goooboooogn
01910 19730 84-86

84

EXTREME VALUES OF AN IMPLICIT FUNCTION

NGZOMU MOCHIZUKXI

Let ?(x,y) be a Cg-function in a domain E of R and
?;Ca,b) = ?&(a;b) = 0 for (a,b)€E. Taen, as is well known,
- the local behavior of ¢(x,y) is examined by the sigh of
Bolan) = P lap) B (ash) - ?xy(a;b)z; that is, if Ag(a,b)> 0
®(a,b) 1is a local maximum or a local minimum according to
Y;x(a,b)<;0 or ¢ . (a,b)> 0.
Let now f(x,y,z) be a C°-function in a domain D of R°
and let f(a,h,c) = 0, fz(a,b,c) £ 0 for (a,b,c)eD. Then a
c?-functioa ¢(x,y) is uniquely determined ir a neighborkood of
(a,b), for which =z = ?(k,y) if and only if f(x,y,z) = 0.
As for the local behavior of such"?(x,y), we have the fcllow-

ing simple criterion. Although straightforward computations are

sufficient for the proof, we have not found such a result in the
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THEGREM 1. Let f(x,y,z) and ?(x,y) be as above, and let
f(aab,c) = fx(a,b,c) = fy(‘a,b,c) = G, fz(aabac) # 0.

S 2
Put  a(x,y,z) = fxx(x,y,Z)fyy(x,ya@ - fxy(X»yaZ) .

(1) If O(a,b,c)>0, then ¢ =¥a,b) 1is a local maximum

or a local minimum of ‘%(x,y) according to sfxx(a,b,c)<jo

(1)
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or sfxx(a,b,d))>0, where ¢ = sgn(—fz(a,b,c)).
(2) 1f &(a,b,c) <0, then c¢ = ¢(a,b) is not an extreme

value of @(x,y).

; et ‘n — O

PROOCF. From fx+'fz?§ = Q0 follows that fxx%'fz7kx = 0,

nence
foap) = - X110
f (a,b,c)
z
Similarly, we have
£,.(a,b,¢c) f_.{a,b,c)
(Fyy(avbac) = - LY i %{y(aabﬂ:) = - X .
’ ' fz(a,b,c) fz(a,b)c)

Thus we have

5 Ala,b,c)
Frc 22 fy(:0) = fo (@)™ = s

which completes the proof,

Ve remark that the generali-ation to the case of n variables
is immediate.

Let f(x,y) = f(xl,xz,...,xn,y) be a C3- function in a
domain D of R such that £(a,b) = O for a point (a,b) €D.

Let fy(a,b) # 0. Then there exists a c2- function ?(x) =

?(xl,...,xn) in a suitable neighborkood of a. = (al,...,an) in

R"  such that y = $(x) if and only if £(x,y) 0.

(2)
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Let f (a,p) =06, j =1,2,..,2. We have then
J
£ (a,b)
T

P (@) =0; ¢ (a) = - —— , l=i,j=n.
J

3 fy(a,b)

ot

It is well known that ?(a) is a local maximum if the matirix

A= r?; < (a)} is negative-definite and ¢(a) is a local mini-

L=y _
mum 1f A is positive-definite and, moreover, ?(a) is not an

)

extreme value if A is indefinite. We have thus

THECREYM 2. Let f(x,y) be as above and let f_ (a,b) = O,

X.
3
J

5= 1,2,..,n. hen

(1) b= ¥(a) is a local maximum or a local minimum. accor-
. ~ . r ] . .
ding as the matrix A = LEfx x (a,b)i is negative~definite or
1 X4 |

sositive~-definite , where ¢ = sgn(nfv(a,b)}.
(2) @P(x) does not admit an extreme value at x = a if A

is indefinite,
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EXAMPLE.  Theorem 1 is sometimes useful computing extremnec

values of ¢(x,y). TFor example, let ¥lx,y) =

) >
Tuen, by setting f(x,y.,z) = (x+l)2 - (ngy?_l)z“ = 0, one

easily see that J2 = ‘f(l,O) is a local maximum of  ¥(x,y).

(3)



