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§ 2. Preliminaries

O 2 » BOXNK, % o i, WNEFRB T IHE TR

BT H D,

21 Objective Function

Joe)= —;"xTAJCC-i- ﬁ)Taccf C
azz(x.)é R", lb=(b.)6R”, ¢ : neal
L2 t:)z
N, b
hrA . ﬂeaﬂ, Stjmme’tric, poo()tm definite

9

/

2.2 Gradients ,4

Pers pective / Contour Lines

gjm)-—-(%%), g.=gec) , 9@ =Ax+b
2f

QX
23 Minimum Point

@) : Min i & @(&):@@A&rﬂb:@@ a =-A'b




74

24 Residual IF=acdt = A”gjee)
r=at-% =ac-(-A"'b) =
=Aoc +A”D
= AlAx+b) = A7gwx)

©@FB T, BIR - o BN EEL e TIRILEHEEA 2

3, 1N EHCIFNITX0iA) U 3.
25 L inear Minimization

Straight Line (E:&-r?'t
base point —

search direction

Objective Functionon =3Cm +5t
PE) =fcemt £L)
) = tgant 1)
= tT(Aac,+ b+ FtAL
= TtTg;,,, +$tAL

Min. Point en ¢ = ocm +E8

XLmsq = Em + gmt
i

Cmin. point ‘—Cl'ém:“(xm,t)

2.6 me,‘ft):--ﬁ\ﬁlﬁ & 96,)=0

Lemma 4
27 G = ©
0 =PU,)= ttTg](Jt,,,+ §mt) =1 G m




2.8  Minimization Precess

Lppyy =y + Um
w"\_(_: H(O(Dm,tm)t,.F CICmH-"CXCm

Yinr & 9~ Jio1 = AU

9i— i~ = Axe+ b~ (At b=
= A(CXC;_—CXC‘:_') =
= A,

29 Example (Op’cimol Gradient Methed.)
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13 E L o 1%
%3,
2.10 Relaxotion Methed
Eizel:tz-:ez»'.‘)th:eh‘ C?.
&=l
tﬂﬂ:" e, tm—z:ez, ot tzhz €n : é
® s o ° e ® O
Lpmpq = By + LT, €.) €,
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© a5 885 8778 ) It(c)mf;?,-,/a\)o\“ﬁ VAR AL v . h

1EN T 208 Re3h0) UF 3o

2.11

emmad| [A= (5, O ¢ diagonal,
A positive definite
(A, A2, -, An>0)

U

By relaxatien methed, aC,, reaches x

ot mest in n linear minimizoliens,i.e. m g n+

Preof
Jexe) = FUAL + bac + C
= AL+ DG )+ (535 + D) + - - ~+(FAnZn+bydln) + C

min l
in .
{st min'zatien min
n

L. min

2nd minzation in

n-th min’zatign
X2

minzation

min’zation |

As
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Do 2.4215% o Tcth o Bi,

inote Transformotions osp
COORDINATE

212

¢ EMEEZ LT, ALIRILT

-
-

g KK 25

new
COORDINATE

BASLS : €,8,, ", €n

P=Xi€+ 58t -+ T6,

|

-+ .Smen
*-°+ Sm®n

P
COGRDINATE |

VECTORS

X =14
Xz

Ln

RELATIONS:

hi= Su€+ Sue, +
ha= Si2@ + S2€; +

lhn= Sin €| + Sap 621'

N7

XLy Sy Si2 ++- Sin
Xz | | Sa Saz - -+ San
L
e (¥

-+ Sin

Su
S.ZI

Sm

S
Saa

Sn2

2
r43

|

Fat) in terms of 2

Zn
S = (34,32,' " Sh)

S;q, S'n:r. A AShﬂ

S 2

—
—

>

2.43

Foo) = -’z—xTAambex +C

f‘(z)—-: 42' Z'SASz2"+ (SleIZ +C

x=Sz

)’..-,' Sh:(

lh,, 'hz, ‘ lhn
P=Z|lh|+221hz't'"'+2n‘hn

Z=(2
Zz)
Zn

Sin

San

Snn

)

h, |




79
© AoXBiMbotiodixig, BELRa AL 733K
B, Ly EEy pEd v, - -

83 Conjugate Directions

3.4 Cenjugate Relations

p : conjugate to g
with respect te A _
P,q € R" i < PAq=0
0 .
32 Canonical Basis o
' {PI,H): !Pn}deLS
{Pis P2sesppu} - (A-)canenical basis|E | p;- P cenjugate |
‘ L$1 /

3.3 Reductien of Quadratic Forms ta Canenical Ferms

{Pi, Pas -+, P} ¢ canenical basis in terms of a. given basis

Tra rmation
QLp N % w

x=Pz , PE(Pip -+ ipn)
sLp NEW
fo) =L aTAx+ba+c §i@=52PAPz+ P'biz+ ¢

AP =/-B
(- --)A(ﬂ’..la, ciPn)

3 PTAR; =0 i#{
= ﬂ’TA IP! ‘
o A P2 w : Canonical Ferm
' PTA P (D&aﬁenal,)

* [P;:rA P. : canonical coefficient, (=4,2,'-,n
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ONIESS VoA U TS CAANEE R & 5 1tRIBT Y 2
LT 3. I, S EFUNoW TECTHEC e, K
E e B ASE R E T oL A BRTE S,
3.4 Representation of A,A"and E in Canonical Basis

a. Lemma 3

(P, Pa, - - > Pn }: canonical basis | = | A= Z _J_d_._.

¢=1 ﬁ’JTA HD&
Preef 4
x YVare R" Ffax;, Xy, - -,n} such That
=P + Lt - * + Ln Pn

* Aot = I;A}P.hrz/\[?z et TnAPn = Z.OCAB}
* A
Fi' PAm = 2*%% ixAﬂ)’ i

Proof 2 ( Heuristics)

M w:(%’;),x—:—(%) given

4n T
el = Cwithout less of generality )
y=Max, M=<;5,§'3~‘;__)
- W.; -
m,= L 2" Zxzo
Zrai 1zii=4 (without (,GSS)
M = 2 of generality

(i \EE_E A@ z=APp:

A;, = % ne effects on [Ap;1*

. = LL\_E:JE}IA.
a Z-;_m PrA PL

/0



b, Cm,otmtg 3.1

A;,':ZL; AR RA ‘ A
=t BAR

= |[APi=AP:

. Co!wu.an% A.2
-

Al = HJ;FA PA

A= AT A—B‘B‘—“ﬁTA;‘z\

:> An:'-A

- _Corollary 3.3

¥.= AP | =

A=Y A AT Z PiP;
&1 HI;A“ Ys G KA

YA Y = PUAAAR; = pTAP; =0

Core Uary 3.4

E :i H)&'WS-A — i AP':E; |
& AR P AR
FroGAY gAY,

E: untt mabrix

/

81
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® % U, B IRELRGFRIIK BARTR AL E L) » 2« iE ) B
e BTRGE CEET .
3.5 Minimizatien aleng Conjugate Directions

a. Conjugate Directiens Metheds

Lppq = Xy + U

wm: Mcxm,'tbm) -ttm
tl)tz,"',tn: canenical basis
(mAm=0 i#§)

b. Exactness of Conjugate Directions Methods

By Conjugate Directions Methods ,otm reaches ¢

at mest (n n linear minimizations, 1.€. m £ n+1
Proof See Lemma 2.and 3.3 B

O o My RIZWER TR i T v 2 10 Booh 3 —Ae91ES,
-&-:_ '1,2,“‘,h
c. Lemma 4 I@Ja:;'we’—'o L=4,2,.,%
PT‘OO'F~ x&‘_‘
Ay = Dy + (Wpy = Iy )T+ -+ (W=~ g Uy
= gt Uyt Wpat - v+ Up
= gyt i U Xy
L=0t1 ~
B ~ Ayt tb & M -
= + 2 A: W,
AxiﬂT b Lg;ﬁ:t v (23]
Ko
+ 2 AV o
Fee 1=l+q -‘é e

U ———

T T
@ﬁﬂwe=az-ﬂ%1—tzﬁwiAw = 0
t y " Ca)

/2
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OLMAEAEBXKT 2118w >0 DTHEND 3.

3.6 Constructien of Canenical Basis

a. Complete Squares

Ex. (acy, L) G a:z)(xr)
Az A22/0NG

2
= Clnltfz-r 2,3 X L2+ anac,

= T - g;"an( 0C+2 3G, o)

2

]

Qulze=0a 5+ Qg (g > acﬁ'acz)

Caa Qa2
: 2
— 2 . 2
= a(l.aﬁg Qi2 Zl + azz Z*a
2
Zl = X

22 _Y—: (()im 'I‘ + Cx‘2

b. i’s Method

EX-. HD‘ - e| \ !
Canoia) P, = o) &+ €2 €,,€,, €3  glven basis
Basis.
- Ps=ole@ + o<§e2+ €3
HD;FAG‘ =0 0(1 elTA el + €, A Ea_ -
[PTA @ =0 O(| e};A € + o2 EEIA e+ earAel =0

P A €,=0 ETAC T oA BAC+ €A, =0

/3
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c. Middle Points of Chords

P'Aq=0 o Axc = const

Y74 Vs

OR o218, TEMITECH LMD L o8, £HHTS

CEFLItAZ 30 Clio v TIE84TIHDLIL >R Do
el Two Sub Dpfnma(_ Pow\ts X3

R

> X,

PAq= |
PARallel TANgent Algorithm

Powell - Zang will’s A f_gmithm

e. Gram Schmidt Orthogonalization Process
Fletcher Reevess( Polak -Ribiere ) Algsrithm
Daviden Fletcher Powell’s ALﬁOrCthm

Cy.

14
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@M T e, Gram Schmidt 35123 v —;“(.}’Z\.}{’,{,ﬂ/)gﬁé Y 2.

84 Recurrence Relations in Vectsr Form
4.4 Gram Schmidt Orthegonaléza.té&n

a. [pfp*---,p* qiven basis
fPl* [Pz 7* ﬁ)n g {.&.;x"ﬁ.;,,,.’ﬁ::} .
ﬁ;l S H>| . # L
oo Spampr L onthogena
tER- JZ; mﬁg t7 =hn basis
e

© Type 1TBXHAEEARER &> (EREAETET.
b. Censtruction of Canenical Basis — Typed
(i) * A: positive definite = 3T such that
nf'?]'-; rqgular,JTJ=A
* P-9 : cnjugate & [P*zJ P, 4 =Jq : orthogenal

PAq =PJIJq =(IpJq) = P q*
@  orthogonal basis canonical basis
CRORL Bb Joen | (PR oo R given
Pi=J pc
il G prTg Th=Ip ﬂgc\frﬁt—A
* S B Gox .= Jp.~ L il g
tiep ;me It = Jp; }Z:.:f, s Jt;
SR . i
J =
'tt' =H>| l‘,"l r -U-;.
N ‘=1,2,“‘,h J=| & ¢
e, -t Orthogonal | 1,1, -+, 8} canonical
basis basis

/5
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® Type 21§, Th & s Kb T 4L R P P 10 A EEL
&R AP, " APa Lt BX T 3 X 2 F A % Gram-Schmidt 3% T4F 3.

¢, Censtruction of Canonical Basis ———Typez

{P Py sPnld given basis

it orthegonal basis
W :At‘}_ Z U"‘({ g’ fM EAt(,Atz)"‘, A‘[t}-l]

¢ D=1 Wy |~
t; = p; - 3 ﬁui u; 1 veclor orthogonal te
Wy T LA, At - - At D

{t,t,,---.t} canonical basis

. = N r . =
®v:30C FARS2 Y #ABoHE 1, EEK-

N2t r)lsd ol Lo AN TRL.

4.2 Practical Selection of the Given Basis”

4. [Pi == &3;

€ =

L

O - O_\O...O

/6



b .

(b

pie g, (sofar as g,#0)
PiF Yy =9i-9u> P= 9
Remark 1 g ¢ [t T, T
Vg #EO
@ftj=o , f=a e, i
Remark 2 g ¢ LAt At,, -, At ]
Vo §ie LA, At,, -, At ]
> Fo,o, - -, dia) Auch that
go= oAt - iy At
W t59i=0, j=14,2,,i~1
R
U9, =0 j=tzj (Lemma4d)

Qi) (3= 0 3’:4,2,“.;;__4

87

@) ? thqlL = o) thA E' B I o dmeAﬂ:'f‘“ "'d(_,-u:‘At‘_'

f o M}
(i) (N m y
0 0
UV) ((i:l)) } 9. =0 :© contradiction

P, I (sofaras m#0)

ir; . residual

/7

i
o)
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© Type | o FALME TS RIS R £ 155 2.
AviaoFiUHDdoe

4.3  Minimization Algerithms deduced from
I}/Pe i Construction

a. PoP,o-,Pa given basis

T =P ;
t; = p; — P A'ﬂ?t
=P ;—;'@TAW i

a !Pi;[P;,“‘:}Fh 3CU€V\ basis

=P _ '
‘ﬂ;‘ fPL Z P <313n 3’1)-&: ﬂ) + Z'j ﬂh
J‘ vﬂ’a & u} }15
= AJIIJ'H +ff) — (ACICJ'—i- b
= SJJ-H 3’3 ‘i’a , .
!ELT A 'tt" P ¢ 31!"' - ﬁ[’ IPI (S)A'H f,Ll [_Eu.{tja
GAY G Q-9 Y, t9;
i
(@}

© toBAE, T okE e JEE o B EX M r T LD

b. given 'basis and gradients
T — 1 — - . -
Lajmﬂaé—o &—4,2, 5L

) 3|L+1Tﬂ;&=o }:4,2,-~,’L (Lemma4-)

—q.T P q "
o -qjiﬂ (‘Fa_"é ":-F%;'td) - 3}1‘.+I [PJ
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3o RiFE Kb 3,

c. Reduction Te the Recurrence Relations of the 41-st Order

T .
HDI, A -ﬂ:J =0 = ti = p; + F!;;L_L:”L—l .u:
j=1.2,,1-2 _ RTgn
Proof
plA L
L H)L ‘;_ L1
.u-b - ﬁ:’l d; ETAta -m H)L tl. IA ﬁ;l.-
= H) IPL CS}\. 8}!-—() ‘ﬁ:._‘ —
¢ R ﬂ’g— A tt-l’ ( — Q. ‘
(P LrAT ttzt”) ;- 9i)
.T :
= P - (ST;QJL gt.;'; 1, = (Lemma4)
- L~ Ko DiA
— IPL ‘:ﬂ;—\ 'tt 0
B IPL i H)l."l 8)1.— .

@rod 57 fMsnnTEEke LT -92%k3 5k,

Fletcher Reeves o 23%13& 27 L THE 2w v 3,

Exam Ele
pie—9; (so far as g;70)

T . o= -

I ) e
PTgi=0 ¢=12" ,b—‘I@ﬂ]LSJ 0&42 -1
PIAE, < 37(gj0- )=+ 97 -0 =toen

=909 ---=0 f=teec.ief

=0
. N
=t g’—&éa%i;gj—t:l) B --- Bolok Riviere§ Aljonthm |
=-Jut g.-% _ T --- Plefcher Reeves's AlgorThw

/9
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® -Hyic, ﬁ?’%@xﬁfmbf\.h)‘?%?' > FAF LR LN 3,
d. Reduction to the Recurrence Relatiens of the %-th QOrder

TAT; =0
RN B t=por), By
6=4,2,‘“,'L" ~1 J,-L R IP !dld ]

Proof. abbr. cf. C.
Orod 5 nisundrhtEcsio . (x o 45128 o B4R
897 R ve% & T:’"%E)f\" T v Tgwn a>

Example /
Pi= Yt =—CP;— i)
* RIATi=0 =42,
ORTg=0 =12,
979:=0
T . .
G- 30 9 =0 §= 20,
ﬂDLA ‘tté oC (3]1'—3}("__‘ )TC QJJ_H—QJJ) -
= Ta. — g.) = mmee- < .
— ah(jﬂcf“ gjd) O J~1,2,*“»L.2z
- 3“—1<8,‘J+x”@d'>

1

2’...'}1 , ﬂ)’ — ...ah

=

Ti=—-yiy + Yt Wiy ., + ‘Cﬂz—« -2 o,
Yia Pi- Yia' Dia

@TypeZﬂ)Aﬁ")"tv B R T E )ﬂf37fd7/L:f/Zl-\7’vi\
} 22 B s FXRME S 3.

20
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¢ 5 - Recurrence Relations in Matrix Form

® 39, Tgpa 1 o 5%AN > v 11T,

5.4. Recurrence Relafions deduced frem Type{ Construction

a. Vecter Form Matrix Form .
'W,=P, t,=EP
i-1 .1 =t r
ti=p -5 LAP 4 (e -5 HtA
=P ;‘Wt‘, t;=(E %w)m
- o =, T
=prl B )| (= (er LUY)P, )
d,al ‘315 d’=1 'E} ;
Sl T ! T
'H;L: . — AR 'tthAIP‘, E T, A :
ﬂ) Z;:EEAEJ-H;J [PL og's\dt‘AtJ ( f;tf\t)lp

b. Recurrence Relations in Matrix Ferm

-1 T -1,
Ciz E-LUEA (=E 249 )

I NG A T
i
T=Cp |
1 1 t. T A Lot oylt
Ci = CC— _— ot - = Ci-y + —kl i}
L A ta-.( Y
Remark 1

C( needs not be equal o E, but it s necessary that
Clﬂ?f f [[Pz,n)B,“', [Pn] . In'thés case, C [Pn s to be

reqarded as the first member of the given basis.

21
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Remark 2

Since o C1 (i_4 2, ,n «#0) 9we the same search
directions as C: i, we moay replace C b)/ ¢l = o(C'

In this case, The recurrence relotior turms out to be

¢ =Cu —« i, T A

CLA T
Remark 3
Cn =0
see 3.4e. Cor3.4
Remark 4

Ci (i=1,2,+,n) : idempotent

L

- |
* Pi-l < Z\ M : COhju-fjate ProjectCon matrix
g

‘=1 ETAE
&Y Ldempotent
T T
cf. TL‘,' 11:'- A IIZ,-T tjA T 11,‘!7 A
tA Y LTAT gTA
) R } d
CETA Ot tTA
E‘T@E——— ~4—= L#E g
tTAL HAT d
# C,=E—-Piu : idempotent
Remark 5
i .
Cir,=1r; =1, -1
b L ¢ > )
(IF; = A“au - residual ) F__J_,__(_kemma-’-i-)
( I A=l ! - T;-. EJ—AA‘ v
C,;_| Ire=Col A 9: = Cl—z A 9~ t’g-fA ELEJ
= cc'_,_zr; = - =Cir=r

22
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© Type 20 B A 1R B F 1k L T,

5.2 Recurrence Relation deduced from Type 2 Construction

a. Vector Ferm Malrix Form
T =p t.= Ep
w=At w= At
W:,w._ﬁww ud.__.(E—;:—“—"uj%;)At&

1t;,=ﬂ>i-.z wu tc“%(E”LZ_:E‘%‘g)h

Y
(=1,2,--",n i=1,2,--0,n

=T
= p- L

|
— \
- urAt; et e
=At ;Zwmg L =P L YR
= : =yl
=(E-% wudat. | e Swulyp.
(E-ZURo )G =(¢ LD
b. Recurrence Relalion in Matrix Form
2 -1 LU'LL('T
T
2
-U:l = Cf ﬂ)( o T
‘ T
2o Cia Yt Wi, Cini
A (CZ g (2 )
2 2 . T
ci=c;_.—$‘ﬁ3—;§§ , Up= Cia At
= Cl — C%—nAt&.ﬁ{IA CJL:_:
tTACT CL A,

=ci - C Y- g@:,C%_T
(CA Yo (C& Y

23
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Remark 1 |
C* needs not be equal toE. cf. Remark 1 in 5.1,b.
Remark 2
Ci may be replaced. by €. = « C?, which is given

by The recurrence relatien

T
Ef’ e Ef:-i — ol Ci.—? (ﬂi-l ‘d):‘-—: C%—l
CComt Yiur) (Cim o)
cf. Remark 2 tn 5.1b
Remark 3

2 _
C,=0
See 3.4¢e. Cor.3.4
Remark 4
C%i Slammetrtc, Cdempotent

( orthogonal projection To CAL,, - -, At J=ly . i)

Remark 5

= \:Ue' u; € [‘At“ e, At T T, T

Y
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= - '_| . (3] ~
ﬁ]ji\lw‘\%, Z—Fli) A t5RKedronigpeiing,

5.3 Construction of A™

S ST
* A ”;m (3.4, d. Cer.3.3)
=5 W gy
l.,=1 wg—A wi ¢

) T = T
* D=2.4% =) yy - Al

D,=0
— A
D; = Dy + utid >  Dn=A
‘HI_EIA .&)‘fﬂ

x D ,&%mme’cnc

¥ Dygg=0 Rzl o
. A

! T

DL%:—Z;M@&:O

T YA

25
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O@r 510, Al beo ddLA cRIEE Ko 3 BN T 4
LT, 4> o BN EIFS L e ¥ TI 3,
5.4 Combined Algorit{nms

Example (Combined Alsori,ﬂ/\m, Davidon- Fletcher-Powell J
Po= 9
H; = Ci+ D

T = H;[}?b‘

*  Hyp=Clys L

* H? . ,&% mmetric

2 T

HZ= 2 _ H:i-l P ‘qﬂi—THC—l + %
Lt — =1 . .
(HS H}i.q)T (HEa Y Vi !

Examp_le (Combined A (ﬁorithm)

Pi=93.
Hi= Ci+ D:
ti= H; p;

26



