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[D] Full-hermonic 3Tructures on & Green Space

{(4bstract)

Fumi-Yuki waisla, Dept. of Math,, Hirosihima Univ,

Chap, I, PFull-harmonic structures and associated kernels,

$ 1, PFull-harmonic structure.

Let R be a non*coﬁxpact space of type & in the sense of
Brelot—-Choguet 1] or an open Riemar{n surface, For an open set
GCR, let H(G) be the linear space of all harmonic functions on
G, Let J} be the family of all domains D ia @ such that D is
not relatively eompact and ité relative boundary SD is compact;
Let Cg be the family of all open sets G in Q such that 3G is
qompac“s. Then every coumponent D of GC-’(,} is eifher relatively
compact or D € a@ . v

rsuppose there is .given a family }f= ég(D)}'Déé satisfying
the following three conditions: ' |

(i) Bach H(D) is a linear subspace of H(D);

(1) If D, D' €43 , D'C D and ucH(D), tnen uly, € 5(D');

(iii) If ueH(D) and if there exists a compact set X in &
such that u[D.é ﬁl(D') for every component D' of D - K, Then
u € 5(D)., |

A domain Dedd is called }—regular if, for any non-negative
continuous function f on JD, there exists a unique non-negative
function u, on D such thet df!Dé giJ(D) and uf;ab = f. An open
set Gé'(}’ is called (}—regular if each relatively compact con-
ponent of G is regular with respect to the Dirichlet problem and

each component D of G such that DC—;@ is g-regular,
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} is called a full=-harmonic structure if it satisfies the
following fourth condition (cf. 6J):

in &, there exists another

(iv) For any compact set K

compact st K in @ such that K'(the interior of X)DK, and R - &
is -}—regular. 4 |

In this note, we shall assume the ‘_Vfoll\owing condition (iv)'
instead éf (iv):

(iv)* If Defd has smooth boundary, then it is F-regular.

Let D.-be an }—regular domain, For f ¢ C(dD), we define

= Upr < Upo, Then u.f&'- g{D) and the mapping f —> up is linear,

for each x ¢ D, the mapping f —> uf(x) is positive linear, so
that there exists a measure ui = p,§ 5 on oD such that
¥

uf(X) =J(fdu£ for all fe&c(3D). If Gél‘.} is }—regular, .Ghen we'

~ n .
define u; = u; 4 as follows: Let D be the componeat containing
Tt . )

G D

x = Bye If D is relatively compact,

x. If D€ 4%, then define p

~then let p,g be the usual harmonic measure of D With respect to x,

$ 2. Full-superharmonic functions,
Let _# be a full-harmonic structure and let D € £+, &
superharmonic function s on D is called g-full“superharmonic ir

there exists a sequence {& } of compact sets such that 2DCKJ,

m - . - * -
\JE, = 8, each & - K 1is }-regux.ar and

K C g
n vn-{-l’ o1 n

v D-ﬁn
s(x) = jsdu},x

for zll n and for all x¢D - K .
s

. s : A . :
It can ve seen that if s is /-full-superibsrmonic on I, then

FFaliy - = -~ - + e Iy i— ™ w Y ! I
for any compact set X such that XK~ D 2D and @& - K is %-regular,



for all xe o ~ K,
- % ﬁ::/ . W . - o . . s . .
€43, ueH(D) if and only if u and -u are poth f-full-
superharmonic, Jhus, u<¢H{D) is said tr e ,}r~fu13~aarmeals on
B,

rull-superharzonis functicns have many properiies analogous

t0 those of superharsonic functivns (of. (61). For example, we
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Minimum Priscizle: Iet DEJY be such that

o d o By e B 7
a full- DL narmond function on 3 and i1f lim PR
ety 5 ‘}4{;&.1'}

~all ¥ ¢eb, then uzl,

P

Poll~superharnonic functions of potential typs..

$
Let a full-hernonic structure %}Z« be given, #e¢ take a domain

Q{ﬁ»& such that B 4 & sud fix it in the sequel,

It is ghown et wny por-pegavive full-supsrharmonic func-

tion on ©. has the greatest full-hwmonic minorant (cf. (63).

nitico, A ROTNEE rative ’Z:”“'“}.l“c’liﬁﬁﬁ‘hé‘fmﬁﬂiﬁ function

_ - R N >
on Qc ig cellzd of potennlal type LF ivs greatest F~full-
3 % “ »

o, ~ .
harmonic minowani on &, is zere, We dendte by 1% aff’(ﬁlﬁ; # ) the
zet of all ,p-’luil -superharmonic functlons of potential {ype

-7 "= s . .. .
ARy non-nogative J-full-gupsrharmonic fupnction uw on 520

decompoged into v = v + L with V&{S:) aud h Eﬁsi‘nli-‘harmor;ic.

; ;ﬁ\'}f\ H{QG} »

(R ; FJ) be the set @(@e

§ #, FeGreen kernel,
£
bl 3 + . e TR SN by [&]
The domain Q.Q has the Green function G _(y) =& {y) (cf.
C1)). Por a full~harmonic structure F, an F-Green kernel is &

non-negative extended real valued function B (y)E ] .m}: (¥)

&

by W « P
= L. (y) on Q X B suckh W
ml:jv-;x ¥) on oX b, skl tinat



. N . < . . _ - n'* n0 . .
(i) for esch x€¢Q,, W - G 1s narmonic on RK,;

(ii) for esch x€R_, WU € (G ; F) and M is F-full-

harmonic on @ - {xf.

Q

.o e s o
m}, % always exists and
[Vie ]

]

Theorem, The .}Z-Green kernel

is unicue, It is continuous on QOX Qo. Furthermore, ey =

G, + U, with U_€ pg(@o;y).

Sketch of the proof: For each X€R , let Z[X = -{ue P

6+ u € Bl
(i) 7. is non-empty, To show it, choose a closed sphere
=K

g A T - T i) = Q P : i
£, such that K N8  =¢ and let nb(y) _Sd@z},y and b, be the

X

~

Dirichlet solution on £ - K, with boundary values 1 on BKN ¢
on the ideal boundary. L - ho is .?f—fullmsupernarmonic and non-
negative on QO, Let b - hg = Vv + h;, wnere v€ @(9023"‘) and by
‘is ,%vfull-harmonic on SZO, Choose a compact set K with smooth

boundary such that K- D AR U 1%} and let

X = sup o {isx(y)/he(y)j. Thén O < A< +®. We can show that

JEIKNQ

G+ Avelp , so that Avell.
(ii) Let U_= inf J{_. It is easy to see that U € {, and

G+ UXG &3 . By Theorem 3 of 76], we also see that G, + U_is

full-harmonic on Q - {x{. Hence M, = G+ U, satisfies (i) and

(i1}, .

(iii) The continuity follows from the fact that, given

€>0, U_, + eve Z(X if x' is sufficiently close to x,

® 5. 1Integral represeatation of &)—functions.
Let ue Sv(&o;})- There exists a unique positive measure

L on Q. such that



T,

= h + M. du{x)

A
O B

with b € P (& 5 F)(ef. 753).

In order to coansider tae invegral representation of

»

h e ?b(ao; }}, we construct sn ideal boundary associated <ith F

Fix Xoféﬁl and let

°
£
B o / »)
3’*; X&y i i
—ge——-— if x £ vy or x # Xq
o
W 9 3
K° (y) = 5,1 %)
Fax
( 4 ify=x-= Xge
\ QO ) :
For each y€ & , x - K (y) = o, _(y) is continuous on & . e
) < Fyx °

can define ideal boundary points with respect to 'ﬁ'X Jjust as the

Martin boundary points, The ideal boundary thus obbained is
denoted by 43}(&2:0}. The corresponding metric defines a topaology
on & U*A%(SEG} and A%{ﬁo} is compact with respect %o tais
topology. It is shown that A%{'Qo} does not depend on X, & Q..

For each 3 € Az(Q ) let Es(y) = lim EFyeay).
) _ x5 ,KéSZQ -

Cn A;(QO), there appear ?-min,imal points and ‘?f'—non-
minimal points., Ihe set of F-minimal points on A;»,(QQ) is a
. %

G

~set and is denoted by -‘A%(E&O).. As in the case of the uartin
boundary, we obtain the foiiowing integral representation thneorem
(ef. 23, 5] and C&)):
Theorem. Given ue @biao;}), there exists a unique
pesitive measure u on A}‘(Qo) such taat g(A;-AJJ:) = {0 and
u = S‘ b,§ du(g ).
QA}
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Thus, for say u ('&{.3220;31'), tha‘re ex%sts a unigue positive

\ \ : . ; 1 -

& ¢ f ; 1 k¥ e d J A = B

measure ) on £ U A&(@Q) such © a“i‘:_ Y4z Aﬁj ¢ and

u = S‘ B aV(x)
Usﬂ}; -
§ 6. Crdering smong lmll”}l"‘xf‘,ﬂ@.ﬁlﬁ structures,

Let \;’*’1} and ‘%Zhe two full -harmonic structures. If, for

cany DG;S with smooth boundsry aad foriany x € I, :.ng = ;}-D
AR
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then we wrile Ajv‘l = ;ifa. Tnis 1

of full-hermonic structurss on f,

19} 2 o
. EY
Theorem, I1f ,‘;Z, :4 J-"/, then .7 _ < w.° for all x¢ & .
e o i *jhj_, ?;g‘ jp;",‘ayx 4]

Let G(:CZ} be regular with respest %o the Dirichlet probl

o

For f € C{3G), the Dirvichlet sclubion with boundary values £ on

G
by }xf g Let
o f

L

3G, O on the ideal boundary is denois

u€ H(D); there exists a compact set K such that |

big
o)
o~
S’
8

E*5 3D and @ ~ ¥ is resgulsr and '{; u.,z =unon D= r"f.

Iben, ‘}% = {H{)(D)}Bé& is & full-anarmonic structure and the

oy

> , . : X ¢ . .

(j"o'-Gree;:ﬂ kernel on Q{} ig the Green function G-,,‘) {y). 'ji; ig the
L=

snallest Full-harmonic structure. e correspoending idesl

poundsry A}\: 6 - E, ) is the Martin pouwpusry,
o

Chap, II. RBeupdary value problemg and exsmnles of frll-hesrwmonic

strucitures,

Let € be & Green space- or & hyperbolic Rigmann surface, and



let K be a compact set in L with smooth boundary BL(£ €). ILet
Cl{aK) be the set of functions which are C* in a nelgnbornood
of 2K, e consider a compactification £* of f and we shall

treat the proclem %o find a harmonic fuactionm w on & - &£
satisfying a preassigned bouadary condition on A= R* - & and

u=f on OJK.

$ 1. Dirichlet problem. (ef, £27 and 74))

For sn extended real valued function g on 4, ‘We counsider .
the classes

,gg = ) 8; superharmonic, bounded below on @,

lim S(X)Zg(§) for any §€~A u {CDE
X-}?,XGQ i

,gg 51‘53 s € j-g}i

and let Kg(x) = inf {s(x); s € Eg& and gi_g(x) = sup {s(x); sé_gg%. -
If Hg = Eg and is finite, then we say that g is resolutive and
we write B, = E"g = H,. H_ is a barmonic function on Q. If eny
g€ C(A ) is resolutive, then Q* is called a resolubtive com-
pactification,

Assumption 1, 0% is a resolutive cempactificatién.

The hearmoniec measure ;LX(X & §£) is a positive Radon measure
on A such that Hg(x} = ggdp,x for any g ¢C{AD ).

Let g be a resclutive function on A and let 1’“601(3.‘{{}.
Then

g on AN

f on QK



is resolutive with respect to the compactification AU(R-K)IU 3K

of & - XK, The solution will be denoted by Hf’;&. #e shall write
. (=0 ]

K - 34,9k X _ -4,3K

io.r =Hols and Vg ®2HG

$ 2. HbD-space.

For an open set G and two harmonic functions u and v on G,
let <u, V>G be the mixed Dirichlet integral over G and let
iiu!lé =<u, u);. Llet ID(G) be the set of all harmonic functions
u on G such that Hu“&<+mo

We denote by RB(&E} the set of all resclutive functions g on
A such that H_€HD(Q)., e know that if g €R (A) and £ €CT(IK),

=1

- LA TR ey . . R - X & 3
then HT'O™ € HD(R ~ K); in particular, us ., vo €dD(R2 = &).
gsi ? i : G,,f 24

Docb's lemma (cf, (3] and (4))., There exists ¥ > O,

depending only on £ and X, such that, for any g€Ry(4),

il

&

®

g 2{1% < ¥ilv

04

Corollary. RD(ZX} QVLE(H).

$ 3, Normal derivative on an ideal boundary.

Let X, &€ & be fixed and let u = By o Let A be a p-measur-
o

able set on &, Given u € HD(R - K) and a y~measurable function
¢ on A, we say that u has a normél derivative ¢ on 4, Oor ¢ is a
normal derivative of u on A, if, for any g &€ Ry(A) such that

g =0u-a,e, on A- A, ¢g is y-summable on 4 and

u, ) o= - S Pgdp.

¢ may not be uniquely (even p-a.e,) determined by u. But, under

the following assumption, if u, v € HD(R) have the same normal

- 82 -



derivative on 4, then u = v + const,

Assumption 2, TFor any u € HU(Q), there exists u* € .{A)

o

such that u = Hu*‘

e

Such u* is uniquely determined u-a.e. We hereafter assume
Assumptions 1 and 2, The Wiener, Roydean, Kuramochi and Lartin
compactifications are examplies.

#e can show tnat, for any u & HD(& - K) suck thatg

u=7f € Cl(aK) on 8K, there exists u* € R.(A ) (uniquely
it
a,3%

on & - n.
u*,u

determined u-a.e.) such that u = H

¢ 4, Boundsary value problems.

&

u* = 0 on i u=-a.e,

‘@ = Pu* on A- A u-s,e. for & normal derivative ¢

If we write

1 — a
ITE on A AO N
then « is a u-measurable function on 4, 0 £ & <1 and the

condition (&, g) is equivalent to

(e): (1 - ®u* = «p u-a.e. for a normal derivative ¢ of u

on A- A

O. ) -
Given f € CY(3K), if There exists u € HD(R - X) suca that
u=f on QK and u satisfies the consition (&) or (45, B), then

u will be denoted by ug £ If & = 0, then our problem reduces
¥

to the Dirichlet problem, so that u coincides with the one



defined in § 1.

Theoremn 1. ug 5 is unique if it exists., If £ =¥ zad
S——— %
. «. then W& . < ub . in particulsr, for eny
€ € &, en ual & g3 1o par icular, for any «,
X o
o< u L <% ,
O < ug s < Ug p S U g

§ 5., Ixistence theorem.

Theorem 2, If B is bounded, then u’; T exists for any K and

Sketeh of the proof (cf. (3] and (4)): The case &« = ( p-a.e,

(i.e., &, =4 ) is already known, Thus, we assume p( A - AQ)>O,

Case I. £ & 0. Consider the family

§f = {uéHD(Q - K); u =1 on aK, u* = 0 p-a.e, on AOB.

Qf is non-empty, convex and complete with respect to the norm

i ”Q—K' Hence there exists u, € .STEf such that [lu ”Q—-K =

min |l lg.g amd we see that O is a normal derivative of u, on
ueéf
A~ A

Case II. B# O on A- 4 and 3 is bounded. Let 4y =
{3 eAn - A g(g) = 0} and &égAm A, 3 BLS }>O§‘. de may
assume w{A') > 0. Using the Doct's lemma, we can prove

Lemma, Given ¢ & L {u.- VAN ;}.O), thers exists a unigue
u & @0 such that ¢ is a normal derivative of u on A- A

2

Next, consider the space L= {«p &€ La(p; at), g %au(m}
I, is a Hilbert space with respect to (9, V), = { %Edu. By
= ATF

the above lemma, for each ¢ € [ , there exists a unigue u@é io

such vkat u bas a normel derivative ¢ on &', U on The

Al o
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LLETric, nszstive definite

mapping 1

P
operstor on I:, so that I - I is inverticle., Iet ve¢ €. ce

e

-

such thet U is a ncrmal derivative of v on a- U &' 2znéd v = £ on
k.

JK, determined in Case I, Then B{v*
3 - 3
¢ ] - such that * = Y o= =0vy* on 4', Then we See Towo W = VU

is our solution,

® 6. e=full-harmonic structure ;%m'
Let % be a function as above for which uﬁ £ always exists,
?

For D é.é; s we define

boundary such that k¥ D DD and u = uikgm f
k4

S .
HQCD) = {u € H(D); there exists & compact set K wita smooth |

on D - K, ' /.
N
Then, ‘9% z'{H&(D)}IJei9a is a full-harmonic structure. by

Theorem 1, if X = 8, then 3%1 < i;a .
2

-Let Ko be a closed sphere in £. Let us denote the 52—
Green kernel on @ - K by Mm’X(Y). Remark that 0,x = Gy and

. = . s <
Ml,x is the N-Green function NX of Kuramochi, Thus, if % =y,

then

ml,x S:Muz,x‘g'Ni°

0 < GX < M
The ideal boundary Zﬁ?i(g ~~Ko) is the Kuramochi boundary.

Theorem 3, For any &, M, X(y) = My 5(X)‘( Vx,y €6 - b /.
A — ? ? h
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