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Synopsis

The lattice Green's function for the tetragonal

lattice at an arbitrary point

1 cos £x cos my Cos nz
S SS dxdydz

I(a;t,m,n3y) = = :
- 4€ - Y COS X - COS ¥y - COS 2z

is evaluated, assuming a > 0, vy > 0 without loss of

generality. The integral i(a;ﬂ,m,n;y) which has

singularities at ¢ = zy+lzl, is expressed in all regions

of (a, v); i. e., for i) a > 2 + y, ii) 2 -y >a>vy(ly <2),

iii) a <y =2 (y > 2),1iv) a <2 -y (L <y<2) and } > a

(0O<y<1l), v) |la - y| < 2 and

a + vy > 2, in terms of Kampé ae Fériet function by the

method of the énalytic continuation using the Mellin-

Barnes type integral. The numerical values are listed

in figures.
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we consider the lattice Green's function (LGPF)
for the tetragonal lattice. As a general introduction
O the lattice Green's function, see for example ref. 1.

The lattice Greeu's function for the tetragonal lattice

at an arbitrary point (£, m, n) is given by
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s el cos £x cos mx cos nz dxdydz
> (L. 1)

! ’j
w3ju§ 0 a - 4e - ycos X - cOS y - COS Z

where a 1s the negative of the nomal;zed‘energy, € 1is
a positive infinitesimal, and Yy, 1, 1 are normalized
force constants of the tetragonal lattice. The regions
lal> 2 +|y'andlal< 2 +|y|corresponds to the outside and

the inside of the band, respectively.

The integral (1. 1) is real for :al > |y| + 2,

and complex otherwise. It has singularities at a =

The real part of I(a; &, m, n; v) is an odd or
even function of a and the imaginary part is an even

d function,according as £ + m + n is even or odd.

O
e
O
jon
o]

-

The real and the imaginary parts of I(a; £, m, n; v)
are :ven or odd functions of Y when £ is even or odd. We
assume £ >0, m>n 20 anda> 0, v > 0 without loss of generality.

Tne valiue I(2 + v; 0, 0, G; Yy) is obtained by
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iontroll”™ in terms of complete elliptic integral of the
second kind. Maradudin, Montroll, Weiss, Herman an
Milnes® (MMWHM) give series expansion of I(a >> 2 + vy,
Z, m, n; vy) in powers of l/a2 and a few terms of

I{(azx 2+ vy, 2, m n; vy) in powers of g-2-y. They also

: - 2 2 2
give a table for L™ +m” +n” <15, 2 + vy < a@ < o,

Mennari and Kawabeu expressed I(a > 2 + vy, 0, 0, 0; v)

as a single integral of the complete elliptic integrals.
In this paper the integral (1. 1) is evaluated for

respective regions in (a, Y) plane by the method of the

-

naiytic continuation using the Mellin-Barnes type

5

om

of the

[0

ntegral developed in the previous paper
evaluation of LGF of the simple cubic lattice at the

origin. The integral in each region is evaluated in

terms of Kampé de Fériet functions6 and of modified

Kampé de Fériet functions defined in this paper.

Figure 1 shows the singular lines in (a, y) plane and

the correspondence between each region and each section

in this paper. They provide simple and rapid subroutines
for numerical calculations of the values of integrals:and
give insight on. the analytical nature of the singularities.

The results of the numerical calculations are shown in

'.LJ

Fig. 2.

The results of the present paper reduce to those
for the simple cubic lattice at the origin5 £ =m=n-=20,
vy = 1), for the square lattice! (£ =0, vy =0) and for

-
]

the linear lattice7 (m=n=20, a >ay, Yy > ®) as special

4



Isn(a) =I(aq; 0, 0, 0; 1)

>
IsqCas; my, n)=1I(a; 0, m, n; 0),

I;0as &) =1limy I(ya; £, 0, 0; 7).

Y+m

Hereafter ref. 5 and ref. 7 are referred as XKIA and KI,

respectively.



§2. Mellin-Barnes Type Integral Representation

The integral (1. 1) is transformed into

I= i? S e-i(a—ia;t Jz(yt) Jm(t) Jn(t) dt. (2. 1)

Yhe product of Bessel functions Jm(t)Jn(t) is transformed

4

into the Mellin-Barnes type integral representation by

m+n+1 m+n 2
2> Tz tli -z
m-+n
In(2)3,(2) = ﬁd! (%) 273 L
m+1l, n+l, m+n+l
z 4n ] r{(2s+m+n+1) r(-s) 22 s
= (5) T ds (T),
c I'(s+m+1l) T(s+n+l) T(s+m+n+l)

(2. 2)

where C 1s a straight line parallel to the imaginary
axis crossing at the point s = = A (A + +0). Substituting Eq.
(2. 2) into Eq. (2. 1) and changing the order of integrations

ds and dt, we have

I = b+l (l)m+n 1 g ds 1(2sfm+n+1)P(-s) (l)s
2 2T g, I(s+m+1 )T (s+n+1)T(s+m+n+1) 4
{\00 —_ - \ o )
x | dt e i(a-ie)t Jz(yt) t2s+mvn. (2. 3)
Jo
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prl o) Y2
x2}?l(s+2,s+2—+l;ﬂ+l;—‘-2‘),
a
(2. 4)
where p = £ + m + n. Then
- - L
T = £ (23yP Y
- a (zg) T
T(2s+p+1)T(2s+m+n+1)T{-s) 1
1 < S
X-—2——TT-_— as (" 2)
v Jo T(s+m+l)T(s+n+1l)T(s+m+n+l) ba
X 57 (s + Q?— , 8+ 5+ 1 ;4 +1 3‘l§>- (2.5)
a

We can obtain
expressions for the tetragonal LEGF in fterms of Mellin-
Barnes type integral. Later calculations are based on

the integral representation (2. 5).
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Jor a > v , expanding 571 in Eg. (2. 5) and
-t

changing the order of the integration and summation,

we obtain

Y 1 2

Xk kIT(k+2+1) 4

- M- 1
(s + B5ET(s + B0 4 1)

1
X Sds
2mi Yo I (s+m+1)T (s+n+1)T (s+m+n+1)

Tl e+ BETG 4 k% Bk 1r(es) (-5 (30 1)
a

The abbreviation I is used throughout the present paper
k
when the upper and lower indices of summation are 0 and .

e

or a > 2, the path of the integration is closed with
a semi-circle in the right half plane in the complex
s-plane. fThe poles of the integrand in the right half

plane are

s =3, i=0,1,2, .... (3. 2)

The contribution of poles is denoted by I3. By

calculating the residues, we have

J+1) T(p+2k+2j+1)

=
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Coe -3

k!g! T(L+k+1) I'(m+j+1



86

v (3. 3)

ising the Kampé de Feriet function (see Appendix),

Eq. (3. 3) is represented by

o+l D -
2,5l
5 min+l m+n
2 > » 5 1; a, a! oy li
x F 22 2
¢ a
0
L3 m+l, n+l, m+n+l; £+1, a, o R
- (3. &)
Equation (3. 3) converges for

a > 2 + y. Equation
(3. 3) is transformed into

. 2z T (p+2k+1)

=

W
i

=
N
|+
S~
e
2

K k! T(L+k+1) 2

. . 173
5 ,.2+_L,—k,—k—£;“§-'
. Y
|

E
3 (3.5)
mtl, n+l, min+l

. . - 2,2 X -
wnich is a single series of v /a~ when the coefficilents

nave been calculated by a finite series. The imaginary

part of I(e; 4, m, n; y) does not appear for a > 2 + v.



For y =1l and L =m=n = 0, we have
2 —5— 1
g 4 1
l 1 = . o — ———
== ® > >
I3 R 22, a2 a2 (3. 6)
0
211, 1; 1, « B

in agreement with the LGF of the simple cubic lattice
given in Eq. (7) in KIA.

For Y = 0 and £ = 0, the LGF of the sQuare lattice,
Eq. (3. 2) in KI, is reproduced.

For a » ya and m = n = 0, we have

lim yI{ya; £, 0, 0; ¥)

'Y—')-OO

1,132 [l o2 1

2 _ y-1/2 [,

= ala (dg - 1)1/2]2

(3. 7)

which is the LGF of the linear lattice given in Eq. (A. 1)

in XI.
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4. 2 - v > a > ¥y (v <2
We start from Eg. (3. 1).

of integration in Eq. (3. 1) is

circlie 1in the Zeft half plane.

double poles at

For a < 2, the path
closed with a semi-

The integrand has

p+l. . 1 . '
s = —[‘—2‘—-]'—K—~2-—J, J=0,1, 2, ... , (4. la)
o . <5
Jue and simple poles at
° . . : ,'-D—v 1
s = =[&]-k-1-], jo=0,1, ..., m—-§J—K—l, (4. 1b)
and at
_ rmin+lL 1 . o+l m+n+1
S = -7 ]—§- s j=0,1, ..., L ) 1-L 5 J+k-1.
(4. 1le)
where [x] is the largest integer not exceeding x.
When 1 - [%J - %X -1 < 0, poles in (4. 1b) do not appear,
Similar situations are not notified hereafter.
- Y o] - 1 ) . 1 Iy : _“ Q
~ We denote the contributions Ifrom the first, the second
ard the third sets of poles by Ik, 142 and I&3,
<
respectively. Then
Z ro+l ,=pT1 E ~p+lL 1
- 2L ==—1- L= ]-n+% =]-n+=
T__(Y) aL2]p \Ld¢lr2)l(L2]n2
<4 - = ) A )
1 /2 myr Ll FRa L lNmarDTL -
2737 g L(L'Z J“[?JTE)L<2L‘2 J-m-n+1)
. - rpTa.— ._,_1 l_‘/;-p'*'l-g ;.—
X oAy 5 _z"““n“g)*\‘.. 5 J+2)
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2 L=, [ 1-545
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Ljt5i-lghs s e

89

Cand
where F is a modified Kampé de Fériet function defined in

the Appendix, and

- ) X . .
ry o (T g 2031p TUEIDT (B
2 221 r((51-(B323+3)1 (28 1-m-n+2)
1
X

Tm-(EDT (uan-[51)

41 05341, [51-m+1, [§1-n+1, [B)-n-n+1
| 22
x P
|2 | [R].min,3 rpjmin,, R
PR S
Dy_rptlq,3
L5t s en ]
and |
i(__)m'l‘n v 2 2,_ 2 ]—m—n‘ . l 'Y
143- =75 (jz) a z ( 5
m K KIT(k+2+1) ka
~p+l- ~m+n+l S ij:'( .
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The common region of the convergence of Iﬂl, 142 and
143 is given by 2 - v >a > vy (v < 1).

For L = 0 and vy = 0, Iql is reduced to
Egs. (4. 7a) and (4. 7o) in KI, and Ih, to Egs.
(4. 6a) and (4. 6b) in KXI. , 143 does not
contribute for £ = 0 and v = 0. These are LGF of the

square lattice.

4



o 2, 2y . .
Transforming 2F1( 5 3Y /a”) in Eg. (2. 5) into
e
2, 2 . .
9Fl( 5 sa /Y°) with use of the Xummer's relation, and

expanding 2Fl( 5 ;a2/Y2) for a < y and changing the

order of the summation and the integration, we have

ptl._ 1 2
- ¢ a2l TP o e - a . k
i = T(—) ( ) z +7 0 1 ( 2)
ey x KIT([ h2*]~[§-]+k+§) Y

cos sm r(s+t'ﬂl‘-fl—-1—3+l>r<s [2321+41)

2“‘1‘ .

P F(s+r3§ij+k+1i)r(s+[Bﬂ]+k-£+—l—)P(—s)(-u—)S
-2 2 2 : 2 Y2

P- .
2[=2—J+l-p : 1 a2)k

9
= (
YTy 7 Kk kIT([} ] [D*lj+k+ ) y2

u+k’lm ,l ln
5 oa sin sm T (s+[Z Ti]T_)r(s+[EZ_3+1)

X =~ \ds
2T1 3

T'(s+m+1 )T (s+n+1 )T (s+m+n+1)

L
X [—2— +k+l)r(S+[g—]+k_f_+1)r(_s>(__é_)s.
Y

|

(5. 1)



¢ and the second terms of Eg. (5. 1) correspond
to the imaginary and the real”parts-of I;;respeétively.
‘VWe consider the case for y > 2 in this section and the
case for y < 2 in the next section. The path of
integration in both terms in Eq.»(S. 1) are closed

with a semi-circle in the right half plane. TIn this

regicn, the integrand of the first term

in Eg. (5. 1) has poles at
s =, i=0;1,2, ... (5. )

The integrand of the second term in Eq.

(5. 1) has poles at
s =3, J=0,1, «.., £-[51k-1. (5. 3)

The contribution of poles of the first and the second

sets of poles are denoted by I5l and IS2

i 2(®5E1p . T(REE 3+—>r<[&—3-z+—>
15, = ——(%) (-=)°
1 Y Y p+1 D
YTym!n! : r({==1- [ ]+ )
T ) eptl p+l 1 7]
2 | [=5= ]+2> [“§‘J—Z+§
!
min,. 1 min, .. '
e | 2 TZ D o e« ,
; : RS
2> 2
0 Yooy
3 mtl,arl,mindl; [BR1-(8347, a0
L - , _
(5. &)
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The real part, 152,

and 152 converge a <y - 2.

15,
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<y <2)andy >a (0 <y < 1)

We start from the Egq. (

1) and consider the case

U1

for vy < 2 in this section. The paths of the integrations

of Eq. (5. 1) are closed by a semi-circle in the left

The integrand of the first term of Eq. (5. 1) in

the left half plane has double poles at

&

[ m+n +1

-k -3 ;5.? j =HBX(O’€+L 2+§]— F2 J-k),...,ﬂ—l.
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We cdenote the contribution from the first and that from

the second sets of poles by I6l~i and 161_2, respectiﬁely.

Trhen
<7
: 2[B5=1 - p
TA L 2
O"—l 377 (-Y) a
“ 2,” 7/ K'
perPrla Iyprptls L lynerptl Lyprptlq, L
l(L—Z—J—m,‘é—)F\L 2 _‘-—ﬂ+2>r([ 2 _‘_m—-’ﬂ'r2)l([ 2 ]+2>

/DT - +14 -~ 1
T&2Lg—-3—m—n+l)1([Rg—]_L§]+§)
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i a2L 2 - IS 1 2 k
I8, = = ) , — (%
-2 pp5/2 yz X &'F(k+[E§l]—[%j+§) 4
2-1 : . ) p+l 1
RN rk——— -] futl

m+n+l p +1
j=max(0,2+[ J-[~=1- k>'1r(2j+2k+2[2%£]—p—3+1)

X

T(J+k+[E§£]—£—m+%)r(j+k+{9%£]_g_n+%)

x T (g Bl T (2-3) (= 1 (6. 3)
+1 -
- 2[2=]1-p
572 T X
g2 r<[p§13-m+§>r<cng*“ 6+5) T ([BfRI-m-n+3) T ([R5 143)
’ 1jr.x pa.3 ovl
D([55=3-051+3) 1 ()T (2[B5=]-m-n+1)
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P ; L 2 _.‘2) 2 ] u+,—; 2 d ‘L‘+23L—_2 j—m—n+2,
x 7 ‘ 1-8, 1, 1, a, a!
! FDEL rPq oL 3
2 i 2, S e Y
5 I rpti4 min . 1 ~p+l min | .
B lL2_}_T' ?)sz"_z—'?l, OL,OL
Y\-—‘ j +1 il l r _:— 4 -
- T e T (2 1 n- D r (2 omn L
. 2 =72 2 2 2 2 2 2
~p+1l 1 p+l
([85=1-[51+5) 1 ()T (202 open-1)
perDtlqa 1o rprlo 1 prl- . I.a,rptl L
- 1-5)r ([ 5 d-m-5) T ([=5=]-1-3)T( ==]-m-n-5
+1 Iy, +
r{[25=1-151+5) 1 ()T (202 Jomen-1)
2 1, 1t
+n p+l- m+n 1o
3 l:r_z——"[ké—'.}—l: o [p-gr _J+g‘> 1 o,at,am
x F
0
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L I e e  PTELo F S g e P
_ [35=1-151+5, «,ar,a"

The integrand of the second térm in Eg. (5. 1)

has poles at
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s = -5 - k -3 -1, j =0, 1, 5 r—L§]—k—+
(6. 4b)
‘"The contribUtidn of the former and the latter are
denoted by 162_l and I62_2, respectively. Then
o m+n+l 4
241 - —TNe
T IR S
e 2
{T(L"‘ 1’11' -"Tl—n'l' )I-.(r-u.-rl"i'l]- += )F([T'H'l" l]_n+_]2;)
+ + +
PR (TR ) ([ 31-1251+3)
+“. n
x D((EEH ) (- Ly p (B[ BHEYL_p4 )
o
min+l 1 rm+n+l 1 ~rmin+l 1 rmt Pvlﬂ
4 1L 5 ]-m—n+§,[—2——d—d+’§,L—§—'—] 2,[ J+2:
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1| [F=1-[570+5 5 0
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‘— ] ; FrFn+l .3 ~mtn+ LD Amin+l 3 1+ ]
; N L > _,-7"1-—"11"-2—,[ 5 _!"TTE:L = ]"n+§3 5 -L]+_2_
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s :- 1 3 a
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g H \ 3 u
[ - . m+y Lle r m ln‘; 4
2 N SR+, 2
i H
| 3;—1"""”17 1_rPa.3 rmin+l Y+.2.3.rp7 rp*l 3
Lz i;. ) 4 [é‘.l'g:[ 3 ]"‘[24 +2;L2]"[ 3 ]+29 a B
(6. 5)
D141
6 _ o ykenel 7m0 205Dt
*52_2 = (=) a Y
22!
I ([2]+1)7([&]-n+1) 1
\ 2 2
X X
M- (208 ment2) T (@-1B1IT (men-(B])
by g1, [5-m+1, [5]-n+1, [51-m-n+1
° Y a?
57y
~ i - min
2 | 515, (515
+1
1 e+ [31-1BE43
“(6. 6)
Notice that 161_2 appears only when £ > 1 and 162_2
.appears only when m—[%] > 0.
The common region of the convergence of 161_1,

-z e -z s .
10, 55 I6, 55 I6, 5 is given by a <y (y < 1) and

22
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7. fa -yl < 2and a +vy > 2

i

)

uadratic transformation is useful to obtain the

£

series expansicn in terms of a - vy, and the hypergeometric

function in Eg. (2. 5) is transformed into

a
Ny

+—‘2L—,'s+-$~t)+1; 49.+1; l-é-)
a

<oy
a+Y)'

i : 7.1 .
We agein apply the Kummer's relation which transforms
2Fl( 5 3 z) into 2E1( 5 3 1-z) to the hypergeometric
function of Eq. (7.1). Expanding the hypergeometric

function and changing the order of the summation and

the integration, we obtain

I =17, + I7
£

2
/7;-(_)m+n+l 1 1
T7 = P L‘ 'a——.——
17, ( P )T ———
aty 2(a+y) T(ﬁ+§)

P (k+2+3)

a=y
BRI I (2s+p+k+1)T(2s+m+n+1)T(-s)
x — | ds i _ v
27i Jg T(stm+1)I(s+n+1)7 (s+min+l)
1
- S 4 1 \2S 2
A - - ( 1_;) \a_!_,Y/ s (7. )
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and
. i - » 1
- m+n , 2v.i 4L
7, = { —) (a+v> =
“~ el \ i ™ ? o=
;/.n»‘az Z 2ia-=y) 1(4,15)
s 2 l)
M{k+l+% y
x T 2 (a—,>k
K x! ary
- ~n/ ) , - - 9 ) L «1 -~ . l
1 A 1\25vmvn+L);(_sTm.nv?,T(-ds—m~n+3)
x \ds : =
27t v I'(s+m+1)T (s+n+1 )T (s+m+n+1)T(-2s+L-m-n)

o s iTesTe-m ‘ . lys 01T \2s '
X - (- E‘) (m) . (7. 3)
F(-2s—m—n+k+§) ‘

The path of the integration in 171 is closed with

a semi-circle in the right half plane. The integrand
nas poles at

v, (7. 4a)

n
[ 0]
]
-+
POf
()
il
(@]
v
[}
-
no
-

. . -D
s =3, J=0,1, ..., L ~-[5] - 1. (7. Lb)
Tne contribution of those residues are denoted by 17, 1
. inen

m
8]
o)
i
-3

"J
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e vy e 2 LN rl_
- : _ <1_i)(_>ul+n.ll ( /l >p+_§_ (}4\/)47‘ l~ ;‘T(K'KTZ) (a—Y)k
- vers 2la*y) P(L+3) k k! aty
F(<+D+k+i)F(*+m+n+;)F(— L1y
X I - = d.L 2 .d - 2 ol (5L )'j
;s +m+i—>r(%+n+l5;)r(§+na_+n_+g)r<_j_p+2z_g—)r(3+m+n+2) 2la+y)
(7. 5)
and
] ’e
L (4vy) 1
17- 5 - 2/:&"(_)mxn+l .o
i- : , 4
(2(a+y))p""l F(£+§)T(2£—p)m!n!
‘ ]
+L+Z)T (p+k+
L, DO (prerD) @tk
Lk RIT (mintke ) aty
ptk,l ptk,, minlmin o p , 1D ,,0. , 2 \2]
}‘——2 +2,&—+2 1,———+2 5>—5+ 1,2 !_+2,2—£+1, (a———”)
X 6]_-?5 (7 6)
11 mintik 3 mtn+k, 5
[m+1l,n+1 ,m+n+1, Tt i
ine path of the integration is closed with a semi-
circle in the left half plane.
Yo i The integrand of I7, has poles at
'A+1{‘;+_L~ 1 . . : ~
s = ~[& -5 ~J, J=0,1,2, ..., (7. 7a)
and
2s = - % -3, J = max{(0, mtn-k), ... . (7. 7b)
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- - -t Y 1/2 2y ﬂ m+n+l
4-72_1 = 1.[.2 (a+.Y) v (a“Y) (a+.Y) ([ 2 ]—m_n+§)

~oemin+lo 1 min+l, 1 min+l, 1
) N1+ T ([——] m+2)I‘([‘—--—2 1-n+x)

I‘(o+£+l)1"(£+%)r‘(c+%—)
r (k+£+%—) T(o+L+k+1)
~y

x I 3 a+ )

k k!T (o+k+3) Y

o+z+lg+l,£+k+1,[m+“+l]-m-n%,[mmfl] [rrrl-n+1]_ 2’Em+n+l]+2’( Y2
X 6F5
£2+1 2 k,3 k,5 1
B RIS A T A
(7. 8)
and
I (k+L+5)

7 - 1+7Z ( ~1 )m+n 2y £ 1 5 2 a—y)k
2=2 - S/mta+y)Y? 2(a-y) Y r(h%) x o k1 et
. . 1yny,s Ivn 3 lyyn. i
o F(—J+m+n+—)F(J+£—m~n+k+—)F(—+ ) (272 (a=-v))

X I

The contribution of these poles are denoted by I72_l

and 172_2

o (= 0 fo

, respectively. Parity of m+n is denoted by

r ever m+n, = 1 for odd m+n).

Then

1

27

j=max(0, m+n- k) P(-—+m+E)P(—i+n+E)F( %+m+n+E)F(J+£-m—n+ )F(j—m—n+k+l)

(7. 9)
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The common region of convergence of double series

171 4> 171_2,»172_1 and 172;2 are given by
2 <a+vyand la -v]| < 2.

The right hand sides of I?l_l, 171_2, 172_2 are
analytic at ¢ = yv. The leading term of 172_1 is
(a - y)1/2 when m+n is even and (a - Y>3/2 when m+n
is odd. Hence it is’to be notéd that the singularity.
(a - Y)l/2 vahishés wgen m+n is odd. Similar situation
has béen found in the square 1attice.7

For £ =m=n=0and a =7v =1, 171-1 for even J

2 1,42
1ag (T Lo T2

gives g

s LT for odd J gives -
eyt T Yot
(1+2)m , ' {(1+<)w ’
- TN 7 glves , I7. . and I7
2[r (31" 2-2 2[1"(,%—)]i 1-2 2-1

give no contributions, and the sum reproduces the value
of Re Isc(l) and Im Isc(l) given in Eq. (33) in KIA.
The expressions for the results in this section

~in terms of Kampé de Fériet function are omitted.
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§8. Conclusion

The lattice Green's function of the tetragonal
lattice, I(a; 2, m, n; y) given in Eq. (1. 1), was
evaluated. It has singularities at a = zlzliy and
(a, y) plane is divided in several regions by these
singular lines. The integral I(a; 4, m, n; Y) is
exprzssed in terms of Kampé de Fériet functions in
the respective.regions in (a, y) plane. These
expressions suppliés simple and rapid subroutines for
the numerical calculations. The results for vy = 0, 1,
and « agrees analytically with the LGF of the squaré lattice,
simple cublc lattice, and the linear lattice, respectively,
derived in the previous papers.B’ 7 The values of
I(a; £, m, n; y) were calculated for y = 0.5, 1.5 and 2.5.
Those values for £ + m + n < 3 were shown in Fig. 2. 'The
values for y = 1 agree with those by Horiguchi8 who calculated
them by the method of the integration of;the complete
elliptic integral and the use of the recurrence
relations. The leading term of I(a; £, m, n; y) at the

9, 10 y1/2.

singularities is generally o ¥ Cl(a—,aO
However, C1 vanishes when ag =Y and mtn 1s odd.

In the calculation of the lattice vibration of
the diatomic lattice and impurity mode of the.
antiferromagnet one encounters the modified LGF
which can be reduced to the ordinary LGF of the pure

11, 12

imaginary argument. The present method can be

41
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be appiied also to such cases. Details will be given

in another occasion.
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Appendix. Kampé de Fériet Function and

Modified Kampé de Fériet Function

The Kampé de Fériet function F, which is a generalized
hypergeometric function of two variables, is defined by6

H 0"19 0‘2: > OLU

v Bl: 82: H) B\); Si: Bé: ] B\t)
¥ X, ¥

P YW: Y2: e Yp'

o | 8y, 8o, » 83 61, 82, , 8,

o e (ag) e (a) o (80 (B (B, L (BY), xR

= 3 . 174k gk L T Ty Pk Y Py g

- - ] 1 1
j=0 k=0 ”!kl(Yl)j+k°"(Yp)j+k(6l)j°"(6c)j(51)k°"(60)k

(AL)
When one of o Bi, or Bi is a negative integer or zerc,
the corresponding upper 1limit of the summation becomes
finite. Some of B8's and d8's (B's and §'s) may take
redundant values which 1is not equal to zerc and negative
integers (like o and a' in Eg. (3. 4)). When u+v-p-c-1>0,
F in (Ai),diverges except x = y = b. When u+v-p-0-1<0, |
F converges for all values of x and y. When u+v=p-o-1=0,

the region of the conVergence of F is given by

|| < min(r, 1), |y| < min(s, 1)

32



where r and s are shown to be determined by

rl/(ﬂ“O) + Sl/(u—o) = 1 . (A1)

Card
We also define here a modified function F.

M g5 Q55 --0p O

H
\Y 81, 82,‘---, Sv; Bi, Bé, cees B; X, ¥
Pl Y3s Yoo oeees Y
V . ' ' 1
0| 81 Sgs eees 855 87, 8, s 80 ]
© S ) 1 : t j k
- e

J=0 k=0 jik!(y;) Ay )’+k(51)j"‘(5c)j(5i)k"'(5é)k

J+k*° p’J

»

x {=y(aq +J + k) ... -w(a“ 3 k) -Y(By )b (B )
FUlyyp F g R by H g R) Hp(Sy + J) (8 + )

+ (j + 1) - log lx| 3 (a2)

Some formulas on Kampé de Fériet function are

summarized
H al, Gu
N By Bis By | X5 ¥
p Y- Yp
: 1
. 1
!‘c 61, . 60’ 61, 60 ]
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/ \ m
(o3 “ .. G j | « o
( :)m (du’m<31)m (Bv)m X

)“ ce (yp)m(ﬁl)m ce (ég)m

{ aqtm, e, + m, Bi; 8;, y
F_ (A3)
\ ot 1] n
- (o)), - <“u’n‘51)n e (B Y
v ; 1 1
n n!(yl)n e (yp)n(dl)n - (60)n
[—al-kn, ‘e au + n, Bl,... Bv; X
* uvFpto L (A%)
Yy 0, eeo vyt 0, 8y, 8
H 0(.1,. OLu =
1 1
% Bl" 6\), Bl,. .B\) X’ O
p Yy Yp
o |8, 845 61,...5,
Lo o -
{ al’ s au: 51: BV; X
= LvTpto t v v s 5 (A5)
3 > i H 3
1 P 1 g __i
ro ~
CH e Sy
o
-V { B1» Bys Bpye-. B * 0
F |
) fvl, Y,
;
. - 1 1
REET S5 815... 8 i
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I ,
= p+va+O; .J (A6)
L .

5]

{"al,:.. uﬁ’ i,.., Bé; X

- u+\)rp+0$ (A7)
| Yi5--- Yp’ 51‘,... 6(‘5' B
where the modified hypergeometric function sﬁq is
defined in ref. 7.
When m is a positive integer or zero,
Uys Ops oo aq, - m;'z I
|
gG+. q
Bl: 823 Bq -J
m
) (al)m(az)m . (aq)m(— z)
(B)n(8)p - (B0
1-8,-m, 1-B,-m 1-B _ﬁ -m: L
,,)l 3 2 3 s e e q [ s Z
X F A8

l—ul—m, 1—u2—m, e l—uq—m,
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x LF
g+v+l g+v

m oy q
; 5 : al, au
i
|
i Re . 4 t
R e L TR
% v ax, bx
p SRR Yo
-, [] t
L g 57, 50, 51, é J

(0)p o @508y, - (8) (ax)P

- \
p=0 p!(Yllp "'(Yp)p(dl)p “ e (Gc)p

[1-51-p, cor 1=6,=p, Bly... 8L, —p; (-)VTOHL g
Ll—sl—p, ee 1-B -p, &],... 8,
(A9)

N

Notation (F+i§)i i . means F L+

with the same parameters and arguments.
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Pig. 1. The location of the singularities of the
ireen's Tunction of the tetragonal lattice
in (¢, y) plane. The number denote the section where

the LGF in that region is discussed.

Fig. 2. The lattice Green's function of the tetragonal
lattice. The numbers in parentheses denote £, m, and

n.
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