in the time t, C is an .r xxr positive-

is

"

definite diagonal matrix with positive constant elements,
a fixed time, and * denotes the transpose of a'matrix or a vector,
The matrix Q(t) 1is usually taken to be a diagonal matrix with
non-negative coﬁstant elemeﬁts. The problem is tben té choose an
appropriate admissible control vector u{t) so that the pérform—
ance index is minimized, o *

In this paper, we use notations of functional analysis L6J-
{10J., Let H) be a real Hilbert space of n-dimensional functioens
square integrable over EO,T}, and H2 be a real Hilbert space.of

r-dimensional functions square integrable over (0,T), Then, the



P T o ty . s

" state Qectox ix(t);7iQEét§;T, 'Will,be:iani'and tﬁéjbqﬁt161 ’

vector u(t) can be taken in ﬁZ;VVLétCuS denote the “inner
product of two n-dimensional vectors  x and y in the Hilbert @ =

space H; by (x,y);, whighriswdefined by

i

. T ~T - '
(%,v), =u/ﬂ x*(t)y(t)dt'i/ y*(t)x(t)dt, -
' - Yo , 0 » N
In the same way, let us denote the inner product of two,xn
dimenéionéi vectors wu -and v in- H2' by i(_u,,v’)Z. Theh, thér
performance index (7) can be written as B )
(8) I{u) ='(e,Qe); * (u,Cu),.
P
We define a linear integral operator L on H, by R
/ N /t v
(%) Lui/ W(t,s)u(s)ds {0£t LT},
which maps H, into Hll 'Sinpe'xw(t,s) is continuous on the-
domain ©0O<t, sf;T, it is obvious that the linear opérator L ';-n

is bounded and LLue;Hl,/fThe'performanCe;index (8) is rewritten as .
. o : - ’ Y G

(10) . I(u) = (g-Lu, Qg-QLu), + (u,Cu),. - e
Eq. (10) can be expanded to. give i
(11) I(u) = (9,Q9); - 2(Qg,Lu); + (Lu,QLu); *+ (u,Cu),. 7

4
/7

Let L* now be/ the adjocint operator of L, - then L* maps Hi S

into H2 aﬁd>satisfies‘the relation A s fi R
Y . : s
- 25 -
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(x,Lu); = (L%x,u),,

&
=

and u€H Eg. (11} can thus be written as

‘,.}_where X &€ Hy Foe

(12)  I(u) = (g,Q0), - 2(L*Qg,u), *+ (L*QLu,u), *+ (Cu,u),:

It can be proved: as shown in the appendix, that

y

T ; :
e L*Qg =f Wr(t,s)Q(t)g(t)dt, .
(13) Y .

L*QLu =fTY(s, t)u(T)dT,

. o ; v
" where
- (14) Y(s, T) =f . W*(t,S)Q(‘t)W(t,t)dt.
s | | - max(s,T) <

AN

..EVidently, Y(s, T) 1is an rx_f éontinuous matrix and Y*(s, T)

o= V,Y(t,s). Since
(L*QL)* = L*QL’

A ~~the linear bounded opera‘ntor L*QL on H,

: H, 1nto» H2 is sglf—
‘adjoint., Moreover, since
(15) . (L*QLw,u), = (QLu,Lu); Z O
for arbitrary ueHz, the operator 'L*QL is positive.'
Defining such a néw‘operator R as
. (16) - R = L*QL + C,.
i (12) can’bé written as
(17) | I(u) = (Rw,u), - 2(L*Qg,u), * (9,00);.

- 26 -



It is clear that’the operator R. on HZ,'intb',Hz is self-

" adjoint and positive-definite,

3. Reduction of the optimization problem to a system of

integral equations,

The constraints (2) can be written as , R ' N

(18)’ 1 - ‘1ii2-(t)2~0 (i = 1,  2,..., T).

Thué;\the problem is té minimize (17), the quadratic fuhctionél»‘”
of uf(t), ‘undei the constraints {18). This problem can1bef
considered as an infinite-dimensional nonlinear'prqgramming.‘ For'4
this problem, we éan apply the generalizéd Kuhn-Tucker theorem
Eil) which is an extension of the Kuhn-Tucker theorem on‘nonliﬁéamg “j:

programhing to more general topological spaces. Defining a mapp=-

7

ingﬁ ?’5 which‘maps H2 into H2, pr

— ~

1 - w2(t)

19) Py = |- i |,

i\‘-“ e
.

2
1 - U.l_'(t)—\

we denote the‘conétraints (18) as
(20) P(u)=o.

 Since the opérator R on H, ‘is g@ﬁitiyeadefihite, it camf\ if“
be easily seen that the functional I(u), as given by (17), is
convex, It is clear that‘“ﬁp(u) definedi by (19) is concave,

‘Morebver, it follows that &9(0)>0 (OéEHbﬁy Théiefo:e, from;t&%{x;k1 



Y . ~.

"/ theorem V, 3. ] 1,'; in (113, it foiloi«zs:thatl if u? minimizes
“I(u) subject to SD(u)_Z 0, ‘then there exists a non-negative

- redimensional function

2 P N0 < N .
’ (21) A (t)=o0 { = Hy)
~ . v SR
such that, for the Lagrangian expression ' B !

.//,v
L) I, n )= T(u) - (AL Plu),.

~the saddle-peoint inequalities

o : - 0 ; \ : 5
,b.’;" (23) . J(u,)\ )VZJ(ubs)\ }ZJ(u(’)\>

hold for all w&H, and all A Z0 (ANE Hy) .

CQn.Vezrsely, from the theorem V. 1, in {112, it follows
S . : : 05 (W .
i thja.t 1f there exist such uog Hg and N\, Z0 (N € 32) that the
" saddle-point. jnequalitiés (23) hold for all u€H, and all

A Z0 (NEH,), then

(2a) - Pu%)zo
~ and, for all u€H, satisfying -SD(U)Z‘)D,A o , <
(25) ) T(u0)<I(u).

'-'Therefore, the conditions (‘21) and (23) are necessary and suffi-

l

"~ cient for uan to be an_optimai control,

PR o e s . ey
Since AN 20 is a fixed vector in H,, we write

~.



3w, X ()

Let SJO (uo; ‘5') be the Fréchet differential of 50 at u® with

increment g (g =3 HZ)’ which is definéd by

3

I (LHEE) - Jo(u®)
(26) S (&5 g) = Lin2 g‘;‘r‘ ”
o » €0 z

s

where & is a real number {101, It can be shown easily that

2, )
) A Y o 2 -
(27) '
T _r
2. T 0 2
NS A AP NI
p 0 11
. O ; . .
where )\i and 75 (+ = 1,.,., ) are 'the components of the
. o 0 ol \ . .
r=-dimensional functions }\ and ¢, 1respectively, Therefore,

- o o
in order that the first inequality of (23), J(u, X )=J(x%, N Yoo

can be satisfied for all u €H,, it is necessary and sufficient
that
. o N\
(28) S8Jh(u;;E) =0
for bitra . I
or arbitrary EGHZ

Moreover, the second inequality of (23) implies that
0 6 0
(N, Py < (A, P,

for al'lr )\ZO ()\6 H2). Hence, we obtain the inequality

SD(uO )=>0 and

(29) (N, P, = o.



Lecessary and suff1c1erﬁ gQ"!dlthrLa f’or B uo “be’ tbe ': 3

N'\""‘_,’control are {21), (24), {‘278) and (29) in all ’-Iencefcxth

U - S ‘ k
- )\ v,aref ‘s:.mp'ly w;:;l‘t,t_e‘n as uv;and A s since no conf_us-,—
n v"ive"wy of the definit‘ioﬁ ——{”6) the ‘?reuhet di fferent: al of "
- with ini\:}:emen_'t g (u ge H ) can_be.evalkuated as

L SBIE) = 2 gy - 20509, €y - (SEN o

whéré ¥ au. denotes an 1% r dia_gonal matrix defined by

°

S (7% I
BIA [ 3uJJ : 2- O

o~ : LN " P

~ - . .

o ance : SJO(T.P g } vanishésfo;r' arbiti‘ary,’ 'g{:‘ H., 1t foll'{)‘wé théxt

| (30} S RU - “L*Qg .._...%__ _5_2.7\: 0,

" We setrL*Qg = f, theén from (13) and (16) S

RI;L Y(s ’C)u(’r‘)dt-f- Cl.( ),\

H

v

L f (T,5)0(T )g(T)aT = £(s).
s B e A R e
égiéérly, ‘f€S)J is«an‘#;dimenéionakffunéfioﬁy  Writé EET Uv¥:,;/“

A
.

(11(5 'L‘) ylz(s T) ,'.:"; ylr(s ‘z:)\k
Y(s T) =l . e TR

o s : . . e
o s E : . R

(s ?, ’C )




component~asr . L , , L ey
(31) - ?\l(t):\;ﬁ (1 =l ..y I),
‘ . ) 4 . ; o .
(32) | Ap(e) {1 =ui(s) p =0 (1=1,..., 1),
oA ! ' - »
i hY v‘ﬁ ylf\’.‘. 4 \' = ’ A : 3\ —_— : o "/
(33 > J yij.(u;s;uj(o)ds_& ciui(t)‘-!- i(‘t)ui(t) “~fi('.t),
) . 0 - . ]
Js; (1 = 15» oy X

where ci’s_ are the elements of the diagonal matrix C and all
positive.
From (31) and (32}, it fellows that ’ ' ..

N

A (t) 0, if .-l<ui,(‘t)<l,

T AL {(t) >0, if u.(t) = £1. -
AY Z i
Hence;;ihe relation betwéen ui(t) ;and IJKi(t) can be éheﬁn5as 

Fig. 1 (a)g The relation between 'ﬁ;(t) and .Ai(t)ui(t) and
then the rélatioh,between ui(t) and ciui(t) + )\i(t)ui(t) can -
also be obtained successiveiy from Fig, 1 (a) as shown in Fig._fb)fiﬂ

and (c), respectively, By defining the new functions

Vi(t) =‘Ciui(t) + 'Ai(t)gi(t) (l,z 1,000, 1),
. . B :
and denoting the relation between ui(t) and vi(t) ‘as

| u.i/(t)_;:’ %i(vbi(\t:)k)‘ (1 = 1, . ),

(33) can be expressed as

31 -~

o



in vector form, as

,'T\ WaE iy : W . i e ; S SR .

| (t) "’”f Y(t,s)cﬁfv( )ds "' I(t) by

~Iﬁ’(é4), the nonllnear Iunctlon,;ééi(vi)”viéfgnown in Flg 2

}thch can be obtalned‘xrom qu *l:(c) d1rectLy.“thuS"the,Mb

optlnlzation problem has been reduced toja » tem of- nonllnear’

}ntegrai equatlons ,‘anothexiwcrds (34) lQ the necoqsary and :

’suf 1c1ent cond1+10n ior *ho opblmum

g ’Dezlning,such fun:t;ons;a5w~ S DR ETE

*(34)£caﬁ3be;writ¢en'53_~

7/’ (t) *Zf (‘C S)F (s 7/) (s))ds
3 , 4 .

(1\‘ - lﬁi‘x',x‘"-;a I)’
or in Vectcr_form;jas b

; 1/»(*:) +fY<t s)F(s 35(5))@5

(37) 1s of the vector form of nonllnear 1ntegral equatlons,f




4 Suc09551ve approx1mat10ns for the,so utlon of the e

1ntegral equatr@nsﬂ f'.fg'  SR f\éé*.' ; qu‘ ;,f‘;i;f:

Since .c.>O\(i'= ‘;;;;; r) TA it «is clear from Flg 2 thaf

Llpschltz condltlon of the form>'

IF (t, '¢(1  2- F. (t 1p(2) Tp(l) TP(Z)

(38)'

where Ci is such a p051t1ve constant that .C{;ﬁl/ci.(iw;fiu

xI). Lef us deflne Lhe.norm of aﬂvectorlﬂx ‘in.- H. as

2
. ”X” = (x X)g = Z/X (t)dt
eI =1 D

,;{1:

Moreover, let us 1n\roduce an r-dlnen51ona1 functlon 'z(t\ =

’(?1(t>’-‘-fvzr(t))a<‘Where 1he elements ‘are deflned by

Thé'functibﬁs‘jf(w(ﬁ;é)j(i,jf;!i, ”a; r) are contlnuous on’ the
~domain /O<it s <T9 :héncef,zféﬂ ;

2; It can be prowed *hat 1fj'

-

athen the succe551ve approx1mat10ns

e

(40)

’#‘“‘“”(t) - —Zf (t/,sm (s, ?/J‘“’<s>>ds

'J(i 

]
e



/_:‘svt:a'\vi‘ting_‘, for J.'._n‘stvancrey, with Q#£O)(t) = C, convie‘;rg’e.to a , /g
:.uhiqué'solufion of (36). \It ié obvious that the existence of ;;
~.‘“a unique solution‘of (36‘) implies the existence of the unique 3;
ioptim‘ai control, i l

In fact, from (38) it follows fhat / 4

- Thus, we obtain

Eq (41) shows that the mapping defined by the right-hand side .of ;

YN

(40) is a contraction’ mapping under the condltlon (39)
: ’I‘herefore,‘ under the condition (39), we can show the’ ex1stence
'{fahdgthe uniqueness of the solution of (36). E

Y#(“*1)<t> ¥'(“’<r)4

s [ g (n), (-1 ;
Y yi.(t,s),;F-<s,3L-; (s)) = Fs(s, P37 " (s))fas |
=1 Y0 — ‘ .

» . T . ‘, - 5

- <X f fy. t s) QIJ(n s) - %b;g-n_l)(S)fds, < <

o, - Jj=1 0 ' ’ \‘

| «Eurtl;:ermor,e, using the Schwarz inequality,

[Py - zp?“)(t)l

: . : : i

z:[ tesias)? Zf i w- ) el
v ’”1 3 1%

= zi(t)HT#(n) - q#<nj

-

(b-l)r

@ H”lP‘“”‘?;ﬂy“)n;ﬂauzww@) -




5 Existence and uniqueness of optimal control.

In the case where »617:"02, i LT ci,',- the nogiinearfcharaé-i I

" teristics €§i_(i'= l1,..., r) shown in Fig, 2 coincide with each =

AN

- other, Hence, we express the characteristic as éi. In this:f3

¢ase,’the,System“of'nonlihear integral equations (34) can be

~

reduced to a singlg»integral equation with a dis“ontinuous'kerheigvra

in the basic interval 0<t £rT:

—
- . : s

§ : ’. ,FT* . 'VA A~’ A
’ 3’(‘t)ffo yv(t;,s)@(v(S))c}s  =, f(t)
(42) : G P Tl _
(0 <€t £rT),.

where i
%

v (t), - if 0<t <T

J(t) = { vy(t-T),  if T<t<eT

.vfI'_(t-((r-l)T-);, CAif o (r=1)T <t £1T,

£.(t), if 0<St<T

£,(t-T), if T<t<2T
. % P .

£ (t=(x-1)T), if (1-1)T <t <rT,
and
. : Y(tJS) *;Yij(tf(l*l)?y 5’(351)T)9 . s .

if (i-1)T<t<iT and  (§-1)T<s<iT

(i, 351, 2,..., 7)o

© Furthermore, defining such scalar functions: as




ammersteln type [12] E13]
. \,

/,

(t s) deaned by

A

ot contlnuous? hence Hamme sueans ex1stepce theorem 1sv




and K be é'linéar—operatoifoﬁ;;ﬂ*,aefinédﬁby“ - ';; ’
; ) rT : L
(47) Kx =J/T 9(t, s)x(s) s  (x €H), ‘

Then, the'integrai equation (45) can be written Symbolically"é§ 

we) . P rwe¥ = o

L

‘Since the matrix .¥(s, T) ‘defined by (14) is continuous on the
- L . - 7t : . - ! :

closed~squafé domain 0« s, T<LT, it follows.that\ " <
. . ), . / V— V‘ (’ _> Ll N
f Q(t,s)qtds. = Z f f (t, s)dtds < o0, ' R
¢ 7o v Lj=1 Yo ; R

Therefore, the linear operator K is gompletely continuous [io

From (15) if follows that -

T oerT o
(Kx x) { j‘ (t s)x{t)x(s )dtds

f f (t (e f‘i;lv)’f‘)X<Sf(J‘-'i)T)dt,ds zo,

N

for arbit:ary function x.€H,” Hence, the. operator K .is poSifime

i;e. all 1ts elgenvalues are p051t1ve Moreover* the opcratori 
is selfuad301nt i,e. K* = K, Therefore; from the spectralv;ﬁﬂ

theory'of opetatdrs, the operator K can be decomposed as ~

(49) K =pPpx, \_
o , 1
Where P is a square reot of the operator K (i.es P = Ké)ﬂjahd

»

is a p081t1ve self-ad301nt tompletely contlnuous operator on‘3Hr

into. H, and P* is an ad301nt operator of P L14J. Then,fthéw

nonlineérkintegral equation;(481 can be written as



~Eq., (50)-1is equivaleht to

" f(«__‘v51)' . 50 + P*GP =0 ( P e H),

-

"e;in thé sense that to a solution 976“H of (51) there corresponds -
a ‘solution PSO € H™of (50) and, conversely, to a solution "4961-1
ﬁV'of (50) there corresponds a’solution P*Glf € H of (51)

"A_Moreover, Kras,nosel'skii (14) shows that the operator I + P*GP,

" being an identity operator on H, is a gradient of the functlonal__

PPty A .

(52) 1? Sp 2(9} ff) + f / F(t,x')d;

fined on H, where an operator : F on ' into. H  1is called

h‘é’ ,gra‘di‘ent of  the functlonal 1P , if

%E,‘Z ‘/?(50+ 6?) - ?(97) ([799 g) (S"‘,EIQIH).,

N~

<

It is clear that the function F(t x) satlsfles the Caratheodory k

Aco;ndlt—_l.on'klzll, i,e. J_t is continuous with respect to x for ’

“;‘Talmo‘st’alxl t€ (0, rT)] and measurabje w1th pespect to t for

all values of x.
Accordlng to Krasnosel'sk11 s theorem. 1 l. in. c-héxpterﬂr VI

: -’;[143 1f_the func‘t.lonal' (52) is 1ncrea51ng.,k i.e.
~lim ‘,"I/('ga), = He, e : SR

'V"then there ex15ts a p01nt Sﬂo in the Hilbert space H where the

' 'functltonal /’If( 9y takes on its mlnlmum valuevand its gradient.



. vanishes, i.e, s

P, + PGP 500

Thus, if the functlonal 'g?(?’) is 1ncrea51ng, then the ex1st=‘
ence 6f a solution of (51),. and hence the,ex1stence of a solutlonf;
.of the fundamental equation (50) can be concluded. ' Since .

L]

U u ’ .
f F(t,x)dx <f [F(t,x)|dx < |u],
o . o - N

using the Schwarz inequality, it followsfthat

o~

1i'

Pot) T B
f F(t, x)dx<f {PSO(t);dt < 4 xT (Pff, P§0)
s (¢}
1 .

= 41 132 50) < /-’1‘\‘\/[( @, 9?) | '\i”"
where | , : : v R e
: c 1 ‘ ’ N
{f J (¢, s)dtds} 2. Co e
COnsequently, - | 7 ’

«

. R e 1
(s3) 1If(gp) > 2(30 go - /FT M 92,50),2.

o

Eq. (53) shows._ that the functlonal 1P"€P) ‘is 1ncrea51ng. Thus,_e

the ex1stence of the solutlon of - the nonllnear 1ntegral equatlon.fg

(45), and hence the ex1stence of the optimal control has beenvn

proved,

If we assume thet]the poéitive operator K . definediby (47);?[

is further positive-definite, i,e., . -

f - ‘~ S (f,}g (_.f‘) > 0, “if 99}*{\\0,
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T

(56) (L*Qg,u), = ('Qg,Lu).l = f

dt g*(t)Q(t)J WEt,s)u(s)ds, ,
0 B/ I o

The region of integration (56) is given by - 0 £t«T, O<Ls<t
which is equivalent to 0<£s&£T, s<t<T. Then, changing the

order of the integration (56) yields

’ T T * )

(57) (L*¥Qg,u), = J [{W*(-t,S)Q(t)g(t)} dt u{s)ds.
0 g :
Eq. (57) sho'}vs that
, T
(58) L*Qg = f Wx(t,s)Q{t)g(t)dt.
Ij;ro‘m (58), it follows that
. ’.ﬂ‘r ) -t o
(59) =+ L*QLu FJ dt W#{t,s)Q(t) f W{t, Tiu{T)d T
: 5 0

The region of integration (59) is given by s<t<T, 04£7T<t

. - : - : \ . ’ .
which, is equivalent to O£T LT, max{(s, T}« t<T, where max
(s, T ) denotes the maximum of s and T . Changing the order

f the integration (59) yields

t

T, T ‘
(60) L*QLu = f f wW*(t, s)Q(t)w(t, T )dt } u{ )dT
0 “max¢s,T) :

. )
= f Y(s,T Ju(T )daT.
o



(2)

1 (3)

(4)

(5

(6)

{7}

¢8).

(9
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