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On the Frinciples of ‘Invariance in the llon-Stationary -
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Faculty of Engineering, Gifu University
1. Introduction.
In the theory of radiative transfer,. the principles of inva-
riance play an important role. Chandrasekhar's principles of in-

n e
variance can be applied to the stationarv radiation field in a
homogeneous atmosphere [1]. Ueno [2,3] extented the prin
for the stationary radiation field in an inhomogeneous atmo
-and- the non-stationary radiation field -in a finite homogeneous
atmosphere. '
In the present paper, we. shall extend the principles for the
non-stationary and three-dimensional radiation field in an inhom-
ogeneous atmosphere. The principles can be applied tc the prob-
lem- of diffuse reflection and transmission of a pulsed search-
light ‘beam by a finite atmosphere. To simplify the discussion,
we  shall assume the scattering is isotropic. In the theocry of
non-stationary radiative transfer, we should <take account of the
following twWo time scales: the duration of temporal capture and
the mean free time.  Starting with the eguation of transfer_in~’
volving these two time-scales, we shall derive the principles of

invariance_

2. The Equation of Transfer
In an isotropically 'scattering medium, the intensity of ra-
diation at time t.  at point R in direction 02 'satisfies the
equation .of transfer in the form
1

[ 7D, +2:7 + 2(R) ] I(t,R,2) = £(t,R), (1)

In the above expression, ¢, &, and

|

<
c

where D = 2 .
u du
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are, respectively, the velocity of light, the volume attenuation
coefficient, the directional unit vector and the position vector.
z is the source function given by

t
Z(t,R) = o(R) [ T(t',R)exp[-(t-t')/t,lde'/t, , (2)

where ¢ 1is the volume scattering coefficient, tl is the dura-

tion -of temporal capture and J  is the mean intensity such that
J(t,R) = (1/4m) [, I(t,R,2)dQ. (3)

The integral with subscript 4w is taken over the all directions.

In a system of Cartesian or cylindrical coordinates, the z-
axis is chosen to normal to a finite plane-parallel atmosphere
whose optical properties vary with z . In the system of coordi-
nates, the position vector and the directional unit vector can be

expressed in the form

[}

R = (xr,z), and Q

i) {welt)
where the two-dimensional vectors r and w are, respectively,

the orthogonal projections of the vectors R and @ on the  xy-

plane, cos “u is the co-latitude of the unit vector o (-1 < u
< 1) and jwj = v(l-u?). Since the optical properties vary along
the =z-axis, we can write L(R) = &(z), o(R) = o{z). For %  and

" o., we reqguire the following conditions:
0 <& <12(z), 0 <0(z) <o0,and 0<o0,/8 <1. (4)

We shall use I (t,R,2) to denote the intensity directed to-
wards the ‘upper surface 2z = o  and ‘ I+(t,§,g for Ehat direc-
ted towards the lower surface z = 8 , where o < z < B8 and 0
<'uw < 1. Then Eq. (1) can be written

[ c™'p, + w7, £ uD_ 1 I°(£,R,2) = 2(t,R), (5)

where 72 is the two-dimensional nabla operator.

Let radiation of intensities Io(t,r,g) and I,(t,r, ) (0 &
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£) (0 <wux< 1) fall on thé upper and lower surfaces, respective-
ly. Then the initial and boundary conditions for Eg. (5} are
I(0,R,2) =0,
' 1(6)
I(t,R,2) >0 as |z| » =,
I (t/ryari’z) = Io(ttgrg)l
(7))
I (t,z,8,0) = I,(t,r,9).
Now, we consider the following transform:
(8)

f(s,p,2,2) = [, dt [£(t,r,z,Q)exp(-st+ip-r)dr,
where the r-integral is taken over the entire xy-plane. We assume
is bounded with respect to t and satisfies

[

that I{t,R,{)

flitt,c,z,9) lar .
Re s > 0 an:

e

converges. uniformiy for

Then. the transform of I~
0 < igi < o . With the aid of Eg. (6), the transform of Eg {5
gives
L #uD, + {8(z) + c/s - ig}g}]fi(s,g,zrgi = y{(s,z)J(s,p,2),
(%) i
where:
< ) _}-
‘yi{s,z) = o(z) (1l + stl) R {10}
and !
J(s,p,z) = (1/4m [, I(s,p,z,2)af. (11)
Eq. (7) is transformed into
Ig__+ —
o, 0 = a3
I (SIEIVL'“_"'_) IO(S’_p_’"_”)’ .
F{I2)
—f (ervglg) = Tl(srgr_g_)-‘_)-
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The formal solution-of Eg. (9) subject to (12) is

1l

T (s,p,2,2) = T,(s,p,2)n(a,z,2)

+ LY (e, 2,2 (T(s,p,z) }/u , (13)

T (s,p,z,2) = I,(s,p,2)n(z,8,2)

+ L (2,8, {T(s,p,2) }/u , (14)
where
n(a,8,Q) = expl-{(1,-7 ) + (s/c.4~igﬁg)(8-a)}/ul
= l/ﬂ(sr(}’r@_)r : : (15)
and
tz )
sz=ﬂj0 L(z')ydz!' . : o (16)
In Egs. (13) and@ (14), L' and L7 are
+ 8 :
L {(a,8,2){f(z")} =-fav(s,Z‘)n(Z‘,B;Q}f{z')dZ’, (L7}
and 8
L (a,8,Q{f(z")} = [ v(s,2")n(a,2',DE(z")dz". (18)
From Egs. (13) (17) and (18), for o < u < B, we have-
n(a,SfQ) = n(u,u,g)n(u,B,Q).: (19)
L™ (a,8,2) =L (a,u,2) + n(o,u, QL (u,8,2), (20)
and o . '
L*(e,8,2 =1 (u, 8,2 + n, 8,01 (0,4,0). (21)

Substituting Egs. (13) 'and (14) into Eq. (11}, we obtain the

integral eguation for J as follows:



(1-1L)(a,p,z){J(s,p,2')} = B(s,p.2), (22)

where the linear operator L is defined by

g
L(a,8,2){f(s,p,2")} = (1/4m) [ v(s,z")K(z,2")E(s,p,2")dz",

(23)
with | |
K(z,z') = [n(z,2z',Q)aQ/u if z' >z,
(24)
= [n(z',2z,Q)dQ/u if z > z' ,
1 -is the identity operator and B is.
o 8
B(s,p,2z) = (l/4m) | Iy(s,p,2)nla,z,2)dL
| s
+ (174mf  I;(s,p,2)nlz,E,2)AL. (25)

THEOREM 1. If B is bounded on the following set D

&3
o

A

&

D= {(s,g,zyt Re s > 0, 0 < ]g} < e, a2z

then Eg. {22) has one and only one solution.

PROOF. Let & (D) be a set of functions bounded on D.
Then @{(D) is a Banach space with the norm
[[£]] = sup |f(s,p,2)| (s,e,2) € D.
&{D) into (D)

Hence ‘L is regarded as a linear operator on

~From Eg. (23) it follows that

. . g | |
[oE]] ;.[!fif(l/4ﬂ)[aiy(s,z’)lEK(z,z’};dz‘. (26)
By Egs. (10) and (15), we have.
‘iy(g,z)i < o(z)- ].+stl{,—l < alz) < oy - (27)
~and ‘
(28)

In(z,z',2)] < exp[-(&+ Re s/c)|z-z'|/ul.

wn
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Hence from (24) we have

|K(z,2") ] < 27E [ (L1+ Re s/c)|z-z'|1, (29)

where: ;
E () = [; t  exp(-tu)dt. (30) :

From (27) and (29) it follows that

: ¢
(1/4w)ja{y(s,zf){»}K(z-,zy[dz'_

ia

0, (L, + Re s/c) T2 - E,{ (%, + Re s/c)(z-a)}.

- EZ{(kl +.Re s/c) (B-z) }}/2-

ffA

(0,/8 (1 - Ez{zl(s—u)/z}]

a-

1 - E,[8,(8-0)/2} = A< 1, ' (31)

where (4) is ﬁsed, Therefore from (26) we obtain

[luel] < A|{£f}], and hence [{Ll( <1 .

Then Eq. (22) has one and only one solution for B & 2(D).
completes the proof.

Now we consider decomposition formulae - for operator
For an arbitrary wu in the interval [{o,8], we have 5

"L(a,B,2z) = L{u,B,2)

+ (1/4m) fn(u,z, 2L (a,u,2)a2/L (o

<usz<8),(32)
L(OEpB,Z) = L(OC,U.,Z.’)
+ (1/4m) [n(z,u, QL (u,8,2)d%u (2 <z < u < B).(33)



These equations can be obtained by Egs. (20), (21 2d (23).

3. The S- and T-Functions

In- the theory of radiative transfer, it 1is convenient to
distinguish between the diffuse radiation field which arises in
consequence of one or more scatteringuproceSSes, and the reduced
incident radiation field which penetrates to the level z without
any collision process. Wé shall put a subscript d te all-quan-
tities referring to the diffuse radiation field. Then we have

,+'Io[t-(z-a)/cu,g-(Z—a)g/u,gjexp[—(Tsza)/u], (34)

+ Iy [t (B-z)/cu,r-(B-z) w/u,Rlexp (- (Tg-T,) /ul.  (35)

From'Eqs.i(l3) and (14) it follows that

T;;{vs*tﬁrzr&) = LT}.V(OLpZ;,g,){E(SpB,Z") }/1}., ) (36)
and |
T;(S'rgang)v = L‘-t(Z‘rErg} {E(S’,E,Z")‘}/u. (37)

Iﬁ‘what,follows, 'we~consider,the diffuse radiation field alone..

We omitt the subscript 4 ..
Now we consider the diffuse reflection of a pencile of ra-

diation of net flux 47 incident at time 0 at point r==0 on

the upper surface in direction @

0" 0

To(6,5,0) = 478 (£)8(x)8(2-0,) , I, (6,5,2) = 0. (38)

We denote the J-function by'J(t}g,z,q,S,go)- From Egs..(22),{25)
and (38) we'find that J satisfies the following equation:

(1-1) (a,8,2) {T (2", a0, 8,2,) }= nla,z,9,), . (39)

In this case. I, and I1 are



where s and p are supressed. Now, we define the S- and T- '

functions as follows.
: S(,t:_l_‘_rarﬁ:gpg_o)‘ = I’-(~tr£:arg)v (40)
T(t,r,0,8,2,2,) = IT(t,r,8.9). - (41)

Then, by Egs. (36) and (37),.

S(a,8:2,2,) = L (2,8,2) {T(z',a,8,8)} , (42)

and

]

) = L7 (a,8,2) (T (z",a,8,2)} - (44)

: T(“rﬁr@_t&o

THEOREM 2. Let J be the solution of Eg. (39). Then we

have the following functional equation:

3(z,a,s,go)'= n(a,u,8,)7 (z,u,8,2,)

#

(1/4m) [ T(z,u,8,20T (u,2")42', (44)

where- a.-< W

A

z < B .

PROOF. . Using Egs. (32) in Eg. (39), from Eg. (19) we have
(I4L)(uﬁﬁ,z){i(z',a,s,go)} =-n(a,u,90)n(u,z>§0)
+(1/4m [ n(u,z,2"5L (a,u,02") {T(2z' ,a,8,2,) }d2'.  (45)

It is éaSy’to show that the right hand side of Eq. (45) satisfies
the assumption of THECREM 1, whence Egq. (45) has only one solu-
tion. Operating L(u,B,z) 'on the right hand side of Eq. (44},
we-obtain the right hand side of Eg. (45). Therefore the right
hand side of Eqg. (44} is. the solution of Eg. (45). Hence, Eq.

{(44) follows. This completes the proof.

4. The Principles of Invariance
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Operating u_lL_(u,B,Q) onﬁfhe ﬁéth sides of Eg. (44)., and
making use of Eqs. (36), (38) and (40), we obtain '

T (u,Q)

O)

U‘l_s (u,B rQ_rslo)n (o 0,0
+ (1/47)fS(u,8,2,2M)7T (u,2"da’. (46)

Taking the inverse transform andﬂreplacing u by 2z, we find

I'(t,f,z,g) u-lstt—(z-a)/CUO,E-(z*a)QO/UO,Z;S,&,QOI

P

exp[r(rz-ta)/uoi

+

+ .
(1/4mu) [y dttfdr'[s(e-t',r-r',2z,8,2,2")

x IV (t*, ", z,0")dg’" . 47

Eq. (47) is @ mathematical expression of one of the prin—.
cipleé:of invariance in the non-stationary radiation field. In
order to-obtain the complete set of the principles, we must con-
sider the illumination of the lower surface simultaneously.

~The physical. interpretation
of Eg. (47) is stated as follows.

9]
&

AW
. . - . H
The intensity I (t,r,z,f) in 1 o
= T - = O
- the uppersard direction Q at time wg e Z.

t at peint P = (r,z) results from
the diffuse reflection of the re-
duced incident radiation 4mwexpl-(-
T, T}/ ugl at point Q = [{z=a)wy/
uo,z] at time (z-u)/cuo and. the

diffuse reflection of diffuse ra-
_ diation field I+(t',£',z,gf) in-
cident on the surface z_  at time
t' at point R = (r',2z) by the a-

tmosphere below z ( See Fig. 1 ).

/
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