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The cxistence of almost periodic solutions

of functional - differential equations
Taro Yoshizawa

The existence of almost periodic solutions of ordinary differential equations has been
discussed by several authors under the assu.mption that the system has a bounded solution
which has some kind of stability propertics. Dcysach' and Sell [2] discussed the existence of
an almost periodic solution under tlie assumption that a periodic system has a bounded uni-
formly stable solution. Miller [6] and Scifert [7] considered an almost periodic system.
Miller assumed that a’ bounded solution is totally stable, and Seifert assumed that a bounded
solution is 2;stable which is equivalent to the stability under disturbances introduced by Sell [9‘] .
All of them used the theory of the dynamical system, and hence the uniqueness of solutions is
assumed,Coppel [1] has shown that the result of Miller can be obtained by. using the property
of the asymptotic almost periodic function introdﬁccd by Fréchet without assuming the unique-
ness of solutions. In this article, we shall show that all of the results obtained by applying the
theory o_f the dynamical system can be obtained for functional-differential equations by using
properties of the asymptotic almost periodic function. This article is based on the papers by
Yoshizawa [10] and by Kato and Yoshizawa [5].

Let f(t) bea continuous vector function defined on a <t <o, f(t) is said to be asymp-
totically almost periodic if it is a sum of a continuous almost periodic function p(t) and a

continuous function q(t) defined on a<t <o which tends to zero as t—>oo, thatis,
) f(t) = p(t) +q(t) |

For an asymptotically almost periodic function f(t), its decomposition (1) is unique and f(t)
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is boundcd and uniformly continuouson a <t<ee, Moreover, f(t) is asymptotically almost

periodic if and only if for any sequence {7} suchthat 7, o0 as k->co, there existsa

subsequence {7, | for which f(t+ 7, ) converges uniformly on a <t<eo, For our purpose,
j J

the following property is important.

Lemmal. Suppose that an asymptotically almost periodic function f(t) is differentiable

and that its derivative f'(t) is also asymptotically almost periodic. " Then the decomposition

of f'(t) is
) f'(t) = p' (O +q'(),

where p'(t) and q'(t) are the derivatives of p(t) and q(t) in (1), respectively.

In this paper, we shall consider a systein of almost periodic functional-differential
equations. Foragiven h=20, let C denote the space of continuous functions defined on
[-h,0]. Foran x€R", let |x| beany norm. Fora ¢ €C, we define the norm llell of
¢ by llpll = sup{lp@)|; -h <0<0}. Morcover, we denote by C, thesetof g such that

llpll <a. Letting x(t) be the right-hand derivative of x(t), consider a system of functional-

differential equations
3) x(t) = F(t, x,),
where X, will denote the function x(t+0), —h <0 <0, thatis, X, € C.

Definition. Let F(t,y) be a continuous function defined on R X C, with valuesin R",
where R =(—00,00). F(t, y) issaid to be almost periodic in t uniformly for p €C,, if
forany €>0 and any compact set S in Cq, there exists an R(e, S) > 0 such that every

interval of length- (e, S) containsa 7 for which

4 |F(t+7,9)—F({,9)l < € forall tER and pES.
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Lemma 2. If F(t, ) is almost periodic in t uniformly for ¢ €C,, for any real scquence

{7} there is a subsequence \Tkj\ of i'rkX and a continuous function G(t, ¢) such that

&) F(t+7_,90) = G, ¢)
J

uniformly on R X S as j—> oo, where S isany compactsetin C;. Moreover; -G(t, ) is

almost periodic in t uniformly for p€C,.

Now let F(t,¢) be almost periodic in t uniformly for ¢y €C,. We shall denote by T(F)"
the function space consisting of all translates of F, thatis F™ € T(F) Where F'(t, p) =
F(t+r1,¢), r€R. Let H(F) be the uniform closure of T(F) in the sense of (5). H(F) is

called the hull of F(t, ).

We assume that F(t, ) in (3) is continuous on RXC; . and F(t, ) is almost periodic

in t uniformly for 9 € Cy+- Weshall denote by I the interval 0 <t <oo,

Theorem 1. Suppose that the system (3) has a solution £(t) defined on I such that

gl <B* for t=0. If the solution £(t) is asymptoticaHy almost periodic, then the system

(3) has an almost periodic solution p(t).

Proof, Since £(t) is asymptotically almost periodic, it has the decomposition £(t) =
p(t) + q(t), where p(t) isalmost periodicand q(t)=> 0 as t->eo. We can sce easily that

Ip(t)| < B* forall t&R. Moreover, we can show that F(t, pt) is almost periodic in t.

Since £(t) is a solution of (3), we have
(6) () = F(t,p) +F(t,£) — F(t,p,) |

On the other hand, it is clear that F(t, §) — F(t, pt) =0 as t—oo, because § =p, +q,

for t = h Thus (6) shows that ¥(t) is asymptotically almost periodic, and hence it follows

from Lemmal that



) p(t) = F(t,p) for tE€R,

which shows that p(t) is an almost periodic solution of (3). This completes the proof.
Thus, when an almost periodic system has an asymptotically almost periodic solution, we
always can see the existence of an almost periodic solution. Here it is noticed that we do not

require the uniqueness of solution.

Definition. Let S be a givencompact set in CB . and &(t) be a solution of (3) such

that §, €S forall t>0. For GEH(F) and PEH(F), define p(G,P;S) by
p(G,P;S) = sup {IG(t,p) — P(t,p) | ; tER, pES] .

The solution £(t) is said to be stable under disturbances from H(F) with respect to S for t >0, if for
any €> 0 there exists a 6(¢) > 0 such that | Evr— x(0,¥,G)ll<e for t=0, whenever
GEH(F), ¢ —v¥Ili<d(e) and o(F",G ;8)<&8(e) forsome 70, where x(0, ¢, G)

is a solution of
) x(t) = G(t, x)

such that x,(0, ¥,G)=y and x,(0, ¥,G)ES forall t>0.

We shall discuss the existence of an asymptotically almost periodic solution of the system (3).

Theorem 2, Let S be a compact set in Cpe - If the system (3) has a solution §(t)
such that 5; €S forall t=0 andif E(t) isstable under disturbances from H(F) with
respect to S, then k(t) is an asymptotically almost periodic solution of (3), and consequently

the system (3) has an almost periodic solution.

Proof. Let {7,} beany sequencesuchthat 7, >0 and 7, o0 as k-—>oo. Set

Ek ()=t +7.). Then Ek (t) isa solutjon of
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9 x(t) = F(t+7,,x,)

through (0, £rk) and clearly Ekt €S forall t=0. Moreover, itis clear that Ek(t) is stable
under disturban;es from H(Frk) with respect to S with the same pair (e, 6(¢)) as the one for
£(t). Since F(t, ¢) is almost periodic in t uniformly for p&C,, and S isacompact set

in Cju, {7} has a subsequence, which we shall denote by {7 again, such that F(t + T 9)

converges uniformly on RXS as k>0, and hence there is an integer ko (e)> 0 such that

if m>k>ky(e),
(10) |F(t+7,,9)~ F(t+7_,9)| < 8() on RXS,

where 6(¢) is the one for stability under disturbances. Therefore, if m=2k > K, (€), we
have p(Frk, Fm ;S)<d(e¢). Moreover, since Eko €S, we can assume that if

m=2k2>kgy(e),
an e, — £l < 8o,

taking a subsequence again, if necessary. Since £ (t) is a solution of
(12) x(t) = F(t+7_,%)

such that §™ €S forall >0, F ™ €H(E'X) and (1) is stable under disturbances

from H(F *) with respect to S, we have || g“t — " lI<e for t=0 if m>k>k,(e).

This implies that | §(t+7, ) — §(t+7 )i<e forall t=20 if m=2k= k0 (¢). This proves

that £(t+ 'rk) is uniforkmly convergenton [ as k—>oo, Thus £(t) is asymptotically almost .

periodic. The existence of an almost periodic solution follows immediately from Theorem 1.
Now we consider the case where there exists an L > 0 such that |F(t,p)| <L on

RXC,, - Let K denote the space of functions p(0) defined on [—h, 0] such that

ol €B* and @) —w(@)I<L|§—-0'], ~h<0,0'<0. Then,clearly K is‘a compact
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setin Cp, .

First of all, we shall consider the case where F(t, ) in (3) is periodic in t, thatis, we
assume that F(t+ w, )=, ), >0, on R)(CB « + Inthe case where F is not autono-
mous on RXK, there is a smallest positive period w* of F(t,p) on RXK and we can see
that for any G € H(F) and any 72> 0 thereisa o(r, G, X) such that 7 — %’:—: <o(r, G, K)
<7+ —i@j and G(t,¢)=F(t+0,9) on RXK. For such a o(r,G, K), we have the follow-

ing lemma.

Lemma3. Forany €¢>0, there cxists a y(€) > 0 such thatif 720, GE€H(F) and

p(F%, G;K)<(e), then |7 — 0(7,G,K) i<e.

Proof.  Suppose that there is no y(e). Then, for some €> 0, there exist sequences
(%) 0 1T and lak\ such that 7, +0 as k—>oo, T =0, sup{lF(t+Tk,p) - F{it+ [ARIH
; w* *
tER, wGK}<7k Ty —92-—<0k <rk +—%’— and |7, ~0, |>e€. Set T -'-'Nkw*-i-'rk',
where Nk is a nonnegative integer and 0 <'rk' <w*  If weset o, = N, w*+o¢ ', then
w*

9t o< +-9 . Since 0<7 <w* and — L< 0! <okt ! i
Ty 5 0, ST 7 ince T, Sw* and — 2 o, Sw 5 there exist

7' and o' such that T, 7', 0, >¢’ as k->oo, takingasubsequence, il necessary.

ho W™ oy ¥ ;
Then, 7 '—-—2—'<a <7 +'—§— , thatis, we have

(13) l#'—0'| < ~‘2-°—

On the other hand, sup [IF(t+7,,9) ~F(t+o,,9) |; tER, pEK} =sup {IF(t +7,,¢p) -
F(t+ak',g,o)l;tGR,wEK}(vk and v, >0 as k->oo, andhence F(t+7',¢)=
F(t+o’,9) on RXK. Thisshows that [7'— 0’| isa period of F(t,¢) on RXK.

Since |7, —ok' |=|7, —0, |>e implies e<|7’—0'| and we have (13), this contradicts

that w™ is the smallest positive period on RXK . This proves the lemma.

Theorem 3. Let E(t) be a solution of the periodic system (3) such that [§(t)|<B,



B<B¥* forall t=0. If £t) isuniformly stable for t=0, then #(t) isstable under

disturbances from H(F) with respect to K for t=h.

Proof. Since |E(t)|<B and | é(t)l<L for t>0, clearly Et €K forall t=h,
and for a solution x(h, ¢, G) of (8) through (h, ¥), y €K, xt(h, V,G)€K aslongas
x(h, ¥, G) exists. If F isautonomouson K, thatis, F(t,9)=F*@) on K, then forany
G EH(F), G(t,p)=F*(@p) on K. Thercfore, p(F',G;K)=0. AThus, since £(t) is
uniformly stable for t = h, itis clear that £(t) is‘stable under disturbances from H(F) for
t=h.

Now we shall consider the case where F is not autonomous on K and we assume that w#*
is the smallest positive period of F(t,¢) on RXK. Since § €K forall t=h, wehave
JEQ) - 8t )< -5-(251— for ,t' t'€f0,0) if |t—-t'|< —2%5) , ~where 8(e) is the one for
uniform stability of §(t). By Lemma 3, thereisa <(e) > 0 such that if 720, GeEHE)

and p(F", G ; K) <+(e), then

b(e)
jr—0(r,G,K)I< oL

- * __
where we can assume that y(e) < §-(§)— and 0<e< B 2 B . Moreover,

G(t,p) = Ft+0,9v) on RXK.
Fora fixed 720, let §(t)=§(t+7). Then {(t) is asolution through (h, £h ") of
(14) x() = F(t+7, x)

Letting 1§, ,, ~ Vvii<+vy(e), YEK and G&H(F) such that. p(F", G ; K) < (e), consider
a solution x(t) through (h, ¥) of (8). Aslongas x(t) exists, X, €K, and hence x(t) is

a solution of

(15) x(t) = F(t+o, x), 0 =0(r,GK),



throuth (h, ). Hence we have
- (e}
(16) fr—0] < 3

If we set y(t) =¢(t+0 —17), then y(t)=§(t+¢). First of all, we assume that 0> 0.
Then y(t) is a solution of (I5) through (0, Eo) and y(t) is uniformly stable for t=0 with
the same pair (€, 8(¢)) as the one for £(t). Since we havé (16), [Eh+o+0)~Eh+T1+0)]

< -6—%?)- for -h<0 <0, and hence || & , —§,.,, 1l < -6-(25)- . Since we have
Iy, - vil =1 ‘c’h;,’ - VIS TE L, —Eua I E L, — VI
< 4 < 869,
the uniform stability of y(t) implies that
(7 Ihy, - xll <e€ for t 2 h.

Morcover, |y(t+0)—§(t+0)1=1g(n-a-7~+0)-§(t+«9)|<-§f2gl for t>h, because

of (16), and hence
(18) Ilyt~§‘ll<—5-(2ﬂ'<e lfor t>h.
From (17) and (18), it follows that || §, — x; | <2 forall t=h, or
N4, —%x I < 2 forall t=h.

Next we shall consider the case where ¢ <0, and consequently, 7—0¢>0. If weset z(t)=
X(t+7—0), then z(t) is a solution of (14) through (h,x, . _ ), and z, € K forall

t>R% Since (16) implies that 1| ¥ —x,.,,_ Il <2, we have

Il fh - Zhu = “ Eh"‘f - xh...'._o” < | Eh.,.f - \p” +1 \b - xh.,.,._a“ < 5(6) .
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Thus we have || §, ~z,ll <€ forall t=h, because {(t) isuniformly stable. Moreover,
lz(t+0) —x(t+0)]| = lx(t+r—o+0)—-x(t+9)l<-§‘%§)‘ <e forall t=h and —h<0<o’
and hence ||z, — xl <e forall t=>h. Thuswehave |} —x,||< 2¢ forall t>h, or
. s X< 2¢ forall t=>h. ‘Thuswe see that §(t) is stable under disturbances from

H(F) with respectto K for t=h.

Corollary.  Let £(t) be asolution of the periodic system (3) such that | §(1)|< B,
B<B* forall t=0. If &t) is uniformly stable for t >0, then §(t) is asymptotically

almost periodic, and consequently the periodic system (3) has an almost periodic solution.

Remark. Under the condition in Corollary, actually the system (3) has a uniformly

stable almost periodic solution [10].

Theorem 4. Let £(t) be a solution of the periodic system (3) such that | §(t)|<B,
B<B*, forall t=0. If £(t) is uniformly asymptotically stable for t = 0, then the

periodic system (3) has a periodic solution of period mw for some integer m =1,

Proof. Set Ek (t) = £(t + kw). By the above corollary, §(t) is asymptotically almost
periodic, and hence a subsequence {&’kj(t)\ converges uniformly on I as j—>o0. Since Ekjo ‘
is convergent, there is an integer k, such that | &kpo - Ekpﬂou <8, , where 8 isthe one
for uniformly asymptotic stability of &(t). Set m= kp = kp and consider the solution

£t + mw) of (3). Then we have

k..
o bl = IET —ER <,

m — iz
e o =Bl = e
and hence

(19 U -RI >0 as e
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i

On the other hand, &(t) = p(t) +q(t), where p(t) is almost periodic and q(t)~>0 as t-—>oo.
Therefore, by (19), |p(t) — p(t+mw)|—>0 as t->ce, which implies that p(t) = p(t+ mw)
forall tER. Thisshows that the system (3) has a periodic solution p(t) of period mw ,

because p(t) is a solution of 3).

Remark. If £(t) is uniformly asymptotically stable in the large, we have || Eivp — &Ml 0

as t— oo, and hence p(t) = p(t + w).

Remark, Under the condition in Theorem 4, actually the system (3) has a periodic
solution which is uniformly asymptotically stable. Sell [8] proved this theorem for ordinary
differential equations by considering dynamical systems, and Halanay [3, 4] proved the
existence of a periodic solution of period mw under a weaker condition on Et).

Now we shall consider the system (3) in which F(t, ¢) is almost periodicin t uniformily
for y€Cy. . Coppel [1] and Miller [6] have obtained an existence theorem for an almost
periodic solution of ordinary differential equation under the assumption that a bounded solution

is totally stable.

Definition. Let £(t) be asolution of system (3) which satisfies || Etu < B, B<B*,
forallt>0. The solution £(t) is said to be totally stable for t >0, if forany t; >0 and
any €>0 there exists a 8(e) > 0 such thatif g(t) is continuous on [to, oo ) and satisfies
g(t) 1<8(e) | forall t=t andif Yy€Cp, satisfies || ¥ — Etou < 8(e) ,' then any solution

. y(t) through (to, ¥) of the system
(20) x(t) = F(t,x,) +g(t)
satisfies I E‘ - y‘ll <e foral t=t;.

Theorem 5, Let &1) be a solution of the system (3) which satisfies || §,ll<B, B <B*,
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forall t=0. If £(t) is totally stable for t =0, then it is stable under disturbances from

H(F) with respectto K for t=h.

Proof. For GE€H(F) and PEH(F), p(G,P;K)=sup{|G(t,9)—P(t,p) |; tER,

¢€K], andhence p(F',G ;K)<6'(e) <&(¢) implies that
1) [F@t+7, v)— G, ) | < 6(e) on RXK,

where 6(¢) is the one for total stability of §(t). Let Y satisfy || EMT — Y| <8'(e) and
y€K. Clearly § €K forall t=h. Let $(t) be a solution of (8) through (h, ¥).
Then, y(t)=§(t—7), t=h+7, isasolutionof x(t)=G(t—7, X)) through (h+7, ).

In other words, y(t) is a solution of
(22) x() = F(t,x)+G(t—7, y) - F(t,y,)

such that Yier = Y. Clearly, y,€K for t=h+7, andhence, aslongas y(t) exists,
(23) 1G(t—7, y) - F(t,y) | < 8(e)

by (21). Since {(t) is a totally stable solution of (3) and || &, — VIl <&(e) and we have(23),
by, — E: |l <e aslongas y(t) exists, which implies that y(t) existsforall t=h+7 and
y, —&ll<e for t>h+7. Replacing t by t+7, wehave ||{, — &, II<e forall

t=h. This proves the theorem.

Corollary,  Under the assumptions of Theorem 5, §(t) is an asymptotically almost periodic
solution of the system (3), and consequently the system (3) has an almost periodic solution.

Now we shall discuss the relationship between the uniformly asymptotic stability and total
stability. For the almost periodic system (3), in addition to the assumption that |F(t,¢)| <L

foraconstant L>0 and all (t,yp) € RXC,, , we assume that for every GEH(F) the solution
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of (8) is unique for the initial condition.

Lemma4. Under the assumptions above, let T> 0, B,(<B*) and K* be given,
where K* is a compact subset of CB. . Then, forany e> 0 there existsa §(¢) > 0 such
that for ény to €1, if x(t) is a solution of the system (3) which satisfies x‘o €K* and
I x| <B; forall to St<to+T, andif g(t) isa contihuou; function such that |g(t)] < &(e)

on [tg, to +T], we have
Ix, -yl <e forall t&[ty, to +T],

whenever y(t) is a solution of the system (20) satisfying || xto - y‘ou < &(¢).

For the proof of this lemma, see [S5].

Theorem 6. Under the assumptions above, we assume that the system (3) has a solution
£(t) defined on [0, %) which satisfies || §,ll <B forall t=0 andsome B< B* and is

uniformly asymptotically stable for t=>0. Then §(t) is totally stable for t=0.

Proof, Since £(t) is uniformly asymptotically stable for t=0, for any e>0 there
existsa 6,(¢)>0 anda T(e) > 0 such thatif x(t) is a solution of (3) satisfying || X ft.l i
<8,(e) atsome t; >0, then || x, — E;Il <—2§— forall t>t; and [[x,— &l <—%@
forall t>t, +T(e). Here we can assume that T(e)>h and e<B*~B. Since the
initial function of £(t) is continuous on [—h, 0] and #(t) satisfies | £(t) |<B forall t>0
and | E(t) |<L forall t=0, [§; t=>0] is contained in a compact subset X, of Cy..
Set K*=K,UK,, where K, is the compact subset of CB. which is the set of ¢ € Cy. such
that | (@) —p(0') | <L*|6 — 0’| forall 6,8'€[-h,0] and for a fixed constant L¥> L. |
For K#, B,= BB 28 and T(e), by Lemma 4, there existsa 8(e) >0, 8()<
min {—glzﬁ , L*— L), such that forany s=>0, if x(t) isa solution of (3) defined on

s<t<s+T(e) which satisfies x, EK* and x| <B, andif [|x,— ¢l <8(c) and
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| g(t) | <&8(e), then asolution y(t) through (s,y) of the system (20) exists on [s, s+ T(¢)]

and satisfies
hx, =yl < —5‘2—@1 on [s, s+T(e)l.
For a fixed t, = 0, consider a system (20), where [g(t) |<6(e) forall t=t,, anda

solution y(t) of (20) such t.hat i E(o— ytoll <6(). Since s‘o €K* and §,(e)<e, we

have
g -yl <2 <o on [t o+ T -

. ENG) .
Since || E‘o”(") - yloﬂn(e)ll <—-—Li—— , T(e)>h and 6,(e)<B*—B, we have

IIY‘0+T(¢)II<B, and |y I<L+8(e)<L* on to+T(e)-h<t<ty+T(e). Therefore:

yto*T(e) €K, CK*. Let x(t) be asolution of (3) through (t, + T(e), ytoﬂ'(e)). Since

“ £t0+T(¢) - xto"‘T(l)” = " Eto"’T(l) - yto.’.’r(e)“ < 81(6), we have
g ~x ) < 5= forall t> to+T(e)

and

6;(e)
Il Eto.+2r(¢) ~ Xip*2T(e) < 2

On the other hand, we have

Ix =yl < 2 on b +T() < t <t + 2T,

; ) ‘ .
because “ x‘O‘T(') - ylo‘,-r(.)" =0 » xto*—r(.) eK* » 18(0 l< 8(6) and “x‘” < “Et” + 2

<B; forall t>t, +T(e). Thus we have

g, —y il <e on tg+T(e) <t < to+2T(e)
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and
1210 = Hograncall < 6160
By the same argument, in general, we have
N -yl <e on to+pT(e) St < te+(+1)T(e), p=2 3, ..,

and hence we have || §, —y, I<e forall t=>t,, whenever t, >0, | e‘o - y‘0 1 <8(e)
and [g(t)|1<8(e) forall t=ty,. Thisprovesthat £(t) is totally stable for t=0.

By thie corollary of Theorem 5, we have the following corollary.

Corollary,  Under the assumptions in Theorem 6, §(t) is asymptotiéally almost periodic,

and consequently the system (3) has an almost periodic solution.

Remark. In this case, actually we have a uniformly asymptotically stable almost periodic

solution [10] .
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