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Characteristic classes for s;}?erical fiber spaces.

by Akihiro Tsuchiya

Department of Mathematics, Kyoto University,

(Comm, by M. J.A 12, 1968 )
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1 Statement of results, Let SF = SG = lim SG(n), SG(n)

n
= { £ Sn-‘—,tsn, degree 1 J » By be the classifying space of SF, Our
purpose is to determine H"‘(BSF . Zp) as a Hoph-algebra over Zp , where p
is an odd prime number , Coefficient is always Zp , and we omit it later,
Let Q (SO) = lim f)_n Srl Then Q (SO) has the same homoto type
0 —5%0 . 0 py typ

n
0
of SF, Let i : QO(S ) e——> SF be the homotopy equivalence . Dyer-Lashof

4] Q
determined H*(QO(S )) as a algebra over Zp . H*(QO(S D)) 1is a free
commutative algebra generated by X5, Je&H, where H = { J = (El, Jl,,_,,gr, J )f‘-
r'f
satisfies the following properties : 1) r>1 2) ‘ji = 0, (p-1) 3) _}r‘g o]

{(2(n=- - i j - oo ~ = o) i =
{2(p-1)) 4) (p l)sjlﬁ J25 =J. S)Ei 0 or 1 6) 1f£i+l \]

then Ji/p-l and j /p-1 are even parity, if Ei+l = 1 then ji/p-l

i+l
and ji+l/p—l are odd parity, There is a continuous map ho : Lp —_— !
0 _ s {
QO\S ), and xJ = ho*(eZJ(p—l)) , where eic—-Hi(Lp) is a generator, ]
and Xx_ = X . .y = Af1 -1 < . . i
1 = T r
Cys JpreennEr 30 Bp Q ...gp» Q, B fx; , where Q. is i
1 r-1 r
the extended power operation defined by Dyer—Lashof. We identify

) 0 . . o
H"‘\QO(S )) and H_(SF) by i, as a Zp-module and we denote X = i,

.
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Theorem I, H*(SF) is a free commutative algebra generated by ';T
. o
J&H, Even though i_ is mot a ring homomorphism,
Let Hl be the subset of H consisting of J = (El’ jl,_,,,gw, jr)’

such that j1 # p-1, and r 2 2, Let H2 -:{ (¢, p-1, 1, j)} g H,

And let H, :{ JEH, deg(xJ) = even, _()' H, = {‘ JEH,, degix,) = odd }

i= 1,2, Let j ; BSO-) BSF be the inclusion map, Then by

Peterson-Toda, H*(BSO)/ker J* = Zp le,zz,,,,

j , where deg(zj) = 2j(p-1),

and (z.) = > z . z . z =1, Let Zz. = j (z. ) é&H (B..
4 LT 3f® ja ' %0 3 I SF’
J;7I, 3
1 -2
Theorem 1I. H, (B ) =2Z_ T[%7, Z, X /LG6X, X, Q¢
or - * SF - p ’ ore:. J Y. 1,0‘ ares . * -
C, 1is a free commutative algebra generated by ’)2;, , J & Hlu H,

§F; H (SF) —= H*(BSF) is suspension, r’?{‘j, cr?:} are primitive elements,

amd AE)= I TOF .
31+32 J
* =2 : : =
B (Bg) = 2 Cajay... J@ A4a, 4 ay..0@c . ¢ Q |
: Iéﬁlvﬂz

A((@’i[)*) (%) @ _ r’p C (* ] , where ( )* denote dual elements.
JEH UH
1 2
rLRY3,

The author wishes to thank Proffesor H, Toda for his suggestions anc
discussions, and Professor M, Adachi for constant encouragement Detailed
proof will appear elsewhere,
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2. H-structures on QO(SO) . Let SF(m) =1{¢f: (s
L

degree 1 }' Then, SG(n), and SF(n) become H-spaces by composition of maps,

[
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2
Let SF{n) - SF(n) '

—» SF(2n), SG(n) X 8SG(n) ———- SG(2n) be Lie

map defined by reduced join and join respectively, then these three maps

A, * , are homotopic in the stable range, Let in : v;’:\g st

n-_n . . . S o
"(11 S = SF(n) be the map defined by 1n(]?) = (1n\/ £y , and i : Qs
~—»8F be the limit of i

Proposition 2-1, The following deagram is homotopy commutative,

0 o] 0
QOS X QOS ——> SF X SF ——/\——) SF «— QOS

} i ox i i /f\
aAxA !
| Y
v ;'
0 ;
(Qosox Q8 )X(QOSO)( as" ——»——)(c)bsox QOSO)X(QOSO)( ooso>»~»>qos°x Q%0
idXTX id

VXA
0 0 . . . 0 Q 0
where / : QOS X QOS be loop multiplication, and A QOS X QOS — QOS
be the map defined by reduced join,

If K is a CW-complex, we put Q(K) = lim sk .
n
g W)%Q(K)p———? Q(K) be the map defined by Dyer-Lashof, Let Q(K)X Q(L)
P

—> QKAL) be the map defined by reduced join
Propesition 2-2. The following deagram is homotopy "qommuta.tive,

o .
(K WX L= — > ’
QK X ¢ _ﬂ?o« ™ 5RE QK) X (L) x QKA L)

i N
‘LV .

, , p s p. . P
W) K L. —_— ;
T~‘<_P(Q( ) x QL) )idx wﬁxid)w)grf(q(mx a(L)) ax AP ) W"}F QUEKA LY .

T

!
t

3

Q n_n
Let h : L =W/ —>»Q(S ) = 1im 0 8 be the map defined b
p rrp Q n, p Yy

Ly
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\E5
/‘/!
, ) , 0 0. PR S
h = ‘-\’/ﬂ.ﬁ*——-) W %TP W N W L QS T S Q(S Y, WEG 4 (5
W 0. -p.d> _ .0,
Byt L Q5 .._f_'__”_(_.;QO'\S i

Proposition 2-3. The following diagram is homotopy commutative,

L / .
KD X L?Ei‘:‘_-_“.% a®) X as® 2 ak A 5N = am
; o~

T

i)

;
L. X QK) ~=——————> WX Q(K?“.ﬁ"‘_’? Q(K) .
P -nl‘? I

A A
0{‘1‘?

3. Proof of Theorem I, We introduce a filtration into H_ (QOQSU? )

H*(QO(SO) = GO'_>__ Gla G2 ... satisfy following properties, 1) Gl = ker £

0 . . - ~
E: H Q8N —> Zp is the augumentation, 2) Gi@ Gj —_— Gyt

3) XJC‘Gpr—l where J=(¢,, .)'l,.,...Er, i) e H, and X-J¢:Gpr'l+l

0
Proposition 3-1, There exsists unique filtration in H*(QOQS »

satisfying the properties 1), 2), 3), and for x & H*(QO(SO)), if xeGj

N . - . L ~
and ;;x:l?;’xTx@l*,;x'Qx”,then x', x'' belong G,
. J

»

0
Proposition 3-2, Let EOH*(QO(S )) be the algebra associated to tne
0 , .0
above filtration, Then H*(QO(S }) and EOH*(QO,\S )) are isomorpiiuc as

algebras,

if x&G, and y &G, .

o

Proposition 3-3, A, x® € Gpij

Then Theorem I follows from Prop,2-1, Prop3-1, Prop3-2, and Prop3-3.

4, H_ - structure on BSF' Let {n*—éBSG(n) be the universal
Sn_'l . S denotes the

oriented spherical fiber space with fiber

4
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cermutation groop of p-element, Jnip = Epiv-- );:Zp denote m-tn join of .
o]
(P { . . . -
Let d’nr) “—-)BSG(H) Pl e exterior p-th Whiteney join of d"n. Let

= e n {(pJ | o . i . s ) i
Ti 0w =295 XBgony o densle The  imduced fibering of 57 by

T .T"HTPX BS&(’SS) —_ BSG(‘?;.)}

P it 4-1 The xist herical fibrin P 3 It B
roposition 4-1, re exists a sp c g d—r u‘PZ? ZprG(n) )
with fiber Spn'l and bundle ma X )y —2 P(f )
» u pq '“2 (n fn Ve
; - X3
! - & hxF
J®y X B —> J®Y X B
*‘p)< SG(n) zp§ SG(n)
“p

They satisfy following commutative diagram. Vg & Zp

— a
R0 ) —— > W)
A %
=" t
P(f) ]
!

; I Lad) /}ls ) / ” 3
p -~ SG(n)
g F

Let . . . . N .

Le ESG(n)————} BSG(n) be the princepal fibering associated with r n?
. _ ¢ . <n=1 . . :
i.e, ESG(n) = -z f a, ——>{n ; oriented fiber map }

¥ ——3 g
BSG(n)
. m (p)

P (f )—> & B i i i Y whnere
0 (fn Trp 1)%} SG(n) denote restricted fibering of P(fn/, ¥nere ‘n‘p

denote cyclic group of order p,




7
,‘\’i/\‘a'
= m @) ; o S
- - B t 1 fyin a P ¢
PEIRE pgrBSG(n) ——-)DSG{pn) be the classifying map o ) J;) : o
F R
. = _m om o, P m \Iy} ? R
' o J - g B N =
As the map E J ”p/-% —_— u‘(Tp _{T?\eo) —_— pr# SG(R) ——> sG.pns

: eO GBSG(n) , 1s induced by the n-times of the reguler representation

by the result of Kambe, we may suppose

Trp —— S0(pn) — SG(pn) ,

m, and n, And wve

the above map is homotopic to constant map for suitable

1[ may take m, sufficiently large for a suitablly sufficient large 1. = So
iwema. assume Z{('m }J = e & B
S o TT =
! M LY % 0~ sG(pn)
We

We define a map : I —28G(pn) in the: following way,
TTp g

__x_’

. . _ _ -1, o . — .
identify SG(n) = (ESG(n))eO =TI “(ep, and SG(pn) = (ESG(pn) =7 e,

) and for w g Jn'}rp » PG

- respectively, We fix lné (ES'G'(n) e,

represénts, a following map,

o X T sy —

?(w) : Spn_l
(w, .id *, _ * id )
n n

L

* T e

q

JIr x B —_— Jh
—_— s

‘Trp SG(n) ™

Bon

(p> {p) .
BSG(H') ;.BSG(;)n)
F
We define F/': Jﬁ" X E (p).—>E be the followiﬁg commutative
p” TSG(n) SG(pn)
. m (p} 7/
diagram, for (w’fl""’fp) E—Jn’p)( ESG(n) o g’ w, fl"" ,fp)
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—_ n
£ l(w) {w, £ %' 2¢f ) q
1 P J/

/7 4 Ay A

* > * 2> g ‘P) > 4 B P58
” ZJ T{'p)( BSG(n) -rrp“n'P SG{n’ SG{pn)
Proposition 4-2, 9/ is T--equivariant, we obtain following
i

commutative diagram,

5 . .m (p)
6 I, 1),% Esotn) ——— Ssaipn)
| ]
-
m (p)
’ PN
JWP %Sn‘r BSG(n) , BSG(pn)

and 9 (w,fl,...,f )

& i (p)
And J SG <SG < E
nd  § ¢ “’p‘}%p " (pn) < 0

SG(p n )’

= Powa, x i) F w1, for any (w,fl,,,,,fp)G-Jﬁlp%_lps(}(n)(p)

5. Decomposition of § . Let 4=§-J=(21....,Ep>; £,=00r 1},,
{ v

{J( = number of{ﬁ,:l,J:(E ey & )} . TI»operates on /l

i i P F
by permutation, We introduce in /l an total ordering by the lexicograpnic
order, for example, (O, 1, )g 1,...) . Let /1 = d_/ﬁ_ . We define
the map /4 J_’A, by T ( {J} ) = the first element in {Ji- .

A_o- denote tf.he image of T[T . For each element Joé-/io) we define /'ZJO :

0

L ,l)@/—ﬁ\i‘? L L
n-1_n- - —1 ] '
L2 s ~——> G(pn) as follows, where G(pn) = { f: Spn*; st } s

. on-1 n-1 n-1
fo 5 —>8, V3,



For  f, .. K€ (
SO R P

@ is the map as follows, @'S : SJ~>S represents,
J

J. 7 c‘JO for any pe‘n‘F, 0 :

J=zgJd.= (¢

0
-1 -

Ana sPPh o g0t
J 51

We define

prece

§x —5™

m An=-1
JTTpX (_l.lo ‘S

n-1

Ty,
"o
n-1i n-1 n-1 n-1
(87T s T = (8T 3
‘?’z* "k?z, 0 l ] >
’ pn-1
— Vooos®
B aP= ¢ }
TeA
ay o x 0, if
£
o L5+ 8%

.,4 ) represents
P

. Y . 1
‘p) for some @ &J] , where ii‘ = id , ,e:

)p‘——+G(pn), for each - J.

[V .
r ..,- - — "_l
as 9J0<w,.e,l,...,,ep>_f'w,)fZJO(ﬂl,...,Qp)fm> )

Proposition 5-1,

Tﬂ‘n—equivariant' therefore it define a following map (J

—~—>G{(pn)

Let i

Proposition 5-2,

G(pn) —=

Spn+i

and

. J%’gx Lﬂlg'l s" NP 6(pn) | is

J

be the inclusion

V

J s 1
& o

%

are homoteopic on

It
w)

foilowing map.

LA pace g“*s“‘l yP
0 PP

{pn-5)-skelton as a map JHT‘E%’{ u‘}\g—lsn"l)p—aflﬁowléxwl , where Y/ denote

loop multiplication on

For JOGAO s lJO’ # 0, p, we define h

fof wg J‘{'nrp

¥

F
P

n+1

J

0

JT. ~— G(pn) as follows,
o

=
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1 . . .
- w - ERRP 3 / -
ho (g s Pw) I gem-1 ek o ¥ 4 sPiTt
o 3 u:/L o
0 L J/@
- (‘0)) n-1
Spn 1 ra— P Sp
where @ !S : Sgn_l——-r—*—/» Spn—l represents aj ox *0 , if J.ZoJ .,
J < :
for any g‘en‘p . b) idpn—l , if J=o J,» for some il 5 hJO
is well defined,
s - — ( o=<1Igl
Propesition 5-3, For /1,6J0 (Cl""’gp) . :F‘Jl¥ p, the
following diagram is homotopy comutative,
m " n-1_n-1 . m ~n-1_n-1_(p)
————
I, p)\_Q o S Traxa p vazl(TP(QO s'TH G, (pn)
h X ¢ FLeon( £P *id
J pn=1
0
G(pn) X Go(pn) i ——— GOCan)
X
‘ £1 -1 n- .
where () k... x( )Sp :_Q_n lgn-1 > G{pn) 1is the map defined

0
; €
oy § — FT x@)P

We define @; : J]'}‘Tp%P(ﬂgflsn_l)p )G(pn) by é\'p(w,‘el’ e, ﬁp)

=P W <Q|*,...,*Lp> fm‘l

Proposition 5-4, @'p = 9 ¢0,...,{> ; homotopic,

6. Proof of Theorem II, @ : J% XsFP— L, sr, §: % B B
5 - 6 ‘*pﬁ(}, - 6 Wpf%, se— Bs

are the maps corresponding to g : J';—n[pé SG(n)p—-?SG(pn) s
a1

r

=
L
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I

I p " :
L J B B. for large m and n, Ve define
[ & sen) 2 Bsgipn) ° & '
F

Qj © H_(8T)— H_(SF) , QJ P H(Bgp) —H (B, § = 1,2,
by the Q.(x) = gx(e,®xp}, for x&H (SF), or €H_(B_,)
3 ] ‘rr“, SF
Proposition 6-1, In the homology spectral sequence associated with
N . . 2 P
following fibering SF ——> Ep— BSF . E*sz*(BSF)®H*tSb)
If 2 i i E @ =¢y ! , th btain
x & E2n,0 1s transgresive, ¥ & 0,2n-1 ° [ul ={Y j , then we obtain
the following relations, {‘c?o(x)} = {zahf = {Q‘p Ny
. 2np { p- } . P . 2n{p-1)
in EO,an—l , and T (x 1@ y) = ‘z Qp_z(y) in 0, 2np-2
— m
iti 6-2 L = :
Proposition . et hl h(l,o, o va/TT —> G(pn) , <
p
1 -
and H1 J-rn; X sP? — sP? be the representative. of h, . Then

in H*(Cﬁ ) ,P’(s) and aP’(s) are non zero, where sern‘L(C?- Y= Zp
. P 1 *y

L

is a generator, and 1= j< m-1 / 2(p-1) .

Proposition 6-~3, 1f 'X\iéH*(SF) belongs to Gp} » 3 =21, where TEH,

then Qp_z(xl), Qp_l(xI) belong to Gpj+]_ -, and as elements of Gpj+l/Gpj+l+l+deC°’"P .

th incid ith (x_) (x_) i
ey coincide wi Bpr—l xI , Qp xI respectively,
This proposition is prouved by using the following lemmas,

Let T. : J"%p —3 G() = ;:” £: s s‘”} , represent

1 /irrp {
_ o . o -h'l C (-p-id)) o
h, : Jw. /—>G(pn) for large m, n, And h : J »>G {(00) > Q8”7
1 pmr 1,0 -[Tp/n-p el 0
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6— i ‘ = . T X", ¢ 0, x& G, ,
Lemma 6-1, nl,O*\eEi(p—l)) cxy c # o
T = ¢c3 x. x'! c' 0o, x"' G, . This proposition is pr ‘;
B0 ®2icp-1y-1) T SRpXp T » €'F 0, X &G, prop Prouved .
by using prop, 6-2,
Lemma 6-2, In H* (SF) , we obtain the following relations,

<F L CUgO>F0 L, <Bx, gla) > 70, for x&6, , <x, A > = }

<x w@p> =0, ' =

> bmma. 6-3 @ F47. ~ o !
Lemma 6-4 , For any xis Gpj , I1&H, 61 *(ei%_ XI) E'Gpj*l . And }
as an element of Gp~j+l/ Gpi"’1+l + decop. ’ it coincide with Qi\xl)

J

Lemma 6-5, For any xIeri I€H, j= 1 §

belongs G if ifP—l,

Po—> .

We consider j, : H (SF), by Peterson-Toda, H, (S80) /ker j*g/_l_(yl,yz,”,)

pj+1+1 2

degly,) = 2i(p-1)-1. Let ?;eﬂ*(sm, be j*(yi)

Proposition 6-4, H_(SF) is a free commutative algebra generated
~ —~— ~ -+ -+ — o - -
b X . i i = 1.2 d T
y 5 yJ ,J 1S, Xp, IEHlqu s Qp_l .,.Qp_l\ I), Lé—HlUHZ . j
: )
;
[ erat b4 k~-ti k .0 ST - - -
Qp_L operate on X imes, k =& 0, Qp-zQp—l""Qp-l(xz) , 1EH Y H,
Qp_: operates on Qp—l"'-é;.—l (3?;) egactly one times, and Q—;;-l operates

on s?'l k-=times, ke O,

This proposition is proaved by using prop, 6-3, and structure of H_{(SF) as

an algebra, Then Theorem I1 follows from prop, 6-<1, prop, 6-4 and tue

comparision theorem for spectral sequence, )
bemme 6-3, If J:,&L)a/yw(. LT.;H:o)ﬂ,,:»)ﬂmﬁmww#

€N | ~God ‘ ' . ;
He (G | LeeQpi. TEN, @y w(e: erf )é&ﬂqﬂ

L

»
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