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tative semigroups G in the seunse of P. M. Comni3l, 2,(&) is said
to be weaker than or equal %o F,{(G) and denoted by 7 (G)=> =
if and only if, for any commutative semigroup S, P.(G) is satisfied
vy S (L.2., Py ) i

P (G)=F,(G) and Pp(G)=

w

true) whenever T
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equivalent and denoted bv Pl

v

necessarily commutative., However, there is an abstract property

L

P(G) pertaining to commutative semigroups G such that any semizroup

whickh is a semilattice of commutative semigroups with 2(&)

:

comm atatlve. Such an abstract property is called a fully c-—invariant
property (abbrev., f.c.il.~property). Por'example, it is well-known
that the property P(G) " G is a2 group " is an f.c.i.-property.
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There is no greatest (i.e., weakest) f.c.
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the ordering relation defined avove, but there is a nmaximal f.c.i.=
property. Further, s maximal f.c.i.-property is not unicue. The
mein purpose of this paper is fto obtain maximal f,c,l.-properties,

and some relevant resulits., All results are given without proofs,

§ 1. Introduction. A commutative idempotent semigroup [ is called
a semilattice. Define an ordering relation on i as follows @
l.l)d;?1famimﬂylf:§=ﬁx=§.
t*%s obvibus thad> | is.a partislly ordered set with respect
TS 8 and = 5, them.we shall denote 1t byw< 8§, If T

~ ey o



is a totally ordered set with respect to =, then 7 is called a
chzin, low, let {Sy: Y€ T (T: a semilattice) be a collection of

semigroups Sy . Then, each S+ is called the Y —componeat of this

collection, If ¥ is not a minimal element of [ (i.e., if there is
an element xe 7 such that =.<v ), then the corresponding 5, is called

o =

s rultisle-component. Let S=_; {8, : re& T [(hereafter, = and +

denote disjoint sum). If ¢ is multizlication in S such that
(Lo 2) S(° ) is a semigroup, and each S+ (reT ) is embedded in
S(c ), iecey Xoy=%xy for all X, y&€S+ .

and
(1. 3) Sxo SpC Sxg for all <, g€T

then the resuliting system S(c ) is called a composition of { Sy :reT}

{(with respect to . ). Purther, next we shall generalize this concepd

as follows : ZIet o 5g :§ex}( Xt a set) ve a collection of semi-

Zroups ‘Sg » Define multiplicatlion * in A and multiplication » in S =
. ~‘L § e X} such that X (%) is a semilattice _chain] and S(o ) is
& composition of {Sg s §€ X (=)] . Iu this case, S(°) is called a

semilattice [linear ) composition of {Se 3 :“EE}K}Q Let {SY s Y& '»"’}“

gy

(7: a semilattics) be a collection of commutative semigroups S .

Tuen, sometimes there exists a composition S5(o ) of {ST :TC-:TE' which

is commutative., Iu this case, we skall call S(o ) a commutative

gomposition of + 8+ 3 Y€ T 1, Similsrly if a semilattice {linear]

composition 3(¢ ) of a collection S, 1 £ & ()‘ta a set) of commie

S
-

tative semlgroups Sz is commutative, then S(° ) is called a commutativ|

. . - - . i
semilattice :linear : comnosition of %SS : &= ;:{.E’. In general, for a
i

e s ] r . CEC N I - TR .
given collection 3, ¢t Y& T H( . atbice) of semigroups S..

4

PR o —_— -
chere is not necegsarily a composition of £84 2 e 7 ¢ (zee Toanada [4]

If there exists at least one composition of " Sy : ¥ & K‘“, then the

» 7 1 - “q - - by 3
collection Sy : Y& '} is said to be composable. If | is a chain,
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commutative semigroups)

morphi ile8,

sm,
(1
(5,

is iscomorphic with 32), 2(s;1)

and vice-versa.
If 7(S) is true for a commutative semigToup 3, then we
S satisfies :QG) In this case, we alsc say that 5 is
semigroup with 2(G). For example, the propertiss " &
and to mﬂuzatwve)se

" G is cancellative " pertaining
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(i1) Tet MT{SL ) of (2. 1) bve = set of composite factors on JL,

omposition S( o0 ) of 4L by mulii-
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murther, every possible composition of J4 is found in this fashion,

; o R =~
Gorollary 1. Let Ji={S,:v €T } (1 : 2

i
a set of composite factors on JL. Then, the composition S{o) of

[l induced by (L ) is non-commutative if and ouly if the

4

b
!.,.!;

following condition is satisd

— y o
(2. 3) g (PR =+ {;&@, PY for some Qu € So s aé,,§é?"=

ok

Now, as a special case, we consider a collection JL ={s,.:v€e]
of commutative semigroups S having a chain T as 1its index set.

T o I o [, Ty e : o 3 £ in b o~ ]
Tet 770{JL) of (2. 1) be a set of composite factors on JL,

Tnen, we have the following lemmas :
— — (8

Lemma 1, For o,8el with *=8, sach of g irjs“‘aé-ﬁ)(:.: a&("ﬁ) Y oand
r~ (8, 8) ~ (8> 8) __
gV (=au ) is a translation on Sg .

. . _ 3 ol R, \ ,

Lemma 2. For «,8€] withozg, a‘,f?'“)(‘-;‘ o o) 2nd
~ (8L —_— Cot, k),
Cer (aﬁ} = (Dd,).



the following lemmas i
Lemma 3o f, o = faq,«=the inner translation S on Sy induced
: S > d

by s

Temma 5. = %a,,s(bp),’f £ aZB=T,

)Déjs,r ﬁu,,v -

R

£f PpEA=TY.

f=do

Lemna 6. L 6‘;’%,?(5‘3},1 if
- 61-"?77' 6\&&:7' -

L=
6j°‘=ﬁ>°"(“°°)’f ir PEAET.

"By Leumas 3 - 6, we obtain the following result : Tet JL={sy :veT}

{T : a chain) be a collection of commutative semigroups S+ , {4l
of (2. 1) a set of composite Tactors ondl. Tet S(e) be the com-

sosition of { Sy ¢t T €T} induced by WC(IL).
Then, there exists a systen o
(20 4) G ={fay, 5 22 €5, *EF, o, BeT I+ { 7. 5: aue

St s Z B o(.)ﬁeT’} s Where ﬁm,ﬁ;zmd 5:&,18 are mappings of Sg

into S'Jg , suck that

- (1) .Paa,,_p and 5\;«,} are translations on 3 g,
(2) .ﬁl@{,o{ = ﬁa,i= the inner transisticn [z, induced by aw
[~ p A o M o
LI Rty 6‘15)‘{“‘ ﬁbﬁ,w’iﬁd,v y
i < h
N By \O

P
wJam
LY.
Lo

faw.gloe)sr =% J

by, (@ T 1f AR ALET,
-+

fbﬁ,'r faw,yr =

e 6\1}8»7 6:&,7 = faus 5 (bglT -

P
r——»&a.__.‘ (—-m.,v‘\um..,_.‘
l.-l
£
(A
(73
A

0o, (au),r if S <7

Further, the multiplication o in S(° } is represented Dby
' — (8, 8) . < X .
J oo e (i s ) .
J Ao (bp) = Jaux,plbp) if &=F . -
(*:} A © B =
v = = N (d;df) P — -
F L og (aw = L(Ve,a, (aey 1fdd=8.



In general, let JL= {sy:7€T} (T : a chain) be a collectior

.

of commutative semigroups Sy . For each pair (aw 5.8 )y where ag€Sa.s .
wsp and £, pET, 1ot fau,p and f2u.p bei(not necessprily dispineid s wmi

4wo mappings of Spinto Sp. If GW)={fau,s: au €Sz, 258,
d,ﬁé]‘}{—{ﬁm : 24 € S« ,xgp y 8, 8€ T} satisfies (T) of (2, 4,

n (B(JL) is called a factor set of translations on db,  From this

_,_t
7293

(D

defirition and the above-mentioned result, we can conclude as fello's

5o

Tet b ={8+ : Y€ T }( T : a chain) be a collection of commu-ative

{ Sy s TE T’} s then there exists a factor set of traaslation: on Jb
say &)= { fau.p : 22 E S s t=f, . BEMIT{ favg: 22 €8x,
< B ool 96]“} and © in S{ e ) is represented oy (P).

e € S . = f ,xgeT}t

[

Conversely, let G} = { fau,p
{é‘/@,‘)ﬁz aq & Sa ;s otgﬁ s d,pe‘r’} (T : a chsin) be a2 facto  seb
of translations on = collection JL={S, :v€T } of commtative

=~

semigroups Sy . Then, we can prove that 8= 1{ 3+ : v€T} becozes
a composition of JL by multiplication o given vy (B).
Sunmerizing the results =zbove, we obitain the fcllowing

Theorem 2, ILet db={ Sy :ve€T} (T : a chain) be a2 collsction

w0
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of commutative semigroups S+ . Let &BWL) of (2. 4) be a Factor sex
of translations on Sl . Then 3= {

osition S{o ) of /L by the multi
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every composition of JL is found in this fashiozn,

2, we obtalin inmediately tne following
- 2 — o -y 3 £ LY - y
et du = {H-,— 1A o~ T T : a chain) be = oo lechion

semigroups Sy , and (S{JL) of (2, 4) a Tactor set of



transiations ondl . Then, the composition S{o ) ofJbL induced by

& (1) is non-commutative if and only if

. —- o) - R —
(2¢ 3} Ja.,s 5 lgu,p for some ax &€ S« &, p el', x<B ,

In the case where every composition of a collection JL= { S+ 3
Y‘ET}( T : a chain) of commutative senmi groups S+ is commutative,
we have another coustruction theorem for the compositions of JL which

5 somewhat simpler thexn Theorem 2 ¢

fde

Thecrem 3 Iet L ={S.sve€T } (T : a chain) be a collection

Tet 8= 2 {8, : vE€T}. For sach pair (aw , § ), where ax € S« ,

et (L=

N vy - .
= B o= o e
T ¥ i e ?" 2 kS A7
5 n
< N )
L dei, B ® L€ Ja ¥

f—

S gl hY : = : . s
If (5{fL) zatizfies the condition

*{1) fau,s is a translation on SB ,
(T} (2} Pas,.. = the immer *ranslation [, on Sy« induced by ae,
oy
(P) axobg == bz o gy == Jpé?-d;ﬁ‘(b‘5> ift=8,
- 4 4

Py QR P F . - . oy o s . k3 <3 E
NeXT, we Dpresent sSome results concerning a factor set of sransiastisns
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Lemma 9. Let' {6, P} e a system of distinct two translations §, P
on a commutative semigroup S such that §°f f" £ ang 7] 5= P l
Then there exist distinct two elements X,y € S and a prime clement

t € § such that (1) xa = ya for all a€d and (2) §(t)=zx and P (%)

“_".:y.
(Note : An element of S \S2 is called prime)

It is easily seen from Lemma 9 fthat reductivity implies gquasi-
reductivity.

I’y

Zxample. Let S={a, azw..., 'aﬂ} be g cyclic semigroup of oxder

&

n such that n=2, an“l%an and aab=al, Define mappizngs P ,§: S—§
as follows : P{a)=a""t, ‘=gl if i3>1 3 and §(at)=a2al for all
) . v - v ; 2 —
i. Then £, ¢ are translapions on 3 such that P=PF and évicg =

P i 82. Hence, of course, S is not quasi-reduciive.

By using Lemma 9, we can prove the following theorem :

Theorem 4. P_(G) is the weakest le.Cece=-property.

~
M

Invgeneral, it is easy to see that if ’P(G) and Py (G) are abstract
properties such that I—‘l(G)gE(G) and if P(G) is an l.c.e.-property,
then P]_(G) is 2lso an l.c.e.~property. For abstract properties Pl(G)
znd ?,(G), denote the property " P;(G) or Pp(&) " by 2;(G)VE,(6).
() < 2, (8)V 2,(6) and B,(G)<E. (8)V 2,(6).

1 J
How, it is easy to see that PL(G®)V T, (6) £ 2,(G). Since P.(&)= ‘
L -
(@) VE (@) and B (6)Z2.(8)VE (G), we have 2,.(Q)SP () and B (G)S
‘PQ(G). Since P (&) is an l.c.e.-property, each of P.(G), 2 (G) and

P (®)VE,(G) is also an l.c.e.-property.

Thus, .we have the following result as a corocllary to Theorem 4

Corolliary. ZEach of reductivity, universality and the property

vi
" redquctive or universal!" is an l.C.e.~Droperi v ’

v

Remarks. (1) loreover, the following is obvious from Thecrem 4
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Let JL={S§ : £ € X} ( X: = set) be a collection of commutative

semigroups Sg , where Pq(sg} is true for all Syedl . Then, every

linear composition of JL is commutative,

(2) PFor a special collection JL = { S+ : veT}H T ; a chain) of

commutative semigroups S+ , every composition of 4L is commutative

even if there exisis a multipls-component S widch does not satisiy
(@)es For example, let L={3, 1} be a cnain with respect to the

a
usual rultiplicazion, 3.={e} o semigroup <counsisting of a single

3 LY -1 Y Y P .
order n (n>2) suck that aP~1fal and aal=a?, Then, it is easy to

see from the above-mentioned ex¢mole thav ?,(Sg) is not true.

3

However, there is no non-comzutative composition 0*~{\ 5 'O} with

respect to L.

Hereafter, for any element x of a commutative semigroup S, the
inner translation on S induced by x will be denmoted by Px.

Now, Yet us consider the following abstract property ~§(G} rertain-
ing to commutative semigroups & 3

(3, 2) There is no systen {u,v ; 8,19} of distinet two elements

u,v of @ and (not necesssrily distinct) trenslations §,7% on G

such that (1) §{=¢&=P = P, and (2) §u)= §(v) ana Z(w)=

7). |

At first, we have

Temma 10. Let {u,v ; 5,1} be a system of distinct two elements

w,v of a coumutative semigroup S and translations §,? on S, satisfy-

ing (1), (2} of (3, 2}, Then, uz=vz Tfor all ze€S,

The following lemma was shown by R. Yoshida, though the result is
not yet published

Iemma 11. P%(G) is equivalent to F_(G&
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A
o

crdsered

all £,Cele=prope

Yy (1. 6)s

~Dproperties. Let
ties Pa(G).

set with respect to the

are regarded as the same property). Let 5r=={Pz(}, :’té/ickbe any
totally ordered subset of ¥ « Define an abstract properiy TIT(G)
‘ AY I 14 » i T s, 3
zs follows ¢ T{3 = (@), i.e., T(G)= the property " velng
TE Aq PEOE
at least one of {P-(G) : TE€ Agt", Hence, a commutative semigroup
S satisfies T(G) if and only if S satisfies at least one of the

properties { P (&) : Te Aot

me.LnJL {%.;6%}(:¥

set) be a collection of commutative semigroups Sg such that every

Sg satisfies (&), Suppose

o
A

senilattice composition °

there exist a, © such thai

e a.

Cleaxrly, both aob and bea are contained in Syxsc.

that there exists o norn-~commuitative
~ N ~

)= ={s; € X (*)} or .

a€S5y, b € Sg, v,f€Xand acbF

Then

rut

ST'; 'Sg';' Syx& = M. Then ¥{o ) is a subsezigroup of S(° ) and

is non-commutative. Since T(Sy), P(S¢) and T(S—xs ) are all true,
there exist Pu(G), T(G) and 2¢(G) of {P¢(@) s T€ Ay} such that
Pi(Sy), Pp(Ss) and Pg(Syx o ) are true. ILet F,(G) be the weakest
property in {P«(G), Pp(G), Pe(6)}. Taen Py (G) is of .course an
ficel.~property and Py(S+), *TSJ)’ Ps(Syxg ) are all true, Heuce,
the semilattice composition H(e ) of 55 S&, Syxs$} must be
commutative, However, this is a contradiction since ¥(0 ) non=—
comnutative, Consequently, every semilattice composition of JL must

broperties is also proved

Hence, we have

- T(@) is an f.

fa

(O PN

«=0roperty and

for =211 zé/lc, i

(%)

[N

istence ©

;,4

DY & simnilar method,



Theorem 6. There exist a maximal l.c.l.-property and a maximal

feCele=propexrty.

Corollary., For any f.c.i. [lec.i.]) -property P(G), there exists

' a maximal f.c.i. [lecCel. ] =property Eﬁ({}} such that 2(G) & Pm(i}).

In fact, the following three theorems show thal quasi-rsductiviiy

is a maximal l.0.i.-oroperty and both universality and reductivity
are maximal f,cel.-properties :

Theorem T. ’Eq(&} is a maxinal l.c.i.-property.
Theorem 8, P.(G) is a maximal f.c.i.-property.
' Theorem 9, ?,(8) is a maximal f,c.i.-property.

From Theorem 9, we also have immediately

Corcllary. 4 senigroup whica is a semilattice of universal

coomutative semigroups is universal and commutative.

Remark., Let # [ L] be the set of a1l f.c.i. [1l.c.i.]~proper-

ties., For € F L], 1let us define an abstract

5
f—
™

ki

[AV]
Pt

G

Nt

property
(4. 1) 27(8) A\ 2,(G) = the property " being both 2;(G) and P,(6)"
Then, it is easy to see that ?1(5)/\?2({})6? L] for any P, (&), Bp(6)
€ FL] and ’l{‘}}/\ P5>(@) is the greatest lower bound of Pl(G) and
P,{G). Purther, in fact F [XL] is a semilattice with respect to

this operation A

Since P, (&) and ?_( @) are non-equivalent maximal f.c.i.-properties,

it is obvious that there is no greatest f.c.l.-property,i.e., there
is no weakest f.c,i.-property P (G) in the following sense

(40 2) P,(8) == P(@) for any f.c.i.-property P(G). R

<

However, the author can not solve the following two problems and

»

‘leaves <them as open problems - <
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rroblem 1, Is there a meximal l.c.l.-property excent P {(G) %
fhat is : Is PG(G} the greatest (weakest) l.c.i.-property ?
petermine all of the maximal l.c.i.-properties.

Problem 2, Is there a maxinzal f,c.i.-droperty excepnt T (G) and

ey

PT(G-} ? Determine all of the naximal I.c.l.-properties.

As a partial sclution of Problem 1, we obitain the followingz result i
Let C be an infinite cyclic semigroup : C={a, 8% 0ees 2% 000 .
Let C- be the adjunction of an identity element to C : ¢t = ¢ + {1},

* . . .
Let L ={P(&) : P(G) is an abstract property such that P(¢) £ L(a),

for some l.ce.l.-property L(&) satisfied by C }. Then ¥ > ?.(a3),
Pr(f}}, Eu(G—), since each of E{,(Gl), ?u(cl) and Pr(Cl) is true and

u

4

) ) . . . o *

each of PG(G), P (G) and P_(G) is an l.,c.i.-property. Further, &
=L P(E) ¢« F

> Z={ 2(3) : 2(6)

is an l.c.i.=property wnich is ccmparaivle with
Pr(g?g} or Eu(f})} . In fact, let P(G) be a property ofel . If P(G)S

P.(&) or = P (&), then 2(G)€ L~ since sach of P _(&) and 2, (&) s

/ ut -
- . oyl < el g T ) -y o
an 1.0.1.=-property and is satisfiesd by Cl. If BiGgy > Z (3 or >
I, 7 N £ e - o $ p o [T e 4 T 3 <
Pu{a}}, then P(CL) is true since each of PI.(CJ-) and P,(C+) is true,

’

Since P(CL) is true and 2{(&) is an l.c.i.-property, 2(&) is al:o
contained in ,;C* In any cases, T(G) € ﬁ*. Thersiore, f LT .
Especially, cancellaltivity, separativity, regularity and the property
" being = commutative semigroup G with 1 " are all cortained in o
Now, we have
Theorem 10, 2P {(G) is the greatest {i.e., weakest) l.c.i.-property

n Ly

e
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