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On a binear Extrapolation Problem Of Some Homogeneous Random

Fields
Yasuhiro Asoo(Shimane Univ,)

§0. Introduction and Summary

Let V be the d-dimensional Euclidean space or d-dimensional sphere,
Our randoﬁ field ( X(w;z),z€ V ) has the mean function O and the
covariance function R(z,z'), and it belongs to +the class 12(Lx ). wé
call it the homogeneous random field whenever R(gz,gz') = R(z,z') for
any g€ GL(V). In this case, théAcévariance function is of the form&
R(,)(z,z')), where P(z,z') is a distance between z and z'. Momeover,
we assume that thelrandom field X(z) is continuous in quadratic mean,
then *he covariance function R(f;(z,z')) is a positive definite fun-
ction. As well known, the positive definite function has the spectral
representation with spherical functions. In our case, it takes the
following forms;

for V = B4, *Thston)
‘i

R(p(z,z )) = ]’(‘)&—h—{w(»),
? TR

,where R(0) = P+ 09,

-

(1)
for V = Sd,

@ oy 41
, ALY
R(p(2,2")) .—_P(A-télb—-mw»), “
,where w( )30 and R(0) = z.w( )

We congider the following extrapolation problan;ﬁ;; data 1s obser-
vations on n concentric spheres with center at coordinate origin, and
using these observations, we will extrapolate any one pcint outside
of these regions. Let an extrapolated value be ﬁ(z); our extrapolatio
error is measured by |

62(z) = B(X(z) - X(z))2. (2)

Our extrapolator X(z) is of the form, when we denote a point z by co-

ordinate (€,0),8€ s4-1 and 0€@<L4ee(V = E4), 0<@ & (V= s4),

~2—-



2.
%(2) —Z (1) (25 @ )x(g 5 0 )av(g), (3)
Sd -1
,where dv(g) igs the normalized Haar measure
on 89T,

We will determine coefficients c(i)(z;g)(lg i€ n) to minimize the
error 62'(2) and evaluate the minimum value of 62(2). We assume that
these coefficients belong to the class LQ(Sd‘l). In the following,
we treat these problems and in particular, for the case of n =1 and

origin, we will give an explicit evaluation. U.D.Popov(1968) treated

the same problem for V = E2.

§1. Buclidean space

In this case, our coefficients c(i)(z, g) have the Fourier expansion

c(i)(z;g) _.Z,Z c(l)(zg g‘K(q), (4)
, Where ] = ((g(d -1) ..... .’g(g)g(l))’
0¢ g1 20, 0 <g 4w (5 £ 1) ana R g)
(L=0,1,2,.0..... ;K = (k1,...,k5_5) such
that ky = L k1>,k2 ...... kd_Z) 0) are the

complete orthonormal system of 12(8d-1).
For fixed z.QE, a set of observation points, from (3) we have

f(z z.)) —%\‘9 a-1 (i) (Z,g)R(}b(Z 12, ))dw(g) (5)
Putting z; (el,g), 25 (OJ,QQ), we get

ROp (2;,2)) -r’dbzz( )fa-2 of (0, 0, 0Bl Mf(q;)w)
,where aLd)(e » © ) _SM”‘J ?F(D)

e e
Substituting (4) and (6) in (5), we get

R(parzy) -PGZ 2 (-1e- 2 Zof)(0, 0, >c<1)<z¥£ R,

el

——(13) —
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=X S’) Y(d)(z;Q,L\)Q\g(g ) (7)
goo L Y L79 o8
, where Ygd)(Z;Q,L) ’=T”(%)(—l) O;zé aid)(ei, e;ﬁ)
SEITE AR

From the expression (7), we can determine coefficients Ygd)(z;ﬁgL)
uniquely and the matrix A Az (a&?)(ezi,e )) is a nonnegative definite
symmetric matrix, so that whenever det(Aé? ) # 0, we can determine
coefficients c(i)(z,qs) uniquely. To evaluate the error 63(z), we

need an evaluation of “ i(z)“ 2 = E(ﬁ(z))Z. While from (3) and (5),

using (7), we get

I S
Il x(2) 1) ? - P’(‘)%& (-t 2} §§><ei,ej>c‘-@17<z/;58(9>(z,l£)

2z0
Thus we have a proposition

;gcm(z L)Y(OU(Z 8,1) ’ (8)
9.:-0 b&" 4:
]
In particular, when n = 1, we have d
ﬂ 24 [9,(90,9\)]
62(z) = Fl+w) -zz<-1> T s, lﬁ‘,qo\ (9)

Proposition 1: In the Euclidean case, using a extrapolator of the

form (3), when we have observations on one sphere with center at
origin, the extrapolation error is given ky the formula (9), and
in particular, for 4 = 2, it depends only on distance from origin.
For the case of d = 2, the expression (9) becomes as
62(z) = F(+w) -nﬁw(a 2) (00,0 1)f/a42)(01,01)-

Finally, we ccnsider extrapolation of origin. In this case,

]
_ _ (@) (- L
R({Mz,zj)) =R(0,) =BL VLR,
so that Y.d)(z;Q,L) = §(R)8(L)R(® .) and

5 (2) = F(+0) - rz(é)ziagd)(e 6 )¢ ot (2;0)6(3) (z;0)  (20)

4/‘ 4

yin particular when n = 1, we have

63(2) = F(+w) - o5 > —
2 S“U'( ,‘J df(v)

In the latter case, using Cauchy—é%hwarz( equality, we get a lower

— (14) —
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bound of error, 8% (z) Fl+pa)(1 - 1/2972), and the lower bound

is attained iff the spectral distribution function F( P ) jumps at

P -values such that m%)—:(éé) c, 0£C%1.
4

§2. Spherical space

In this case, our coefficients c(i)(z;%) have a Fourier expansion
(4) and corresponding to (6) we have

&2 ‘
Rip(25,2y) = Ps-nia-2afie 0 BRI 8 Hg)),

on 22442 (0 135 +0)

,where a&? * w(®» ) (

P=L TPrdA) Plo+2+4d-1)
CpE l—,l)/z * 2( os @ )s1ng( Ol}c (d 1/2 + E( 0s@ j)
31nﬂ( Oj)) - (11)

and corresponding to (7) we have

“
R(p(2,2))) = -—r‘dm( D A CUICINY >c<1><z\€>s.ﬁ<qa
AZE (12)
Also correspondin to (8),
N Za() ) 2 ——-r’«%w—n 1-2 Z. Z a}f)(ai,ej)é(i).(z%é‘”(z%)
p'i’"
and we have

63(2) = R(0) —-—i'“(‘}?z (2 ha-z B0 | el (3)

\
Thus we get a proposition Vo, 6,8,

fEropoSition 2: In the spherical case, using a extrapolator of the

form (3), when we have observations on one sphere with centef at
origin(north pole), the extrapolation error is given by the for-
mula (13), and in particular, for d = 2, it depends only on dis-~
tance from origin. |

For the case of 4 = 2, the formula (13) becomes as

v-2)! 00,00 y
62(2) - R(0) - & %, w(»)(-1)¥ BB l‘%“"‘ Pt
Beogz-p 4! 0P, 0,
We note that this proposition parallels proposition 1 in the Euclidean

—_— (15 —
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case. But as seen in the following, a lower bound of error of extrapo
~lation of origin with n = 1, differs.

Let an extrapolated point be the origin; then we have results

an(z)\ 2 =ziﬂ“\$a8d)(el,e )c( )(z ;0)c (J){Z ;0),

R
) [m-n; ﬂxh,cp (b (]
61(z) = R(0) - Ton) &
g_,[v«h e CF () i)

Thus in the spherical case, r function 61 (z), z is the origin,

has lower bound O and this lower bound is attained iff spectrum dis-

&2
“‘*‘“”"c; =0, 0c€1.

tributes on > -values such that
p+d-)
=6,)
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