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Problem 1, Determine a saddle point for

' T
Jlu,v)= (2 (D), 2(T))+ | ;(mt) Cu{ £)) = (v{t), Dv{t })gdt, )

wy ¥

ibjest to the consiraints (1) and (2}, whers (-, + } denotes ths inner produat

"

“

in soms finits-dimensional Euclidean space, € and D are rxr positive semi-

i3

definite diazonal maitrices with nonnegative consiant olsments, and T is a

& 3

fixed time. J{u, v) is called a payoff. 4 saddle point is definsd as the

nair w®{t), v®(t) satisfving the relation
J(e® L v)< I3, VOIS I(n, v°) {5)

for arbitrary admissible sirategiss u and v. HNamely, the first player is to

zy thet pinimizes the payofl and the sscond player is to selsct

g
Fd

szlect a strate
a strategy that maximizes the payoff. If {5) can be realized, u? and ¥° arve
called the Gﬁﬁimgl strategles and J{u®, v9) is called the valus of the game,

Problen 2. hei , be a time corresponding to the strategies n(t}ey, v(t)

§.¢

H
€ V and satisfying 2(T,,)= 0. Determine a time T 0 _o ard & palr of
“ oy

admissible strategtes u“{t}, +%{t} such that

z{’ o)= 0, Tuo,vo= win max T 5
{El&gw; G, L i@ yo v gﬁv w,v ° {8)

The saeenﬁ equation of (6) is sguivalent to

) P <7
La fvmauggvg‘lu??‘c ®

Such differential game problems have been treated by several authors {?
n{?}5 In this paver, we consider the problems ss an infinite-dimensionsl non=-
Jlinsar programming gznhlem.fﬁla By using ihe generalized Kuhne-Tucker ithecrem
f9) in nonlinssr programming, we derive a system of transcendental eguations,

the solution of which directly yislds the optimal strategies.



Yo can mention two kinds of games describable in the form (1). Ome is

ursult-ovasion game governed oy

&
it

s

s - 4.  FAS
ax/ at= A (t)xy + Bplb)ult) ?&:p 3, %, (0)

Pr

*po,

p— ,“",_‘.J.»'ﬁm e
e
)
S

s % . P ’ o
dx,/ dt= Ag(t)xe + B{t)v(t) +helt), xe(0)= xeo,
whers X, 15 an nevector rspresenting ithe state of the pursuer, u{t)€V
p - £ s 4
an revector representing the control of the pursuer, A.(t}, Bp(t), and hp(%‘:,

are nrn, oxr, and nxl known matrices, respectivsly, coniinucus in &, and

. . A ) el @ Y- 4
jdentical statements apply Lo ths svader and =g TLLIEY, Ag (L), Balt)y amd
ha{f:,h Zng &nd g are initis ,i. values. The state of the gane is defined by

N { oYy , P .
2{t)= Q | xplt)= xg(t)} (8)

where O 15 an nxn vositive ssmidefinits mst&nb metrix. Then, the z1(%),

2 by
i N 7 { Fadd {i,"?: %y G % )
2y (8)= A} Ep(8){ gt | X (s)hp(s)ds ) N |
: ‘ t .
i 5, ¥ H
= Xo{t) ( %ot | Xalsdhylsids) 1y | ()
-1 { %4
Flt, 5)= ax,(0)%(s)B (s), |
et PRI
W(t, s)= - GI (000, (s)B,(s), )

whera %,{t) ard Xg{t) are wm matrix functions satisfying

dXp(tdf dt= ap{e)i(t), % (0)=1 {the identity)s

|
y
a¥s (8)/ at= a4 (£)%,(1), Z(C)= I. )

The other gume describable in ihe form {1) is a control system subject

to unpredictable disturbances, The state of ths contrel system is governed

by

dz/qt = A(t)# By (tlalt)s Bp(t)v(t)+h{t), z{0)=12,, (10)

W
#

whers z{t} is an n-vector describing ths stats of the system, w(t)EU is an

-

I

o
4
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Then, the constraints u{t), v{t)e 52 can be expressed as
e(uiz0, glv)zd . {19)

Define a clossd bounded convex subset X of H by

x={uel : g(u)z 0} .

Since J{u, v} is coniinmuocus snd convex with respect %o u on X, from {ﬁ,
Theorem 2.‘!} there exists an element u® in X such that

inf J{u, v)=J(°%, v} .
u€ X

Concerning an element v° in X which maximizes J{u, v), the existence cannot|

be asserted. Therefors, we assume the existence of v°. In the following, g
necessary conditions feor the optimal stmtﬁgias will be derived.

First, ws show a theorem which corresponds to a special case of the
Theorem V.3.3.2 in {9] and is available for ocur problem.

Theorem 1. :Let f be a real-valued differentiable functional on the
Eilbert space H., Let x°€ X maximize £(x) subject to the comstraint g{(x)Z0,
Then, there exists a f\aﬁ: H such that "

AN zo, , . (20)

and that the lagranglan sxpression

P, A y=2lx)+ (X, glx)] (21)

satisfies the faliowing relations:
Sx@((xo; A°);E)=0 forall ¥ €K, (22)
(A% sx9)) =0, (23

/! :
whers Sx@((x", A®); E) represents the partial Frechst differential of ¢

with respect to x at (x°, A®) with increment § , which is defined by

]

(o)



e DL, A0~ P, A0)
5. B((x0, A%); F)=1an LEELED: :
- €0 £

Proof., Since the function g defined by (18} is regular (9] at every

point of I, 1t follows fron [{9, ’i‘ﬁegrem' Y.%BJ:{ that the relation

Selx® l+gx0)z0 )
impliss : o & » (25)
-5£{x%; E)Z0 . } . '
Define a linear continuous transformation A(E ) on H into H by

a(E )= 5elx® ), (26)
and & linear functiomal f?(’é} on B by .
PLEY==S02F) | (27)

‘Since A is bounded, it follows that a subset ¥, in H defined by

Iy

, ‘ . ,
={a*(A)eH: AeE, A Z0] (28)
H . ¢
is regularly convex {:‘9} , whers A* is the adjceint transformation of A. Further,
A(E)+2(x°)z0 implies F(E)z0 .

Taerefors, from {9, Corollaxy IV. 3}, thers exisis a 2820 ( ASe H) suen

that

?ur’themare s

Thus, the Thecrem 1 is proved.
Now, we apply Theorem ! to our problem. ILei wPe ¥ minimize J{u, V)
subject to the constraint g{u)Z O, then thers existis a 2Pc H such that

A®z0, (29)

-1



w,
e
w

LT

s

o

dned b

ok

e e

*
3

i
i

o
aNasior

e
W

Eae R

¥



4l

Bence, from {31) it follows that

¥ } u) ¢ :

Define a new vector x in H by

[ , :
xm(,umm.k-.;{_.l?\szf E 7{38}

;\ Plip & A iy

]

where ©4 (i=1, -« ,r) are the elements of the diagonal matrix C and non-

negative. Then, (37) is rewritten as

P*(Pu+ Ry + 24} ¢x20 . {(39)
in the same way, sincs
r Y ooragle) gy o=
gviiﬁu, ¥y # 3§§}$‘3§ i;"?ﬁfi Q}?s’g] Q*iﬁ’%%*i“ 'ﬂ?iﬂé %é’?‘;m}‘/&?ﬁggs
it follows from {35} that
[y 1 gely £ :
(R*R=Djv + HfPu ¢ R¥21 ¢ “‘?”'“m = {40}
2 ov
Define a new vestor ¥ by
AL
rﬁﬁ?«g & / {¥e
1 oelv P !
T EDY o e s [ = . : [ » (1}
£ o¥ Lo z
A { e i
Vs ¥ e )
where 4, (i=4 «,r} are the elemsnts of %the diagonsl mairix D and nonnegative.
"‘i £ (= =,

Then, (40} is rewritten as

Sinee A(:}Z 0 and g{u(t)})Z 0 on the interval |0, T}, it follows from

(32) that the eguation ¢



(A(t), glu(t))= Ax(t)e(ul(t))=0

holds for almost all t € {0, T). Therefore,

Ag(8)=0  1r Sleug(t)<t, }

Ap(t)z0 if Ju(tl=1 .
Thus , the relation between u.i(t) and )\i(t) can be shown as Fig. 1 (a). The
relation between usy{t) and Xi{t}ui(t) and then the relation betwesn u (t) and
éi(t}uiit)-c- ?\i(t}uiit) can also be obtained successively from Fig. 1 (a) as
shown in Fig. 1 (b) and (¢}, respectively. Hence, the relation between xcH

and ueX, which is defined by (38‘), can be expressed as
a(t)= Pla(td), or wlt)= @, (x(8)) (1=1, -« ), (#3)

where the nonlinear function ¥ is shown in Fig. 2 (&), which can be obtained

from Fig. 1 (¢} direcily.

° ’ i
Amlogousl%?, the relation between veH and vex, which is defined by (41},

can be expressed as
v(t) =Y r(e)), or  w(t)=P, () (i=1,--- ,5), (W)

where the nonlinear function "g"}i is shown in Fig. 2 (b). If we use a noZation
such that '

sah = & if for | £1, }

sat X = sgn & if {‘7; Z1, ]

then,

s

[sat(x{/ e4)

: | l, ";i’(‘%}f-*

1 . .
!

f'"J
[



gubstituting (43) and (44) inte (39) and (42) yields

PP P (x) +RYP(y) +21) +x = 0, 1\
R*(? P(x) + R P(y) t24) =y =0.

(45)

Zcuation (45) is a system of nonlinear integral equations frem which xeH and
ye & can be determined. This system of nonlinear integral equations can jo7:3

peduced to & system of transcendental equations as follows.

By setting
PPx) 4 RY(y) ¢ 2q=X . (16}
we obtain | h
x=<Prx y=REC %7}

where X is a vector in R". In view of (%3).}-&. is clear that the & defined

by (46) represents z,= z(’i‘}. Substituting {l;?} into (46) yvields a transcendental
equations

PP (Proc )+ RP(RAOC Y bz = . | - 8)
Let £5(T, t} and wy(T, t) (i=1, - -ver} be nwdi:rgansiona}. column vectors of the

matrices F(T,t) and W(T, t}, respectively, L.e.,

(T, )= (£g(T, 8) f(n ¢ - - - (T, ), X{,
W(T, t)= [wy (T, 8) wy(T, t) - -« w (T, t}] . jf

Then, since

{fz*(“f, L)t ] (wy*(T, t)x )
i e, . a . . é

P =F¥(T, t)x = : s R¥0C = g#(fy L)X = : 2 .
. o ‘ fr’i{'i‘, t,}ocj ‘sz'*ﬂ’ t)qj

(48) can be rewritten as

fomd
[
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Let the vector functions £; and wy (i=1,---,r) bs conlinu-
cus on the closed interval [G T] Then, there exists a solution of (49).

Tone solution of (49} may ve ccmp&ted by the method of successive approxie-

rations:
Y Lt 5 0w ‘! fxan
""‘{e - A&;'%”g ( —»‘,’2’ jc %32&'
Ais to the convergence of the successive approximaiions {52}, we can propose:

Theoren 3. Let the nonnegative constants of, dy (i=1,---,r) be all

positive. Further, let us assume that
T ’ 2 ‘
£ 1 i — i 2 I o
pa fo (Ligm ol 2w ol Jar <1, o

where c¢=min (e, cp, -+ , Qz.),hai:min (dg, dpae -+ & dx‘}' and | Il denotes
the Zuclidean nmorm in X°. Then, the successs%va approximations {(52), starting
with an arbitrery «, , converge to a unigus solution of (49).

Proof. LetX and 8 be arbitrary points in R'. By using the Schwarz .

inecralily and the relaitions:

oh
e
b
ok
o
Faan
=

i
)
St

3 ’ . ;a

|7 (77 (T ))& (F5(T,0)8)|< =
i
[

e

SASERE Lall P
(514;

| P2 (w0 (7, )= ¥; (w008 < lwn (T ol | x-8],

kaw;mm_«.“..w

it follows that

, Y fT(’
(o = (Ap%I < lle=pll £ [ [ 16 (T o)l 52 (T 1))
Iy R
3 1w (T, we (T, 2)]f § ot
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