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Non-stochastic forward L.P. and D.T. method
irn stochastic control.

Hideo Yamazate
(Department of lMethematics
College of Engineering
University of Osaka Prefecture)

§1J Introduction; R. Bellman has created the dynamic drogramming
o~ VAR A P Vi . =

useful to calculi in many branches. This dynamic vrogramming is

¥

o3

also the most powerful constructive method of the numerical

<l

reat-
ment in control theory, because it is needed to choose the suitable

solution from the results

opbimality by
even dynamic programming is not necessarily effective to the

calculation of controls using the digital computer on line with

regard to some nonlinear system containing the stochastic terms

ik

(see (4] ».1846 in Bnglish translation). Namely, since dvnamic

i

programming is the backward calculation, the future observation

in

nust be used in the calculation of controls for this system, SBinc
these future observétions remain in the optimal control for the
ﬁén—linear stochastic system, this situation happens, and it
becomes one of the essential difficulties for the control of the
non-linear stochastic system.

In order to calculate a sort of optimal controls for this
complicated non-linear system containing the stéchastic terms we
must zive the detailed classification of the mean (i.e. the
expectation) used for the construction of the cost function and a
sort of extended treatment of dynamic programminz. The above
difficulty and the requirement for the classification of mean

avpearing in non-linear system z2lso appears in the linesar



stochastlic system with bounded control energy in the more simple

form. Hence, 2t the first stev we investigate the simple linear

et

stochastic system wit

b

n bounded control energy which also shows the:
essential difficulties appearing in (4) p. 1846 in Fnglish trans-
ion. One of the above linear models with respect to the cost

function {I. (T)}z(not Mg xo) {X(T)}z) shall be shown in §2. Here
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=
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X (T) is the terminal value of the state. By using this model
we will show here the numerical treatment for a sort of opntimal
control which is attainable by using the fubture observations
without error for the dynamical system omitted the stochastic
term, comparing with D.P. problem in [5) p.719 [6)p.225. We call
it non-stochastic method. The method for the linear systenm
developed:h1§2 is the non-stochastic forward L.P. method. It is
based on the thought like one apnearing in the proof of maximal
principle [2) p.100. The non-stochastic forward D.P. method for
the non-linear system containing thg stochastic terms is shown
in § 3.

§2. Division of the control energy and the determination of the

sizn of controls; We will show here the simple concrete linear
system with bounded control energy and with the cost-function
{iCTW}l, where X(T) is the terminal state. The calculation of
control for this system by using the method like one appearing in
(3) p.746~ p.748 [4) ©.1846 (in English translation) is not
possible, since the cost function in ilffﬁﬁ We will develop here ..
the non-stochastic forward L.P; method effective to this linear
ilodel 1. Supﬁose that & ,b and ¢ are constants. Our plant is
describved by the eguation x, =aX+ U + h(t)... (1) defined on

the interval [0,7).
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Eere X isabohc dimensional vmhase ccordinate vector,

Ww is.one imensional ccntrol vector, and h(t) is a one
dimensional random perturbation vector with mean zero satisfying
M[h(t)sh* (T)]é?’!(t) :9 (-T )= 2_?’5(17— T). ‘the feedback vector for
our rlant is “éL:CX+ g(t Yeoo (2) defined on the i u*[O._J
where g(t) is a one dimensional random measurenent error vector
with mean zero satisfying “»Lg (t).g*(t)lg,ﬁg(t—‘t ). Weineglsct
this S(t) in many cases here. Let's take a time sequence

isfying O= tN< ’t.\-(< “"""<t << T=t1

"2} ) be observed only &t times t=ty;:

"C'{ks’g(ih) for k=N,...,0. Qur purpose is to obtain the controcl

N

vector g&:{u,‘; k=N,... ,O} which optimize (maximize) Mg L,

Vi

. . 2
Mg, %0 Ly Mgl or L itself constructed from L= {X(MY} .... (

M
s

under the cordition I=LTM"JX,‘$I° ee. (4), vhere My L etc.

are the mean (exvectation) value of L with resnect to h etc..
At the first step, we define the following transformation

of (1). Thé elementary solution of (1) (i.e. the solution of
)= ~a §(T,t)with the initial condition (T ,T )=1) is

® = exp {—a(t—'l‘)}.\ By using this @ , let's construct the func-

tion P(t}:i(t}-exp{ a(t-7 } atisfying the equation

Pt)= X(t)-expf- als-T)} = AX(t)exp { - a(t-1)}

1

fexp { - Ab-TUR(E) - exp { - R(6-D)} .....(5).

it
~— O

is transformed to (5).

Next let's decompose P(t) into the following sum ﬂ(t)+ﬁ(t};
t - 2

p,(:—usj bexp { - alt-T)} U(t)at +¥ (X=P(0); constant)and Rt)

is the function satisiying P,_(t):l.\(tf? xo f - alt- } .
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The notations used in [5){’74‘1 become ﬁ( ; thjmr{-za(t-‘l)}ou)
"r }2‘ wp{-20(t- Ttk = —{‘e}{m)) [Mfi—la(;tt_‘—‘f)} xp la(tg—'l’)}]
A= MGsel= ) , Qu)zhapi-att-T)} ond Grfﬂ=C~'/xpf-u(t-T)}

,and the result obtained in [5] D.746-748 is the

in Fodel 1
following: the controls WS Us satisfying 52 ukt, — <I
followling; trf ntrol N 2+ U tlisiylng 2=y Wk gy Ia.)\ o
which optimize Ivl&m,)sfx(‘r)}lare determined in terms of Gp = G(ty)
and @ E':}(tk ) by using all observations W e
* Lemimationd %’ %IH; ){H'o.

The following three type% of controls can be considered.

(1) uk is

(B) %y, -, %ulor Yp ) determines U .

(C) ALY Yy, ----- Y (or ‘}k,---.,'},} are needed for the determina-

o

etermined apriori.

tion of Ug.
We can easily see in the following that thg result inv[B]p;’746-—
748 for iy y, ;{x(T)}z belongs to the case (4).

One of our purposes is to show the difference among the
control problems which optimize (maximize) M_,\{P(T)}r R Ivim){f‘(T)}t
Vg sw LPATIE and $ATR (e, MptaD, Moix(MY, Mg golxm}’
and {x('l’}}l ) under the condition (4).

The control problem which optimize M,ﬂp('l’)}l(i.e, M*{X(T)}z)
under the condition (4) is equal to the control problem which
optimize fﬂ(T)}z’:(Z:;y uﬁjt‘r'b %f{’,‘aft“‘r)}# TK );L *  under
the condition. Z:" h\t,‘_‘ ~tg ) € To (E2P(0)), since
Mg\if’('f)r-‘: {JD"T)} -rZ,w‘r‘ holds for the real stochastic
function h(t). Next supvose that the distribution of X(0) is
normal with mean zero. If Mgy gm{I(T)}l is treated instead of
ey, (I, ,J m.»{ ~at-Ddt )* must; be
used instead of (Zizo\l ‘_f bzfx’){ —att-T)} et + K )T , since
Maor (Zyon “ﬁf bexp {- a(:t-‘l’ﬂ#*K) = (2, ,,u&f 5“*\’ jatt-To}dt JaMyo (K

1
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nolds. Hence we can deter:s .ine apriori the contrels Wy which

ovtimize I*m){x(T)} and I A{I(T)\ HFurthermore, we see Irom

the above argument that My 1s indepenaent of our problem relating

fe—

ln

A
UL

t
to Mﬁ' P, (t)= Lb exp{ —-a{t- i)} ‘U{t)dt must be also used

4

p - < - : . 5 - » 2
the optimal problem concerning to the cost function My {x(T)}
instead of j b exp § —a(t-T)} UE)At+K, since My, §FRC.

Difficulties of the control's determination appearing in %

rs

IS
case (C) appeers in tae optimal vnroblem with regard to Model 1
concerming to L itself. But the use of the ovservations

{yh,ﬁ N,...,u} and the numerical treatment of controls using
the algltal computer on line  seems to be sufficiently powerful,
and 1t seems to be enough to dptimize L itself instead of M* T
or M-ﬁ,xw; I in a sense. The above arguments brins to the
following’conclusion.

. . " 2
Theorem 1. (f?‘.) The control vproblem which optimize z‘vfﬁ'x_w,{ﬂ‘l')}

is the special case of the control problem which crtimize

nvlﬂiu\'.(‘l')}1 and they belong. to the case (A4).

. . . - = ., N
(b) The control problem which optinize Miw,{IlT)} is the
A ————

. s 2 -
svecial case of the control problem which optimize {x(T)}, and

they belong to the case (C).
(¢) My is indevendent of the ovroblem zvpearing in (a).
SO I ot ~ 2
A N .
flext, let's construct the amended controls W =iUn) k=, -0}
which optimize L "{1( 1’) itself by using the already determined

controls us’luh;kzn’, -, 0}. Supvose that the ‘error of the
observation can slected (i.e. g (t)=0) and that

G = YA (=
fu = PEy) becomes  Xp-expi-alt,~T)}= Yy expi-art,-To} ¢, and

are given. Then I&EI(?Q) become "ff'ﬁ/g)

L



P(tg)- P(ta ) becomes X(hp) oxpi-alty=T)} = X(H,) expi-aiti=T)}
= [ 4t 9xp§-a(ty-TO} - Ylhe-) - oxpi-alty - -} 4
Since P(ty)- PlEp.y= —uhjt b axp {—ak-T} ot — f “hit) exp§-act - T)dt

........ (6), then jt*'h(t)wﬁ ax~-THrldt = —f‘;}ltk)-mﬂ a(t‘\-T)S
— Ylka-) oxp - a(tﬁ_.—-r)}]/ - uhj b oxpi-ait-T)} ot
holds from (6) etc. u,,, .oy uo becomes the controls which

optimize (Zh A{M&f Mbe/x‘o{ —at-TM + K- Z [{3(&) wpi-alte= Y
= Y itp) oxpi-alty~ T)i}/c t ukL bexpi-~ Mt”“}"‘ﬂ)
........ (7) under the condition Z Mk(tﬁr‘xﬁ) I, , where K
is the initial value P(O)a{%N'mF(“T)}/Q.
By the transforms Vg = f{?p:—_fz_)ga» 17;1 , jﬁti—'&%PFMt—T)}ﬂ

=[G, As and  C= k-2, (14t eapi-atteny
~ % t)-2xp§-alism DI ¢ +u,‘j‘« bexp {~act- T)}obt}
the last eguation (7) (Zid Ap Vg + u)z ... (8). (8) must bve

optimized under the condition Zﬁ MVE- 1 ... (9.
’\“{'E{Vf;;fézl\( -- o} which maximize (8) under (9} nmust
~ “~

satisfy O:V:»--‘ ¥EAc A ~tAu. The sisns of Ve, Vi,..., Y
[ 53

which attsin Max {i(T)} can be determined by the sizn of C

u
which is determined by all a-,‘und u& for k=H,...,0. Namely we

obtain the following

Theorem 2. Suppose thet the vector {Vi §=1{~ A'S/,J’A”——‘l}

denoted by lf_. and the vector 1’\/;} %A&/{Z{———;} is deroted
i + . ~ _ —
o7 V- (@) I2Tro, W -V Ghe. U s {Tof W)

< N
meximizés { AT and fx(T}

Ir o<0, V=V (i.e. Up, = 1%‘, oVa ) max m»esif(*r)]am H(T)f
lax 14, xw fxm}* (or

Max iy § (D )

.3

2e obtained by the method used in Theoren
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of fup =, ... o)

W is the amendment of{ £=I,...,O} in a sense in Model
1. It is not necessarily possible but desirable that i@; is
obtained frmn‘%n(m=N,...,k) and from the formula of the system
in 0€t< T .

Let's construct a2 non-stochastic equation omitting the
stochastic terms from the stochastic plant eguation. Suppose
that Y, (m=N,...,k) are the observations at t=tw , and that
%;(m=k-l,...,o) are the estimates of observations at t=tm

for the solution of its non-stochastic equation.

Definition 2. When the control Uy is determined by using the
b g T

true observations 1ﬁw(m=N,...,k) and the estimates of observa-
tions yh(u-&—¢,...,o), we say that ﬂ; is determined by the non-
stochastic method. If linear programnming is the method which
determines iﬂi , 1t is called non-stochastic forward L.P. method.
If dynamic programming is the method which determines iIh,
is called non-stochastic forward D.P. method.‘

If the controls which maximize L & {XUT)} itself by the
meaning of Def. 2 ere required, non-stochastic forward I.P.

method effective for this purpose beconres the following one

-7 -



for our HModel 1. HNamely, the optimal control becomes

T-i
RS Ly boxpf-at-T)ebt + P
Yo i =1, ying mas ””‘,(Zm;h Mmf pi- Yobt - )
i smno (Zm Un ), bwf{ —a(t-T)}dt + Ythe)e mp{ q(te.-r)j/c
m? =Mz o - ﬁfi N
under the condition Z u,.\ (R =)< o= 2 e Mu”‘ (Hwma—=Ewm) .

Theorem 3. (&) The optimal controls {Nh,,xa\&,...,O} (in Mog
1) calculated by the non-stochastic forward L.P. method satisfy
- 2. “o 42
the condition Z;& UL (= tm) < (ZmepAm /52 A2 ) Lo (i.e.
Ax Y
S s -t ),
(p) The optimal (maximal) control Up becomes the following;
. = -A .
if Yese >0, U= (L fhe -t X k/,(—“fzhid AL holds, and if
We <0, U= Tofty 0 MIET AT holds.

{uh; 1<=N,...,O} is not ne\,essarlly the controls which maximize

L by the meaning of Def. 1, but an attainable controls which
meximize I in a sense. The method in fB]p.?@f—p.748 under the
conditions Up < Af:/z':z” An” I%th—tg) does not attain max L
but max Mhuwgi“ It is suitable to obtain the results Consider-
ing M§ , but it cannot determine the controls which attain Q?x
I in a sense. It seems to be due to that the method in (3)
kp.746—p.748 does’not use the expectation of the future
observation.

At last, we will show the relation between D.P. problem in
[5J p.719 (6) p.228 and the non-stochastic method in order to
show the theoretical standnoint of our non-stochastic method.

. S

Here we use the same notations as one used in f6] 226, Namely %
suppose that S describes the state's svace, 4 describes the
action's space, and T& describes the nolicy which determine

@€ A from SiaS.a, --- Sn,b The purpose of D.P. problem is to
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optimize the sum of reward functions JF,_Y (Sa-@Sa), These
5,4, Ta and Z“Y (Shq AnSn) corrasnond to the followins one
in our non-stochastic method. Namely s( &€ 3) corresvonds to the
solution of X -ax +oU with the initial condition Lty }-31,“
a (€ A) corresvonds to Ug under the condition

. < Aé/zi AL’ I%xh_‘—.x&) , and I, corresvonds to the
determination of WU, from X (% S% ) obtained through Y=CX + E(t)
(in our calculation ¥ (%)= O). But 3,Y(Sua,Qn, Sy ) takes
the more comvlicated form. The use of the complicated 3 and Tla
(but more exact one for our system) gives the more detail
results (like max' L in a sense) than the usuwal D.P. method
(used in (3]. D.746-p.748). ~ Our non-stochastic mevthod.'h'as rwore
wide application's domain. »Iv;amely it is also effective to the
non-linear system containing the stochastic term. 1t seems tb
be efféctive for this systen und.er the partial obsefva‘tion.
Even the consideration of g(t) seems to be possible.
containing stochastic terms;

Here, by using non-stochastic forward D.P. method, let's
calculate the controls {Uﬁ;.{-li,..., } of the following systen
which maximize {XCD)} by the meaning of Def.2.

Model 2.§X =AX(1+5X ) + bu + h(T) for (WIS
o .
i "3= CX + ; (t)
The Bellman's equation for the Ik’ﬁé{lii (T;p}}l is obtained by the
following vprocedures. |
Nemely, since f(p,T)= f(p+{a,p(1+k p)+bulat, T- At)+0(A L)

nota, W TYL = Max (PP TL {apdirkprrbu}] =M Ty apufkmg,(m;%}

fuisi



. T)g o faplinhprt bulat - AP T) o at + Olaty] =fp.T),

s 2

n,T) = Max ix(T;p)} Since f(p,0)=p~ holds for =0, D
mes the irnitisl conditicon for this equation. The ecuation
ved by using the

3

Ly
sclutien of @17 = d}%?& (raPit bl = 95 Hamely £ 0
i [ {1 * 3 2 s B

ion of ecomes
constant on the curves T= y g“)l. ; 1 The graph of
AT —ak P+ £ Pak)) -
| 92—k (Pr Yom)= Lot a3
NG - —ak (P Yon)r %G T is
\\ / > P shown in the following Fig. 1. The
\/ K8 graph in Fig.l drawn by the connected

: L
~line is one useful %o f(p,T)sI}ﬁi‘e@:{I(T;p)}.j
!

-

Fu'z, 1.
We can easily see from Fig.l that W3sign p-. sign b holds.
3ince the sign of p is obtained by the sign of 12‘%for the
observation without error (i.e. g(t)z ), the coﬁtroluwhich
bpti:nize {1.‘(‘1‘;13)}7' itself by the nmeaning of non-stochastic
:;‘orward D.P. method can be determined easily by the above rela-
tions. ,

The method obtained in [4) p.1846 which optimize My yw5 T
can be also applied by using the expected controls 'Mh and the
expected observations 'gﬁ obﬁained by the relations
%nq = Cf YM'* [d‘%&]him‘x“‘““xh)iicfwand Uwm=-sign .ff,.._,- sign b
for m=k,...,0, where Eﬁ's ‘3"—'/6.

At last, we will show the following problems derived from our
results., -
1. How much differ Max {1('1')31' obtained by non-stochastic

forward D.P. (or L.P.) method from Ma:c{:(('r)}lby the meaning of
173

- 10 -



true maximum?
A sort of experiment seems to be needed for non-linear

N

stochastic system to scolve this problem.
2. What is the calculztion for the system with the higher
<

dimensional vphase coordineate vector et

Perhaps 1t will be sinilar as one for our one dimensional

S

Model, to some extend.
3, Can we define the (stochastic) forward D.P. (or L
o ;
method which more exact results than non-stechastic forward
D.P. {(or L.P.) method?

Perhars it will be possible. But, sometimes, it needs the
comvplicated calculations. If new method is the non-stochastic

method, they will not be unified one.

We will try to solve these problems in the next chance.
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