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Vanishing theorems with glgebraic growth"and

algebraic divisible properties .

( Complex analytic De Rham cohomology 1 )

'Nobuo Sasakura

AY

The purpose of the present note is to announce certain
quantitative properties of . coherent sheaves and analytic varieties .

Results ‘given here are originally and primarily inu*nded for
. ’ ‘le
applications to differential forms on complex analytic varieties

with arbitrary singularities  (c.f. the end of this note ). Results

stated here are ,however, of their own intereats . Our basic purpose

is to discuss vanishing theorems of certain types where quantitative

properties\ appear . Detailg of this note will appear ' elsewhere .
(\gfi‘objectsﬁ;cgqgidered)

Quantitative properties exmnined here are as follows : (I ) Asymptotic
behavoors w.r.t pole loci. ( I I) Divisible properties w,r.t. subvarieties.
Our arguements will be divided to two steps : (i ) A satep

in which the asyptotic behavior only enters. ( ii) A step where
o
both asymptotic behaviors and divisible properties appear.

NHotational remarks : We write linear functions and

monomiala as L and M. A couple, denoted by = (._?'1,9/2); is

& couple of positive numbers. For a set { 01,......,o§tof couéles
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Mgps(\ﬂ: {0},....,0’)\*—9 o' - and !J;{ wl,....,§}~§& R wre

TR

said to be of exponential -algebraic type ( (e.a)= type ) if

oy - IR 0 ( ok s 1 s } -
0— = { Ml (o.i rececesy )A exp Uz( 2,:---:“’2) s L(‘T’Z 1"-*_‘1‘;?‘2 ) ‘5‘;:/

: ’
G

o 1
Ml( o—i.....,' o'f) ‘ exp MZ( 0"2)a¢oo!h‘3).

( I ) We start with, a datun (\(rs Po) , X, D)

*
of a polydiscAwith the center Py of radius r in ¢ , a variety

V9P0 in & and a dixisor DBP0 in A . We write irreducible decom-
-~positions of X and D at P, as =\. x, . and D =)D, .
po 0 J-(Po i % 3 By UJ &ods
Asgume that D contains the “singular locus of X and that XP j X
oq;/
VI
DP- ., .- Tor any pair ( 3,3 ). Moreover , cousider a cohﬁrent
0 TN €

sheaf (F) admitting a resolution of the following form.

4 Ky 4 K
0 —> O 5. ... ... 250 _Lsgld)o

wheree K ' s are matrices whose coefficients &re meromorphic .functions

on X with the pole D! =an o A point P is near PO if P is

is & small neighbourhood of Fye For a point near Fj, the
. 9

* A variety and a function are always couwplex analytic ones

in this note.



39

intaxféection‘ D(r: P )(\ X is denoted by A\ ( r ; P, X ). Horeover,
© . ‘for & point Q-':A(xz P, X ) - D.. we mean by NQ_( Q, _D) the. ;iéighi}éy?.#--
~hood  of Q in X defimed by N (Q,D)= {Q :a(QQ)s eqa(q,D) } ‘
‘Define & ( nom locally finite ) covering (4)(r3;P,D) of VARG T IR
D b OI&; P,D)= ‘;-N»(Q D) :QeA(r; P, X)-D § . Ve formlate
y_ a,—-""f h-" ' 5 .o W » t

our problem in terms of 'such covrrings @ ' A qe cochain \y &

‘cd( N (@0_( r;P,D) ), @); N= nerve ; is of algebrgic. brgr.outhd =( &,, ,ds"zl,)’ ,

if
e L
R MOTEN did(Q.sz
J Then our -first result is es followé. ’
| Lemma 1, A vanishing theorem with- algebraic growth.

There exists a datum '('Ql’\.l‘z’ M) depending on (X,D,F )

e

only such that the following is valid

\

For a cocycle ‘ﬁé_- 29( N( (.AL(r;P,D) ) of algekraic

Sy

growth (O , there exists & cochainf¢e e N (.@S_r;'P.D).‘E), of growth

( dll. dz‘") so that
(1) 5.4 = ¥
P , . -1 " ’- » '
.o (2) (d‘;"’lz)= ( oy xnlr) ,d,) o T-Lgo")

and r'=M(r) with (o) .dy) =L(dh).

2 -—.

-
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TIn the equation (1 )Y is regarded as an element in C3( N((y al(r;P,D));;F‘;)

"

by taking a refinement and a restriction suitably.

,_,[ Remark 1 . For a domaix:z';=A(r;P );xCH and for a coherent

sheaf F' over 23 y, ax similar result to thE lemma 1 is valid

( by changing the distance to D by X |x5 i | xj) are cooodinates
&

of CN-).

‘Remark 2., That the datum (@1,@5 M)  in the lemus 1

is independent of points P shows that the le&ma 1 is of 'scui =-global

B e

nature.,
Remark 3. Condmology theories with growth couditignu«  Luve
b

recently been studied by various persons for various purposes ( c.f.

(1], [3], (4], [5 ], [€]). Our methods depend on examinationé of Cousin

integrals and of combinatorial arguements . We procced along standard

methods of discussing vanishing theorems on Stein varieties aud have

many similarities with works cited above. However our situation

as well &8 our statement are , to the author's knowledge , new.

-

Our notion of 'algebraic growth, was inspired the notion of ' EolxnomiaL

growth ' due to R. Naresimahn { His result is that of j—estimation of

L. Hormander ( see [5 ] )).
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( ) Here we state our basic problem in this note  .

¥e oconsider & proper subvariety V o: X and a set of anulytic'-fanctious

v
Ve 1
of V at Pye We assume vcond;tlona : Vo i ¥ xrv.,

~ Y

1 B
. V, ., D, " for any pair ( j, j ) and £, X Oon X, . for
A4 . ' £ ¥ Tod

o

()= ¢ fl""'ft) . let VP be ihe -irreducible datﬁmposition
"By e

for any pair (j,J )

any pair ( 1.3). Moreover we assume' that V is the -zero locus

of (¢f) on X, Our problem is formulated in terms of ( £ ).
Lot (X3"® be the subsheaf of (0} defined to bs (O 4,...,65 ) . This :
sheafygﬁho is our basic subject . We sssociate sheaves X' (s=1,,.,t-l)

to QXTvO in the following mamner : For & multiindex Is=(il"“"is)

- _(szl)
define .an elemsnt (M I_,m) €0, (X) by

7 Jfo. if g gt
B Im >(’_”J~s-l>i JRTNCC R

k=1 m . . ~ i
- e 1 J = s
{ ( l ) {Lk lf s-l ( 11' X 1k’ ."Ls),
J -

Ly .
8)
N "\ V . " =( 3 Y . - ’
( for & vector (g &0 , @4_ Ja).' Js (31""'33) is JS component obe_)

\v

e

I

[

l Using the above elements (§{ I_,m), define uheuv; homowmorphisss K(s,m)

t .5
. ) -
( S.=l,.¢o.t) H (955_._9 "\‘9/\/(\\?/1) by
o) (¢ = X &(1) 1),

votp taat JF%= K(s,al®).  Dettne K'3(aa,... 1) by M -==x(s.m>(o>3“)
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If the jacobian condition : detg( —i-‘JL—'_'_-'—wt’y ¥0 holds at each point
; : . a xlt-o-'v

on X(( XyseoesX, ) are coordina-tés of .X) then the exact sequence

¢ ——

w-{ - . : v
0 “_’(:)K t m)(g) 5 e . — (O wfilL&%7\;H‘_—~ﬁwQ

r . .

| holdas. In general the above sequence falls, It is , however, found
; ¥, 8 : ’P:O : i i iccussi N

that associating Q( to QS is meaningful in  our discussion concerned

with divisible properties : We formulate two problems in terus ot

sheaves @n’a rather than @'P’O onlys: (i) A cochain \;'ch(‘_;;:f'r;P,‘D),X"')

is of &algebraic growth (dl o 3) if ‘f has the following property.

. +] ! . 1 -~
— i v f nlg Nn(‘ Q%) ¥{ , the eleuent W ( (-\q+ N(_ul); Q)

T

‘is written as _
v (1) Yea J= e (m) 5 g0, ()

l with the es timatio;l
| 2 /o
? (2) 1@ d d Q, D{— a( Q,v) 2

\ Now our first assertion is as follows .
13

Theorem 1 . There exists & datum K\'L)',’ L'Mi"i=l'2'3)

i
1

depending on ( X,V, D,(f) ) only with which tihe following are valid,

- —

For a cocycle ¥ 29 N(_({y)qgr,i’.D), Falldy of growth ('11, cl'z,dg)
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-thare onsts a cochain Yect™? ( N(u%)‘{_ r.P D) ) . X% ) of growth

N

(d (12 o{ ) such that the equation

— | S(xy )\5’

’_I—'J (2 ) =z H.(r) .0_"=L1} o), (0}]'_. dg,dl) ==

3

( Hz(dl.q;'r)-exp Méd2"6'2~-$3 ) Ll('d “"3'2) , ;,[?2(0(3 ) )y |

80 far a&s daéL.,(m) . "1"'

j In the above statement an emphasize is put on. a ' middle

——— -

point ' of the asymptotic behavior and the di‘v;l‘sihle- property

]
. : «
' The independenceness of the order of the pole d‘; from the

_divisible index m ' is a key point . This 'is possible by diminishin”.

]
the given g 3 to o Land will Dbe made an essential use of in

—L,o&) ‘
our application of Theorem 1 to d:.fferent:.sl forms :

t The second problem 1is as follows : Given a&n element
@) | -
j&(()) so that K (s,m)( }—O ( szl , if s =0 we do not

T
o : : +1 %3 g+l @
consider an &lgebraic condition) ) Cfind /g?é 0 : K(s#l ,.m)(\g,), =

-

: S : .
Precisely let us consider a proper subvariety V- of V. . Instead we

?. ‘)':b

do not consider the divisorDin this case . Take a pomt PeVaV',

t

N(P, V') is a neighbourhood of P in X« defined to be {-Q: d(q, Q:)grj.
3 .
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b (

An element ng (s=o....,t-1),=@ N(P,V') ) ie & testifying datum with

quantitative property (5,0\3) ie the following are valid,
quantitatlve proper-y

*’\T (A ), x s,n)gf)= 0 ( sz1),

. (A ), 1&81s val Q,V) Qe n (BV ). (320,1,...,t-1).

14

Then our second assertion is follows .

Theorem 2 . ' Weak syzygy with quantities .

There exists a datum ( M, Mi ( i=1,2,3) , Li(i=1,2,3) , o)

\

depending on ,(X,V,V',(f)‘ ) only with which the foilowing is true.

( B ) For. a te:'stifyj:ng datum.gf witl, quantitative property

‘ ) 1 /[sj;'»l )

( b,d\3) , there exists an element kg}s < 10, ur(p,v') ) so that

( B )l K( s,m+l) "§?+1 - @P

)

(B)2 @?ﬂ‘ is of quantitative property ( bl' & 3 ) ,

/=l '
wiere b’ =M () o M ()« exp M3(¢3) , 5 =Ly ( d 3) and ¢ =M (r),
/(]~2
holds so far as o 3;Lz(m) rsod(P, V') .
BRepark . P.roblems of differential forms which we consider

are as follows . Detailed arguements will be given elsewhere . Here

we do a sketch of our problems : Start with a datum (X,V,D,PO)

defined in previous arguamehts : For differentiul uheavea‘ﬁ = wily

’ .
and g{_‘(#D) = Qx(ﬂ-D') = sheaf of meromorphic forms with the pole D’

I~ N
= D{\ X, 521 and .fl?.l.(*n') are completions of 8 i.' : andQA(l-D

—_ % —
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along V . Our problems are spoken in terms of the above two rings

~ ' ' o 2 S
.{2, , ,Q,( #D ). Concerning the ring Jih( ®#D )  our problem is

to sbow the isomorphism
R B | ‘

* . .
(RiQL = ;Hf'( dﬁx( * D )P T,;ji is  the  inclusion;’

G : _VeD ey V. : S
/.This‘ is @& generalization of a well known theorem of A, Grothendieckf I,

Concerping the ring §f, we ask , under the assumption of X = smooth
. 4 oAl 4 Al
variety , the exact sequence : 0 —» 52‘ —r Sl —> ¢+ .,8nd 8
divisible property of the integration of differential forms . . -
'Precise meaning of the above problems will be discussed , the author
plans , in an another announcement .- Roughly the theorem 1 and the

lemwa 1 are analytid keys to our problews on differential forms
RRefferences .
1, L.BEhrenpreis , Fourier analysis in several coaplex ‘variables

Wiely Interscience , 1969.
2. A. Grothendieck , On the De Rham cohomology of algetraic
Vu].'ties ’ Publ. hth.I,H'EOS. 29 L] ppo 95-103.

3. I. Lieb , Diae cauchy-RRiemannachén Differentialgleichungen auf

—_ -



 Qualdative propedtics of onalyt vasuelios in
¢ difkerenld |
This s T confowualim .m‘ . We state codain
‘ @QLW?) Wﬁw/ﬂo/ber/tu ?JL_.Q_C_e_.L‘UQ_z-. Gmo%/t%_
naniekias . Wux resulls bl Moo arc M/ﬁfw(w('fox
ditferenti L 'Foxm,.s as in 1" Asin L /tw*&/bzfct/{x“d
0.7’ y &ja,n'pz w. .k, a J‘dwziet/ Om.o(, Am[éz
!?""’fk‘ . w. ekt a sa.LVar.‘e?‘ég“‘ wﬁéé A,e_ W
Lot Vﬁe a xedl ﬂ/nﬂ% Mfed, ool ,Z/f/ W Je |
a reld g. 'sugvm?of'ﬂ. //emw/féafo“W
S 4 9{47@»«’/& c,uw(«w/é M;;Z/aww{om& s A
e fuilin Yin T=0 will be sl L Aiwe asfle
-t Mﬂw;‘,t wr kLW 4 the fHllows s ICrwa |
For Qv# o(,iffeze'fu'f W D= %’: .Dﬁ}ﬂ)' rs sl
s
| DCoy £ )C@;ol.(ai W‘S’J’;(@)
ware Xy = copdidls o4 T'-
A Coo" ‘Form 't/’ . V- W ,%4/0 Wm



behavior w.r.t. W if each coeffigient ﬂs fenas auch & . propﬁrty!._,

Let U; v, P. ) be: ai}d&tum' ngposeg' of ‘ aﬁfgomain;‘ﬁ _in,‘Ré
a aubvariéty v ’k_in U and a point P in V Z .".L"l“hirs .d,a;um 13 fixad "
throughout this note .  Our vresults are two .'kWG 'atate at- first
our results in an lintrinsic’ manner ( (i.e) in ‘terus of ﬁar;etigg:
in question and of coordiﬁatea (x) ). The first probiéﬁ jis és

follows k

(1) o thickings and their quantitative properties .
In this problem we consider a proper subvariety V' of
V in addition to the datum ( U,V,D ). For & couple o, ve mean by

NV :V' ) the neighbournood of V- V' defined by N, (ViV') =

‘{ N(Q:V'):QevV=V' } « A neighbourhoodN of V= V' is a &-thicking
of V-v' if H'(-VviiB) = H(N:R) Let {N;jecZ’f be a
direct system ( w.r.t. the inclusion relation ). of ¢= thickings of

VoV', For a direct system {Nj ;36-2*} the following ~conditions are
always assumed ,
(1) For any N, there exists & couple Oy such that str«r_(v:v-)
. . . . : . 1] i
(2) Por an arbitrarily given o-, Nja«ogv:v'). for a sufficiently

For a neighbourhood N of V- V" é;;:( N ) stunds for the
ring of g@-differential forms in N . Moreover, we understand by

S;Z( N: V') the subring ofE;EKN) composed of those c~forus  having

-2~
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asymptotic behaviors w.r.t. V' . Given a direct systen {Nj ;j¢2+}
a . -
of o2 thickings of V-V', we let G{(N:V') be the direct limit:
: o
lim. dir. j f;zj NJ 3 V' ). This ring S}; isq differential ring in
an obvious way . Our first wresult , which is essentially of elewmentary

nature, is as follows :

.
-l ‘
Lemma 1 , For a fixed datua ( U,V,V',P )» there exist

a neighbourhood U' of P : UDU', and & direct system {u,ﬁ} of

E:thickinga of V-V' ( in U' ) in such & wanuer that

——— . -
N . o
(o ovev k) = W(Gs)
holds.
!
The second problem 1is as follows .
(r1) Quantitative properties of - retraciion waps,:
In this second situation we start with the datua (U,V,F),

Consider a subvariety D' of U such that D'y V , Let I be the ‘interval -

[0, 1] . A ocontinious map T : IsUQ U is a retraction of (U, v, D' )

( to P ) if the following are sutisfied : (i) T (1 ,Q) =Q: ¢

L d

]

f

-y,

{11) T(o, Q)= P gQet , (1ii) Timv ( or IxD ) <,
v ( D' ). |Moreover , T is c= map outside D' if Yis é:ﬁap in
t :

( 0.,1] x(u- D" ¥or & fixed datum ( U,V,u',i ), u velraction mapl is

sssumed to satisfy the above conditions (i ),{i i ), (i ii ) aud the

—_12—
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differentisble property mentioned Just a’bove . A retraction map Yy

sstis}fias quantitative condit;ong W.r.t.- (V D ), if  the "~,_'follawi-ug -

conditions are satisfied .

“ (1 ) There exist tiiples* ( (5) (Egl. ?2 33) and’

PN I
{ @' ) = ( ﬁl , P2 "63) in such a wmanner that tne following

' distance preserving property ' to V-

B¢ @, ) 2-Q‘g%‘d( Q, v)s ﬂ-d( Q.v)ﬁz‘.;ef33

holds for a poix‘xtFQéU. Here eﬁis- in" (0,17 and Qe L(E,Q)

-

B ! o . . 1oy

B (2 ) For each pair' (k, X ) kéZ+, KC(Z'T‘, there

exists a triple }'( k, K ) with which the lnequ.b.llty

[ _ '

! at , b'(k h) ‘& i K)
N (é“)’“x (x,(Qp) )‘ 10,50, aC @, v )

/ holdé for each point Q&Ue D',

!
'\ Then our second assertion, which is also elementary,

is as follows.

Lemma 2, Quantitative properties of retructions .

-

For a given datum (U, v, P) we flnd a neightourhood

-* ' Triple' is a gigl? of positive nuwbers.
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U' of P such that the following-is valid .

=
i; ( ) There exist vaYieties DJ' (3=1, epee,m) so - that
() N. DJ is & proper subvariety of V ,
: ¥
Jaud -
o\ ( ) for each D'i there exists & retraction Ij

of (U, ¥V, D ) satisfying quantitative "conditions- w.r.t, (v, Dj ).

Bemark {1 . In both lemmas 1 and 2 'neighbourhoods u

e -

,¥ith which assertions in lemmas are valid , eare colinal in the set

of all the neighbourhoods of P .

i

‘\ ‘ Rewark 2. In the lemma 2 it secems quite likely that

7
a diwiger D is chosen to be the singular locus of V. In our
suvw-id’a‘

treatment of lemmas we take & ' relative version ' which will

be explained 8soon later . Varieties Dé appear  because of the
existence of singular 1locli of maps considered -Leciaes the

singular locus of V itself .

>

, - We quickly indicate in what a manuer ttie ubove lemmas

are related to our original proof -of the cowmplex analytic De ¢.Rhanm

cohomology': The lemma 1 iS & C= help as well us & d= analogue

of the isomorphism : (Ri,e)P = (uj( Q(*b) ) ( e.f. (313 ).

_.-g._..
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The lenme 2 is used to show & divisible property ' of
integrations of differential forms : Start with & datum { U,V,P).

Lst V be the azero locus of an analytic function o .An #ti;néa_

sifferentisble form Y is w-times differentisble by f if esch

coefficient €f ; of f is divisible n-times by f in the category of

c*- functions , Givena C"closed form¥ in U whicn is divisitle ty £ =

‘metimes (‘m$0). Our problem , whose precise formulation will

be given in an another publishment , is of the following type,

. . e W
To find a domain U' : UZUZPF ,and a @";’form' ¥ in Ut

- y

in such & manner that

’ ' . ‘ ‘
iy = & , ‘and \3" is' m'-times divigible by f (m'&»@‘

T e s st v 4. e

It is not difficult to see that the leaws 2 ,combined with

& standard method of proving the Poincars's iem_( c.fo  De Rham€2] )’

plays & key 1xroll to the above explained problem .

lLemmas Jand 2 are of intrinsic nature to .the given data

(u,v,P) and (U,V,V',P ). In our discussions of these lemmay some
other materials are introduced . Materials introduced will be explained

soou later . Several interesting ( to the auth‘bi') probleus arise
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ﬂtfw% oue aﬂmmk 'Uvé L 4 oam amalin

g#raa«% ves =3 M Ways /t’fée-
O'@—O‘Nl «QEW . wtfmé, a series of ’Vare/tw
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WL W‘i% \CM DL kﬂ%ﬂ- i Lerma of

e T e

Condioons ' belween ohdels comacored sl J/tm%
R ey S/

e wae

7
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(1 ).t S‘jq@)i then JLJ, S'j')e(sj (j&j' ), and conversely

1 sd is in@" then j[f v( S‘1 )(\ qJ is a union of strata. :i.x(.S)‘j

j In addition to the series S,  sels of anal,ytic fwictx.ons (E‘
o= { f%( 5’ ) H JB 1,.0..11, S = @ ’ t =1,oo,p‘J.d‘im (SJ)} are Acoﬂsid&r&

The following conditiomy for (F) are assused .

3.3 o . i L,
"& ( )l fi= ft( Xypeegrdy § Xy +t') is a monic polynomial in
x, ,, W¥ith variables (xp seeenrxy ) s ng= dim (5 ) .
J ' J ; ‘ :
( i )2 f}Z(,Si) 's vasish on  $'j aud the 'jacolian condition:
(8 ,acncco'f ) )
de g(i B; ! %0 holds.
n +1,....x ) .
J
?1:;’-?':&% ‘ : o
E )3 1 s;%s‘} then  the order of f%( 59 )
= the wminimal non~negative integer so that Siyaxn +t =0 3 is constant
aj o
on S1 .

The condition ( i) is impored in order to controll behaviors

, v
of dgAand is important in our quantitative discussions . We work
faroun _SY)

with tue clata{U ,V , S;B}. Then corresponding facts to lemmas 1,2

are formulated in term of Sd'g and behuviors of concerned subjects

under the projections JL, ., are examined *. Concerning the lemma 2
we impose conditions to retractions T of (U9 ,v)) : For each stratius

5] |
s, T.: usdss? and if j'>j them, ., . T, = T..
o IR R J



74 .
Our sgituation in the lemma 1 is as follows : A c~thicking N8 of
» ' [ '
-,sj ia an assigument N 3 ;8w (s = neighbourhood of SY9 , Basig
poeose

' ' . 1y N;,',j_"j :
properties of N  are v. For S * YN(s Y) =s 9y (1 1) Por S'g

s'i oo u(s-g ) ) K N(s'9) V) . Consider direct systems N'Y o

cethickings of S . A compatible condition with similar to (i)

3y

is imposed to N"1 ¢ Subvarieties V'J ( V'n=V') are determined by V'

and S . For a series S),...5) rings (w0 5Y) 1Y) wna thetr
direct limit ( si.....si i V'3 )., are defined in & similar way to

Ve V'3 V'), Ve¥' ¢ V') . Our first key point is to reduce ( )
to the following ‘'local version '.

J

o % sJ,;.,gﬂ-v'j) dir.lim H*{ N

' J
( ) For each series Sysee.S 1 2

The above procedure is similar to that of the residue operator.
Our another key is to associate a finite simple covering 4 (N(SJ) )

to each aseries S‘]j.l...Sg s0 that acompa.tible condition similar to (i)l

and & quantitative condition isare aa_tiafied. ( For the definition of
the simple covering , see A, Weil [ ] ).

Refferences

1. S. Lojasiewicz,

2. G.De Rtham , Varietes differentiales, Hexuaun, FParis , 1955.

3. N. Sasakura , Complex analytic De Hham cohowology L, to appesar in

\J



§o-1 0% Thekop o
1. In |

a. tThis numero , our . arguements will

“be eoncentrated to  problems = of  expressing the

‘(topologic'a;l’.). ¢ohomoleogy  group by d‘“ = ’d‘itf‘ferenﬁfiai'(‘e ;
fgémé v';vivth suitable asymptotic ’be‘havig,or:* - We shall
fix  some vno.tatiéns. used  here, et U - be a domain
ia E¥ , amd let W be - a closed set m R

( we do mot ‘assume  that W is a K - ana}yxtlc

variety in  general., )  Moreover assume that a finite
‘ * >> ) - ~

sel v,g of K -~ analytic manifeolds is given .

we assume the Tollowing two conditions.

L
a l 1 )I Eaco  element S e ,(% is equidimensional

( of dimension =n ( A ) éai/n(U] )

(2.4, 2 )9—' W is a disjoimt union ot
s ow 8w o= s fed
Le‘c. 5 be the set theoretical closttre pI" s* in
i) . we call 3* tbe  closure of g" cas psuall

w|
o
i

on  the otherhand |, g% is called  the

This numero is independent of the other parts  ef this
geckiom . ' Qd-1=1
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\Set - tﬁeore‘alcal ) fronvier of 5 . Qoncerning Ste
* . -~
set /6 , we suall impose the following (  fronuser
condition) ouly .
/ ' N ‘ ¥ .
(2.1.1) Fox each g e /é , Fron ( 87)

18 a disjoims unmazon  of lower  dimensional strata 1in

*

#he folloeamg follows easlly from (g.11), ana (2. 1,1‘3/
. ’ v <3 , . 4
(¢ o211 )1. 1f S has a common  point with S&$ )

then g < Tron ( S )] halds.

p* | / ;
the set & satisfying (9 1.1) ana (2. 11) witr be

catiea a pre- stratirisation o1 W , and W is callea

a pre  stratified se,

e

(Remark ) in  tuls numero, we Suall no. impose basic

conditions of R.fhom ¢ 1 other tman (2.1 1)/. ‘ES’PQCHM[‘

we do not assume the 'baslc conditions concerning tue existvine

of retraction maps ( c.f., H. Thom ¢ 7). BY
wealkenling conaitions as explalnea in the avove , we are
led:: o WOTK with differential forms with  weaker

conulivions,
RX~1- R



Tu  +this aunerg wlty , e coumsider not = only strata dhs
but also  certzin RF-anulytie fumetions  related to strata S's.
First we consider the following condition.

v . : 0¥
(24t )'For each S': & V& s there exists ¢ %*eal analy

—tic  functions g a* ), b ( 87) , defined ,in_’ﬂv)b fih' such
a2 manner that tne following relations are velid.
4 X . 4 —..--9(
(.21, g(8a) ~ a(R, s")
for aﬁy points B in a neigbboux’hoo-d N’“s( g , Fron (SA))

with o suitable couple { § )
(2.4.1)” W(SsT, v ) ~ a( ? ,From (£
. . 1’2‘ s N Y

for any points B 1 8F .
T order ‘to impose a further condition , define a subset

w( st

9>}

) of W attached to each 8 , as follows

4 , ;o
W )31 W+( sty = Us../é( , where S’s are elements iﬂ—vaz

S
<,

g:i~_3
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; : . X, *- - g , ;
so that conditions s" » 8, dim ([ & ) < dim (T ) hold:
A furtber condition which we consider is ‘formulated in

tne - following manner.,
(,Q.,f\i ?;For any e /&*, ktnere exists a real analytic
iunction ~g(‘ﬂz§§ ) in U in sucn a way tnat ‘tne
relation
el WHhi Qs 1 1 ~ acg W

’ . *
is  valid in a neignbournood N s, From { S7y )

4

of & with & suitable ( § J.
v A4
Besides the above conditiong («QAQ_lﬂl_ (.0 17 we

*
consider the following two quantitative conditionsen ,(K

4

A5 )it Ped

%’ o
S

(Q‘Q‘l)f/ a( z 37 ) ~ a( »p ,

and S*"S'* % & /
2y
Note that the conditions (2,41,2, (2 1) and (Q11)

imply the following

| / * |
( 21 )Z it s* s*=<ta then KN,( 87, Tron ( s¥ Y ) ¥ :«}7

N

for a swall ( 87).

A Eranalyticpbstratified set W satisfying (Q,Q‘i)@ and endowed

21—
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G 48)’"“‘{ &« BT ),

witn  real amalytic runctions

w8y ., el W) fa@ 4 ] witn waien
 toe. ' oonditions . @4 | )”, (24, 1‘9'1' 594@»&- , will be called

(Q,-"D ) — admissible K - pre- stratiried set

Henceforth, when we  sSpeak pf Q@ - L)~  pre stratified.

’ ‘ - g & ST 3
setv W, We . assume that a set of functions B &/(,é)

are fixed.  our arguement in this section is mainly

related  to reduce  our  problems  speken in <terms of w
te  correspending problems  of pre - strati.ﬁlcanon /é

We shall begin oy ’ introducing  certain

notlations , woich  will be used in the later |

arguenents

QA-1-5
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Let W Séj-—}N(S’S be an assignment which ass:Lgnes to each stratum
s'e /3 a neighborhood N(S) of S in the ambient space of *wg'och
assume that N(é is of - N ‘r. (N = dimension of the ambient space)
dimensional manifold (& US iand moreover, that the following disjoint
conditions are valid.
(1) Unless sw— Sy NS nS =
(2) 1r N(%\) A\ N(S‘A',) # @ then one of the inclusion relations §:> é);
or St'[?‘ S‘) holds. -
We let Ny(E) be the intersection : N(§) \W" The set Nf) isa
neighbourhood of S* in W' The disjoint conditions (1), (2) lead to the
disjoint conditions imposed on Nw(§) obtained from (1) and (2) by
changing N(S), NW&§) to ’NWLS*)-, NW_{S). For a given series of strata

8,7ttt 8, , we define sets N(Sl, .o 5 Sp ) (resp. NW(S]_, cee 5 Sy ))

by N(S vee s 8 ) = [\ti\l(s}\) (resp. NW(S]_, ver 5 G ) = {\-i‘N-W(S’ﬂ ).

We assume the following basic isomorphisms for the assigmment M: S —>»N(S)..

,(i'i'&)l H (m(&)) )’( (NW(S)) = )’(*(é) for each stratum S.
(2.4,2), 'y (N(S;, cosspnz= Hlags, L8
for any series of strata 834 cer d S;

If the above two conditions are satisfied, w%say that the assignment

M 88— N() is a €°- thicking of the stratification K* : The first

condition is @& desired one in order that the assigmment N : S —% N(S):
is called a 0° —thickia;aof ,8 . On the otherhand the second condition,

which we call Mayer-Vietorig'condition, is imposed as a homological version

of incidence conditionSthrough which the results obtained around each stratum

can be pieced together. We strongly remark that the second one :

a-1-6
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night be jOSSiblY taken up as a suitable homological inc‘idence relationsfor

more abstract s1tuatloné ) Where the notion of the stratlflcatlon is well

understood. Given a elosed SGJ}, # of ’wahlch can be expressed as |

anunion of strata of ,8 . For a given assigmment HN: S .—91\T(§S we denote

by I\T;(V%': ,5*) and  N(V-W : ,8‘) the unions U§N(s) (scw") and |
U§1\T(§) (S*(ﬁ—\??') respectively.. I'l; is clear that these two sets N(W’ ,& )

and N(VJV‘-V;': X ) a‘rév neigh’ﬁourhoods‘of % and Wi respectively.

We also: remark that N(Vif*—\ﬁ': /8* ) {\'W" = ¢ holds. Now. we ghpw the following.

. ©0 : B *
Proposition 2.1.1 Given a ¢ —~thicking N of the stratification .,Juf‘Wx

*

andhsubvarlety 'W*' (expressed asa.u.nlon of strata of ,8 .), the pair
am.

(N(w* &), 5, &Y)) is & —thicking of the pair (W W) while

%
N(\\f‘-—\ﬁ"_1 .«8* ) is a cﬁ—thicking of V&?—W‘ .

We paraphase the above result simply that a c"—thickingof the stratification

. Jg*determines & ~thickings of (V? WJ‘r) as well as*(’\ﬁ'—\%’).

Proof. Let & Wy— i« &' . €% w}. TFrom the condition imposed

on the subvariety 'W', it is clear that a collectlon .)g W determines .

& stratification of W'. Tt is obvious that conditions (2. LZL)‘ and (2.1.2),

are valid for the strata in ,& Therefore the assignment

W

(*) For algebraic varieties with arbitrary singularities over a field of
characteristic p, notions of -adic completion have been developped
recently by S. Lubkin and D. Meredoth. It would be meaningful to try
the possiblities of translations of proposition 2 to such abstract (and
atractively opend) subjects especially with connection of finiteness

property of -adic cohomology theory.

9- /"ﬁ‘
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Koo s'e /8;},"?1\1(8*): determinés a & ~thicking of the stratification /8:/‘V/
of W';: Including the case where 'V\;" = @, we know that it is sufficient
for our assertion to show that NWi’W%: /6*) = UéN(g) (SZW-W‘_),, jié.a.
coo-thicking of W-W', We also remark that the case of the nei;ghbourhqod ‘
Nw-w', /8*) of ‘V\;—V;' is the unique case which we shall make use ofl.i‘*.ﬂg_.
Now the verification of the above explained fact‘is a direct consequence of
proposition 2.1.1,Which will be stated soon after: |

Given a topological space X . and two sets of openvsubsets of X:

T - {Un} , o =\ U \ (n € %’+ Y. Ve assume the inclusion relation

U“:; U“" for each n. - Moreover, we assume that the coverings m and’
Ol ' are locally finite coverings of the sets UnUn eand U
respectively. Finally we assume that the Mayer-Vietoris condition

* -~ *
(2.1.3), H (Unlf\"""f\[']nj )T H (Ux'llf\ (\,Ur'l )
is valid for any indices (nl, cei nl),

and that

Under the sbove asumptions we show the following.

Proposition 2.114 '3-,“'( *( \LUH)_:-&_&H *( U“, Uu' ).

. . . . 1
Proof. Given indices (nl, ,.nj_), we let U o and Ul .ny be
] 1,27 1.
intersections (\Q U and N .0' U!' respectively. TFor each open set
in Dy i=1 ns
/
U, (resp. U'y ), we define U (W) (u (L)) »
o ). N Ty n.... Ty Y
, , ,
U () (resp. U () =1U U (resp. U
n,,.. g , TR Dy ng N n. . n”ﬂ\m .

|- -&-



be fini’te open coverings of U

We 1et ‘Dl *, | a.nd D?_

-and U' = composed of open sets of “the. form v ()L)' & ¢) and
- ,p_ - )
! ()L) (# ¢) It‘is cleer that, .io:;indiees; 14-1, evvy My, the

x Mayer—Vietoris 1somorphism» of the following form bfollo‘wé.;’from' ‘the

_ Mé.yer‘-fViétorisr isomorphism (2. f.“‘?‘)’

WL xS .

(2. 1.8 : U M '

(2.18), H <un (M) . "’r n‘_( )
—H(U' Ukl) (\Ur'l : (11 ).

We first show the following statement?

(2.1, ?) n n For any 1ndices (nl, aee s nl) and Uj_ n;.()Ls)(UéI%(‘y's)}
<« ‘B’Ln- ( D?- a Q)f ‘_(s=1~,....~,, , the: foliow‘«in‘g

| . |
(2. 13)" }(( Yoy n._.nl(un ){*( VdiV o, (A

holds.
The above assertion is proven inductively on . m: If ‘m=1 then the
condition (2.'1.8) provides directly a’.u answer. F:Lx indices (nl,.. «sBg)

and ()" )s Then from the inﬂuct:we hypothesis it. follovzs that

m+1

W Us_l n ()N E HC Us_l b ,Qv('}l’s)) ‘holds.  On the
otherhand we have the following relations inmediafely.

. | ’ iy
o, o 060) 0 B V) = U, f%l( Pl

(Us-l 1:1 By (M )) -‘-n’l_-j(‘}lx'n-ffl‘-,)ﬂ Us=l n, --n ),(mﬂu[‘é%‘t%

Therefore the induction hypothesis (formi) implies the follown;ng isomorphism

ot -§-



v X . / .
\.j:-:U =2, .y Moy ( M ’ ) )E)_((U"‘U, ":'le,)‘.-HCM v I > Y

-
’ .

(The meyer— Vietoris sequence ag well as the

vl

five lemmas

r:t

applied o e couples ( Uy, me C4,) ’ U'n,»-u( ,l(“l) )
and (U0 (), ulw ) leads casily to +he
AN O TP R I, ) 1 asily 5 5Y

isomorphism ¢ 2 .3, 2

~ &

Now tue isomorphism (g 13 )7 the  Meyer — Vietoris
sequence and the five lemmg applied to couples
O . ) o r
\ (’L,U ? U‘Mfl ) ? ( v U

a7 U—m—n ) ( m=1"0"’ J
gives  the proof of our proposition,

1gl : Give two
Fow we retiurn to our original proolem : Given

-

* - i o= 1.2 we uunderstand
¢ - thickings M S — NS ) (1 ’ J P

oy A, >N, tue  iuclusioun rglatlon of tne I‘oliowu;g form,
w( ) > N8t ) for eaonh | st e /5*.

It 1is obvious ‘iuav tTne avove relation implies <vTne Iollowing

relation NoU W o 8T o N, w :/8*) between o=

0o < 7’ o
i iven c-thicking ) , ¢
tnickiugs oI ] . TFYor a g

oo ‘ Lo
. . ‘ .
derine dirIereuiial graded rings SZZM(S")))R(A’(S,“gs;))'ga(vg;:,) to b

- ! I 1 l §53 S S e S ) hA. v l(‘;
e (o] y X 23

8-/-/D



Let g(ysi) be tae sub-closed set or W  defined by

89
% e
T = U)K 'SM’ - UMS:!S <. where ’S,:/. exhaust all
the strata contained in Fron ( S;:C Vs wbj.%isznaro at
) - ' %9
the same = time appearing as . elemenits in ESM § .

0o . ' ee M
befine sub rings xQJw( S* Beem €5 of -Q\('SJ) s Ras)’ (Sf‘qﬁ’(ﬂ)f \5?-( Sf"ﬁ:)
| ' . oe | , |
and 52\”( us: Figwjot Q (Fx) vy the follewing asymptotic
*f , .

behaviors ( for  notations used here, = see )

—bs +
(‘\ .8 )' l'\;Y(Q)l < b‘ .&(Q) Zfz”‘(s*)) , bl, bi GE)’
a -7 4
Vs ) (L1 S)e 1Yeo) & bl d(e, Tmcts) ~, B, boeR
- ' ) . 1 +
8% | Yooye By dca, sugioh, P heR

»

, /
Moreover, we define R for a given closed det W , 8

graded ring SP}{%— Wl’) and its su’bringgi(:;ﬁbjzé be the Timy of =
foms in N(W-W) and  the r;ng of elomenks Y ¢ Q(NCWfW"J charadesied by

/ : s =ba ' ) i
(1.18 ). | Ml < bodle:F) 5 b, by €RT
et  us assume that a directed set {]U;LZ of o=
. hex

thickings,u* iz given, in this séction when we 'say a

directed set [N\ !

, We always assume the following
ned o R

(4

conditions .

«t

(2.1, 6)1  For a given 8 , the relation N;(,S")C/V;(,sfm
holds for each e § for a Fijadle integer n,

(Q.16), Fer a given integer n, there exists =a couple (5)

Q—-1— 11
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in ~sueh  a manner that th e« following condition
Nos* > o IV (8% Futsn D
N ‘1 . . . . . N L * .
For sets of strata S,  Shde.e2ySi (S, ... S8 tefine
. . V * x ¥ . o ._ : .
ring bomomorphisms @ S?_[A[(&)-;Qo@y the restrictions of

¢ forms fr~ N:(S) te AL €S | IS0 . pefine » rings

£

A ' ANl ' ‘m < :
S, S e, ama SOSE 30 vy oy e, SR, (A, )

. > ~!.' x . oo £ L . o
j=8 %%(S: "5t Bm(f0)) anol M-v&“n ‘gﬁa:y( \Lgf ) '}gﬁ )xes[:ecﬁ.ve ZJ" )
(gtrictly  speaking, f.he limit shoula be urderstood to b=
for the fixed set W;%u# . Because there is mo

confusion, we omit¥ the choter IN.1 , in the sequel )
. ne¥

The differential operator d  is cempatible with the limil

A
process, Pherefore the rings .Ssz S are graded dirrerential
! : : ) £ee
rings with  the operator 4 . We use the symbols P 3%
. N alad
to mention subrings of ay $ composed of closed Tforms m@s/

Wwe ask in what a manner the considerations of the  ring

Ao : ’ A o
Ré\’(!\/-l:\ﬁ{) is reducea 0 the problems of S%Q,I(S’t-s;"{m@),l‘et
us assume twat a directed seot V.|

- =12

- ogi a i £
e & is given and is £ xe,,(.‘
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Now we shew the follgwing
proposition., 2.1, & . &ﬁm +the fol-lgv.’ring; 'coﬁdifigns caum e
_ ( ,QA1 7)), for  each ’ ,Serieﬁ S;"' 45, 2 a’lew—w-/,' ,
and for | any  integexrS @, i the isomerphisms
i (NG &) 'z )"(*(JV:((S?,;?,SQ) :)
_hotd | |

Q.1 e

ineidence

isomorphisms

P i B gty ) =
i Mt : }L];(sl , S;— ) mﬂst“ﬁ; )
holds for eoch £¢- 4 S’; .
pheu the  isomorphism
£ >
H O (w-w :¢ IS SLE
- N > £ 3 4
v , ) = dR(fv-¥H3 W )
telds, |
* 3
Prooi . Given a series of strata » S,< .- < St
~EToor
" oy -
we define a set /8 LSy aeesoasdt 7 of strata
g% vy the following reguirene.ais.

9 - 1-19

P

 rEw



ot N

88

EJ
g L
(21.8 )l A stratum S %Smﬁ(b‘,‘,...., Sy> if and  only
af the conditions (i) S > & end (1i) £() T w
hold. ( in the sequel we assume  the inequality : m

2 L (Sg)-1. 3

*71 / 2 / .
Similarly we define a wset A<W-W» of strata Ssin WV 5y
(2 1.8 ): & stthng is in JXW-W> if and  only if
s < -V and f/( g ) =Zm holds, ( We  assume that

T W)= max ,% (S ) tuolds in 4ne sequei , )

Scw- '
* p o
be a c¢”- thitting of ,J_'(W—W). Denocte by Q ( Nn«( 4{58‘.’, —-j
’ W N Nyt 0 2
+s e ey S:? P ) ana \Sﬂ ( N' ( ./JM( W - W -y} . "v'. y”e
0 *m . x
rings o1 ¢’ - differeutiavle forms in N ( J45...., 5¢9)

% & ¥ fm -
=, (8, ) (Uss(s )y rse ACsh e, 87)
™ /
and 1n %N;( s¥ Yy ( 5 <,&<‘W’- W> ) respectively. Detine
{ -
subclosea sez»’l‘;%ﬂ'? of W and ;mLW - W Dof%Y by the tollowwng,

eduatlions.

oy

cﬁm(’ﬁ‘) = USJ(W _gwx 9 .ﬂ( S ) m+d
- w,
(g;'n(w‘ﬁ)'—‘ Uszw-wfvg; . § € W - 'WJ v

pefine also sub closed sev \I_KS,,...." Se 7 and

]
i N-W7 Dy

a-1-14&



§M<S\*,,....., o> = US;,? s S’Z\%Moand ¢ 5'1 » | m 89
SEMQW- ’W’7 = . \)g’av?’*u W o de w-w and L.‘(S'*}; m+. 1,
oo m . .
Denote by R ¢ N ( /& < ST, Cemeieay S: )), ; (Km ) and
I X N T 4, ‘ R
Q( u—“(/gb( W-WD ), JIFP)tue subrings or , &2 ( & (4 (sl‘f. ,,gyy
asy ) : ) - :
0o *,,
- ana 5&( K ( .,8 (Wv--W' Yy ) whose elements are
characterized. by the following asymptetie bebaviors respeck-

-ively .

. Y
b, d (@ K ) hheR

Ce. 1.8, 19|
(21,3 1yl

In view of (@11), it is clear that d( @, 3’;\} = d {4
. o R

©N

1y

, 2
5dCA, Koo b bR

* ‘ R e » . 5 ’. | . gm . x ’7
Sﬁ.{sﬁ ,,,,, , Sf7 ) holds if  Q is Im N, ()g <8
y o .,317 ) . on 1{he otherhand iv is alse clear
‘ V m ‘ . . ( S* . s* S*) K S*, . .
that, if Q iz im N . ey S) 5 . ls ox

lengio m’ ( <« m )  then a{ @ , Fron( 8% 1 1) &

a(Q |, “s;*n (%, "W )) bolds for Q < Nv(s;};mc%p)'m
the relation a(e |, (:L» v W‘/ )y~ a (e, M 0'(5;"1.\}, WL)}
also nolds fori o e 8, (‘~S‘h’ , Fron ( S,,( ) . ) .
An  another obvious fact iis that | 1’:‘hev relaiion
4 < , N 4¢( , W-W ) ) holds.
ruerefore varieties ijycm and :ﬁ"\, w - w’'y 1in C'L",! "..'3':)"2

ah

can be replaced by ¥ eeeeesSEi7 and by ?,; (W- Lt >
9-1-15
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respectively. Now we ‘take uyp sety

/(Y < S‘; Sz: R S‘*? /8».4-\(‘3"'----,84&'7( Mlé 2 (%QI))

duu
,S:LW - w), "‘gmﬁw”" 'W‘)( o+l 57»((%»6'—/‘)
TJuen tne  following intersection relations
" X ¥ U ,(/,‘*
N“' ( -A <'S,’.....,Sx>) [\{U}LN’YL ( ﬁ:-o--, Si,s_*'}‘
_ Nﬂ(wg\u( S::w-,siy) }
Vo NAAZS 88 82050 |
” N it
N Sew-w>) Yojyn sl = - Uoed)
" UN (87 <S> )
M o ,
nold, wnere 3 ¥ ' ana Sm’ﬂ*k’s exhaust strata or exaciuly

m-]‘,L
. Py

length (m+ 1) 1in Slst. .8 amd Kw- W> respectively,

Then we obtain  the  resultinr Meyer — V1eloris seduences

for every n ¢  in usual manners
. j"n;x g, )
( Q410 ) 0> G & (¢ 8 eenn s7ODS U (Tl )
® Z R sy, f) — LS{(M(&S S S

—> 7

S
(L 100 ) b = SN (Svawy 2t TS0 W) B hb@k(gw
— 2 &(N(XQ swm) —> 0 i
Consider subrines Rdgyﬂ’ (,Smg‘* §*) ‘}"‘f:n) @( A(Kg" <Y, F W) )

(7 IJ“’ (()37‘, Y ki‘,-s‘h;:) , :ﬁ(\’i\ a].’]5 Lgam(], ( /8<LJI, .¢-..Oi ,D >R;;;N-\)

of above four rings i~ (21P), Also consider subrines

2-1- 16
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i No( /éﬁmwv Wy f}‘,"‘i’ﬂ 5\27( N (.)& W -) Feh
sy

Lg?j;g M (5, TeH  ana 52,71&( At » 9, Ghoy or

2ie ,
four rings defined  in the sequence (21l Y. We remark

that +the following isomorphisms

ﬁﬂ&ﬂg V<S80 80 Hlay = Q&?(M&,—-,s;,sw,m;) Feon (Sharir

ﬂ; (A CBnny R0 = U Mgy Feonlsinnn)

A—Q,g(l‘]; G{“S,,f. W), Fu = S?l\;( N,&&"gm,, o, TE, m{»ﬁ:‘_w'o)
@CN (8¢ 8 7) e = gy (Ve (878, TSt 4 )

Taking mmﬁxbwe limits of the

are vaiid.

above rings , we -

obtain graded  differential rings éﬁi<k &%ﬂlﬁ <31"“§§i%
| !

( =wpiin,  GT( M <Srpeees 5% By )

, veas €TCeuaoy, Y

New we show that +the f0110wing (Meyer—- Vietoris ) sequence

/-
correspomding to (3. I./0 ) @lhk) are valid.

(241) 0 %&as& 2. )5 f{\éﬁés %) ®
2 g\ﬁ%gz S8 S, T > 2 5 @( A, & Sod
@iy 0 g?égz’"émm &r\?)@ me@ o5 ®
S %ﬁgw ., T o 2 5??b§¢8<sm,ﬁ7,?s:%-?

dote tha‘h, in  tné , the 'polar loci’

above sequences

Y

cgﬂ,.......,qﬁ_ are outside of sets in which differential

forms in question are defined

a1 ]
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- N ’ 4 . N
in tne apove Aw /f* ,&4 s /f, are definea by taking
S
limits or L, .- Y, . It 18 clear frem (2. 1./0) (@ 1/0D
tnat Ly Creep. 1) is 1njective ana Khat i'f-ﬁo(’v‘id':v) notas’
That Eoker ( 'ff, ) ( resp. Coker s ) =
Ker (L, ) ( resp. Her ( 2; ) ) is shown
/
guickly as follows given (G g Z“’;OZ )\ Tesp. ’? g lﬁ; 5 )

A o
w QA sty Fm) e G, (C -7, Fiw),

M WS ~  take a  representauvive (%J Z,f;“)

(  resp. (k}’n’zﬁ’”u ) ) in  the ring ) Do
| o0

LT(QEEA GV RE PR A M AN ZQ@ AR

. M"“ ™t} )

(xesp. in QUN(g" ), TN O = gauv Songed, B8O J/

for a suitable so that i 2”0

(  resp. '_x’)t (G Z\f",u )= 0 ) holds.

From tune sequances (J10) (2 )’ toere exists the unigue
g0 ) e
elemend \;Y,A & Gl N.( ¢<§ <S,).,....,S¢ > )) {( reap. ¥ &

g?_\"’c’(l\]'(,&“{'w__wjb ) in such a way that J“(ﬂ)=[¢{fa)

V¥
( Yesp ~A(\f) ( ':Fw’ , %{U\) ] hoids. Examine asymptokic
behaviors of elements kfn { resp. \:P,V\ ) . i) That
JL“( Yo ) ( resp. ;L,,C*(\ﬁf) ) 1s equal to . ‘ﬁ‘u

l_IQ]Z
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(xesp- B Yo ) € Z QN80 Fon ) (roop STHB%0 T )

7/

shows TH2T "fw ( rTesp. Y. ) have desired ‘asymptotic bebaviers
L. ' , . . . N : .y
( in ) v, (€ 3pennn .,{S,,;)'u ) ( resp.UN, (5. 4 ))) w.r.t. %wl .(rgsp.ﬁigw-w,}.
(iyOn  the otherhand , if @ (resp. Q7 ) (e N_( 4<si...,§>
e - o ~ . ‘
( resp. | N’h(,é‘gW— W/s) ) is outside ofUMR‘T,\( Sy eees ,S;.:)
{resp. \)»Nm( S;,,::‘l ) ) then inecualities or the forms

W FPrced (u, Fm

!

/ ‘ A o R
a{ @ l?m(w -%) ) £ @&, “k <W-W>)
are valid -with constants { ¢ ) ¢ e’ y 8 .
The above inequalities are suffieient to  assure the‘
. » - _
inequality of the following  forms for Q< ‘N,‘( J(S{....,g;)
/ ) -’
{ resp. Qen ( ,&{V -5 )
~ A v . _v.i:z . : ~. . .
ey < bra(e 39 S hIoeR
n ~H : . J

. N I
If/@) | < HWao & FTFD 5 WHerR

It is clear that tbe above inequalities combined with
o ~ | A
( " ) assmres that Goker ( T ) = Ker (1 )
oy N k :
( resp. QBoker ( @ ;, = EKer ( ° ) b nold.

. ) o ~\ ~y
Thus the remaining  problem is 1o show that  r ( resp.r )

is surjective : Recall th\a{,t_ W S:“)' is  defmned  to - be
211+19
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—¥
the closed set @ W ( Sha, W = U S s¥> Sy BR&--that

BT

#”

W X0y is @efined to- be  the uniom W 5_-, ) =
¥ %

g3t s o8* o xo ,Sh_;‘,fn ie TFor the closed set WT( SM,' W) we
*

N _

consider a  series of  gub- closed set V\g( B i) (12 Xg m+1 )
) - + = .y ,

as follows ¢ Wﬁ( S:,,::) = W?( 8y ) ¢ j, (E—L) : 7—'4-, SgCW( S..a,,‘)

. ;%
W5 )= UIZT s 2O sty T 8 WE TS

el Q""": K
" . — % P
(1542m) . W (3 j = St ( 12s= n )
. - , ‘ *
wW( s ) nolds. 7t is clear that WA Suud
: * ‘ . X
WL S ) - 2 W sw?““ ) nolds, Note that | if S
(C v ( 5~\r\*u ) ) is of  lengthb n = m , then
' / * ‘ ~ X
a ( Q'-,,» ’ vnfﬂ( SMH:A ) ) ~ ¢ ( Q, , rro( D AL J ) holas
. & - A * % , S
tor re o;, A N “( S, n ) e For S > »S,%H,}.L ’ FI’OEH'}L( S )
is defined to Dbe the union s ( 5 <orrom 5 ),
u/* oY n Fron ( :;'x J is closed in
o Ve el ) e tnen e el
n( 3 °F oTe tnat in N §F  §ron (SJ‘ ) )
§ P el A ) - o SRR $ W ! ' R ’
* X v A — . X
N S‘M‘,u » P oron( SMH, w ) ) A (s ) = Ny ( S, M
*—-
) ~ a ~
Fron ( S, ) ) A T o( bm,'u , nholds, Also n jze wat,
+ o ~ X £ X '
Tor a set 5> 3., ena N (s8N, , Fron (Swi,u s )
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¥ ¢ s* , fron C 87 ) PR S, Fronx»dﬂj) )

k ( a'ﬁ: s ¢ Fron ¢ 3,,,;:,“'}). ~ Combining tne above Tremark
with ( 1, ) , we obtain tne following relakion.

{Hﬁ( S;.\::u») N {U vl 8.7, I.'ron‘fﬁ S:; b )I’}’

AN OV OsA) . S, M\_'-Ns&i’fr?

In  itne above tne left and the right sides stand 1or
all the open sets {  in and Cdin

Mm
respectivwly. Choose an  elemeat 5 Cﬁu éZLSZ\( d<s, ..., S -

S :u-\,»t 7 f\j’(% ) ( resp. Zy~ boué g)} S&()&;“S e uyy i )—’)
u*)l(?}

and take 2. representitive ZM jp,‘,k {ﬁ(ﬂ; 4 JXM<S'. s eeeSe, S
| .

LRy et Ay, (- resp. &, 4 ) for o sumitable

n . Take 2 couple i a ) of positive humbers '
suitably. Then we can  assume that the ¢~ = function
L\ TS u)s g:,u) ( ( c.f ) definition S has  the

following properties.

(Q.1.12) i A, = )(d( V(s,,) S,) X 0 at =
o1t QL in %.XV , Them tne point €& is



J6

; . ™
contained in N ( S:Fron (8 ) ) ( 8§ e §45,.7,>).

Thus any TIorm ‘ﬁL , definea imn Q\( N, ( ,8“( S seeeey S,

S**‘)u))) ( resp. G (W wm( Sest ) s ’*'"&j,\( w- W) ) can

be extendable to a form P, ( resp. Y in M0 S ,ee.,
v
SI: ) S»-,M- ) - sm-l,M ( I.'esP- N ( Snu, N J = s-ml,),\ ) by
= . ( resyp. (70 = . lj?
EP]L Xi ?M )78 ‘i;l S )'
1t is clear <tTnat Inis form 19 ( Tespe. SO ) has an
. . — ’ ;_,
asymptotic bebhavior w,r.t, S, L In F S, "S;-’ ﬁ';,»{ %ﬂ)}
{. Tresp. ¥ ( S«;u I 5;\; ) and s0 Tr.t. Vel
Tnis rorm M g ( resp. ¥= ¥ is zero outside oI
Uszf s \ 5 ) ( resp. J and tne relation

\j? = '\j? \ Tesp. y =\\f ; holds in b(\()gz

Byeeees Sx,smw) ) ( resp. K¢ /(KM<SM»>)) for a sufficiently

4
" ) /
large n . 1n this sense the form Z‘M (f { Tresp. ZM ‘:{7 }
represents The 1imit Z Y Tespe ZH ) . Next © take a
o0 . : « ! " ~
c - anctlon i&,; 5£’a.< :6;&,‘,&. ?Fron ( Jh%) )
with a suitable couple L a’ ) . Derine - forms

S~\-QQ,



/L:’Y ( resp. \?'f ) i=1,2) by 37

~ 7
VA & SETTER A RSN RIS 2
s . ’ q *
2
Note that we can assume , by a suitable choice of (&3
o~ o~ 7 ' _
‘}f ( ‘8 ) is  extendable to Nw( SiyeceessSe) = S, ( Tesp,

— N -/ .
U % S. ) by defining '\3(:5-)’50 be zZero ou-tsid‘e ot

N .C

A Y ). ~On the otherhand, Q ~ vamn be

extended - to W0 S, .iiey 54,5, ( N Segnl) ) by

It . is obvious +

] -
mal o

7
defining @ to be zero on . 'S

that *the following relation

.

\\P + {)5 = 'g - { resp. 50 +
‘y' = g /} holds in  N( s',,....§, Sa, ) = F..

( Tresp. in Nn."( Srsi y - SM, ) Tor a  suitebly [
4
large n .
Recalt  that forms N , \f are cefinee in Nl
o~ oo~ 3 ® , .
Sy s eeeseesd Sann) and in R,g( bm',n ) ) respective;y.
on  the  othernand, resticved rorms N f y 3); derined

( resp. TU- 5..), to open

hv-', M

I 3 -
in N.‘k”( Cig e esay Dt.)g"f"k)

sets & ( /&”‘(»5

m
Al - : / ‘
. e By Ly emd V(4 <w-w3)



8

resecvively, —we  resard 10rme '}:P y }f elemenis
S ) m v L ’
Derine torms Y, P , defined in ga <5 5,000, 59

{ resp. m N dev - 7> by

: _ T o )
yi,, Aﬂi ¢ be:’ Z

N

0
it  1s clear that "EPn,, = ‘3; Zna nav ‘;fn - 'QL Sold
o N,( 8. % - Sy o Taus  , For Vo1
Z, % e QW '/3% ( Syuveeny Sy ) @Z;QJ No( Sy e
S0 0 O 0 % L2y d el B Fwm-v o

® ZE{( N, ( ,S,“) ), Te  opiain  wne  efnalities
J

Quantitative  proverties of  { \\jc ,Zk ‘:ﬂ ) ( Tesp.
- . N . +h AT
( \JE” . D \f ) ) ere  exarined in the tollowiug
\,/ M )t,’)‘.
vray ; Tecall that forms "l\.P have  asypiotic
n
Lbenaviors w., r. t. ¥ron { ) roen
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from vne 1acts ¢ i) ?fb = O’ v resp; .Eﬁ; =0 {
outside oI a neighbourhood Nz( SM)M ’ fi?mn € S**m ) | )
and { 11 '\£n~ and “&1. nave asymptotié\
behaviour w.r.t. Fron C S, o, 1T iollows . #ﬁgt .
J and \fh‘ naje asymptotic behaviour w.Tet, E;n(s',,*b,&)and |
{ v- v )  respectively. on the otherhand,
because = ( + ) in ’eacb
neighbourhood ¥ ( S ,.eeeeeyS , S ), m‘( (v-Y ))
N( S )

have  asymptotic  behavior = w.rlt

(%]

in neighbourhood menticned Just above.  whus,

?

" , :
in U}L Rm_”( S, g sesey S‘* . S.,.\.(‘;L) ’U"L f\fm_( /ﬁ { Su.u,u. ) } , -\‘?}{, - ?m’/

have asymptotic  behavior w.r.t. e %&( -7 ) .

The surjectivity of the map T ( resp. ~)‘ f0116w$
from the above arguements irmeadiately. mLe,
1t is easy to deduce the assertion ( | )

from { tue exact secuences ' ) ( ) .

WE leave details te the readers .

9 —1- 45
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n.8. Prom now on we take the fiela K to
be  the field of real numbers. By . this .L:estriction
a guanilyaitlve arguementi ( coucerning a iype oi
arguemeun related to extensions of a given map.
(e.f. P ) becomes leasy. Now we shall formulate eur
problem : Let T be a domain in RN, and let
¥ be a real analytic variety in kvl ¢ dim Ve )f—Q

we also assume  a %egular series of stratirication o

p( and ifs nomalizing data (3'(» is attached %o

‘fhe series ﬁ/ is assumed <wo  be reduced and is of hype(™
»

pur arguements 1in this section will Dbe done for such a

tixed pair ('(R)rgc) . For the sake of simpliecity,

n
we assume that the domains U are ot the form¥-Im,
M . ~‘. .
in K o Recall that , z1or a pair ( Y , %) ,
/ | /
a series m and g set of functions SQ were fixed .
s/ ’ \
We argue py :ixing such aata (R , %) ‘.['rom now on,
What we work with Irom now on is , bowevwr, mneither
/ , X3 »
K por O . we et be the set of all the

9-1 Lt !
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/3 . -\ X
connected compoments S;&of .,8 7 . Also we mneam by @

*3 o
the series composed of = sets {Ug ';_' oo In this
- °=)~-';
numero our ~ concern is to investigate simple

properties of such a series T : ft is clear that <

the following are vilid
. * ' - N # 7 - /
(Q. 1 . l“- ) [ dim S’"U‘z = dlm S}} s sa}éji S%DS*
Pl
. & - _ * 'S . *é’ o
(2. ]'w)z ’ v U"\‘.“z w3 S"a*’f A .
In the above ( and in the sequel ) the stratum
S;’\' stands for the  one which  contains ‘ S{_‘L .
2 L oL 0"y
/s o
Several notations defined  for % , ’M } Nwill be
. H. .
* > B /%
translated to the series 8. An element o
R-13 L\m,x . ’S;*:,“;,
is of first or of second type  according to
"whether S;/\} is of first or of second  type.
Coordinates ( acwz ) and sets of functions - {@‘( S;;)}
& - 3 Y :
*i A : i
ﬁ%/( Sx;u& ) y %CV( iy ) ) are associated w;th Sa,.,uo-,
by the following formula,
¢ * - A d
Cox, )= Cm) (Fc spf = {§ Si&)})

|
—~
[ 4]
>
St
-

it

£ sy EUCHIEE D)
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. : ) »

1t is clear  that, for = the pair ( XA_‘/",:) , \S’JC( Syk ﬂ‘
(5 (s %

the condition ( J ) Jg}{a//ﬁ"b is true on Sg
2 C(I’N}‘i ) d,l(d" .

In the sequel, when the necessity occurs to  make

clear  the difference of the types of S:,;(/,Z ’ e

. ' % *3 53 *3 ’
write an element SR;)[; in ‘/& as  Sxu or S’«’:’.‘*’;, ac‘cortl,w%
to  whether s%,is of first or of secind type.

s

( A ) We shall make several ovservations  about
th i Q‘ M* Let &7 ve .an element in )gﬂ

e seriesfyl . ;;ﬂ,'"u e o

. . . T -l SJ;-/ £ 2 Us

Consider the inverse image L N ( Aashi ) 0 SLH;..ln ‘
Take an element S::;’;M of first type so that J'CH&

* 3 x4 7 3
(s W’:,){;' y = SA;:MJ-\ holds ( ©Note tbgt it may happen
that - there is n® S’E“;’ of first iy pe lying over S,\:uﬂ
Take a point ¥ on 87 and  take a point P:«";“a’
on N so that I, { Ey) = By, bolds . T
regard the coordinate Xé ( P{‘f‘, )  of I;:L’ as real

L) ; h o.
analytic function of P:J,;‘ . Because of the  condition
(1. y  x ( P:fn‘/) is a ( at 1least multivalued
’ ] i
. i #y

real analytic function on Sxﬁu;_, . Tet } E},l;’,,}w

-1



be 21l the points ia UWS% lying
Because of (L. ), - coordinated
if o % «’ . order coordinates
-l-d
%34
Take a continious are Y in
point is Py, .  Denote by
o %5
of a/ . Consider the analytic
along W”* . Note that the
implies that X, ( P )U ) ’ the
1 S '
9(( u%) along Y, is a real
that the condition 1. )
of x_( P ;ﬁ% ) ’s are unchanged
3 9
continuation along X*" Thus
x ( PA )’ are single

finctions eon

1(]%"‘;)_,5 as

L= 103
ﬁﬂ,u‘f_j .

ever

#"( By ,.% (w )

follows
'S ‘
- . - 4 X( P,}/$l'_)<-"

Fos]

SN whose initial
My
{
B the end point
ra ¥ o
X
continuation of xi(f;% 3
condition (1. )
analytiec continuation of
valued . Also note
shows that the. Qrder
by the analytic
we knoer that coordinates
valued real

analytic T

(%) For arguements of

2129

similar +types,

see Margrange C ];
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Therefore we knowy that
- r~ ‘ -1
( :’ ) For  each connected component S‘a:),(;_'
-~ . ,
T, . ¢ S ) is described by the following formul
vy a i, M-
4 N
* ~ s 3 o i v xi
C 47 0) 7554)54( ' S)p, X, ) = S;,;qu g&’,ug s jt.-f,; (s ')
N X! ' *‘; ) . . Ta
:.jz;u(gw:g&% , where A $  are real analytically biholo
*g=) I i
- morphic onto A-‘, I whil e S;g;(f s Qe of second. k.”oe, .
: 51 Mo ) Ly
I+ is clear  that any  elements S;_f,[ S:;, are connected

corpozents  of X'(g¥’ ) . O« the ptherhand, it 1s
’ H e

*5 * 23
also clear that . any connected  component " S,é,,‘;,of S

&

appears in the

.Y .
right side of ( g?*a ) e give an order for:
elements | s :s:ﬂc’ v of first type by
(9.1.15) S < S Sf 2.4f  and only
[’ ¥) a2 / / ’
32, Mé 2 G M,
. . 2 i) .
if , at one point P)H)%_) ¢ Sawn? coordinates
* 9 N red axs-! .
X Y( 1% ok, 3 B, € S are ordered in the
manner
) L)
X ] x P <. =
3( ’ﬁl}fa}) < <. < i( 7\.‘%14,%-) 4 .
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%31

Clearly the above order is independent of a point  E, s
Fix a stratum 537 W, » end consider the difference
.ﬂ;ﬁ( *H) - g . SXA’ where S‘;fu | éaxhaust
o )ﬂyl_' NK; WMy
all the elements S 0 '«  of first type /_
x3

Define a connected manifeold Sgwre Y

8-

: s*i,) = 8 | and for a
(91.14) 7@_,_{ ¢ s55i) N .
: :(- 3 i | . . X3
point 2:4)4,,6 gu_‘ the inverse v‘o(s“,ii)/\ f.',)ii'is gifen b
by
e | i

{2 = X B <% < w0 R)

For t= @@ or t = %, , the above inequality ( )

is . replaced by one inequality in an obvious way.

) -1 M
Also if Tl sh ) AT

" o) o

i

f then .S:;i”d‘ is

defined to be the inverse image '71',;;’s (‘S:i';‘,‘) . Now it is
! et ’

clear that S;‘o"';“e" s exhaust ‘all the connected ¢
components of Jr:‘.:,"3 ( | %ﬁl_) - V¥,“¢’ S;’}L, . An order c
is given: to the elements ?SX},,,&, 1 ( of second f:ype )
,80  that T ( S?,?.) = S;H)l holds, by
( 2.1.17 ) s;“(, < %?“'s':f and ollly if

;7-—/—-3/
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and g ( vHi( S;:;,?) ) , the comparison  relations
(24 M1 ) are valid with N these functions.
2 bPrepositiensd;t . 'imp].?a“ the follo?:ing facts,

( 2. 11% )' The collection _/X}’ is a pre - stratificalim

(9 1|8 ), Each closed set of 'Ui which i§

expreséed as 4 disjoint union  of SZ:;E-‘Q . S:;i,_!a, “ ié - ,8’;]
is (& — D ) — admissible data .

given a series of directed set of ¢ - thickings

W A e e TR -

{ Ti( 4" 7 ), J i e called & directed set of
cf". thickings of 'j%* , if the following
conditions  are | satisfied.
C 9119 ) 1r TG, ( Sy ) L == S e
holds, then Iﬁ’?( Tj,‘_r( S;:.f,% ) ) r:‘—- Tf{: ( S;,—;:‘,it,-‘

Ln the sedquel of this  section, when we speak

of a directed set T(@*)) we always  assume that,

for each directed set T (4>, the conditions (211) is vaid.

2-1-3 A—(Q. )
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in the aboves and in the sequel we. denoie  é=
thickings used in  this section by B(S)
rather than by N(S Bs . We formulate
our problems in terms ‘of e¢- thickings as follows

Preoposition 2,1, 3 . There exists a directed sys®en

T(®R ) ia sueh a wmanner  that the following

conditions are satisfied e

( 2.1 20 )! There exist: series of retract

maps T;M;B\T ( 3}1....,8;\;}%) —3 P ( S};@....., SJ%)L)‘V‘ for
i My , :

K ot

‘ s 5 , P : o 8
) any series b"‘e}is,'< N4 S"ix"a, s0 tngt %H‘g ’ER;‘__}%k
=T ~ T
= ) bcld, if 7(: ( S‘ ) =S ,.oovo,)t
2 . - A ; . .
)ﬁ);,‘“}b% i Aty Ao Has, “”(S'
;-
= A are true,
—_—— . T |
S -~
( 20 ) For each series S yeenceeeasS? there
CQ . j_ : Q ‘) | : ) /\IMI’ ’ lx)(*' v
. V . . . . 3 ; . 6‘ :}': 7
exists a  finite simple coverin ‘ of TC S .
. p=e & mﬁ,(s/\a,“;," S);II;I) n AN
- 5{#) so that the following are ‘valid,
—
2.1 90 P fai o N as as totic vehavior WeTot ok
(-2 130 o QCT(?,%(R& %%HJI ymp ‘ e

2- /.33
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(& 1.20) _For each BL(S, . ,‘S):chere exist & partition of
\ R i

.3

unity ,Zp_:\(gji)subordinate to ’D’Li\(S{;%,,_S;&ﬂi’) so that Z(i(s{&.,s)‘iuhas

quantitative properfies w,r.t. From ( S);u&) o
(2.1.90 )14_ "By a suitable choice of indices,
the following relations are valid for each S ;.. 2 S‘;
%, X Mo
/ - N N
1. Qc For ach A’ VAl gL (A’
i& ¢ ‘Q )14 § li,“-.“/\.*gxé Uln(S,\,.lﬂh'“»%\w,ﬁ)) jzfn'“; /\3'1‘5"‘/4(1)
holds, and vice cersa.,
( >,
J. 1 .30 :
3 B For each (ng! ) and each series S;“; ) Q\w
"the set 77(’, d( ‘,«-Si\is» the vegtrictian. of 0X
e st WlggEys ® o W T )
Tow we summalige the above proposz.tlons n
following
Lemna, 2.1. 1 ( = thickines and c” - forms
with  quantities ) FPer  a seriec %’E i proed
there exists a series of ¢® - thickines (\f(@*) so
that the following condition is true.
( 2.1 Q/ ) For each j , and a pair
/ .
V‘?g v* of closed sets ( = disjoint union of strata




N 109

in 8. ), the isomorphism

(Q.1.21) B (TR B S N A

| Ao (VETH N
It is clear that the propositions ° 2.4 3~ 21,

impiy the above lemma 2.1.1 : From -propQSitions 2.4,3 21

. £ . .
we showed - that /55(3=a,---ﬂ)is ( @ D ) pre — stratified

set gn the  otherhand, propositions 2. 1,

| X
show that  conditions (&.1.2)(alz)are satisfied by T(RD
Remark 1 . We  note that the. existence of a

simple | covering (zyés‘(ggg__%of T(S;‘MS)SE;L contains more
n ) i o W

inférmations than required in lemma 3.1 1 .  gctually
It ‘would be of interest to ask the existence of

a finite simple covering Vo f vo v with asymptotie
behaviors w.r.t. -V’* . Actually the authork
first intension was to show the existence ofﬂ{v’iﬁas
above directly. when the author began the ‘;_Jresent.-p

2-/-3¢%
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work in i97¢ without m%kmwledge of works

of R.Thom, Lojasiewicz {not H. vajnz/ )

It is found that to work with the notion of
stratifications is gquite basic.

Remark 2.. Tt would be of interest . to  persue
our methods here from  two  reasos : (i)
Frem a compytation of Betti groups of XK -
analytic varieties . (1ii) From a  point ‘ of
view of a possible generaligation of the notion
of residue. (  c.f. P.A. arittith ¢ )
J.heray \ ) )

2-/-34
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n.3, Remaining parts of this section will be
deveted 1o verifications of propbsitions and = lemmas
mentioned above, Qur arguements will ©be done in

- the Iollowing aiviees,

( ];L ) "We - show +the implication

( B ) | ‘W&, Vexiry propesitions 2, 1. 3 ,2.1.%

and J 1 F inductivaly en 3; » Arguement of this

pért will be divided into Sevemﬂsteps.v In each

step, our arguementy is of completely elementa:y nature,
Arguements will Dbe dene by dividing the type of
elements g*? iﬁ V&*; . Seme cares should be taken
‘Iurtner according to natures ef' elements E?%; ‘ ﬁb
will  argue ,in each step, the‘ typical case and

we indiqate hew to translate our arguement to other eass :

Because the dirference between the typical case and

the other cases is  guite small, - there is ne lack

am our way of discussing problems,
&=~ 1= 3?
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wecause ﬁne - . ste?smGD imvolve. considerable details
we  shall oﬁtlime each step taken im the second step;

In the first place (1 ), |we settle a set @f
neighbourbeod tc  each stratum S;;% . o Thie
is done by dividing the strata inte first ard
second type, and  this part is of essential . ( bdu
of cuite simple  and eleﬁ;rtary ) nature in the

remaining parte of  this sectinn; Once we fix  a sget
o neidhbourboods  to each  stratuw Sﬁi% y W invest#

‘-éggﬁe interse@%ioggglaticns ef nelsthowrticols for
Nt & . c . O T N
a serles#%ﬁf"& Sh&z. This part will pe divided Intoe Shree
cases : (i ) The case in  which  thc series
is composed of trata of first type only . ( i i}
Phe case where the sgeries is  composed of strata

of secon’ type only and finally (i1 i) the mixed

case where the series contains strata of  both tyWS
Ir the intersections takes a simple form which is
commodiatc  for cur  purpose, we say that the  associted




mezﬁumunlwﬂts are suitabie, we ask

in order that the assoclated neighbourhoods are

suitable . This wili be done by dividing the cases

into three ecases i y (1Y) » aﬁ& (i >,' y and 1s
‘glso  of quite elementary  navure, In B ()
tue  comdision {7 [ 7) 1s quickiy suoﬁn‘ for
iue nelgnbourncods whico are suivable, Finally
moo Y ) we  Snow ghe céndition - )f
our arguements ‘ it the lastu twé problemé ' will be

done  easily on basis of explict expressions eof

intersections of neighovournocods.

Finaiiy we nove inav, in the case OI 7§ = i
\rLd , . S i :
is a expresged as a disjoint fTinite union o1
pO1NLS ana one aimensional open segments . Tnerehre
to  veriry  ali 1ine desirea conaitions  in proosilimd§dis
@ll obvious gavver, aiiQ we ao 10T entexr into,

-39



o
114 2 )

.emark . Iin discussing our prodlems in (T )

( v ), we make the following remarks . These

" remarks . are chiefly of notational nature | . An
element 8, ¢ _§7 will e callled simply an element
berore we check conditions (4.1 |) ( (2.1, 1 §)
After examinibg the conditions (.1 ¢ )(_’ (211) . ) we ©
call sy stréum . ( ii ) To discuss the
inductive steps , it is found to be commodiate  to divide
considerations into the horigontal and vertical
directions . Especiallyv neighbourhoods’r; of first type
of first type will be  designated by : TE%I( S;))()
rather  tnan T ( SU ) . (iidi ) Thirdly @ we
should make clear uses of distances Whe'ther ‘ ‘bo
the analytlcal or the W}:?P‘o;ogica% frontier .

The above remarked points will  be taken care

in the arguements from now on

»

L~ )= 23—(2
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MN.3.5. From now on  our task  will be concentraved to
de  discussions , mentioned | in mn° 3 | ' ,(I)v‘FiJ:"is*»t
we start with fixing neighbourhoods to each
element ’S"i " . rhis | will be done, as was mensioned
previously, by dividing into two cases -: (1. ) _the
element §f,is of Zirst type, ( i1,) Toe element 5:;”;13
of second ‘by‘pe; The stratum of the Lirst type y
will De written as SA:’;«,’ while | v thé stratum . of
second type Will be written as Sai“ »n o The elemeﬁtan
in ./XH will be written as S«;”:M‘_' Jor a stratum ' S;:'ér
we mean by | JXZQSA;L“ { the set of all the  strata 3,2,[\;
of  Iirst kind lying over 83:,4,4 while by /&f J S;;’M“li
we mean @ the set of all +the elements ‘e"f seconl
type lting over Sé:"ﬂ . Some nota‘bigns introduced 1%
n will be used here without | essesential
_ . R n 3
changes : NTeighbourhoods N’s( 5;:‘}4& , Jron ( ){3 )
and 7, S:;%’ FI'OnM(S;;) ) ~denote the u‘nions; ul’és;"n

L]

a-1-¢v
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q d . . an i B
8, P, From L§}) ; and \% Z( 2, Fron (&) )
: <
; ) T .
respectively.  Wote that , in view of  the  existeme

of the set of functions ‘}* , Wwe know the ‘followrn&

egiivalence relation

§ T X N z ‘ s N ) '*&

' s I = S, Frron
’NS ( %}:3 r‘c.zm- (_S:(‘) ) 55 { T@" ﬁ;.,)(‘ ( Dy ) i,é
For a stratum . of . first wype, Tz -level set ‘II‘:(S::‘, :Ec,(s;j)

was defined in the fnl lowin%, way.

T p° Fron ( Syx) ) = ‘S Q. =l Qs )b‘;l"ﬁ;)
esh,x@) = xCE ) 0 fx Coet) - R
(T=~5-1- u

amlso, for Q& B B mon™(si) ), % & Fron"( )

= { & - L (@) = Z (R (=40, (G 77,4@614&54@5&,@;
- . o
On the otherhand T’ ( 8. Fron (S5.) ) 1is the
. O < MY X
i ) omi( s/ sy )) ( Pe sy)
union \/Q; T 3'( S Fron N c S5 ),
- : an _ 7 ; s
2°( Sy, From (s2) = Ué . Tn( o From ( sy)
Ea ) &é‘f-q-_i
. , ” ) @) ‘
It is easy to see “that { Tl I ;‘“‘Slegof\’ { Tb_;,;z( S%}ﬁ)
an ) N
, Fron (55 ) } . Noreover, for a series of
ks

5~1—¢]



couples (e ) , U;c,( P T) s fdefi:;éd oo by ()
and U-. (S“) is defined  to be the wumion UBééUw(P’)Lg
;/u') We shall make quite simple observations used  here.
m  2j,( er TL ), the projeciion Ty : %Q;;(’ or
7!, ) onto $% is defined by UI;%,(' Rn) =
‘?(}é where P" {8 the uniquely determined point
on A SO that T'édf,‘g | P;_"u/ ) )] R;’ hOl&SQ
T !
Lry r‘n be a stratum of ‘,&; . Then » Tfrom
),
(452_ ) g); we know  the  existence. of
s ' - *i in such a way that
positive numtbers ( a&«,’&,i a’h}‘w,% G
the following statement is valid.
et P be a int in s and 1ek
(Q.1.324) L L, Do LT ‘

Ad Tt s . *é “ - S :
PWL{. .. P g be pointd in v Sz;_‘uz ( S*{,u’;‘ e ¢ .( ¥
. . #3-/ . a
: Lying over - . Then the inequalities

/ ; s i %5 -1 ' ._,
(2 1.0a) a( By, B 2 "’i;d ( B, Erofity

' 4 U Al ik
holds for each pair ( E;u i ~X DR
Pronm the above statement , we knoe«u that | for
small  couples ( ox kg,( o~, y )_(4: 1.4 Jthe following

o =%z

117
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disjoint condition is  valid.
/ 3 p an %3 +;
(a1.492) p¥( Sy, Fron  (  Sar ) ) T (S,
'-5_.‘ A g ) Shoni AUy
. 4 Yoy
" *3 .
Fron ( Sx, ) ) = <}> , if s ¥ 4+ .
%3~ x5! *5‘/
Next take strata S -~ §,, of . take - 8
?\‘M, 1()/*
sufficiently large n amd consider a neighboat.
hood T ( s S of S;H - hen the
7 L3 H’\,,)i, / AR, ® ) T L .
condith_ )1 are\@lid in \(iew of ‘ye\
) 12 . -

T
esis fer 3=l Assume —that ][

induction op A 87\;)12/
— S’:;; is ( real analyticlly ) " biholomorphic .
2 AT .
Denote by S; ; a)the inverse  image of
e el wi! *i
S a O S3x) im Saug - The map My
. . 'i- . A g
restricted to S ,(A Uy )-Ce-',a 1()—; SA, W O T (S5 is
I - . xo . 3_‘ *i~!
bibolomorphic. Ygke a point SIS in T, ( S?nd,
P ;- . 2
n S 2 and let P o, be the point on Suf u
—_— x5/ ¥~ .
s0 that )L?vfil Qhuz) = Pu‘holds. Join  these
. . i
two  points @j;jh and P);‘:;‘ by an arc 'l L2 in
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il ¥ p ¥ SO ol ' he point
T’ ( S?l“' ) A ;ﬁn( Pw‘ Fron ( S)‘F() ) . 7T P
Q»*}}z}(z stands for the point on S:fu,, go that
: *i ¥é-! : . , A3~/
71;,3( Q)sz) = &y, is valid. The  arc b//z =
M Lifted " . ?*; v '
b'"l.{pmls ifte 0 the arc Y and the
54 . R *;
arc ' bas an wiquely determined - point P)«ﬂ‘
. (
as its boundary (% Q7 ) . It is clear that
L |
¥ . . 3 K X -
P;":M is in v and 754,;( P){M(,) = P MM, holds-. _
Let S:ju be  the uniquely determined elemend
(] B
*
oz 87" of first  kype which  contains  tbe
point p;‘;' . In a little while our arguement will
o/
be done for a fixed point &:u and  for an arc
!
e ’ , , ,
3/ P2 We shall use the follewing  terminology for
the relation between S;/L o0f  first  type and ,:{,
. 57 e
of  Rirgk  type.
(a. 1 a3) The element S;,sﬂ, Gonverges  to S‘;'u along
. - i) : v )
} ki ( X/ )
1,2 =4 "M M .
Wwe shall simply v express the above fact b)f

2 44
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the following rmannesx,

(8.1 a3y L, = S
Ta
We ghall continue simple = observations : It is
clear that: the following inclusion relation is
valid in view of (1. Y .
i an i
(g2 1 33) ,(A)()CUT ( , S;(:'ul,)Fron ( o’;:))
. » - )\’}{ AH‘ Ar"{
, where S;,‘:u‘/ exhaust all the elements in
1
—l J(S;”)Z(
We remark that the righthand of (0 1.24) 1is
disjoint union . Because S ;)‘:});eq}is connegted we
know  that the  set Sy s contained  in  a
neighbourhood .. S}‘,}i‘, Fron & ( S:i) ) for an
1;‘1-: VD 1 .
uniquely determined  element 8% . If is clear that
, Tor such an uniquely determined element S;;u.:
¢ 2
the converging relation (2.1 23) is  wvalid for any
point QW ¢ T o;'\‘)z and for an arc X:}_‘ joinug
€4 p ] & — ‘ :"/ x5 N 5
%o, and aHy = JE“;; ehy, . The  preparations
done hitherto will  be used in  the sequel .

RS ENE Ty



121

¢ T ) | After  the above preparations - , we = shall
£ix  neighbourboods  of  certain 'gﬁsfezs[ . S’k Y
of first  type. ' ghese . neighbaurhoods will
- . '
1 .
be - written as -"I',\,',(‘ S:,' D I and  we = counsider
. %F'\'K )& - L
: >3 Y ] e ’ A/d‘ S Cdn +h <
Tﬂ.oﬁ{,}, SYw parametrlzed by (n, 6 e e in the  coulse
ef our arguements to fix }\}, ( ).()’ . g. con&i‘bl'@n
(a1, )  will e shown.  In this par‘h_ (T )
we assume that n is chqs,en large . enougn 50
that The inciusien  relation
' %3 : an o X i—a’l
L, .« %5 Sy Fron C sp) ) D ‘l’k 8 )‘
wolds, where bjl = T, ( S;M/ ).
For suecn an integer o and fox a series oI
| couples ( 6‘—7& )y define a neignpournood I'E,v}ku, b:%) A/
3 4 *y an X6
2.1 T P = Vs T os g, rroa {8;H)
. ( . 35) -';LI%:',M %,A) Q;;, vk’;.hJ ( X, & A :))a
%3 2l 45 ‘ *: _an 'y
Qi SHCnC Sl ) gL S mer TS )0
rrom now on , we aiways assyme The following  condition
for neighbourncods TM’? ,é S:'fu’ ) .

2- |- ¢
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(2 1‘;15)’ Por ®macn  poinu Qi{w appearing  in (a.1.95)
3 %y T aes
the inclusion relaiion : Ue’;}ﬂ Qm,) c T;::E et ﬁ'ron(g:,/{{)
&
( & N [ 2 g )l ( @AZM/) < ( T, /u/)
i a  litvle  while we vonsider re1ghbourhoods ;&Sj ,
APITS . - o) Prom  the
(S ) parametrized by a2 pair ( n, 0. .
induction hypothesis‘ we have the following rel-
-ation
T sy STEE A N
( DX)A,/ Fron /\’ }' ’\/\ ( S/\d ?Yona-?slx)
J /«, ? nﬁxﬂ )j(
prhus, t0 show (91 ), it is endugh to show
the following
l g T ( S ‘opron T( 87) ) s = C#)
(91 ) i X , A X,
[
e 51 il . A~
] = f suitable air n, §7¢
R T A L ( » T/
. ’
(I ) e show the conditions (2.1 )(o‘r_ (a.1.) )
i .
First consider the case where the both elements
gXa sh f first kipe so that
b;w‘, and S are o] fp
; ati o ate & s FY b 3,
(i) S xS, and  ( f 1) 5, 8, bolc
Penote by Jj\}}zi Projections 73'&,)&( S;f”i Ve
Divide cases into :che1 ‘ following  three cases.

g
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(1), S o geced ) o' % (1)

i . % , - SR . o
Sii % Swy %S Sixy ) 7 Suw . Comsider  the first
. » 4 —=%7 *3
case . The inequality (& 1 Q2 )  shows that Sy 0 S i
= 4’ holds. Also , for Tz’( S';M_, R the iﬁequality(g_l_.za;
. n Sy 3 &=

By 4

shews that  the condition (J) ) 4is valid. = Next

consider the sexond case : From the condition
i" : ﬁ.{ . h 3 9 'Y )
Sius N S,\,u, <t* and from the induction bypothesis)
(21 ) Tholds for (O sY ) . Our consideratin
o .
of +the third case is divided into  further two
‘cases : ( idiid i";{ S;.',Lf % <{> and ( iii )2’
5 Qb o + i id THh
gw(\sﬂf = cfrv . First consider the case (i11‘)2 ) en

we  know that (a123), (a.1.a4) and (Qﬂ&a’L)/' mply

5

the condition (.. ) for T°( S’y ). on the
I

otherhand, in the —case of (iii )l (129 shows

that M, 55 holds. Also from (2.1 23%4) it follows

easily that the condition  (Q1 ) and (9.1 )  Thold

for T ¥ ( s% ) (I} Let wus consider the case where
n ok P \z : .
both  elements S:,“ Sf‘fﬂ ’ in  question = are of first
' T AL . .

21— 4%
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type. Then the above observation leads easily to (2t )

In this  connection, we remark the following : The

variety v? is expressed as a disjoint unionm
3 . "5 E )
Ve o= %uJSVN , Where Sy exhaust all the
elements of first type. From (k. )i, We know
that the conditions (a.t ) are valid for elements
Sypwtof  first  type, and so the conditioms . (2.1 )
are valid for Vi o= QW!S?W with sets of functions

¥ shy o, % §%) ana %( gy .

( z %‘ Here in , {( 1 )a, , we consider the
condition (2.1 ) for the case where one of elements gi(

is of <first  type and the other element Sﬁ}ﬁs of second

A
type. Remark that the relation zg;ZT Sﬁiy‘hﬂs never
happens.  What Vwe. show is the conditions (21 ) and
(a1 ), and arguements will be divided into three
cases.

1*]—'—4

o
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( I )y et  Syebe  am  element " of second  “type
vur problem here is to  associzte  meighbourboods of
certain  types ith BY, 5y 5% we  mesm

) ) Lypeu W .‘ X;Mf‘ 9 - ’ By ’ m‘”’ . HECRSA$H
. . . ' 194 (228
Lhe projection '.755_’ . ( S g ) and - by - ,VS;(# we mean
walls o‘f S;f . our arguements will  be done for the
) )M”' ) . . R
case where the element S'J, has two walls. Other
cases will  be discugsed by - modifying - arguements for
S;,”k, with  two walls . easily.  Before we  fix
neighbourhoods or S;fw Ly we remark the following: For
. 144 ; . . X
a point P,\,,,i,/ & S:*; , he comparisgson re‘iation
N % , 5 R 3]
a2, prof™( Sy, ) A 4 ( By From ( Si) ) holds
Ry TA4
where we let Sy Ye strata of _§ ' containing S ;\f
respectively. Te work with  the distanc‘e measured o

%3 i - N

¥ron { S,,\np@ / rather than the distance %o Fronn( b‘.;fh D).

in  arguements of +this part in ( I T )3 we shall fix

e 1550 /150 i .
couples ( o X ), (& 1’/;1) to elements S;,,:K of 41rst
kind in such a manner that thae conditions ( 4, 1 )
( 3, 1..15‘)‘ and (&.1 ,25), are true. Note  that

a-1-352
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- ‘1‘ N .
g *e = 3% ake an integer n
TG ( AR G ¢ sy ) bolds L g
oy 'y 3
' ey *3
so large  that T 2. 8¢, , From ( S5, )) )
. o1 § 0“:')‘5;?:“, WM BN
a=! 24~ g‘*id . g 5 - .
LS N ) holds. By 5,53( 56 Pay ) THE inverse imagé
H x4/ pgy 4 g 1A
of N $Yh ) oy M in Py ( S5, ®ron ( s%)
is meant. Because of +the %bihplomorphic  property of TG, ;
5 Teont
¥ # 15 Txi . , .
on Tc_,,‘;i( S, From (S ) it foliows <tnat
Apw! .
. &, ril ) ,
1ne map Ty, . Tﬂf S’t‘f‘x)ws:)‘j% #:( 8 am ) 18 biholomorpnic
. "d" a4~/
{  and surjective ), For - arny  point ELf( s, w
we mean by Q% tre wniquely determined )
)
) ty S tag Xil
iny ¥ tnat e =
points on ﬁ’( s 9:6 ) sa a T, .t @‘A,w ) Ak
nolds, Iet ¢« c‘l""&, ) be a couple of mositiye numbers
)
so  that ‘ne  inclusion  conditien (2 .1.35), is  true
s s _ +; .
between U c% ), ( @f;‘ "m ) and (& :fj[ ) also  we
: ”
assume that C’«?/u’ ) < ( ¢ "/,° ) is true . From TNoOwW
. ) A, M .
on we always assumne that the abhove two crnditions
are  valid with fixed 40 t4, 2
. ( gﬂ',u’ ) y ( Waq )A.I’ ) and
ol - 4
. R d\’ »: —~f
( o2, ) throughout this section. Far a point Q,
- 22N i
o N X3 . . 3
_ define th:m}, Q,A "~ ), which is an open sesment, as

5-1-5p
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,o , . .
L *é-l - v 5. ¥ /4
(2.1.26) Bl (@) = 1 e TR g
’ )"..' - ‘&c . " 3' ‘,/d, L
= Qﬂ,ﬂ' ’ X’%‘( Qﬁ?;" - Cam, e a &'A'm\" ’ 7[:7\,1/‘*,( Q'A:M" )> :
ol -
o Iws %9 g
P Xs_( Q\'A ) & P X ( @x" o ) - CK;“/O d ( Q—;\ u 9 jﬂ)\w %’}
: ' ~é %3 *i o . '
A Eel’ghbourhood Tn‘eﬁg, S X ) of Sﬁ,wls defined by
; Yy - ; h;q 5 ‘- *_
(2.1.29 e R T e
TS L o
Neighbourhcods cons’idered here are of tﬁé Y "["a‘bo’ve,_
b T &y fn  a livtl bil | ider
. ypes Y R I ir e witile we 001231_

v'( §* , as parametrizea oy pairs ( m, ( e ) ).
L ) -

Examine simple propertiies oL sucu neigunborunoods ft:\gg- S':hr) )

i

First we show the following relation

§2.1.26) ({?@‘5 St )}3,0: { S )}w,

where ( n, cif;) exhaust all the pair so that (3.1 35),

are valid, wnile | 6 N 3?"7}5 are chosen 'arbitrar:f.ly‘

ihe above eauivalence relation is shown by dividing

our arguements as follows : (i ) Outside of T':r ( S/),[
IRV P

- [ > s ) :

Fron ( S%,) ) and (ii) In T ° ( 5..» Fron (%‘)

7 it’(}‘ﬁ’-i'r;{ ¥ .

QA—\-53
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o i *i ) -
#irst  consider the case (i ) . ILet @fx;m be a point im

A . : - - o
T Sihe ) = U T SYks  From (s%%.) ). Then, fox amy

Vs
™ e o A, AW * M
element Sx,'., of first type gatisfying the condition :
* ! > )
(s, ) = 7T« &2 ) the relation
iy 2P AW - i,5 W '
%4 3 3
(2. 1.97) Q xus ¥ T, ( St’,ﬂ , ¥ron ( 5% ) )
rl\'/}l‘\:\f"r
MLV

/
holds in view of (2.1, aa).

Combining the above relation with the induction hypothesgis

we know the following dfack .

/ *5 & U s pron (¥ ) )'
( Q. 1 27 ) Q?\',)A' , ,J‘é&",c (.0 bR/JM/, P 7‘/;,.,(' ’
AL AW
; *3
where s';,:*h, 's  exhaust all the elements in _,é of

‘s . . ) PR
first kind : JIJ-’,Z( S#)B/) < s .

n -
Recall +that the analytical  frontier ¥ron ( S:{Mn) is

expressed as a disjoint union of elements

in tne  following way.

(o)) Front S}l) = T, ¢ o B )
V ]\ Uos¥e, )( . where S*¢ are =
Xl XK A0
elements of first iype setisfying the condicion
T e 5
Because the  frontier of S’,‘f;w (  both in topological

2-1-33
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and analytical ~ senses ) . are contained in  Fron(f{y)

o ' /. .
the relatioms (& .127), (&1.8) lead  to  the  following

comparison relation

Y ‘, s R g bais i
(2.1.27) a ( @;)w,}?ron‘ ( S;"’{/)i Yy~ d ¢ ;ju’)
I?-r,a LFronvf (. s’%)y Yy )
so  f Q% ' are in ®( $%,) but  are
S ar as %3“7 s : V‘,C:s,w "‘,:k,/ ' . ) a -

not in U‘P;é; &7 )
| o ’j% X, ‘

combining = the above - relation (‘Q.-i‘gy)’/ ’wi.b'tb, the

~ » f . anr,.. ,-.,"}"‘ . .
obvious  relation ¢ ( Q) L, (Fron ( 53) ) =d¢
T ( @:,5_) , Fron®'( 8Y7) ),  we ¥now - eéasily the follo-

3 ' 2 : .
-wing facts,

(9. [ 2¢ ), ror an arbitrary given ( m,

( cifj() ), choosing @})M, small  enough leads to
the inclusion relation
Pl sh o, mew(sHo ) — 1 (s
MY ' . 7 i
fron ( S*f»f ) ) ( T“,e‘j’;,( S:;-*" Frg"(ﬁ |
=T ( S*,?M,, Fron (St’,"(;( ) ‘) })
and conv:rsely N
{( 9.1 . as¢ )cg\, for an  arbitrary given - ( %’fu" ) ¥
choosing n sufficiently = large and choosing ( l:’;:‘;',t

2 -1- 5%
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so  that (2.t ) bolds, lead to the inclus- ioun
relation
. 1@ an *3 V b ,‘f*‘ \Si";
aw .0 Sy, Fron ( 3., ) - Vi, [ 8oy rrongd,
n Ct;{b\' A)),J/ X,lt‘ 0?,%:_2%:1 Zj‘/ A,lf.)
N ; a *; x _:;‘4& e \
C 17 (0 Sp, Fron { S,.,) ) - a4 (5, Frong.,y
o Aw X Ty gd A4 ‘o
Xt A S °
. Lo ¥ 5;
Wext we  shall make our arguements in ' Tg. ( sy , TFrom
Wt Nf 2
+
Py . i i T Y. we
gzz!).)fmte tnat , in view of , Q. 1:47 ) (4
can  assume that the 1ollciing relavion is  valid.
L ; an, ’ t5d LEAD
(Q‘ L 2? 2 . O‘\ Q:’pr 1 Fron \ tqkl,/;k_) ) ‘z:' d ( QR’A[ , D/\r//_‘/) 3
4 ’ ’ ¢
NI . , St b
so far as Q), is in 2, (S, From ( §u) ).
LYY R W
VYV
. ¢ . . .
Firsu £ix a paixr | M, { c,(;r) ). By the inductive
1
Zxs .
condition (Q.1. ), we can  cmnoose v};{\» n ) in
suvh a way that thne inclusion relation
1.‘&"/ %46.’ k ;.;" 1"'4‘4 3 4;4
S B S
Aplm)
is vaglia,
fi . .
after fixing ( O aw) so that tue  above inclusion
‘rclation is  valid, choose a series of couples (9,7 ),
R . : Al
associated  with _ the element Bt , small enough,
W
J
more precisely, from {2).at )& . , we know the
existence of maps 0[' : and o[;; or  e-&)
) P Al ’ OER"//J “ i \

2Q-1-5%
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types depending on f,;, only in  ‘such a manner tha
r o
the following statement is walid,
(9.1.29) Inegualities of the following fo‘rms
: *4 akt :
max ( O;Nl,,( y O ) < min 0[{{( W,) (c
o .x_ J . el :
max Q[ (6‘ 9 ) < B‘Il!)‘)[( & NER )
_— X
imply thc inclusion relation
AN amn 3 -
T si., Fron ( S7.) ) 17 sH )
% : A)l.“ : {\ 0{0 A;... : : )b/
5 (% 4
C gl B, Th .
( Remark ) Maps "fow ( i= 1,2,3 J. are, - for example,
e . ~»
given explieitly as follows,
‘ o K T
B T I 7 R 3 ¥e ¥ =
PG IC R UG IEAN LA
. o - g ';—I ) po~1
( o *7 T C 100 Lo my) =
G;/ﬂ’ ( 411;3 e (7_,;0,“*2 ' G-A/lkf,z A,/’M" ) Tt
(0" (’bm')T G [)I,‘Z”t-nm ).
A titq TH? - o , '
Here ( b*%ﬁ" A/,IA',2) are @¢penting Irom = the follo-
. - . Pt 2 Xy P’tf
-wing  situation :  For any point e € Sy o, o APy
134; tﬂ
~pr A B £kd o 1 X7 .
JERais)) 7 oot (B, rrom ( Siy) )
13 e P 2 . N - ¥ )
Uonversely we start with a  given ,\/k,) Choose ¢ 6*”; A
% . s
and L c Xh so  that the ineruaglitiecs
. ( S S / = £3 4
min \ G_A’)'[L')' ’ X’}A’Z ) > max : OQ;},J’ ( k’,«/. ) , ( Qx%z) ]
o
- max o .
min £ ").1' ( A,))l.l’ qu,é e ;3,(;} VAl o )
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ana the inclusion relation

'3.., . *6‘"‘ ; IS x! . an S"J'l
B S,)\')L ) V4 i;",“.s S5 » From Ak ) )
imply the following  inelusion relation
7 *d o & q¥?
q;‘,"%»f s\", w ) < ‘ Tu.»?’)( W 5 o )
ghus the eacuivalence relavion (& 1 9f() 1s assured.
‘ /7
( X)) once tne apove equivalense relation (g 1 96)
is suown, it is quite easy to veriry desirea
. . *; X
properties oY g . 8. . ) Here concerning
n Cd 7 .
!Ny
relations between n, 9(' c,‘;‘;) , ), tne_ inclesion relatin
; ‘ . ‘ . ) - 5
i et jokd 3 be
(a1 ) only is assumed. LeT ( Sa",w’ ’ Ny, }
a pair of elements s:‘)‘ or second }ipé and b;";&, of

first kipe. From the definition of BT.( SY¥,) itself,
"t

the following reiation

1 v Fi o X ?>
a3y 11@;(1 Sew) pn o So

foliows irmeadiately.

Next let 8* ( ¥ ) sy be two  elements of

Ao A
second kype., s in (L1 ), divide our considerations
i (1 B g - As
into three cases : (1 ) ]TH,;“ SA”,}/\’) = J[Ir',:( S‘,\;,M:,),

2—\ —5¢



St‘»‘ J

ii
i T, ¢

X)x’

and ¢ £ 1), tue’

induetion

(21.30),

ponsider the third

projections ]&_(
X

nypotiesis

S )
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Z\Z"L(S,,M; (>1ii)m:m( )#I(A,,
<:JE (a*’). In the  cases of i)
derinition = of Ei;éﬂ %o ) and  tue

~imply the  relation

H = i o

T‘c*xé Svl”) s*w, - ? L

K

case : Strata 'Sji, $5, denote  tae

and

T,

9-1- kg

_,,’3( s;\ h’ )

respeetively .

¥ron (8. },2 5,‘ §';‘;M N xm% f{> is valia if afngd“

only if
nilds,  Here Sif;’ | are those | elenents vljing" o?ér' 
S o war Sh > Sgl SWLo8L ) woles
( 44 tais  place we discuss§s  tue case  where. both
eiements S5, , s;}; vave  $wo wallsf other cases are

. giscussSeu similarly and we asnall omit‘ tedious arguementst)

From tne definitionv of Tk S;:;)  atd (2.1. ),>‘ §3; know
the followiag,

(2. 1.30)  1¢ SJed A %‘f b toen m:g s'x,“,,; A X',w f»\

4
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vn tne other band  if g gvj’;u" is unon- ewpiy, Then

L
LYP ,

from C&‘]_;?o )‘J’ we know that

. r 5 * A X4 . o

e Rt s F = Vg Tgt @y ) oolds,
N e

5 . X4 . b 31 g‘s’/
wuere points 7",’)1{'3 are in TU( S;‘)}L) o Py -

‘ . to E 7 .
¥rom  tue avove  expressiou , each Iluer"l’é;( Q.,‘f,‘q is

S———— kM’ A

ad  opewu segmeiit. T™hus Tue validivy or tue condiiions
91 ) are obvious, [low we summarize  tue  avove

arguements i (IJ}WI’heu We kuow easily vwuwat tue proposition

2.1, 1s  irue. also we know tonav  toe conaitions
. - - *i P mr é‘J
are vallia  1or ueldgoour 00ds T\ S and T )
node M n Xon
’ »
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. _ 3; 3 . ) ; X5
rfrTL )1 ) Let S'*."’f)‘.”»{ Si,;w e tiwo strata iu A7 of

second types . TFor neighbourhoods Tis a”m)‘ i= 1,‘2’ )‘

C)'M

we asg the iatersection relation @ T‘Q( S”M) i:& g:rz’{}.

~ Strata S?'} i=1,2 ) mean walls oi" S;‘u, ( ,1‘.-:;1, 2‘ j,
Here we will. be concerned  with tue case . where %‘_fwad;,

nave two walls . Qtuer cases are dealt in similar

ways, ana will be touched in  the last part of
1) I a .- Strata S*" ( i= 1,2 ) denote projectios
v - ,hu,'( i . ‘\
of 1»«/( i= 1, 2 ) while S‘;‘,," y denotes the stratum 1§gfing

l.) .

o it L by x5 e Tld e T
over & so that S 2 « %ﬂe S5 ) holds, If w,(é}).

”\11 et

/] > L} : AR
N ( " ({) , thea the relatlonﬁ % 7% (S”'" "" 7
J "z’ .
holds. Because we can assume tue relatioa: d( Q¥ ’:‘;2
d ( Qﬁ', P:';I) , we know from (0.1, ) thg Qxis~ten§:e :

of maps ?)7“’ of ( e-L ) - iype depending. on §’;¢, s:‘}l,’
Ay '

only, with which = the following are valid.

(2.1 33) Iz couples ( cf\f&_ y (i=1,2) satisty

Tue  couaition . ( **’ 2 <m C e ). then tne

)]’1 o
AR 4
Tollowiug 1NTersecuLloi reiatviou uolus,
. : ~ '
(3 1.33), qu ) T‘( Syl )= 2. @Y
. * 2 " 'f : - ’ 12
| w ) N ) 'u{ e Ugy; e ‘),

2~ 1~ ¢y
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. X . s : -1 A4
wuere  points Q‘.l's are in TY( S;‘f,y. S;:un‘ .
We say , ia a similar way %o {(2.13l; , that 'E"q( S:f,)tbl,ﬂ
¢ A

(i=L,a) are suitable if the intersectiou of them

=

is egpressed in the form of (2.133). . 'The conditions (93{’;}“_

give.:- a ‘sufficient , condition iua oraer that i’",cf‘;;}u; are
suitable.

{ Remark ) Toe above  arguements were aoune  Ior tue
'cgse wuere both svrava have +two walls anu vyalls

of 3’;’112 converge  to walls of S/Q,‘fﬂ. In other cases
situations are gs w0llows : (1 ) If- no walls of ‘{;
u.oune'rge 10 watls ot S;,jl? , We ao 10t require otnex
voaditions thau (&.1. 3% )"z e in  tuis case vue liversecuio

of neighbourboods of S{,‘,‘;L,, (1=1,2) are given by (1.1.33),\,

ATA

(i1 ) 1T one wall of s':;;;,only converges to a

wall of 8}/, ( without loss of generality , we assume

&5 Eag i s - ‘ i for g &
SW;,-—a bhi')‘," ( Sw'-: -— b".ﬂ.!)‘ ) we ?equlre (2. 133 )1 " g
besides (& { ). Then +the intersection of neighbourhoods -

are givem by (.1.32). Im Dboth cases of ( i ), ( 1ii)

if the aintersection of Tl Syy) is given by @4, )
;u);. >
we say that such mneighbourhoods are suitable,

o4
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(I I1I /)"3 Th;rdly we = consider the - fzase 1n whieh- ‘one - of
the strata  is ot firs\t :l:g.pe [While” . the ' other:. ds-
of second dype : Take a ‘series S“y4 3223. k?beier are  tw
possibilities T%*.?( S*'; ) \= TT%_";( S ) %Wﬂhw@ we conside

A
)4,,L$\M)
the first case only . The second -case is discussed in an

analogous way.e In the Zfirst case, fo,r_ S%, l M‘.
‘ S:.ff ‘Iz—',;( S‘;;‘q)' and  walls St;f,d, . the following
relation
v tay X¢ 4:;,?
(2.13%8) By 2 Say > SN

. . N %P gt

is valid, where b“{ — S;\z",( 85, -.9 5% X, .
We assume that S“‘ = S*a bholds . Other cases _ are
Hensioned after discussions of +this case, Asv in

| . ‘ 217, H P h .
(II1I )l,z , take a point Q,in T °( Sy Sou, ). Then

. iol . B *§ *4 ) . )
points w ( i= 1,2 ) PR{M{ . At are defined in the
same way as in ( 111),, . also G{:”( A W) is
aefined as in  (II11), while Q,z( A/H) s in

- ) v“ . . \'-‘
T ( SMy ) so that the relation I, ¢ Gy )y = @°

0”.\;.;5- 1,2

is wvalia, The inegquality

(Q2.1.33), @  @onn Qu,) < g (& Bl
holds,
w- b
-l-ty
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in & completely similar manner to  arguements in ( 1 1)

we  Brow  the following:

+A0

U .. % =i St N ok AL
(2.1 35) Inequalities F Co S <‘§;& G 57 S,
. ) . . . al, R =y : Ry
nd inclusion relation 3* ron (3
a the T ( S CJ%CT::)E e (5.
imply the following inclusion relation,
a1 as) n)g st Qs ) = U, B0 @)
: 'l 4 = :tJ. 2/
: . b M '}7.11 ﬂ- e—gj A )lf, @:“ ’\a;lx
i 1 a“ A 3=/ B
where Qf""'i ) are in T ( Sy PITRRD I
In an accordance witn (a1 ), (&1. ) if the above inter-
- section relation 2.1 ) is true , then neiehbourhoods
! : ¢
o osre ) v ( S,.m  are suitable,
: ‘n,trim: Ay ’ ne, PR
( Hemark ) The above arguements are domne for the
case where two walls o"';‘; converge to S, .
a A ALK
In other cases |, gituations are as flllows : If
sal ¥ - Q1 of 38 converbes to S
one wall, orv‘ example S T Nl
then we Treplace ‘the inequalitiesin( & {.3r ) by one
inequality omly . 1f no walls of s;%q, converge to &
. 2 [}
then the intersection relations (4. 1_23‘)‘, (9,1,35)2 are
sufficicent. in  both cases tme intersertion relations

are expressed in the following  manner,

2-1- (%
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: ¥ ~% *§ _ U ( Q_*J“l )
T ( Sye ) P Su.) = % 12 )
( 2. 1 35 )i &"x’?‘%' L) n “’qjl' %,K' g;l.u- /\K’(‘.‘M
e i~ i
whetee Qs are in ( 87, sh,)  while the
l, }
Tiber P2 ( Q:‘;' ) is expressed in tne following Wway
é;?,\..c' , -
: /A ¥ _ . 3 - ¢ba (gin
(Q.ig;\v)l ng(. «, ) = { O A ) ,FM' (Qu
»\i"‘«"qfu{ ) )
] K 8 - *3 o F;
Fron S;;)( ) ) é ; ’ xi § X('J( Q. ) d ( le’ )
¥ -
in the above ) . @j" are po:.nts onT ( SW() or
J:L ’,1 o-k)l, .
— ¥& At oo hnhls}i
' = = 1,2
1"5 S;?L, ) so that I«,; ( Qpy) = @,(1i=1.2)
Ml .
If no walls of S;;M converges to ba'u/ . then  the
intersection is of <tne following form is suitable*iv :
- ¥ y , =U T( &y, )
T w AW ? _( l) {
Q1.3 ), Jﬂ( SA.,J{ ) N e u( 0’1’1“‘“ M
It ')‘[, ( er_f ) = (0 S ) is  true, then the
foilowing:
, 55
(9.1 35 ) & T s
T Coa (B < S T
XL)‘ S’S“Z' ’ CXﬁA’{z' 8 Xi” Sa‘u_z Tr(s.”;) T‘S:Z)»
is gufficient in order that the intersection T* { AM()
" ),1’/ /
’ £ '
N T“;%( Syw ) it expressed as in (9 1 35 g;;{
If +the intersection ks expressed  as in (9 | 8% )l’
N 3 3
then we  say that ?‘?vg Syw) and TNW‘S} A,,)
)A"
are  suitable. Henceforth,  we wrate the fiber ’}’faﬁg‘;)ef
rl')‘ S £i : ) : . : \
"‘%(, SI a,,u A ;,(M,Sx;',u;) gﬂt&fm*é?if P ¢ ) are suitable .,
» ) rt! .
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13 & Now we  compine the above results in the

following manner, Assume  that neighbourhoods {‘ljta;( Sk )Ii
~ ! 2 Nyuf '
LA kT ] . . . ‘¥j ’
and { Tn:’;‘zk S )}x o are associated  with strata S, ,
fd M )
- i dy 7 of ¥y e start
or iirst type  and 57 of second tﬂ;&
with a situation in whicn conditions (2.1 %)  and
Q. 1‘3.‘?)2_ for ( '6*;,;1 ¥, (ct:.;» ) are valid. ror meignboud -
g ’ ¥, v we eneralize
hOOd {xr’l;’\'é' Sa)i ) }}:Mf T’l c‘( A’yk’ ) ]I X, M" J g i
the notion of the suitablity  introduced in ( I '1;)”73 s
» x N
pivide our consideration into the following three
cases according to  the nature of series SMJ 2 g%
’se“bt
(21 35)’ strata in  series  are composed of strata
of 1irst #ype only * o Shydees e -2 8 o
In uhis case, let us coasider gituavions in
which tue intersection o1 neighbourhoods of gstrata
are  exXpressed in vwone following way.
-/ < N3 L2 9
2.1.8) T Sy mcs) —_ A N G M
3 m,’o,;:;h N i g2t k, 'y %& ANy 7
M ~Aelly
where Ql exhaust all <tone points in the sgset
i e .

n '10 3+ 3,
O Sy, OO0 s, g ).

Pk DSLI-(
2-1- fo
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(Q.1.36) strata  in series are  composed oI strata

%  :5~ e A R o
‘Sm< eee X Sﬁu", : In this cgge.

'

ofv second ty[:e only

tne situation  considered here is the case in

which Ttnne intersection is expressed in the following way

/ ¥ x3 . xil
(’&_1.36 )2 {:&! "»);u:, )f\ R l\‘,&;‘ &)—Q.—; :( Q"."-ﬁ"a&)-’

d-". 1 ’ =
o 4 c 3 &
wuere %JI.-"\:”:S are points in 1 W Sm, «seuy

L5 .x,\-l

S”r) ,

: - . 3 * o . n T
1 36)\9 kl;xed cases S;,w ,,‘,1 2 b)(,,w«'--z b&m . In - this

case, gsituations are as follows : The iatersection

2 ( sY oo } (g7 i & ?T
§‘f«.'§f», WO W 0 % "",0§u, wh g W T

expressed in the following fashion. -

CQ_i,_S,é) If  wwo walls Si,t.f“,r of S;{fu‘,, converge to s“-*,,' ‘ ‘tw

wen {0 B, T“Qs&,‘ﬂd(s;‘w)(\ R EARE UQ'

nuj

+ 3l *- ﬁ
( Qh‘ﬂlo )\;H!E‘ T ( g‘u‘,' eoceg i )
{ 9.1.34 %Ez 1T one wall S i Only converges to ::‘;,11, then
7 gY) S %{i]’ } wo =
\""’;\?u( Wh--- &) ‘

f— U* T;_:u n( q:;:_“) ( ""' éT(%,....,sﬁ;&

A,k,c‘\ )'\ . ‘b; *y !, 2

(g 136) If no wall ot S‘;}u" converge  to N ‘ then
. . bd N -

?

the intersection

2 3% " =\ e, P U et
N,('“( xu.)(\ _.,_..(\T:.’%H A;u-) Y ;Tgt( ‘ W ¢ %uﬂﬁ(&ﬁm’&g
< 5"¥ ': \-‘;'ng :




~sure we See this fact quickly

the :Eoliowjng obvious facts = ToT.geries .

¥ . s
Sy - - < S,;", conposed or  rirst &ipe  only

or series S;”BM{’4 . 2 S¥ ! composed of second i;s“:&
| &/ %;
only |, the in.ersection relations NV (os?) ==
)y;' nCl A)“,
, S
oy - 3 N x; } 4/ 3 £ ,
v Xg 7 - - . . = “,
ni?nwi Sy )f\ 'f *S S, ) and AA*;Tn C(’ S ) {\&1 Y & X’,MZ)
'Kl)‘ﬂ "a{l* Nyl
4 N "~ are valid, Then ibe exist-
N "tﬁg X l-&.') l, : h

. - I
~-ence of series OC ¢4 s ), /h’( ‘JX’ couples | @’g 7,1!0‘: }
‘witn  which the following statement is valid,

folious from (gjjg)») (2.133) immeadiateiy.

(RS A~y T
(Q | 8% ), rer assignments 7§§*” ’ g/" oI type»& 77( %satls—

s - . . 5He ’
~fying conditions o-' <o ’5 , C,';’ > c”'é - , there exmk
T
. ’ 1 At ’d N”" . .
an  1nteger = o (¥, &7 & , ) so tnat intersection
m T R e e s . (R i
or neighboourhoods 01 geries, composed ot strata 0T
Te—— e ) o
TiTEL o\ or of second) i\;’p@, only , are suitable,
| Y o ‘
Assume  that assignments 'J\) [of type Iyoﬁ_fﬂ{"llare given
so  unat voe  conaitions & 45 <> ¢ nold.,  Fix an
integer it in such a manner Toat wne above i
vonuition {9 1.8 )/ is  true. Next tor  the assiem-
‘ S I o ” s
S-wents. , 4 ¢ , choose n sufficiently large
, :



fet l’{u and JL"; be integers : ﬂg = max Mm%ﬂ li“"‘“" !

Seems e

/‘& ’ ) /\' e S

, i 7 \
Given series oe, = \! L . M} and M =1‘ﬁ'z’1 -, W{,:, Q
maps of ( e~ i‘) - types | 5 v assp?nments fff«%

) ‘ [V
~ -~
. 3 s y)
st - oy  ana I SR &/ U M', > ‘t/ are sald

o 2 ‘ ’ T :
to be of type OC and regspectively if the foll

-ing conditions are valid.
! Ny /0‘_ ‘/\/ 'b FANPRS ; Aol
€Q.1.397) o;">£,( R R ot | D
- 73 . ‘ = ,, :
(Q.1.87) . C " IAN(SG, - ol %% ) -
. L= " . A /\//9
For a given assighnments (-’ 7 , define Ux,¢ (ﬁf\ y
S | Nogr 5 N5 ;oL ' ) L.
C""( Sfj’;(/) by 6;5; %):g;’&) and &ff{s&w)_ 2:: )Now we show  quickly
the existemce of series Oﬁ/d (J&/‘; ) = J OC?, —_— oﬁ’a: }
/; ,‘ rJ ’ } : - N : - 4
and N ( VX 7y = ’YYL,)’“l Mte;_, } depending | “on .’X

only and  also the existenee of " eou
Ny 3 , ' iy - '
( T o )(C, ) so wnat the following statements

are irue,

/¥ ~ hg
(e 1.3%) For any assignments (5' and Q ot h’}“"(
“m“(;&") so that %’f{&'{’;, c"'f, > c"'; hold, <there exigts an
integer n o= o (B 5%, iy with - which
neighbourhoods %'17,\,0.;»“ 21)')“ .“ind‘ _ {T’n)c;). ﬁz(x:h,, are | suiiable,

+he  above statement follows easily from (I I 1I) @
2~l~ﬂ
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so that the condition for

any pair Si;;i; < vsifw '( Remark ﬁhat {21035 )

shows | that the mentioned faet  is j§ossib1e for

S ?’5)&’ ) S;};M” by choosing n’ large enough )

it ;ls clear that . for such data .

ihe assertion (2. . 3§ )  is assured .,

The above argue‘ments finish this vpart of arguenent
to  associate neibourhoods  to S .

( 1L Assume that neighbourhoods

‘B:/;:% ( Si'M ) Tﬂi,é‘ S;f w ) are fixed )

that these neighbourhoods ai‘e -spitable .
( Recall  that the assertion ( Q 1 3§) assures  th
we can ahoose suitable neighbourhoods arbitrarily

small , )

21— (ff

(2. 1.35 )% gge trhe
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. ¥
series §3Mr4 23 (o,, L5, , the
' Kar M thg,
L t ;.
intersection of mneighbourhoods Nt . ( ) p’ ( SH
8= ", . 004( ,'M
ﬁ,kp
) I'e ¥3 X
is wrivten as {:‘&‘;g‘ S cwveverey S, )f
Tne intersection of "I’ ( s¥ S5 PR - S wkh Vs
*C‘* A "‘1-.“!1
written as £ 7 PN - oL we show the
n, &;‘c";( {n ’ MWZT
Y =) i J 1Y 4 ,' . : 0 5
existence ox maps ‘Y;W . (A eaeannen. "'&,“h) 'ﬂ:r%i
r a3 P s —
q T‘h'olié s)(‘q ecsecey 'i,)l; )'v-g" S0 tt‘!at I‘:O"\ ‘z’\‘t"‘ =
. is valid. Arguemenis are divided into two c
3
cases : ( ™ )1 vhe case where series
A1 ¥ . . f
Sy < < f’?\éﬂ,’ is composed o gtrata of
firsy dype only. First derine a retraction
T/ 5 tnsfyoid Tt (e, ) —> s ‘
map X:_-",,ll;_ [ ARV A ,'!;,0;): /)“/)~ T ( X‘-oo.--, &) So iw
- . N ) Crat
%5
273:4,; T’}\,’"M’;:; \ u’ -, nolds. After  that define a
' T 3
reitracvion ma i S I L I:‘E:( A N/ ) ( S*H Spv’-
p cg/l___#(n‘c’f"n"%"). Y L A,",’ cscsey u
7 T Hé e
followiug equaiion

3
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) - 7 . ¥ v .
Jeriae a  map "C ’ (n, or:u{ A vy 7, (n Yo
/_>‘_ )4; 1 s V7 ?"Hh__u*’
a4 ( e I Z',/(S/ SR ) Then the commutativik
=== ?‘/ “ o, WK A, ) ')’L’ Q'}mﬂ, ,\:}" . ] 7/
{ A.-M*/
s el
¥ % X v 6
(n, o%s) = T (n ).,
IH)} ° r[;,'—--i‘t’ C A M b
hclda.
Hyom the relation (& 1. ), the 9map (z;\z--a,( n, me)
- [ 74 PN
is a retraction of T Sy yeneessind ontd
b n,o',b( u{'}(, ! .M}(; )
el ‘q i ; = e
ELMT(L Sl‘;”‘,-r, eevees S’l)l,[) n Sau/ Thus s im this case,
our s soriion (a1, iz shown .,
{ m ) Next we consider our asser?b:o'n_
2
. . : . ‘ ‘ i . - <
in  which all the strata ,SA'%\" L i b e el ;;/Zk”
~in  series are - 0of second iffpe. We consider the
. *  has WO wall
cagse where the stratm- g;{/}(u ) LS,
]
¢ the: cason are treatable in a gimilar way.
p i P %;” I ~% 3
Denote by S the projection ]C;__,) 5 ( =z o )
N P . . e K=t -
Civaously the relation *’?A* : < 5, Trelds,
: AL
PR > o e > t KXot
Foo a point U, & T, ( SRR b.'\mm_) , x,}( e,
3 5 P P B = o *i s
denotes X} - cceirjclientcs [ L ENTD Q, 1--£ cn s)t,’}i,'
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t, - “
so  that 0, ( Qe ) = Q! holds.  Coordinates
£/ < . . . .
x ( Q*‘J,’t ) s bolemorphic  in the  varsagble
¥ 1-- ’ ’ -
*i-) o - . : 7 %
R, - Define a  map T.”—-- ;(l zny,crf,”)_ I‘>‘< ?45» g&,,"“,.._)%w'
X5 *3-7 : . l : .
— fgﬂh( S}‘, cens .,S‘MN) by  the following ~reocuirements
G AR M |
. 54 X Fi-1
(Q.1.33) ©Por a point BRI+ € TL Sppe.en® )
} ) ; s *3 .
(a.139), rY, . = CAaeby) (€, rilg) is
defined by the following conditions.
9 T * v
13 R*¢ =
(v 3 )1‘ , “'{)3' ( "4’: f ) _l-'ﬁ, P »
*} F 4 { - o L_‘ P
C L) - - . A6 2\ = 7N
(2137 )HZ fk“a( wte x"?r( "“‘X’) } ' gr(q*,v) 2;@'%?%
- o o *4 A\ — ~ 'A’:’ i Y] ,1.
— \S‘} Tt S ",;»( QLY
/ g )
o BRLg) - xC o8y Yo,
ré _ X oy
where W = T,:\[_“uf e, 7&3—!,2( CRL) ) .
Lb ©is  clear +that the commutativity  condition (&.¢{ )
for Toar » is valid, Also from @1 3,
A - M : ’
the  reitractien ondivicn (2.1 Y is  valid.
( T2 ) myirdly congider the series of . the
3 f.‘x'; ; &4 ché- . Q*é
xpixed type 3 >"u.’< - el Sx{;,\f:”’\”ﬂ.” < Sy ¢
Divide this case into furtber following

8-l~’75\



"y wh, Hy A .
define a ma T o= e k v . i = Pt
p T T’ poneenes A ) T’ 4
] ‘c-'e 27,
X3 X3 s, i * . .
(e, ) — B S, by  the following
'l'c l‘tu"kl _".‘JV; L] k&_b . . 3

re q‘uirfémen‘cs

- s
{ 9 y L4 ’
A Q_ 1.39 I:l.l :EJ"’,; . ’tﬁp" c:.: Tn. . -j[-;_;)&
(&. 139 ; The coordinates 2L n¥ )
. 2.2 i 5 Y L()

3
and R

: R , ; - ’ P 5’ ;i F )
Wﬂf In‘,: Q( e b \/.\14(;& / . ;\’._1‘;* ) {;\/)‘1_ .- At:fhﬁ‘iz

is defined by

- S ¢ p . t3 F
-X. | = A ) -z LR ‘§~ §K~ i -
*} \ P ; ? 3’ \ / 5 N 0-(2 (3 )
»
Tomn ‘:5' 1 n ] . . ! rs
wre R is defined by the conZitions O T, (R™)
"‘l’
. : oo . . T .
= L, =B (=i are in  the
s7h g
( 2 Ly - 2 - Y P
bound.a,’rg: of the fiber’ o nd and A T B
n, o e”
+j -6 . .
x( R?Y" ) > x_( R ) “hotd, Explicit expression3d
i r .
- =*7 . . . .
of R- arc casily siven accordine  To  the
Caiis divided in  ( ). Then it is clear
that for the 1 e - 0 Z,F(o A9 ) o -.-4_{»4!
, fo ne value =0 » & L0, Tﬂ) 4 = (T, W)
- n e '

n(ﬂnm(sﬂ;‘zr‘? S:;'u,{) . -1-§ 18
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Because of the relation (Q 124 23 ) the  conditien
( ' ) is ‘assured . In the - s:eeend' case ’ébe-; '
situation is completely similar :  Namely  let

3

H Ay . . A TR o ";l R - ‘
T.( é;‘".-gzﬂ)be the retract,lop map Z(Si;,:saﬂ . C s ks S?x“t)_\D,

o (5, 8. mem,  from (20 ) the map s
liftable to a map "‘Ci(é'f.'.éé)satisfying ( ) .
M Aty _
(ubsérve that the fiber is an open segmeﬁt ) -
Therefore  the condition ( g 1. ) is assured .
Lihe above assertion leads to the ~ condition 9.1 .

{ | ™ ) Finally we ( show the exis'éence of

simple coverings mj( ‘:fuv_,,s;)and se.tvs of é— functions L(;.*ut
subo’rdinate to ‘DZ;@:‘;'%Q. We start with suitable
neighbourhoodé ‘:]_7: F,%‘, C:;;“/ t's as well as ?iin(: S;;N) ]
Takg a series S}f“,{»gsv v ses 4 Sﬁinr . The series S;::‘-< - Y

zs)i;:t~ means the series of frojeetions of S\i"--- Swrl

Recall  that | T :,S S,“"u" SRR S&k) is @ fibver spac;e

with  base "128,:( S eernnns Sfjuk) | and fiber an wcz‘pen
"segment { c.f. explieit expressions (2.1.3), ( MS{ )e_ '(32'-;"\3‘2

2-]- 74
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For each element : :;ﬁ )&D—({s% S S;:::, ) s define an

; : - J
open  set Aﬂ e by A (AM X)QG')AE"A(S’" 7\"‘1)

A o i omAA

")‘“”ﬂr Hr
t . . .
1 is clear that 'R zA ki:s a simple covering of LT(LS“‘ ;:
Foe each A’ define a c¢= function 1( Ads by 7o (1( )
s,

Then from the induction hypothesis s  We know

that the function u@\_)’ -~ nas an asymptotic behavior

. ~1
WoTr.t. _SL’ C (Fen (S P ) from (2.4 ) and
g
from that the function I’ is considered  in 'T g
n))‘-)‘p’ o }11)
’ 7
' Sl . #5
the  function Uh'khas asympfotic behavier w.x.t. Fxmﬁs&&]
-Thus ~ the remained - problem- is  to ‘verify the
condition (g 1 ) . This = will be done by
dividing  the cases ! A common method in  every
cases ‘.is to integrate a given form in the directiomn
of the fiber at first = and reduce the problem
to the cese of j- 1 . CR In  the case
in which the strata in series are composed of
£

irst type only . In this tase, for a given
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The case in which the series contains at  least %

two strata of second kind . (i l ) In  the
case in which the strata of second kind appear.
in the series . In the case of ( v )2 | the form SD&

/€ § ¢ o
and Y .- ‘f,,(’ﬂ have asymptotic  behavier ~w.r.t. ,,,, ()}m(S )
IR, » .

Thus the problem is  reduced to the case G-1),
In the second case we divide_ our consideration in
L X X X \ . .
) L Skt By S:ux_ . . Jy
& I ¥ |
e ,D‘ . C Si;,"k,, ) and outside of ¥ ( S w . PFor =
0’\%]1 d‘ﬂt;){" ’ ‘ ,ugb' . : .

point Qs ™ ( S{i; ) “khe  form '\CPE has asrymptotic

wa, e

: -1 ' o
behavier w.r.t. 7[54‘;(‘ Feon ( Si—i(g):;:ﬂi(sf:ﬁon the otherhand , in
t wdo T ; SR

T ( s i*‘;ﬂ ) the matter is as follows : Recall ‘c»
T A e ,
. - t%3
that for a point @:‘; & _7:(’\(‘; szm") , @ ( QX’ Fron(g )
= 4 ( Q;f‘, S;\";N ) holds . Moreover for a. ;pointf
@fﬁ ,in T (S ) T ( S ), there exists )
LN e
i ints " e that the relak
a uniaque points Uy Q! so a e -relafons
( Qiq’D) i " - (@;KID_ d—/o(@ )—' I#o(Q

( 2140y, By € JMJgSw) - )qﬁ(%jﬁ}
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hold .

. | | * %
Note that the - comparison relation : a (8w -, S,\;w) ~

* 35 ) ) at e A QY

a ( Qllﬁ‘(’, D is  valid . P i = 4 Xj}(’)
- x ( Q_t;‘;() ¢ ' After these preparatory considera kiens

? 7
consider the  integration Lﬁ"j’? . In this case we integm

q
the Torm explicitly as follows .
1 ?
SERREIPR A 1,3’3@;3) EEEACERE AR SEACVRRE ALY
¥ K )
) -1

then it is clear that the form \fi;} has asyrptotic

N -/ J - i *d .
behavior WoTobef (Fon ( S;*”I)) outside _‘;,(S)u> On the

Ny
other Thand , in the set T;:"w (S*’Igﬁﬂ' , the
N o

integration "\Pq& Bas asymptotic  behavior W.T.t. gi":

( Here we s{;e»& abot khe Case whexe S,z;, fac Rwoo walle . Othex cases  ave drepdable n the Sone ran

in the whole  the Sorm \f‘;’ and the  TifTerenco ¢l ¢f gqp%
b seypto fo hehewior wer.t, Em(S:cf»' ) . By e st reasem
wioooin ) , the ©probiem is reduced to (i~1)_

{ ) Now | the arguements n ¢ b o~ . )
leads to  the desired  fact : Inaced the condivigms
(a 1.34) for  the suitablity shows <that we can

choose a directed set (T(ZQ*) of @* s0
2—-1- ??



Wm with Mét 133

59 & n.t. position  here is to give

precise meanings of propetties ef retraction

maps which we eall simgiy ' . fiﬁgh,ﬁ,itatimv T
prepe;vties ef x‘e’tr‘avction’ : m’faps.; Tet (U ,v,P
be‘ a triple cemposed afv a h&igiibqt;rboa&, v,

a va%:iety, Y’r‘ in U and  an lorigin’ P of v,
In this and later arguements,  when we speak of
a tQtracti’on | | map “(; of w=w pair  ( U, V. )
to a point P we are always concerned
with not only vwith - the couple ( ﬁ, LA

but = also witn the | -coupﬂ.vefn;vlendeie&. with

ot ,
a_{m-stratificauon ,6 of ¥ ( and s0 a naturgl = stratif;

catige of U  induced frem j&: ) @Qur problem
will be formulated ‘in ' terms oI a - given ,mtratii‘ifeat.ie»k‘
of “&2 rather than tne couple v(" v, v j itselfs
i}et I =00,1] be an interval in [R. Variables in I
will be denoted by € . A‘ eentinioﬁs .map ~ :
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T r»(U v) —_— (0 v is said to be a

%
retracsion of ,é, if +tne <following conditions

are satisfied,

(2.2.1) Tco , v )= 2, TCL &)

= QL , For any Q & U .

. ¥
(.2 ‘)1 ¥Yor  each stratum s“é/g ’ an inclusiocm
relavion

v (T-oox &8 &~ &t

18 True,

Given a subcLose‘Lch . set W of ¥V and triples
. X
) )'(gjcf positive numbers, < retraction map € of Jé
' /
will be. callea to satisty ¢ 6 ) - ( @ ) -
I -

distance  preserving properivy W.r.t.W) if tne
foilowing inequalizty is valia,

. b
(2.2.2) e W e £l g,

)
/ /
< gl & . é; o 1 '
= ﬁ{*d (., W - € ’ for any pouxJL
QL e U anad  { €& (¢, 1 .

in  the avove Qe = T(¢, ), in the sequel <tne

A-3- L
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following abbriviation of the 1nequality@will be used.

(2.2.4), Bra @ W) & AQW) <(f)adew)
Given a pairb (wW,, W, ) of elosed sels o1 | o
Tuat Wa 2 Wz'_. holds, we define a notlon of
inclusion properiy in the following fnanner‘:
Let (o 3, (ogty be ' couples o A. retraction map T
oI /&* ‘has . .0 (&) - (0’i)~inclus1o~n properby.

( wrot . (W, Wij) ( ()—()~1.p. w.r.i. _(,W,;W_v) )

iz the Zfollowing econdition is wvalid,

(;{,Q_Q,):Lf‘t : Lo 1] A (W, o, ’W‘; ) < N ( w’"',wl)_q

. - 2 -
Gu  woe otuersanu , for a given vpair (9, (g el couples,

a wmap L is said Yo o have (o) — (o:z) —exclusien

property w.r.v. (W W) ( ()= (FH—eX.p. w.r.t. (W, w))
[ : 2

if the following condition is valiid,

(a.22), T: Lol MW W)} — & §.(% W7»
L—2-3



]Jx%gine certain immeadiate consecuence

ot the above definitions : Let W, (4 =1,.. .. ,Ao
be a finite setl ox sup closed 8ets of VTV .
We  assume the following deD. properties

(§) - d(@W) = Lo W) £ () olta, W) (22140

, for each subset W, with suitable couples

Then a  simplc observation leaas to +the following

~/ ~y

. . 4
F‘ -d | q, UAW; )?. (’n{f’gé_ d ( QQ, UAWA ) = d,QWV,4 é

~/

where ( A(i ), € p are  triples - defined 1o be

( 9 ) =(mAem%glmﬁg)c“@“ ) = (W, & i i

Next we  examine elementary Telations pewwesn the  notikions
of d.p. and{i,p., €X.D.) . We speak  relations i1n  verms
. ) : ‘ .
o1 neignlbournoods nE, Tet T be a retraction
4‘ >
map of ,/(S e s and 1let ( W, » W, ) be a pair
of subvarieties of V¥ . We assume that T has

(0’)*(0'1)(resp;(~’-’“)—(vl))d.p

w.r.t. W, ( resp. W, ) . Take a point Q & U

which satisfies the inequality

(2 @_9( a( @, 4%“ ) £ Ka (@, W, )
- 3=
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Moreover, we assume that the map T has ( éﬂ )=

/
] f{ 6 ¥ - d.p. w.r.t, W, ( and ( 61 )y -
( 61 ) - dcpo wor;to WZ. ) - Then a Simple )

computation leads to the following
| -k 6 )K
(2 2.3)7 dlQ Woog g-(h) JZL a(,(Qp %
o8- Ftho)

Thus we know i?e following fact

(Q.2.3 )l if the inequalitygs
’ A 7 y o
s B0, S b ¥ V}’ 1,
/51 7 (/(i) ., 8¢ (#) %
is valid, then the inclusion relation
T ! (0,17 x Ny(w W) s N (W, W,)
with SI:'(S"' S'z) : S: - Sf{c(“ﬁz’)& ; S',ﬁ(%)’ 5\4 V holds -
On the other hand, assume the following
2.28)) d 'l
(2.43%7, Ao, w) = A-d@W)
Then we  know the following '
@&}L/ /\/ Cffg)l_/ @,/\/ %
p (3 - D@‘z
0.3, kB, W) < §-(6) A dw) e
Ex Lity

9-9-§
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Then combining (2.2. ) and (1. ) we  know

(9. .23 iﬁequaliti? S,'(@;/‘/)Z G -’\_'%‘g,/ .,5_‘/ 7l
SANE B s ()

implys the following exclusion relation

(g3 3 T I (W, W) Cs T, (W, W)

R

with (9=( o , o/ ) o2 =(f %i&’g,.gf‘f’{‘“‘*f%’§= Gerse
In connection with the above observatiohs; we shall
remark the following. Concerning the exclusion

) ,
property, ( 2 &) tells us that by taking

, ‘
4 \ gu o ) sufficiently small ,  the

T

exclusion relation is assgggg&&}lzz,jhl this sense we

say that the d D, implies the ex, Do Pn

the otherhand, if we consider = the i.p. , the situation

becomes a little  subtle : The relation (4 2. ) shows
that , if we take ( o ) sufficiently large
then the inecquality relation is formally valid,

But  we boint out that the couple ( 0~ ) should  be
E

suitably smeli in order that the  set \L(g )reflects
the  property of S . In this sense we regard
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that i.p. is not an immgadiaia;___nnnsaquangﬁ
of d.p. Further relations among the above notiol
will be discussed in later .
Now  we shall be concerned with our fermulation
of our problems : Let 3] be a-
dﬁﬂﬁJ?L in EZJ s and let \4 be an
analytic variety in U . Moreover, let P beA
a point P  in Y . Moreover, | let B
be a regular geries and let S?t be a nermalizing
datum of @il . of course we assume that

( ?ﬁQ C}I ) js attached toY. w& assume the
2 .

R. c

condition (

be formulated in

We note that we
in terms of the
N - neighbourhoods
be called a d=
if the following

) . our problem will

»
terms of the series GE

(et £§2.1D

formulate the i.p. and eX. D .

T neighboﬁrboods rather than

. Aiseries (Z(@{) = {TG}:"':‘F will

- B
series

valid,

retraction of the

conditions are

R R
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(2.9 4)  uaps ¢’ are ¢~ differentiable

on each set (0,11 x Q-' H Qe O k ‘

(2 9. % ), | ﬁaps ' (\CS are ¢- differentiable in
€o,1] x U - ok | .

( Remark ) Because of +the existence of

ramification loci, it is not possible to sharpen

differentiablity condition (2.8 ), enmermn& the IémL‘f:aLms
i gzmal . _
L\qu our conceras about quantitative properties

of retraction maps come from sources . (i )

ILP with respect +to closures of strata S* o

€ ii ) _ Sizes of neighbourhoods ’f:,-,)s where

the i.p. and  the €Xs De. are valid’,

(1iii ) Quantitative properties of ‘ eof- differentiable

properties  of T’ . These.  problems will be

formulated in the following manner,

( i ) Let us assume that a series of assigsnments

( 1@3 ) ( ‘::(‘;"J ) are given : [§]: S?,k”%(S;fu)

. ~ /5
Eé’l: ’3::' (S;‘n‘) Where ( @ 4 ), ( @ ) are triples
) n ? ) .

1-2- 8 —



of positive

be denmoted by [(53/ {?j .

numbers

161

. The collection {@'} {5 wlll
. \ azL'N

A retraction {Zj

of

will be called ([ @] ) e ([@ -
distance preserving if the map ‘\CT is ( ) = L@ )w
d.p. for each bxe ~ stratl’ﬁmkan ‘/6 v ( i) - (C(:D—- d.?. )
(ii ) given a series of couples ] OJ
il N ¢ "V
(‘3“;&)<i| [of") where ( o7 ), (G-%‘)"(‘{sy) and ( <% )
=S N —s—’ -N :
are couples of positive numbers . the collections
(o9 ...{(c’ziéwill be denoted by [( ] ---
Ny = o
' ‘ | 1 :
A map T is ( 1O) &= (ctO) i.p,
v 3 ' ,
or (M) - ( L(‘j’/‘_]) . eXx . p_, if the map L |
¥ -
has the  properties : T is (0 ) ¢ O )
ioPo ( o ( O~//) - ( @f ) — eXo . }\ Tor each rm Strm{z
*T‘ \
calion - /& . . L ) ) .
(ii11i ) Fo state quantitative properties of
¢= differentiablity, we introduce the  following
notatvions . Lev ( &, K‘ ) be a ‘set szo-ﬁl
e 2 x i R be
non negative integers. ¢ & * & GaoN)

2-4-9
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a "map ot Z@v , Mo{ Let ( )be the collectiom

will be denpted by [(a/‘ j . A map (7: will

be called to have ( C ‘&,j ) == Jifrerentiable
R
property if the following is valid’,
N X
= E;and f int
(2.3.5) ' For  each D%’a@él{“z an or a poin a
v A
‘- )Td_”( )the following estimation is valid,
, ; .
; o . 3 "2;’22 ." a:IS
(9 8.5 ), Dpxw < ['-dm o) ¢
’ : &k -
Using  the above notations | our problem - will be
formulated in the  following fashion,
Lemma 2 2. 1 . ( Retractions with quantities )
— , < —
* R
For a given series ?ﬁ)) and normalizin%_
- Y- /.
functionsgA . there  exists 5 set _of assisnments [’@jté\% i

Co ] fﬁll‘ [\j]lf’ﬂ[ﬁjas well as a series o7 maps ’[P: {P,Jffm

such a manner that the following are true,

(2. 4 €) For any series of positive
.o | :

2—-z~1¢



163
numbers (L) of  type (cf 81 )y there exists a

e ————

‘retraction map(z:;(t(@f)of Wac y so -that  the map‘z

v A

has the following  properties,.

/
(Q.Q.,@)] T 1s of ( 6)- (é)

d.p.

(Q_Q‘é).l T is of (0 )=

l / ‘ /1

( & )= 4im. ad ( O ) - (O )—ex.ps

(QQ6)3 T is of ( ‘D/V) - )

@,emark . our argoements will be dome in such a
manner that explicit computations od data (@} - ( 3’)
are competable in  an inductive way R though

we do not enter inte tedious computations » Eey
points . which enables us to make computations ot (-
axe as {‘ou,cws : :
The above lemma is spoken in terms of a  fixed poiit®,
. ‘ . o !
Next we will be concerned with fhe variance of
] .
the retraction with  quantities .

2-2-1
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Remakk = . In the connection with ~ the Dbasic
c?iétance‘ preéerviﬁg propertis { ¢ § (2.2. )), we shall
add the | Iollowip;x : Let b*l;; be a stratum € & ,
then for a retrac‘tion map T’  with properties
(2.2 ) ’ it may Thappen thaf the d ;p. is
sharpened in a  small neignbourhood of | S"‘_j; : .
§y this reason ’ we introduce oﬁe another notion
or local distance preserving  property as follows,
AS in (9. 9 7) , a2 map "C:" is sala +to have
(b ‘6,;)710 cal distance properiy | arownd s* ( or imoxe

strictly in *F'(g%)) it the inequalities

(Bgyedesr e M8 S £ (B d (65

are valid for a point P in T*( g% r(m(S‘ﬂ
L : 4

This notion will pe useda tfor a map G

derinea  locally in a neighbourhood of g‘*?”\ opl

—

Jur arguements will be d@ne Imfa% ,67 fixing

quantivies \ 6(3‘3))’ ( %J}(S”‘)) at  firsv #n local
_ e 3

situations and after that we  make use of the

obtained results tq ryield s ! global ! result

9—2-—13
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is  assured for 3 . Take a stratum S* of the

dimension (i+1) . If a point Q" is in N (8 fmld), them

we have the following

2.2 (B0)- d(@ ¢ dOe,TH 4f(s5)el(0,F)
Assume that a peint Q is not . in N;(s‘f?;‘,‘_(s*)). From

the induction hypothesis we know the following

(2.2 1 ), B0 dd, Tl £ (0 Tonls) £ Blshro (6, TomesS)

wikh  sudoble taiples Bes*y, Bls™d . |
(dmbining  this  inequality with (9.9 ) we  have

the following

(2. 2. :7 )
with = ’ = -
This  finishes  c%ur‘ verificstiond of (L.P) for j
The avove observation enables us to concentrate
our attension to local distance  preserving  property
in eac:: neighbourhood of 3 and exclusive property

( as in ( ), e ~ ) .
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In connection with the above remark we shall
make the following observation : Let C be
a  retraction of &  Moreover, we assume the following

proprrties of the map T .

( i ) For each stratum S’ }*,  there
- \/
exist a couple ( § ) triples ( Beh)y  (PGH)
b “dee )
in such a manner that the map (7: ‘has
( 6 )= 6” ) = d.p. property in :\TS (g" ‘{,«(;i/.
J’la L" ’
( 14 ) For each s*e JSJ , there exi Si‘t touples
6—// . 1 s :
( ) < 8§ ) and ( §7y rin
such a way that the map T has  the(  § ; ¥ _

Then we know that (L&) the map T hes ( @ ) -
/ . X . , s\
( @ Y%=~  d,p.(ia U ) for each g with .  suitable (B)(BD7s .
This is shown auickly by the induction on the dirmension
of gt Jf dim (S ) =0, then the asswmption ;)
]
gives an  answer for Cd? ) . Agsume that (o T )
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Before we enter into - details, we shall make  preparations

What we will Ybe coricerned  here are notational propertiea H

As  neighbourhoods , we take those neighbourhoods T ( S Fron (S) )())
—in, M
GA-MG‘AW

rather than neighbourhoods T (s Fron( é) . This use of neighbour—

..hood.'lj Wis for purpose of  discussing inductive steps . The saymbols
95 .

- /\ ~ ) .
( EB\:]“ ), ( (5’;#) are used to express distance relationa tD
3 A : As
Fron ( S'A:l&_)’ Then ( (3;» Y's and ( 51"&) ¢ sre compared in the

following manner.

AL TR 7 ] /\a;' _A§’~
( @/@\ ) (é“):( £ 4 i é{;ﬁ ) Fé,)

27

/ _,\ﬂp N ?’4#2 ‘
(/\ a ( §011.(Agl:'£) ) "_j ) Fq 86 )

bt 21

Also in a small neighbourhood -of S‘Au. ’ the diltance to- S,‘( will
. v

be replaced by , This is also for purpose of
discussing inductive procedures . Finally +to express natures
of points in a neighbourhood of sjl rules ( y will be

2 ?
preserved.

2= g
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n, 2, Remaining parts of the present section
will be devoted to verifications | of the lemmas
stated in w1 . ~ Before we enter int
details, we shall outline our arguements .
Principally our arguement will be done by the
induction on T .Namely we ask ©possiblities of
lifting a given retraction map T§5 witha desured B&

qpantities(3x~<f. eor (Y . Here we note
that , if we ask_‘wwwqgaptitgtivgu CQQditio?s_W;mefE_w,_E,
problem of a liftablitj becomes subtle that ; _ case
‘_ﬁﬁifilj we ~Egnwﬁs%ﬂlwéonéider>"'.ouantitativev conditiéns‘
It ségms | féé;;nable, to the author 's investigation ,
to  impose certain dlfmlquantitative properties for T’ 4

in order that +the given map <T? is 1liftable to a
map T’" with suitable quantities . Therefore our
arguement will be done in such a manner thet cares
are taken of about comditions on {1 31 se¢ that

T’ is 1liftable %o a map T with quantities .

2-2~15
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Remaining parts of this section will be devoted
k3 1] 3 - o
to verifications of gsertions in n., 1 .
Qur arguenents will be done inductively on J .
n, 2.1 . Ve stert with -  lecgl situericns
e ; ; .
Terhn a stratum S5 o An underlying
. s . had /
datum is a gseries of retraction maps T (GEL--z5-1)
N /- 4 7
s . - 7y 9,1
with quantivative propertied i ( O )Y — (o )___

A o
s
inclusion , ( 67'7) - ( 6’ )= distance preper*b,ﬂ': sz (
- »
( é@i ) - ,ro ) - local distance property (;7:4/-»,;«/)
W ao T 2150 ( a-ﬂ - differentiable property (d‘;l;ﬂ)
#3 . . B . ‘
usg 1S o map ! defined i . ¢ ki
Let 1l censi b T efine in a se’g:,l]f'o_" M( "
f)l.]"iﬂ
+
m(sa-z)) {UTC%,MS',;(,)S s & 8« sf;) . . we comsider _Lu.:wmg
‘HLQ'X} ;\ ’
conditions Zor  such a map T o
) a8 _ AL
(22 ) Epr TP o= T W,
‘ *4 3 i A
(QQ ) . For  each S}'J)'Z , T has (0_’\)4;83:'2 -
(‘;H*‘*" )%~ inclusion property .
~5*  pas ( @; Ve é’s' - local .
(Q.&u )3 L v ﬂml,; : Boe, K
dis*ance ‘gr'operties ‘with quantities ( @m , (g;:c )
in eGch JT~ w _ i’ﬁ 7:.»;(: D). : o
(Q 4. )4: is ¢~ differentiable ontsde (@D .
) =
and is :stimated in e manner

P/
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Y, )

Q. ) (7 N AR BT 3
(2.2 ) 10 (x| < AR ICIE D 0
Moreover, we consider the following
(2 3 ) Tne  x, - coordinate OC&('C?E,&)) is o= ¢
differntiable in S  the wvariable x . .

Furthermore, if a point @ is not in & then

+

x ; EINE
Coa o Mz il 97y e Her
and if @  is in §) then

( *)5{

DA

é

#here s is a ( uniquely  determined ) girgtwm
containing the point @., .
7he above conditions corres pond to ( )
Pinally ’ as a technlceal condition, we counsider
the following
. P Ty .
( 9 4 ) sor each b,méjg(;)lu) there exists
a couple CF;‘;') go that , for a point Q%}_‘F’_ oy
E 5","?’
Fa Ak

the relatiof
45 |
.

is wvalid with a constant ’® .

i
a



- ) . .. C.-I- LR K
_.:f a map s defined in ugTéJ ’iﬁl zm(S.,j ) ; satlo,de;;f
] X7 ,
the 2hove cited conditions (9.2 ) —~—p Q. Q ),
we  sey that a mep  ris adequate .
beks. R be a subset of T(s8 &,{S )A wep defined T
/\
s W -
in. R , Wwill be called an extesion ofT ( in
) if coincides with ‘T in
, set £ form *i Y2, Here we
a set of the forn ? v EF‘,(S[M , T (% )}\Z o
ncte thet P, o Lf~ holds im general = .
<, o~ __)v &
our problem will be concerned with @M extension
cL a given map T . In doing our arguements
quantitative problems which we will be concerned
are of the following  wwo fegtures .

(2.2 ) Differential properties of T

«

¥

a?
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v . A
9. ) Local distauce  preserving propertuws oi U t=Sﬁp

, A
ur discussion will be = divided imto two
parts : ( 1 ) arguements in a  sei of

the form U, (st ) and ( ii )
- ¥ >
ox, G
arguements in Q:pet of the form fﬁ4a;~TI ; .
: Tam Tps G;A:,QC:’M.
Differentisbie poopertic. will be eaxa{ in,
the first situation while distance relatiosns
will be examineu in the. second part . arguemen
in both cases are quite elementary . However
discussiong will Te cone e certalr Cetedls .
YL; Q. . First we show discuss a prohlen o
cmv2alln e given map Z to a cet {l"f
o,C
Arguements im this part wilt be done as 10llows *
’ b (i X i e
Take a stratum qagﬂénand let S%; be its projection
/ 7

We rirst  construct an  extension of a map ‘U

. . ‘ -1 Ry wy .
in the set o the form JE;J‘I;gtﬁﬁﬁ.?&“I%ﬁﬁ .

iy v we §ix certain wotations uged nere .

o—2-/§
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Fnen

with

From

ror

Here

-
9}:
!

7.
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P P ‘
a point . in T ( 5%; Fron ( Siw) ) .
M sEIN ’ o
m : ,
. \dl ' #o~l . ( e
! lyin v 5 iny/ L&), ;-
points ! ying over Q%n ( (/}1;;%,4, 3
an  inequality of the following form

‘ 3=l P
(2.9 ) %@ - G6aa) 235 (@ FenlSTy )
. X—a-/ '\'_y¢~l
guitable positive ‘numbers (qﬂp) (Nm Aande
(92 ) we obtain an  inequality of the form
28 ) o (5N
. H Py g 2 . ‘ AR
; li (& Oz, e) - 1;(9%;;&,9) } > z;i.l'“‘ 1) - ol(%:fm(%';)
¢ ey
Y
couple ( 3. x ) definé a point (a;by . ;
PN '
e ! X Y 3} xi-/
T (G te)= 8y, ) % (6 )= YACrREIRICT DI

QX ''¢ are all the points ( 1lying over

4

) anJI?—,:,ES* ) ordered : xé(g‘:zﬁ),ja( Q;{'Nj )
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’!.‘ret' (E'(\.,J 11’{2}3{ be a triple o1 Dpositive numbers :
gefine functions oy
. ]
(QQ ) )&(S c’[) i)):X‘(T:{ Z(@?Qﬁl)
’ ° . (QX’QQE
This  function Ijwdjis c- differentiadle  in a set (o, 11«

23 44
,4.2‘ U,} (‘S—-,;(} ?"-OYL (S’%,ﬁ)) .

Note that we can replace the

set 27 ( ;;f Fron ( S ) 9 vy TB(s, @)

o i

and * vice versa e also note that the functions X .

sl we con a.ssccyvuﬂm:t Xhe esm(g. Y a5 valid in @ sek SACHESS )

.are estimated in a manner (Fhr < (A

—-—a\_

(a2 ) | D, 85z @ ‘Ml O‘MN‘“) ?

ﬁjow we first extend a map vo a set of the form {(3_):‘ (x,4,)
‘Kﬁ;): % For  this purpose cefine . “functions W% , indepeudcnt
i(sg) ~( Ccm) 3 |
() - L0
| | L (6l@)- % (ofjad
ruen @ 1s  estmated as
v ‘ 3~ 5 ‘412 L*;J
(o 2 ) f etz Bl %)) e
I ot .
, / . " {bl‘)f
(0.2 ) . l&D‘yﬁ(Gll,_,. cAERY I A (i A Eaty £

wikh subta@_@q, (¥3's 7 (9.2 5 follows o

of (2. 2 ): (2.2 w}u}z( (2.2 739 758 Obkus. 2 - 76
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How we show the existence = of fumcticens IA,;(!@;;I"?
t=t,- A defined in 2 setZl, so that the conditions
, . , /8
( i o() ) are valid . m_areovgr we assume that I/:(Q A)
coincides with . the previéualy given 3{5 in
the set‘{f sz' . rhis is = shown induetively on % .
Assume that our assertion was shown - for ;ﬁfgj é§v1‘~>
e At
using functlieuns define T o5 by
(2 ) v = el i(},@)) + (‘1—)(;({(3,;(33) t
| - L < e ' . 10, (0
S PR I;@Lgm@“ ,“”)2 2l
= i e arsy )_’_ A .
oo &-( PED ﬁ(fl,(a))i-')); |

- we regard that this Itmction .is_‘r

-

(

“_ Mren quantitative properties oi“ o, which we make use |

are as  Tfollows .

(3 2 7 % & e &ae%%yé@ A4z

2

- sfife _ '
(0. 2 ) %—x o Se,s mj‘m GRS A & mfilf\_
| ,,S‘ubtaw () o e'ﬂa(ﬁ«*:(;;) \) |
(2. Q’ | > ?7/1 sji%';:es | ( 3 ’L"’"’Z‘



v gy estipdtes  an e

' “":‘"gu"i'teylé

-
- (/ i ~ -

<LX LTy S L e o fuwosien

NG : -

(a2 a ), :(60= 2L ( g @, )
[ . . ~n

(QQ )2 ‘}1 %}:(Q'Z} = jq)—t "O(io'

/
5 3 8@
rhen the dif.ﬁereu..;w{?;%..j[/; 18 ind,e_;:uehdent of JC; and

fo Hd A, € Siay-
; AT , ~o i
o eousater as (el — 2 £ g + i

v , da> via-thif o)
Len taking (& ) sufficiently  small one can assune
S v oG 0
an  inequality of the following form
4

| 8
(9§ 2+ ) I,Eim.ﬁé . d(Q Fn) P
With — exbh ey s

Define a  function . Hnis iunction
x

sarisiies conditions (9.9 )

because of ( . ) L
i) be it is quLve clear that
coimcides a set n__the
L -
and so sahiodies (2. 2
otherbaad 1T au alse quite clear that -
derivatives are estimated . Prom above ) .u
a form What is remainded is to see that

Noke bk the obove cheekudl Foko ane vollid for ony Rt od (@)
is estimaigtr from below &5 o (8.2 )¢ 7
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Because 'E‘it is Mm\imt I&J we. M
5. £ (H(i—
A5 A (ke )
Note w @_’—’%/t sﬂstww\tw(a;om(

so thet Wﬂb Ck are M@M

'g’ro%'(‘ft ) i “@n j'jw_ OKLQX/Q&NO‘(, yjél,‘i "‘S o})\fwaZ&L

NAA\.ET%M ’§ ChE %QM [;l (Z/&/rtlée

KSSUumeol. &:rEJCXaxlaL smal L ((o 9. 37 EaL Mz\g |
[gf) s@%\”c&mj\% SWLQQ/Q ﬂ\p, %tpmaj:wm

Q\[ww he Lovi- D %Y | S CLS‘SLLTQ& :

2 =221



ext  extend - a map - to  the set :' (”f ($‘“) 9
this ' will Dbe done in an entirely same way = as  above,
il : | B ‘i.; R o L oL
ror a point @]  define Q,¢ by L (e @)
' Because the given map satisfies ( ) =% )=
 inelusien propérty’ , we &now that .1 inequalities
,x Lig :( &Z& “ ' . » .
_~ - § PN Xt ) -
5 (8 83 7 GOET A ) > T,(0%)
and. estimations

y pry . - . x5 (T (@
(G- L@, | TEane) | ZdE)p
is  vadiid . with suitabe '
cleary = Q y 's are c¢= differentiable outside
and are estimated in a mamer ( )

with suitable ( ¥ )' & .

to
Define. ’17 by , e

' | EACHAEIECH )A
tozeover  aozine v Gt =y e wp S+ (14w T

amt 3{(@ (> (eb)} t (-New) V.
‘Then a W This function

Q L = IVt - %2 b WG e tEw, = 9

coincides with Ay in S;(» c,‘c; 4(_9)'13()
. 'a")-(k(b)
is estimated as ['\Toi 4. , As in ( ) we obtain a Ffune
0
&

<

tion X so  that the couditions ( 4 '2'2’3
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Now it 1is easy = to derive an extension of in
a set U ( s y ©  so ‘that conditions - are --satisfied
This is done imncductively on the length of 3 H

Namely we show the following facts inductively on

« 2.2 ){, For a setﬂu T,(S QU here ex1st&a:a T
T n A

extension of eé in 7"4 N ) U so that v
and { ) are wyalid .
Caa ) L= o (80
we show the above inductively on : 1f
= 1, the assertion i simple 2 Let § be
a stratum of length ./e, . Choose a fumction Y.

By )(: \I( 3(@{577 . pefine 8 iunetion x, as

Hes)
in the step ( .© ) . ~ To see the indoctiln step
it is sufficient to put e L = XL+ (I
%

, » ‘
Now we  Summatize e above &= o O‘DSex\/aﬁim/g;

(2.0, ) Fr o mmg@m@@{:ﬁ,
Thore uao'g.;s?ts an exfomsion. T &U CSW )
M (H T mia; Mf«x/t&w ‘

. e ‘ v ¢, .
o, ) Llop = ¢ 9-2-24

SO
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No2 we shall continue: arguemgnts in a neighbourhood  of S .
our arguements here are also quite elementary : We
start with the fdllowing situation : Given a series of
maps so that these series satisfy quantitative conditions
( ) B | ), assume that a map‘f"" in "U_;é S:i o )
is already a,iven : Namely we assume the existence of a

A ¥o %4
map TW, defined in - Ql( S“&) ,  so that T — is adequate @
s, )

‘¥o . o s
and moreover U satisfies th@g condition

L, ¢ ; trs C.
( ) T(TV)= £ @yy

Now we want to.g his' map '[ in a

/
" main part ' of % will be £ outside U , -

P

setljz’(,s:':(ziilso that ' MgEErpe,

Here we assume the inequality : (‘5)7(2-6,.') t.,H .

! N
For a given msp Y(» we define a function W"Z)in T.,g s? Fron ( Sﬁ))
0')0' .

b
hj 1 7
Vi) = Pl ry+ Ve X
This function ZF(f() has similar properties as w&re considersd
in the previous  numero : (1) is J- function DniSIC(.Q (@
. o E)
and whose derivatives are estimated as (9 0 ) with @§
BN \]
AT
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1 suitable ) ( G/L ) (i) T is estimated (from below ) as ( 5

yA i ) !
with g ;,c.t,,“k Y0 ) . Moreover we note that W(7)is
' Tt = Too
estimated as oL £ K in & set f @ et
- . oS I .
Tern ( with a suitable o ) .
To  investigate quite simple properties 1,/‘c::f such a map
we shall make the ‘Bﬂllowing observations . Consider
inequalities

/’\?‘
5 A6, ()

(9.2 ) T <
’ v &
(0.2 ) L ¢ ¢ (8 Anmi®) ‘
Then a simple calculation leads to the following
( Q_Q‘ ) an inequality

-%

< £3t o, mi g YA @f/~~ze"" 25 (B )
’ %Q‘*Qo the relatioz:: - (0 (3))_ ’ = ?Z- - é

Fo =0 ¢ &A@ Teed™

¢y

(3,9 ) Also

N

"l P = . .
@ﬂ Z CW(etei)
simple computagion ' shows the

( QQ ) an inequality /5'_’1 z
S ) 5.1 il
T, £ T . ¢y
implies an ' inclusion relation

- 3
N 3 @‘_‘
:, C‘/g; <, 'Z?'(/g:)

following fact .

R . N AC'&
CW?@U?@J

9—2-76

,Ce

—ad

O~

'
2 'C_a

J
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Examine simple = propreties
( 9 9.2 ) From the
we  know that an  inequality

definitinn of

of a map ()

< and from ( )

—

03¢
_-\ ; - / -
)U;C’ A - /ﬁ;

3t e ;!
_~0 52 ) 2 i ALl CY ¥
( ) @/ g = eL'(U‘i):(L ."Cb ‘;a|) 0_2::_,_':’7)(?")
) #h 2z
i
implies the following inclusion relation of CI")
(22 ) Tl PEo(s> <5 T
_ = 8‘ ‘(é )«;.;.'Ci D UE:," -
WCHL —Q':)% = ( Ne =N ES B Fule by )
)
Assume the  inequality ( 52 ) and so the inclusion
relation (QQ ) Then we obtain the following distance
relations to S

(2.2 )

Fox

ReT..(8),

)
A(Re ) £ UC&GR’@*?IFCE

CQ‘Q >21

2
CRER
obvions caletic

28
3

e RE T o~ T8,
Lkoz Lyt
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From = the aboves we know = easily the - following  distance

preserving properties

—

a % A ?i ?§3 q
(.. HEeiie® <]

From the above elementary observations we remark that
( :(c§,) fz s/‘A defined by is  small  enough only
if (there exist certain relations between

far as we use

. Consider following. expressions

Then substituting ( ), ( ) we obtain

recursive relations

. Y
3 }‘{ -;__3,2’\ - Cd’z’(gi_f % B
L ey e G

Being suggested from the above relation , We say . that

is satisfies ("“é‘%i,";) - 8‘ ), (ot 5 ) - (f;) condition

§

if the following additional relations are valid .
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From (2. ), (2 . ) we derive statesments below easily

( )  For an arbirarily given (3%, ("‘.,Mzﬂs)choosing
(mm €, ) s (M , € ) osufficiently small enables us to
agsure the existence of a map T’ 80 that the inclusion
relation Cihilds with suitable (S ) .
Moreover ~ one can assume that satisfies (ﬁl~ﬂz) - Ei :)f

C My — (Ez) — Ccmo'(//t(,m\

n. From the above observations our assertions in n.l
follow quite = easily : Actually we show the lemme .2.2.1
in the following manner ( We consider additional conditions
for series in question from technical ‘reasons .

( ) Aseries of maps is said to satisfy

( ) - )= conditions if inequalities ( - ()

X«

are valid for any stratum of J& besmdes conditions given in

noL

\J
\
J
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We show  the above assertion inductively on .

Because , for ™ =1 ’ no new conditions imposed by means of

( )- ( ‘) conditions we assume that ( ) was shown for
( ) . We first show the ex in & neighbourhood of .

This part will be sh argued in the following way . ¥e show

the following

( ) For each 1 and a any ( ), ( )

there exists a2 map ’ defined in a set , 80

that is  adequate and (i1 ) satisfies ( )= ( )

condition . Moreover one can assume a further condition

( )

This fis easily checked to be true : If J =1, it suffices
to define a map by : 1&;(”41} , where (55 03) is small e

enough 3 On the otherhand , for = ’ statements (2{)

&o‘/ LA &74,271,5"(

(2.1 ) suffices for our purpose

In order to extend a map in a neighbourhood of
to a whole space ’ there is no difficulty in arguements
if we follow procedure in n. . this finishes Qurx
on dieKey ihep - 2 -2 % 7 ¢ f



$9.1. \,DR,O‘VY\»@/% uﬂﬂta%pgxm cmot/t,m

3.1 n,1 ¢" be an N—- dlmen@ienal complex

guclidean space with ceordinates ( . X, I Y |

and let U be & bownded domain  im C™ . ooerdinatg
of ¢t will be dena'ted by ( Wt;-?-, W.) .« The
preduct @J“ v will be denoted by Zwr. Iin

the  gequel we simplify, witheut  essentigl loss

ef generality , o to be a product of rectangulare-

h
g = ]I;_'Q‘a,b +Ic7 . We  assume that qwm ,‘m;i.s smaller than
[ we will pe at first cencerned with the
_ N A ‘
struecture  sheaf “@ ever C * (.. we note  that when

‘'we speak ef a mneighbourhood ef a point ¢ im Z .,
N A
we are councerned with a . set in C+*C rather than
its restriction to X, . For a peint @ &Z.\,,\/'
L = ~&
we mean by TC(Z.5) the open set § a': G —%e <slgot)

[0y Wi for a fixed couple ()< 8) . g - ) we mnean B by

l

82
< gl(ft]'ﬂ){kc‘) ) _ tAS =
37( ﬁ:ne epen  covrring of S defined to Dbe {3 (® : Q& Z,,%

Tois open covering is net loecally finite . %‘ﬁ it is

found to ve commodiate to formulate eur problem in

terms of such covering for our applicatien o

A g=- cochain wiltl be said to be eof
31—
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algebraic growin (OU’;( 62 | s & - ) if  tue
following estimation is valid .
« A . g > ¥ V2
= oot 14 (e 1)

Our first concern will be to discuss a type of

vanishing  theorems for sueh cochains
Namely we snow the fellowing lemma, which we
call a vanishing Ttheoren with algebraic growth
condaition ( Je simplify <vwe cail V.a. ) .
‘Hemma 5. 1.1 . ( V L] -A~ )
There  exists a datum gf}E. ﬂ?z /5 )




| 189
R with which  the following

facts are vaelid . ’
( V. A. 1L ), me catuwn (f, QF Pl)is  depending

S
e e e
DU
PRS-

on ( A =mn, q ) only .

| | wf
(V. A I, Por a@ given cocycle .

i
in C(N(ZZ%?,,)) there  exists a ( q-1 ) =~ cochain

so that the equatiogL

* 3§’ S A § rla"
”r ’\\y((\r}:‘nrixk) - gcéc& (\9 ! ) (ﬂv-,,— Ivalv).

{ ; " -
wiﬂ‘»?ls"‘"‘t“lﬁz refinemet ""“}’ ' so i as D‘Ii&’(g c @D (v=i-5 )

———a.

ig valid

(V. A'I ); Quantities ( Q]’ a7 are given
by : '
/ o~ ~¢ E(J‘."“) o i
&, =refToh) - BGgpe T o= Lot 0

Remark In the above statement , the equality

(VAL )2 is understood so that the right hand
side is understoo§ to be a restriction of

to by taking a suitable refinement . We
note  that we can assume ( ’ ) is smaller than
( E§ ). In the sequel we underatand the
meaning eof coboundary relations as is ndersioed
here .

313
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2efore we  enter inte details of prrof , We shall
] £
fix certain notations . Tet © be a complex

gucKidean space . We say that a geometric figure 2

is of elementary type if 1 is a product of

rectangulars : O= ‘JI;_f =ENY . Unless we do mnot

mention otherwise ,» we assume that nJa; (FJ/ > is smaller
Y

than 1 . Consider a figure > =0T , Where T

is a figure of elementary type . We shall intreduce

certain notatiens used here H Henceforth we
assume  that ( & §,) is always a couple of
positive integers in +this numere : M., 1 . BY P,
we mean the point in e with coordinates (L il -,
1y
J‘V;) 1% ). On the ptherhand we mean by Pry
T
the point in C - with coordinate (@ )+ m

& S
yesT€ §luw), Purthermore we mean by P.;; the point

N alt ) . I3 y %VX gi;- (;/“E; TOSK
in ¢t x ¢ with  coordinates ( :z:(pg)) X( )

SRR — & §. 5
&zt By 1 (Prsx ) we mean the neighbeurhood of [Prsgz

e fi '~» R [P -,
defined to be {0 : |L,u@> X ps,] @)&(b;,,..,u;, Wm_%w%i

N ER AL ~ & _
W“"M@B@F/@?zl»bﬂoreover we mean by T( (Z.x) the open covering of
Vom 2N
i i A 5 $ § —_ I _ : z
defined to  be B (Z.eo = P (Prs0),  Ted', 047, keBm

fere Xy 's are rTeal ) and) imaginacy parts of X T
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our fermulation ef lemma3(1S1T is found “te ‘be suitable

for eur  later éiaeussiom ( v §4 . @u:e fernmtion
ef lémma 371V1, is found to be quite suitable to
discuss theories of ~differentiable forms ) . Hewever

» in eur practieal arguement it  is mere puitable

o § B A g
$0 werk with Tt : than ac § » o

~% ‘ =
A eochain qéN—(%ﬁ&) is , in a similar way te | A G_ Y
algebraie growth ( &‘ , QZ ) | | ir @Q - is
estimated in the manner ( A Q, ) SR  fhen we
show the following lemma 3*’?:‘1"1.‘1{ which isg -écn};lttel‘x.

similar to lemma 3.1.1.

Lenma 3"?1.1./ ‘i@&re exists .8 datum
{\o[) L, B P 2}} depending en (N, n 1 » only | 50 that
the follow io are valid ..
( V.Ax )f Por a given ’eocvyc‘lie‘
ef  algebraic grewth ( &\ . 92 ) , ‘Bheﬁ gx'is{va

4 - o
a ( g=1 ) = cechain “yéc@"w)}}ao that

the equation
RS bl

L0 v Wi Sed (F7 ) 05)

as well as relations \L L.6 ;
C ) ;“L’S_- w5 B e eraﬂz))




l%% is easy to see that lemma 3,1l.1, implies lemma 3,1,1

3efore we enter into detailed arguements of the above

lemma , we ghall»; give an outline of our proof,
Qutline of proof. | As in the case of the
standerd wvanishing theorem on Stein variety, our discussion, .
ﬁhere nuantitative properties enter into , will be done
in two steps : (1) One dimensional case where examina~-
-tions‘ of Cousin 'integ:als and g method of an approxi-
- mation play central rolls, (I1) General . s

cases where inductive divices from lower dimensional cases

to higher dimensional cases play key rolls. Iﬁ” both

cases quantitative arguements are important ,though arguements

themselves are completely elementary. We shall discuss

both cases in detaily for the sake of completeness and

also for the purpose of ; such Z basic fact as the vanishi-

theorem on Stein variety through our problem,

"

(1) Let D be:d dorain in (" . We do mnot assume

5,7 . i
the boundedness of & . by /. , we mean tne open covering

‘ .
of 13¢ UWmncomposed or all the open sets ol 1tne form go X thf

£

[
G2

= {x: |-l | 11 -%ln) < i/l + ¢ ,}( L iy & F o E

314
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Given a 1- cocycle Je(MmPest imated as

(3‘1 1) N« v 4 " R =L
R S “",L’,l:n,,iz’ g w) I é 0),. _{ (21 z+ | z+ / }
We show the existence of absolute independent constants*
Lol 0 T '061 with which . the following statements

are valid,

‘ A ] . o : RIS »
( 3.1.2) There exists a p-~ 1 cochain ﬁu% C@(Magﬁ) so that

the equation

( 3} E 2)1 g;&(ﬁ;z) = jf,

‘and an estimation of +the following forms

2 0‘ -C, 60,+£, tﬂ{-t ) 64.[‘
( 3 ' )-2 lﬂfj_‘t.a(”}‘z) I g £ - L . J'{ 12| : .i.w—):a'_,t. ! }
are  valid,

Our proof 1is of a completely elementary mnature and

will be given in two steps:i(i) First = we show the

existence of constants L, - - 4  with which the

L3 ’

following assertions , which is weaker than ( 31.Q Yy ,

" are valid.:

(3. 1_3,)/ There exist absolutely independent constants ¢, .-,

ts in such a way that the following (31.2); , holds.

* _
Here we mwan by t absolutely independent '  the fact

that datum is de%énhigg on the dimension of ¢ =
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(21.2) There exists a o- cochain 4\{&}6 f(/v(%%‘))\&) with

which  the relation

( 31.2), A o /s‘m(‘ff,iz ) is zero on
the intersections [, of'the form T = [ .

“H i N

GG a9 0
"as well as the estimations of the following forms

AT/

« 3 1.2 )Z ‘,\?a' NI AR | od, 467
R/ < . ! 4 : Cs /Jz !
‘2{ - £ ct .GI|~(13|4 +IW|C“ fci/)
are valid.
Let P be the point with  coordinates ( O, i,, w )
We let 7@2?. be the Cousin integrals deiined by
Loz ,
) ) ] - 2 ) )
- . i - L - i . —
(3.13) WJ%"LZ—(/J“Q).S “ﬁ$£(§—z)d3) E.;{J Yo, (52543
: , i %
, where 'X”‘( =1,2 ) are characterigzed by the

MR

. : M 2
regoircments U‘l b:lz:g(gi)’ and 261{:;2 or 2 ¢ a’*k

according to
o=1 (k3
whether pﬂ(Z)_{i{fi/Z or RQ‘(Z)gLI“_/’;‘ For  tue Valée i zo,
! | : '
we expand P in the followiug form . ‘:E,‘Izgm‘z" - G Z Wwhere
Lk §=0 J_‘L,z;é-

e,

. i N )
Y;‘,‘L); (w> = C——ly (Z’/ﬁ) j& , yi‘ WS 0(,‘5
| (v |

is uolomorphic in W .



Define & polynomial _@_Aiz(w)- o . oy
| 185
( g.1.3), T, @) = S gmahi

ALso define a bholomorphic funmction Q . (oo) = infinite part of .

Al g i A‘?

by

(3.1, 5).2‘ —Y}.‘i; (o) = T,Lliz,_ —g‘ﬁiz(P >.

Note. that the above functloszwns considered in the set

Aka

QE X 5&8 : Re&‘)‘ vi1+}/+£ g__'§£<1m(3)< j—‘*%*f }
Also note that the function T (09) cm.ncndes with the

“'*l

following power series

(2.1.3 % Z'oo T Gn(g-it
1.3 )

- A Aa
ala{"s 1 ,J

in the set D'y iz: Re(®) < 4y = ke <Tur < ,_z+,g+g}

From the expllct expressions o{*T(V)CY a_nd Y (oo)

we know easily that following estimations are valid @ for functions

-T 2 WAM. , ¥, ,,(P)and JUSKCN

(9.1.4% )‘ \ Tﬁu | € v g 4" Jd. ey 1% w1 b (4 *"43;‘/

(4, 20)

3

(8 1-432_ \ Tilw,zﬂ 4?- q. g'/ o? le -HJ..li-uaH-n}

-1
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in the second inequality ( 314, ) , we consider
the fumction Ti‘tllw‘z» in the set where 3z satisfses the
condition : Res Lt €, l Im-a-i,,_\ £ 1/&-\— €.
Define functions OZO Lzo ) by the following equations

( 81.5 ) of =¥, Z T @tS77, 0

04,,14_1 l.Lo4§]—t\z .Lﬁu'

We mnote that these functions are considered in a set

where Z satisfies the condjticn: E 2 IR&E—.):J II»;E‘J:-,A <’4+ 2}

4
Examine preeperties of these functions O7;,’8
At first it is clear tnat g' coboundary condition !

( 3.1,€)i Q-‘-f”! B 0

S (“'1"'1’,(")"‘,-“'2 D

holds . : ’ s

@n the otherhand , we obtain the following
o N
estimations of Ok, ' s in view of (3 (.4),

(8. 1.¢)

| o3

T
"'[L‘.Z..

o
2 fbvc budy +bs ? w |qu‘,¢; L L Ld‘“

<
= £ I Q']Lt + U'll + b.‘\ + {

with absclutely independent constants R 32 .

J—~1—10
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Repeat an entirely same procedure for J:,.»fo . Then wq’ébtain

[ R

functions O'i)_z " for i zo ,in such manner

that the equationsg

7/
; 0 ~
(3.16 ), 077 - 6T - e—
’ bk ,<;~Ij_2 - \ L
! bydn, Aol (L3 % 065

&s well as the estimations of the forms

' . / ‘ . - . . ” ’ ‘;: 7, ] l; 7 PRIV
¢ 3.1.6) 2z SR N A TR +§A{J*§ P }
are valid. ‘ fé)
14
We let O be the function defined to  Dbe o;tr.. o
£ o“a
s [ ‘ . . + . - '
in Dx{!:*/,-?,_iﬁ&glo—};} » {Define functions Of 4. (42erand 07, (Lo )
lJ// am g A?"’Z"Z

in oD;{zifﬁﬁeluwa land innxga:-}1-2-1.%%7142,#., jrespectively by

o -l e 0 - . - X &
¢ Cousin integrals 5 0%, (3-25 dS and &Yll'“‘gbg E pr:;mn,;)n{mg,}
3l [} B
+ *
Define finally functions OI-J‘._Z by Oi,= i+ O,';,oa

Cheo, sy gin @ x {85 cyheiy $RTE fihoks | hofody SR E ft5ek, }
. 4
Then, from ('3_1_3),(3‘1‘(,)’6‘!_6)2,(3.L6); , (314), and from an estimation

+ -
of @;;113 obtained from th s, our assertions (3,).2)/, (372 )y

are assured,

el
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e e
(11) Next let us consider the following situation. We let OJ TV
2,&

e
{z:i2 - (l/2)—£'§ Imz éiz +11/2)+ g'}. Let 'D’Lez be the covering of D;)( ¢

composed of sets {;DI: X : i2 e—z.} ga Take a«h—*cocgecle?

2 e ct(n(#,),®)
2 ,9.’ o

S v

which is estimated as follows..
Al Py i JI .
(5.4] ), 1§i1+<g - (izfh 1w f41)
Now we show, in an analogous way to (ﬂ:')l the existence of r&oé CO(N( %-‘).79')

satisfying the following condition§ .

(3.3_&)1 39 J* ana ly"xo is defined in ' ..
1 6824
~ —6 v o C"’d-:"él'\' /4 cc,zltl{é” Qlé*«!l’i ’ ﬂ‘
(3.3'8)2 l"ﬂ’l S N “’{c;‘i Ja 1 (lzl +lwi+l) © = with absolutely indepen -
dent constants coﬂcl”, 02” , c.),”ti’and c;_’.

We verify the above assertions (3.38’ )l > as follows: We let Spi be
’

2
the geometric figure defined by spi = {z:- 1/2 - p-t" Rez 5_1/2 +p+ E’)
. -2
’ ’ ’
- - i < $ / 4
£~ 1/2 + i, <Im z <&+ (1/2)+ i, } , and let Spi2 be &Dn * Spi2 . We
define the figures ]‘_’-l-l. and ng. by the requirements
pi, pi,
Vo o nt ‘
: — 7/ .. >3
(1) i1 I* pi g(spi N S, ) and (ii) Im. 221, +(1/2) or
2 2 p12+1

2 .
or zeI_lpi . We expand the Cousin .

Im 2, 1, + (1/2) according to =z e[‘-l.
bi 2

2
integral Yl. = J §Y . (S-—z)'l.'d@»)at the origin O in the form
Pl A v

pi, -

3-1-12
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In this case the following estimation for ?'lih ; s

P

/

(-’;z %O)

P4

(2 1.9 ) L Y"*'-z&‘ < 2 J - (P5 uzi"iﬁ;?.(z?+z)-(xl+‘/z)'_3-

1 . X
‘1% is clear that Cousin integral‘%&tsejf is estimated in the

manner

} V.. | € 28 400 o
(81.9), T“vl ~ 4@ Qzl‘(7’""*‘5"":‘/«&1/‘{?/)(#”-M) (€.26)
‘ ~2e0C

7

(T=1,2) in the set _ I . . ‘
D « { & Be< iy , Pheg R &3
. . ’ 2

In an analogous way to ), define . functions Yp:(ﬂ?)

~and YPA (o) by

2

» . + - dy+2 + N ¥ ’ +
( 3.1 ) 3 )3 E,A(‘P) = Z,aw Yl’,o,g' 2-?) Yg(f-)-_-. ggoo)—TP(‘E)

Using, the estimation 3 1.9);,,the above functions _T?,A (P> and

_g; (62) are estimated respectively in the follo’winng?ays. '
. oy | + A a d J o,k % a2
C3oneh Pl 2% (Pt el

’

ot N : 9,3 . -4
o1 00) s | Tp ool = €00 (PALTDERDIR ™ e
'Z )

\J

wm O x {8 PL-%e Rt Prie T.es L, |
8~1—-13 ‘
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Next define a fumctionn Op. in the setdue: 'l’@"‘?‘%%;% <
. y A2
Tne < Luthténp} by & .
e :
(9 - ll- ) o7. 2 i =g
3L tt ) O 2PN 42 Y -5 PR e

*rdzo L Az o §242

Then  from the definition of ©0%;, itself, the relation

) »t + :
C3 iy, O - sl o,
is valid. D« {2 ezl <Prye,  im-geTaz < dohol}
on the othervhand A from estimations ¢ ), ), and ( )
we obtain estimations of the functions U";, i, A in
the following ways.
y I(y”'* PRI 75‘)2*‘ +6 ?"2““ |
( 3‘“1)2 ) € 4B g A TEA R Tl
(2P 2) |
M D x {2 ' 2 tY o+ € .Y _E "
- .IB’- (< Pt/ : A/z/z<L2<;_l+/l+£/L}
(E =0, 4, ~ -« ~«+ . )

Repeat an entirely same arguement§ as above for i 20
i ' 'l*!‘" )
Also repeat gan entirely same arguement as in the part (1)

3-1-1¢
b

i

2
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( ec.f, the end of I ) . Then we obtain

0 . » R .
functions 0‘{3 ( i=0, *1.,,,,, ) in (@X{g:\R{z_‘PLJLQ.}z[

Ik

< '4.,21( se that the equation

(2 1.1 o7 4 I )
. g,l ] F,.H‘I -~ P,J: = Oj:)‘,'ﬂ { (,:0) i'l} .- )
as Welvl as an estimatien
(3.1.2) . | o° Th

.‘,,
(-
WA

s p g&l » \"e ¢ NJ;
NN S PR S

are wvalidéd ,

iet p’' > p be two positive integers . Then

funetions 6?P:G;L _ = s are independent of i and definel
2 : ‘

Pre

a glebal functien in & neighbeurhood of the set ) ¥

{?; ngke%f . Espeeially we put 6’;, o= G—f’ﬂ,p . The - follol
wing estimation is valid .
RO APV A Rt IOVRVIN
fw,2>] < (I Gt £ At
C 3018 ) JOqmole g8 g Ty e 8 B

so far as the inequality \Tm 2 | ¢ ﬂ:z - is valid.

Yere constants (g, ¢/ ) are alse absolutely

independent,

F-1=/5
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/0
Now we adjust functions 012;15 to obtain desired functions
O, % . ¥or this purpose we expand functioms 07 4 at
the origin 0 in the following form.

(318), o= 276,002

[ L4

¥

Then the coefficients 0‘@4»«)75 are estimated in the manner

. 7 Yy VIR y y .
( B ) 0. (W < “4. P tsz"L_{ t{-a;l-é 44‘-&34-4‘ —e/
3.8y I0g0m) £ 4, -d,‘{f twl +/}’(r+g)
£':~ .--./ [;.
As before we define functions op(R) and O;(w p)
by
: [PCRTAE
(3.1.14) Op@>-= 4
p(@> Zi;:o G & 0 ()= 0 - ()

We consider the srcond fun tion%o)in the seto@xfzzﬂlﬁesililfuéiff.

Finally we define functions 0L, (is0t--)in  the set P«fz:

L2

ich-G Tt e bagey y Y

. T 0 ' ‘
(3 1.5y o7's 0;:+Zo;(w>—é o @  for the poink
Az P o g

e The set D x{?: 2lbaiqfP,  (Tae-ifehr gl ((f{:’liﬁj )

It 1is  found easily that these functions 5;1’5 are

defined inthe set Dafe ILeiiciipf) globally.

21— 16

(i.e. independent of P)



On the otherhand it is e¢lear  that the equation

— ky " o
¢ 9,108, o, - o'

Lt T iz =

is valid .

getimations eof these fumstiens are easily eblained

L4

7e be sure we give estinmations of these funetiens

in the feollowing Iform

K Eor®

o
{ @¢+ﬁ? “Qgé¥${%%%“ %

- : ¢ < 47 g
(3./.%5),, | szl £ d, x (W + %, ),
. 0 ” " EHhE T i'w; e &t cs*; &t

(3 08, loley]g € T g {1 et )

(Pzt, Q¥ Tuwr ¢ % .

( 3 /.II ) . 0 —ccl Cq,d2+c e."?:. 320
B T A L T P i

un

o “"““?ém ozl e ima )
In the abeves T, T are dedddy  opbendod

,Erom the above estimations we know easily the desired
estimation (3.1.08),, -

Now it is obvious that (3/ ) amd (2/./f)

suffice fer our purpese .
(' ]I; } Now we shall discuss 'simpie quantit®

s whiech 1is also wused in the later *

e

Bwﬁ‘—.\q
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‘."J
Discussions here are yal;’%(‘: quite elementary. Wefhall
enter into details for comple;},eness, Our arguements will

be done for two types of geometric figures. Differences of

two situations ecdnsidered here are quite small, However K to

discuss Dboth cases in one time causes technical confusions

( to the author ). (A) our first situation is

Ql‘l‘ﬁz

explained in the following manner Let '€ be a complex

Ehclidean space with coordinates ( Xy Xg Ky Xy ).

e
Assume that a  geometric figure CJ=I[:_ = of elementary type
- by

+L . . . . s e
in ¢ is given . For a given series of positive

integers {m; n!

w . . Syt
v V%v::,-’aw,)’ﬁ,z, e write indices {4 ,)i% Y ygﬂ,}pﬁény s

-L+L5

( s, T ). Define a neighbourhood =(r st ) of PST
- J¢ . - . 4,
%T - {(ID; :CV.I(PST\) ) ln‘f‘ % ’ ];/*I(Esr): bﬂ% }v-:l,':ﬁ,f 4, ':7

{ ot = = : 3,
(pST ) i( x ) ( X...., 1,%32) | RE‘ZAL“R’-%JQST)'#%)‘%V ’

lI’»\.ar' Iy\?y(.gsr)}é (i)%r }:V'::. l).___) ,£,+ —ea )} ; "
/ 8t

Furthermore, assume that an another figure ¥I¢( of

/ -
elementary type is given. By OL ( =, 4 ), We @can
the subset of | Egpg;,} Cumpuied wa all the figures
Ssavisiysng toe rollowing condition.

(o L L) C1(Pyrd, o % P

g—1—18



205

QuUVicusiy the open set 19a, e | = VBB g yfedbis also

a geometric figure of elementary type. We assume that a

and Rl =9)
By ( D(P) ) , we mean the projectic® Btz (Pgy )
,  We mean l‘:}tPSr R @ an&{u(gr)m';g(%rﬂgg,}regpectively.

7

domain &) in Cliiwxis given . By E{,(%Tj > _:»
J
Take a set —fy{g(p)ﬁ} of figures in G}sz Cﬂj *composed o
Lty

s elements . Henceforth such a set fﬂ(?m), will be denoted by
RIS

Ri . owe mean oy Tlmwie, £ Jotre
) | | T
set of all the figures Bg,(R(owQ) satisfying the following .
two conditions,
: ‘e R 0 RO . -
It is clear that the seti(%%qﬁ%}is an open covering of [%’u:;:{.oﬁﬁ,[
! ) . *
our first assertion, which is guite elementary, is spoken

for such & set . A g — cochain \yoi & C‘z'( N(ﬁ(néq#f) YO )

M : o
is said to be defined already in M (o =g gij , if, for

each set 1‘ ﬂ;rTr 3'»-:0,.---, R ”if:'sm - Cb ’ ‘:?( 1\:0 5, 8) is"
already defined | in (\:oa*ﬂ?ffﬁ" ( Note that the above does o
not mean that \y& is a restriction of a cochain f‘

in C‘%,N('&:‘(U,érb, 29, 4 q — cochain \}7& is  of

cotype s’ ’ if \;?%ﬂ:zt:lsm)z 0, unlsss §P1;e,$ dspTy) 7{ is oo
composed of ( at least ) & elements , Let \i%{bﬂ

* ’ N
Bt e R TTE b . & WIS =~ 9
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a g - cochain of cotype 4 . In this case , & further
definition will be made wuse of . For this purpose fix an

Ol’der ( DTy}aT‘QW’X)f %cj‘rv }V-»_-/.--A

once and. for all. With this fixed

[NE%
order, a q - cochain \y of cotype 4 is further said to

be of cotype ( s k) if the following further

conditions are wvalid,

N
(3 1.1 )Z ‘y((\m C’s,,Tv‘z)) = 0, uplegs thev
setiaﬂ;x has the property : : The cardinal number of the
V:o;-"
{prosﬂvl(vw’___i is (at least ) ,& .
Using the above notations , what we make wuse of will

be stated in +the following fashion,

A/ o

« A )4EAssume that 25 4 ¢ T and that a q -~
cocy€le Wy C(Wﬂﬁﬁ)ls given, Furthemiore, we assume that

, 9] .

[

W‘ﬂ' ff_wl is finite, 1f 15) is of cotype

(ltu) ’

. %‘I g‘

(s,k) , then. ther exists a @-D = cochain N €& C (aduy

.¥) in such a manner that the following conditions are true,

z.’lz ' ,
/- §-t o’ O 8,y M
( A 4& l\i’ is defined in m'(”"’; ‘Dn&s), M= e
and  mangower, Mz

TEARTIRY b, { T ety I::ua,ravya} Sl
( A A& ‘5“!)4-’\97- is of cotype (s, k+1) if

B <« P+2-2
is Zero if k¥ = q+2 -8
( A { )‘z.l,‘: "{.\:_?G—I ig Of coty?e ( S, K ) RS ‘&*iﬂ'—.é
L <4, ““'_I i 'S '3""’]5 K ( s, B-1) i§ B ‘du



| | ni &b = % wppare depending |
Tn tne avove, “quantities.  €,~ €45 e, = €[ Kl |

on L 4@1, L ﬁz * q R ~S 4 - J B

P : . . : fz o
gy our secind assertionm, which is easily deduced from (A)g( ;";

is stated in the following manner.

422 . ~
( A ) Assume tnat. 12 g2q . Also assume that a q- cocyele
'? of cotype s is given.;_mwe%' is  already defined in
m SRR S I then we find a (g =D - cochain’ ‘f

of cotype s 50 tha‘t' the equation

BN - ﬁ.lf,z " el % ) :,%_,_' ; )
colype A '

as well as the estimation”

ﬁ.dz
YA

hold, so far as M’ze--’ﬂ'ri.

N

. ' b, . A
Iy e o Mq I b O, 0} {1502 8o -0

In  the abpve quantltles (&L t’ A;}.A;‘ ) ~e’( ) ame

depending on (Ji'e, ¢ 4> only.

Por the sake of completeness, we shall  formulate one
another problem. ‘et 2£,=0 , and 1let L =.21 _’men_pe

knoar the following,

7 2 - v B : ,
( A ) There existis a set  of positive numbers
i€ ¢ }M )d,e‘tel‘m_l_ueu py®ith which the statement below 1is valid,
IEASE ' i '
/7 /9 : o, v :
( A )7 For a pair|m o } and a
g- cocycle Y ¢ 4 ( N (T(m, i, ) ,defined in

3;20
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' 8-
in Mo o) , there exists a (3 -1 ) - COChain]?iﬁui;m

M/ / - . .
T (a,d ) which satisfy the ecuation
.y

£

’/
[
COAT L St + gE o,
as well as the estimation
/! 2 '.
- ”‘&*22 ’” _lll
{ ( /A( Yo W9y e oMt R FoP
: B .S I YRR AN LY
are valid, where M’ = € M 1§ assumea Lo pe : MT/ 3”1‘ .
(remark ) In the above statement, natures of the figure
E:l/ does not appear. " wWe are formulating our rob

problem - incluaing the figure CI/ ,for purposes of appljcations

*

( 6 ) Oour second concern is figures 1n‘ Z:u,y o
. . B .04
our assertions here are pararell to statementg - (A )4‘4{lz
& -
and ( /_\ Jirze Though arguements are pararell +to (4),

a care 1is necessary for quantitative arguements .( A care

, we take of , is quite simple. (C. £ .) ).
% .
In this situation we assume the estimation ofq of the

following form ;

! : ' 1
9wt o &"{lzﬁﬂm«‘% ! }

. 41 / 1\,'21 'e'laz
Then, our assertions corresponding 1o (A )ayg and ( 4 ) A
are stated in the foll wing manners First we shall
need to. add some notations which 2re  girilsr  to on# in(Ay

1-1.9¢
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Let us return to the figure 35 n » . We mean
by pr, and Pi'w | thé natural | proj:ecfions v lglarr= (25 and
b (8, w> =0 - Assume 'tbat a figuréE’cCiC',"of aa element.a‘ry
type is given, Also assume that an ordered getgf of &iguresfafg,vfw;‘
m € of elementary types are ‘given. We let m(a) fi )' be

. X ~rBoa :
the set of all the setéﬂévgbich satisfy the following condition

(8.1 18) LEaj, & x¢ yend £,(G155 > ¢ £

Notations used in¢h)are used here under the following modifi-

. of UL, :gﬁ;“cype' ) if )

~ §
~-cations, A wsetcof open sets k’=4‘3ﬁx‘}#5

- the set | pr ( ‘:'I{:/K') kI,SIK,is composed of s elemwents. For a

/ . .
a setflof +type s , we say that B is of type (8 , k)

/
W s . PR
if the number of elements in 77 , whose projection is 5.,

is 'exactly k . A cochain Ye (J@"’Zi’}))‘(?) ig said  tp, b:%aid_

e 5 LU POPRP s $~ls . s . B ME L P =8
dridés 4 27 (5,80 lfﬁ/\;%}ls defined 111{}!"_?1%&50 far as A’

* 47 . Now assume that a p- cocycle ‘:Y") defined in y
is ‘given. In a similar way to ar we show
the following two assertions respectively,

3-1— 22
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. 8

N .
377, assume the
iy 3

'

inequality 2 =

: ‘ 19
poreover, we assume - that a g — ‘cocycle ";?ec(){(m'qf,;'_,p)of cotype
. ’ M3 ”

(4,47 , defined already in ?]l(x:flﬁh ) , is given, 4he

Tollowing estimation oI "ft is  assumed,
. ' ‘ ¢ o2 d n\\\\\
C B ), 1Yz, w)) 9 1RIAMH) & o= L

. ) ‘ll;el .

‘then, corresponding to { A 7, B R we ¥now the 1Io0llow
P

n N
' ghere exists a
¢« B ¢ g Y | \

%) with wbico tne following facts are

e
L be OLe-pined_ CLQ,reao(y A Z’LH;(‘:',ﬁ.A D,
1 . : .
i\ B 1’ )/’:E‘ according to k « o+ 2
tne relations

» ‘\'MJ 1S o 8§ )
L B«.’,l b K -ge'ck(? ) = of

is of

s & o

X3

’ Coger
a-1 % _ ,cochalnb”éafl‘f&&'@-

- -
valid, ( Moxeover ¥ 5s assumed.

- 8 or k=c+2-.<§",

cotype ( s, kK r/§)

cotype \ s, k)

k<(@:)q, + 2 = 8,

-
ana ¥
it k<o +2-5.
%,N % ) it T
and \j‘_/ is of cotype 4 s, k w1 D)
ir 'k = a+ 2 - 85 . |
m N
" in both case of
L B ]'lg JA&/ ° |

the  following esvimation of \ny—I
| n N §-¢ < Y
A (@l/ & )A 3 , \y \ = o
/ /
In the above, cuantities { 1, &

is

valid,
’ Cor

2
ClLEl + /wf‘ﬂ )

are
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determined by the follewing equations
( B 1,’5) M= @j*’:‘?“’) 4] = Q@P‘(”‘;g&ri{;-mﬂ;ﬁz&g
d; = .73(07# 5.7
,wner'e ‘z’e{&;ﬁi&f CEZ;:;QRJ', 4 I, are depending on E,'n,” q,
s, K ) only.
uo%x'espoualn; to the assertion ( E )iel , we  Know
the foliowing <facts,
)%'N- ASsume the inequality : 1 = s = Q

/
( B AR

Pl

3 7 o .
Also  assume that a - eocycle "f <«Z (ﬂ("s@&)j& 3 of calype 4,

defined  in

' /
( (@ | ) WZJ‘T&

is given .
. %»1
\f y defined
following conditions,

/

. WV o8
( 791]1 I

b w
« B

12 AJIL
Here quantities

M o
(LGN

apd estimRted as
g ~~ 4 '
|1 dp- (™ 1)
’ 2
prhen we obtain a v a= 1) | cochain
}Z’SN/ g . i
in P (=3 ﬁA ) ,which satisfies  the
~
gcc‘ck (‘f’ ) = 0 .
31 Ar 3
Wf*.w( £ dGa* )
i o = .
(™M, 3, %) are determ-
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details

wecause tne ste?smao involve: considerable

we shall outlimev ~each step taken in the second step.

In the first = place (1 ), we settle a set @f
neighbourheod tc  each stratun 8;3%, o Thie

4

is done by dividing the strata inte first and
second 1ype, and this part is of essential - ( bu
of cuite simple and  slenentary ) nature in the
remaining parte of this section, Once we fix a get

) ~ EN e, -y S*'j 3 -{frq.
of neidhbourbcods tc  eack  stratum na, s W€ Inves

-igate intersecticonrelations cf  velovhowsteel: for
. i N : s R - s JESC T
a series\S <~ Sh%z This part will be divided In%o hree
I‘ 5 v -

cases s (1) The case in  whicgh e series

is composed of strata . of first +type only . ( i i)
ghe case where +the sgeries  is composed of stata

s s s +
of secor? type only and finally ( i i i) the mixed
Ccase where the series containg strata of both tYFS
Irf the intersections takes a simple  Torr which is
commodiate MR cine purgesc, we say that the associatecd
2 |—~38 '
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neghbouhuds are suitabie, we ask quanbitetive . conditdenss

in order that  the associated  neighbourhoods are

suitable . This will Dbe ﬂdne by  dividing _the cages

3nto ‘three eases i s Gy and (i ) o, and 1s

also of  quite elementary nanure; Ia ()
tne conaivaon {7 00 ié quickiy stiown fo:
Yue  neigubournooas wnich  are suiiable. Elnally
am o Ty ﬁe Suow ghe condition )-

Qur arguements in toe lasv two problems will be

done easily on basis of expliet expressions ef

intersections of neignoournocods.

Finaiiy wWe  note 11mnat, "in the case oI F = 1
LA ; o i ;
is & expresged as a digjoiny finite union o1
point8 ana one  aimensional open segments . Tnerehre <
o veriry all tne desirea  conditions in.pn¢w5EmAQiis
all o Pbvious mavver, alll we uo nov entver into.

2-F39
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Actually , we Tfirst see that assertions (TmP )1‘:'“1\\!(];‘]@;&3

. 2 2. £ L
lead to tne assertions ( A );£) ( 14;) ‘anda (A V.
For this purpose, note that the followiﬁg series of

implications are valid,

~ 1 X , &1t
( Tup ) ( A 7 ¥ =ue e (A)
. 211 7_ 28 243
(B J,0 e = 4, e, O 4 g = (A bi
£t &/ e11 L
= A, B CA = AT A L
In the above sequance , tne first assertion follows
from  ( Iwp )3 and the last assertion follows from
{ T""i’ )ﬁ un the otnerhand, intermideate seguences
are pecause of ( T‘mF ls
2
ibus we  know  that the assertions (Im]’ ) ~ ('InF J
]

. £
implies the validity of the assertipn ( A D) Ciﬂ‘.-"'-)

then it is clear that toe assertions (Tm}, ),) k]’mf )

‘efz l?e
and ( ]-%‘) )3 lead: to tne assertions ( A Yok | (A

In a similar reason as above, it is clear that the
- / ’ .
assertions Iw? )'l , ( I=p )L and \(I—MP ) 3 imply the assert-

~ions ( Fﬁ)A p and ( E% fﬁf . Now we show tne assertions

3-19517
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(T ) ( resp. ( Iwp ) ) in tne f i B
m} - P | 3 ollowing
manner, At first note that it 1is clear that the
| | ok | 2,5 TR
repeated uses of ( A )%{( ‘resp. ¢ B 7,4,151, 1¢adz; e
easily to assertions  { A )’e‘;f’\ resp. |\ 6 )'&f{ ). on  the
: ' /
ther e $)is shown uickly fol B i
othe and (T"“P ).’,((E-@l q y a8 fo lows
£ £a 8 .
Take an  element = ¢ ¢ ( Tesp. q,(_ ¢’ ) respecl-
g ~ .
~ively . we mean by 7&] { and )2? L ‘)- the set
composed of one element ‘ﬁaf’( [:7;__0 yonly, grite the
Y
given figure 3 Lrda 5, otk ( = resp. = in ™' ) as
r-:l-ﬁ,i‘etx m(, L2 wtd . ~

N
= /s - =" =3

-Z'J " ) ‘ .
then D’L(n,z[{f’ea)(resp. (= ﬁ?’)) is  composed of figures

< ?. s H i :
ol =P, 9 (resp. o= * Dpoge ¥ D 9 wnich saﬁlsfy

£, ] j :
1 i
(8.119) Fu =) (i amd)
£,
Denote by [ (r:zll‘ ;&Qf ol I ¢ mﬂ(d‘ ') ) the set
of figureg { mi‘ xﬁ} (lr:Jri& } )] so that the relation
( 37119) holds. Define a map &£ () vy

3~/—28
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. ¥ N
( 8.1.20) u: ¢ (N(%(’%ffﬁf, 2) Y)Y G (¥t fo) $9 259
( 3.1.20) sdlnete) = Y0, et )
(Mo, ) 6 ) > ¥ CW(resr 15995 465>

o H _ R $
L9 (a, aﬁh) = «(¥(a, e, )
The above bijective map i (y commutes with the Cech o-"0on

J
42
cobounaary operator S‘Cé‘, . - 1hen it 1is <clear that (A ).

ym,a

L
( ¢ AL ) ) implid,- : the assertion \A )’((‘1@3 )i‘ rherefore

the remaining problenm is to show assertions \Tm‘) )2

/ /
( (Imp) )4 » ( Y»\> )5 ( and \ INF )l) . we consider the

assertion ( L.‘; )L ( (I“F) {& ).

' 1
verifications of  the assertion ( Twp). ( (QRES )y, ).

.
2

Arguements will be done by dividing the cases : k ¥ g +2-2
and k=qg+ 2 ~ 8, First we remark ine following simple

) / . />
facts . vev M, M pe wo posivive numvers | M, M = 1

_ § . .
wooeover, let D, w1, \ Tesp. B, =5 ) pe Ligures 50
g AR, LT K,
Tuat =3 res $ s % nolds
ua VA B, * 4> ( P. c:ll_‘_m‘ AC‘-'I‘T;I(; # ) .

Then there exist positive numbers < - e,\ TespP. &, &%)

with wnica ‘tue Ilfolloetling axe +wvalid.

( S.1.20) If % = ¢-MN , umen 517. > = .
/ 8/ : ’
V3. 1.3 ) If M = oM , 1hen L.‘:I':“> 1:7‘:8

/ R -
lows,
We Suow assertions { Inp )1 { (pr ),") ~as Tollo
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- . . ” a
( I’m") & )/E k>q+ 2 -8 : Start with a datm (=, £,)
~r & V B . ) i ) g',z“ ’ /K;Z
(resp. (=&, %’A ) ) as in assgrtlonsr A )A,g,(\ 8 )‘%)
1 N
We  express the ordered get ;E,; { Tesp. Zr ) in the

¢ re .
following way. P, = { sl ﬁx {t’\’j&;&; " Take elements
D] M—r-A ’ ’

( ml—vj“) : v m*‘}’ ( i (n AK72,| nNI)},Yv:‘: ¢>( Vo= 1""”"1{' )

Bl
- . . A
' :Instead of +the given figure oOc<C f resp. ™= < f ) - we

. ' . B & - 2 ]
~consider the flgurem:.. =, (e ( Lesp.ﬁéan(n&? u_),) ) . also

~ £

we start with _‘}:_he. ordered set: £A-T {t::@uLb(_rlesp. ;B__{n,ﬁ; )M
2 (S , . )
, X Acar .
instead of ﬁ‘, ( resp. 384 )y . In a 1little while
. . U . ) E ' . e gt*&)
our arguenent will be done with the data (= < X,
~n ] :
( resp. (a,’x‘ﬂ’*;ﬁh)). | For a  given cocycle }pg'

¢ . mg )
€ ¢ (W (umdES, & ) (resp. Yre (M(»z”(as'ﬂj’, &)

‘ ot S
we obtain a ( a -k ) - cocycle Yy, € cz & (ma,afgf)) )
( %S—f ) ' uati
x € C ( N (%(rv af‘ffr) G ) by »the following = . Aequa.,lqn.»
1 tan
: ‘ — '
(2.1a]) \J?*(nm 1y, ) y’ (4= LR )
. v 12;
if pr_. { O, }m &;osmcwde 'm,th ﬁA : .
= 0, otherw:Lse. ,
/ 3-8 , -8 ‘ g
¢ 3.1, Qi1 ) * ((\cﬂv :}IZ‘:&K:,—) = ‘:? (0, ls‘ufel;&w I:J'Ky) r?k:(lﬁ’r*g,) &

2

3_ 1= 3D . = 0 otherw.sre' N
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3 ~Z
moreover, we assume that the cocycle 9 ( resp.
, 21 p £
is alreaay deiined in N (= , =2, 365 ) { respe.
us - '
mnw =, ﬁé ) ) . rhen, in view of ),
-& ~4-¥
wé can assume ¥onak '973'* \ resp. ¥ x is already
IL’ e E-t/s / NN—
< o~ I ~r ~
derined in W o ,dod , : ) ( respJl (T , JﬂA ),)zee,»z/)ﬁ;g“*
Here consvants e* é:‘ ’é: ) are depcuauiug on @, 4)
(n,N7 only . BY taking M sufficiently 1large, we can assume
bne ine%uality M oz o1 . PFor the abobe
o8-8 ay _
cocycle }f* . CesP. ~f i ) we  apply the
2
assertion ¢ A )f‘*_lz ( resp. { 6 ):’_A; ).
Then we obtain a (¢ k¥ - 1 ) - cochain Y
£~ $-4- ay S Nj—f-/
V'ooe e (iGlatnly & ) ( wesp. Vo
4 Yo N : . b2
C (N (1 FE‘: $ ), ‘@/ ) , already defined in pl <n,="f£f;)
W-ATS /’\’* N ) . N
( respe. 7 ( = ) ﬁl,_') ) in such a manner that
the  eocuation
8- 44~
1.2.2 - =
-4 ~ 1
- = 0
( resp. \? * S)Ge’elt(‘)ox ) 5 )
Rolds .

3--3 ]

'H_
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g_,,é,,/ A—;—‘&""
The estimation of \f « ( Tesp. Lf x ) is
2, | By
obtained from ( A )A—l( resp. ( )4—»(‘. ).

in the following fashion,

g-k—/ F

.\ l‘ ’ L y ) a* ;--& .
x | b M1 T T < {mex (1, 7 M

( 8.1.93) | Y

[TIN

/ g-4-1 .
(9. tas) 1%V 2 g el

In the aboves s quantities { C:, ceee c: )
. | = ‘ P
( f , A2 ) are given by ‘. e ( A lawggw
8 . )
(  resp. ( B )t_, R Using the above cochain
0 53-8/ ~ {- 8-/ :
? x ( Tesp. ff * ) ’ we define ' a
. 3-! a4 2 8 .
( a - 1 ) - cochain ‘jp € ¢c( N (DZ(G'{)QLI) , O )
-t 1l 1y N |
( resp. ?ﬁ ¢ C (N (W_(a,u’,;&A ), &) by the

following  equation.

3—[— 32

-
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5=/ 1_—‘9 -/ 1"' .
( 3 1 2 7- ) ‘J(%lmﬁﬂﬂ = Vf# v: Tﬂvi\ . y“) izt Tne set
SPTS V;/--‘i"l satisfies tae Iollowing condivion

*

( 31 94 )/ tléere wxnls exacily £+ i gures {ﬂr,,x,z "y whose profection: p;zc(-‘j

ol =g %\ ua ¢ IR = - {ﬁ
w D) 1 I%‘v 4 T v
= . otnérwise, Raares k. ":'I«
N . \ii /
in  the case of ( B ),, we deline by

_ t- ¢ 3‘2'/ [
(3100 Y (Q,“DMO =Y, (Ne Tugy it the  set {Ox4,

satisrty tne coldition

(31347 there exichs
re s ‘@XMM)’ 3 fj«-"“ {':"Jv Iﬂ,‘,;, -8 wbs’c/éudtci‘ua b2 (cn X k) 18

C]I
T and et o o>\
=4 ’ TR b W) e g ]
= o, : otberw:.se. R
vt . . . : ’
‘\moorpver,, in view oI <tune sirmple remarks ( 3.1. 90 )5, we
e/
g~ 8
can assume tThat Tnis -cocnain \30 \ Tresp. ‘P )

\7&& (7=} }@iz)\ﬁ'tus(m, =3 ﬁg;}), wnere

is already derinea in

’ —&, §;
M’ is derined by M = € M ( Tesp., W =€ M)
3
witk consvants @ U, @, J depending on

&'1 , ﬁ,,_) ( ‘resp. ( N 7T ) » ) only.

81 "Hs-t
or  cochains \70 . ~f )

'Ql)ﬂei

(97 4% Lae o tuernand 9 estimacions

8H

are ovtained

32— 11— 33

from tne inauction bypothesis ( )A . ( )

o

)
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rhus required QuUantvliatlve properties required  for
, ! il A
cocuains ‘f ( ‘f ) are gsatisfied, . Un the
otaernand, it 1is eclear irom ‘wiie equavions ( } e\ J
that the 1roliowing relations are valid.

( 8.1.33) ‘fe" - &cgq L Vﬁ—,) is oI cosype

(s, £+ 1 ;\. #inatly 1t 1s also obvious , from \ }

, tnat tne cochain Y is oY eotype S,K ).

4

yvhis 1finispnes our prool 1in tthis cése, \
NN 7
S In], A ).1 k = aq + 2 - 8 : in w;s case our
v . 24 , { ey Ll
method oI reducing tone problemqfo the lower % -case¢ Ya
is not apptiticable as in ‘oe case |\ J. e proceed
as Ioullows Take a  set of rigures { =PP!
: Valeee g1
resp. o] ) so  that tne conditions
( P { LLK’L:!,»A-)
C 3.1.a6) /T'UT‘ ‘
N - , T o | x .
‘ - n $ , ('!'es}. (ﬂﬁ}‘:lrmka,‘m x4 5
/
C @1,36\) {Ba‘(‘:’rﬂﬂf -{1:1 . .
: V2 oo puy T Lt {Bc(mtdxb)} = 5 s
' . ’ . I EILILE(
are valid, : g ol

thi i ‘set ~ resp. {1 :
Tn  this case we fix a sev { EJT.,?LK;, Ll;-d(-l ASP { I"J;’k“}vq H)‘
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P . /% ~ /¥
at a momentc . weiine a figure Y, resp. =, )
% ’ 2= ~/-A_‘_ 7~/ Pl
by ﬂ-‘j 'l':! o mw—.u a’ﬂv') \ Tespe. pure = f \n)’u ml‘,j’p ) ) v

"
roreover, define a set o1 <figures m(m,ag,lﬂv,é})by m(a,a,a%):{m,hx,(a)

) * B 3 fi
=, 3, UZT‘P} (Tresp. n(ﬂ;e’:,}mrfx}) ‘—‘~{aﬁj Bu(=)z s, , gA-Tib Ie rhen
K, £
. g0 g1 ot
it is clear tnat a (q - s + 1) - cocycle (”“‘r‘?"sﬁ,?)("“”-fx
g—oﬂ . ¢ ; $ 3 ' ‘s
. G(Mmeep®)is obtained Irom a n - ‘cocyele e Wq'?‘b””éé’(tﬂqen),ﬁ))dellned
Iy af
already  in Rezwe y( JZ(:I,qrﬂm)Py tne tollowing  formula,
oo t2 -A¥2
) 8-4 - 41
(3 : / /) '\y* (A‘rg_,, I’J'é) '}? (n ;u‘rfbl\ 'EI,J'V)
/ 4, q-4t2
SRR O A
V‘ IA-J:‘KV ) A L) K,})
g-0t! ~q-AT |
in +tne above, wWe <can assume ¢natv ‘; * { Tesp Vi x )
M, MI

s
- - 3 ~% e
is derined 1in T(=,=i=gp ( resp. TL 1 (= ,*DI:'&)), where

’ « . . . ’ ’038‘
& is de vermined by Bo= e M | Tesp., w= & .M )

with counstauts €, ( A@.‘ ?’;) decenaing on (1.‘413)7,)((//,n,o,3,)only.

(Lhe existence of constants e, ( Q;‘, €%y are obvious

in view oOI ( 3. |_ ]ﬁ) ‘ . slso our arguements will
be dpne py assuming that m/ z ‘1 . Hefe wé

remark thact \\yi;AH { . Tresp. \?-:—h J is 1independent

of 'IUIVTJ,:,”M\ resp. {C'IVT,,KJ\;:»;-»A-I ) in <the senge <that
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- 44/ oat! - .
qi(n‘:;'jw":t%»";): .‘\S)‘(;:jnﬁv “f;:b':‘fo’lv' ) \ resp. x (.;‘:{::'V’zjmmmv)= ‘jft(ﬂ{:vimmn ij%’%fy‘)
holds, ibis independencenesg .foi._lows from the : fact
L ; ok .
that the cocycle Y ( resp. g ) is of
cotype ( s, g +2 - s ) once . we note ‘the ‘follo’eing
simple  facus (Ch) Let us assume tThat a figure or  elementaxy
£,t4 wt NV

type mea ¢ W B, < C

, ) and figures “hi; |, =y

v t:ll,’;K Y:lei;K, ) are given. Assume that the follow-

’

-ing condition f o, [Foyub( Tesp. o oby X ¢ )  is  valid.

. A chain of figures [{ ;] (O.,) is defined
R

{(resp.

to be an ordered set of figures K P \-;:11"7
, MY, ’ T

Org, -, r:lrt,&w,gn,) in such a manner that the conditlens

j ooy ] -
T X .- f am) 3 e
TaPmrd s T Ty S N SR =N Y (T
: . g 3

=1
( oka Flrakxd - - - By =1 o
L) ’ T el A I’J«Kc*“5 T TR T K, a3 *4; S & (\Q#‘f(r:l‘:f;))

nold. A simple observstion leads easily to the existence
oi a chain for an arbitrarily given figures (o = ,ﬁfy'-)

(resp. (=) r::.zI‘J_K/ x:xfjé,o ).

From the above remark, the independenceness follows %M*L .

easily. { Because a verirication is gutte simple , we omi‘,tf

devails.) 23— )\[__%1
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) L. lz v
Apply the 1induction hypothesis ( )’2( resp., ( )n/, D,
/
$-4¢/ N’_‘f[ .
vo the coeycle qf* ( resp. Y x /- Then we obtain a

&4

£-4 : 4
( g - 4 ) cochain y* & u N ®eTey , T )

~g.s 4 . ’
( resp YGC(N (n”(‘a* (Df‘x)) ﬁ‘) ) which satisfy the

Iollowing equatuon.

‘ g5 _
( 3.148) gwl(q* ) - Y, = o .
) N ys
(' xesp. ( b} Sce'ca(‘ft‘) - Y = 0 )
L% . "N

Hy ( A )pC xesp.  ( 8 ), ) we know

v r §-a ) gl
necessary quantitavive properties : ")D ¥ (resp. ‘f_x )
is aefined in 'D'Z/ﬂ/< = ;:{*ﬁ (resp. ?Tlf( SiCE )O while

3= 514
the estimation of \J + { resp. "f x ) is given ' by
st N 2 §-4

( A LY. Y,)Using the above cochain (Y ys We

ftl tad
uefine a ( q-1)-~- cochalnyéc('l J®)by the following

equation

iy
g L TP

¢ 8.1.29) ¥ (0,

" '574)— V(n‘n:hh)'{.{ Tax]:s of
¢t e (4, &0
( Fesp. V& G (N(nc 1), %) by ,\ys e s O, vthezatse
) &x Mt mfr) =
In the above ¥ ( resp. ¥/ ) is eiven

-3
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in tne following form | 1o wview oI 4 . ).
’ —~€ 4.
* / ¢ 3 2
( 5.7 09y W = e mr w = € .
) E 2 )
with constants 2 (-e’fl ~e':) depending on _-Q” ﬁd

( (resp. (2,N:) ) only .

now it is easy to see tbat the following equation
31300 ¥ -8 (9= 0

¢ 3 | -8 : ,

fad

~E ,

¢ resn. YF -5 (9= 0 . )

‘ Cdech '
holds:

' 8 S & '-/
rirss it is clear  <thas Y -S;M(fg ‘L o | ‘fg "5(?3?— 0, )
‘ e

except tie cases wnere fD,‘,;,

satisiy toe conditions

{o §
I':JJ“ . ({\:r‘m w) is ol tﬁe A, amL ot k{re (4, B)ox (4 Bt
wext, if {Dlﬂrh’ :.x,rll Sy ef type “TeCh )&7 ~, ten
N Y S
. ) implies  that ¥y -é‘m\}’ = 0 (Tesp.
~1 ~l ‘ - a
LI w >= 0 ).wbiraly, tor (Fp5) (\:Tr,w
of type (4, Ry, -5 )" (?-{vu)
because ’ 63:' the equation C 3. 1,929 )7‘ .
yhis rinisues our grooi‘. " qe€.d.

3~[-35
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Remainin~  two assertions  ( L«P ) and ( TM]; )3_ are
l(.
quite easy and are Dproven in the folloeing ways.
2.4, . o .
( 7T ) Coucerning ( .LMF )ﬁ- we first  note

%
that the relation «\,f is of cotype (a+4) implies

e {
the €exX1stT nce ox a a - cocyele Y'¢ G(N(D:}‘@) '1:7;) 79,)
)
g 2 '
G+ 44 M *
L 1
\. 8 1 : 31 ) \f(ll"gf‘}__?:'@:w j:?( (),_::I”"uzv”o) = ﬂl}&'t(n') 2
, , VIR 0D
= P:Lz(w 7) - N A X, Zglr.)=(14',-. %, 3&“"7’@.% ya Z{.a,,
Thua the problem is reauced t0 the ome diransional .
. 2t
case. ( The existence of v is a consequence
. , - -
ot the relation &+ - ‘\f is of cotype (n+1> and of
the existence of a chain remarked in C31.1& >y ) .

/g—l Q.J )
we faind a q-1 cocnain ¥ ¢ ¢ (U (x:r'fxo:/) , )
y ¢ 2

73 4~
so that the couation Y - Sca(‘)o )= holds. l'oreover,
' -1
we define a(%-{)- cochain by

‘g-( e /.‘('r" W
t 3.1.3 Z ) '1? (AV:l g'”xﬁsz)} ‘LY (U'}‘A"D’V’ﬂz

1t i=  clear that Im}, is = assured with this

)41-
¢t
coghain \'P .

1
( A ) The assertion is quite clear and we omit it

4 Vv, ™, are >»rojections Ey(ﬂvv,gh(gﬂ and tne left side or

( S 13l ) s the mestriction o the  seu([Ewx(1m,) D

9.1~ 37
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( e )l After the above elementary preparations, we sho

| /
guickly our assertion ‘(gm\ma, 3»» 1. ). VWe start with the

. F‘X“

following.
( E . L i{ ce.eo.o.Bliminations of the indices K2 ,There
e
exists a datum { oC, , BB, &  C }’depending on(¥thonly |
3

of ‘a map o[’, of e—ﬂ—type,ce%‘t polynomials P t=»n , and& linear

functions L ' S0 fhat the following assertion is wn
Valido

L . L - §~1
( B L "K There exists a ( @ -1 ) - cochain ‘j’ G

{1

§— e » /
€ 4N (ME&E,, ), & ) with algebraic growth ( & , <. )
in such a manner taat the relation

%
(g % Y

holds. (Here the right 'side \3“ is understood to

3_..1 . .
- SCécL( '\\-Y Y is of cotype ( §+ 1),

8 ‘. ,
be an element in G‘\Ni(us(z”), ‘6’ ) by means of a.

suitable refinement mnap. )

-

/
Moreover, quantities ( § ), ( A

J )  are determined

oy




C8) = 0SS dim B Gfr By
&: = Zr (3,18, .

In concluding +this part we note the following :

For a given couple ( § ) ,we define an another type

S . |
of an open covering of @N"D: Namely , by ©C ( C'<U)

( lote that we are writing ¢'x U instead of )

the set of all the open sets ¢ \’Jgﬂ?g)x v 11:,; Assum)e
3 §

that a cocycle \f?c—' 0C (g-j*)x) of type ( a+ 1 ) is given.

Then  there exists an uniquely defined cocycle Y ¢ UL (¢%T)

so that the eguations

o i S
4 ot § > = GTTJ 9).) - K
(3.13%) Frnmde = F(n, S wm €T
for any indices (I , J ) and X , hold,
_ ; -~
i shis uninuely determined cocycle § will be called

. t X X
the restriction of Y to x7J and will be denoted by
%

\gl@“xU N

§
(B.L. J ) Elimimation of the index J 5 Let Y  be

~

. 8~ :
a cochain .m G (N(zz{@‘;g))ﬁ), such a cocbainq;}s of type

o~%. %4
s if "ff?flgt;:vko for any sets |I,T,) so that the

V=JI—-‘1‘[-)

cardinal number of (1,7 is at most s . A cochain ’gfﬁ

VEL -y

is of algebraie growth ( Q,, J,) if the asymptotie

behavior  ( ) is  true . Then we

$- /=¥y
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knoe” that there velis‘i;; a datum ( B,2,0,¢,dL)
depending pgn ( Xn, £ ) oenly y 86 that - the | fol
following are  valid,

(. E.L.J ) ’%here exists a ( g-1 ) - -cechain

4 ,
c( N ( 'ﬁ/'f((f/nx v)), ) ef type qrf-{ in rsneh a
manner that

(e )y Yt Sagal Y7y 15 of (s

as well as estimgtions
— T ‘ %‘/ ; QL/' 32/
(B.L.3), ¥ s (v iy 1)
P 5 - , e |
3\ = Rlas)-€ - ool I = Lo §= L)

are true.
fhe above faet is shown by a similar and an

easier nsnner than in ( ). Therefere we eomit

any details ef +thenm . We alsc mnote that if a eocyck
&Y g ' Gk
¥  is of cotype ( a+1 ) , then we can regard as

| i 0 o . -
an element of v A ST : ceverin b4
of ( @v(’l}%(@x[ﬂ ,I?f)_( I’L}&@ ¥ an epen ering o
N
C»xC composed of all the open sets {[](Pr) XU D!&re
e 8
> 3 % . %‘ &

precisely there exists a cocyele \jm eC (N(Z&/’Gz"iv)ﬁ) se that
the following equations are valid for any indices

«( T, ) and (3T ).

y

3-l-5%1
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Thirdly we consider the fellowing

( E.L. I ) Elimination of the indices I

e

4 : '
An  element Y&y in ci( N (EQEQ&U», G ) 4s of algebraiw

growth ( @‘ . Q:z ) if an asymptotic behavier ( )
ig walid . Then we know +the following <fact from
( ), ( ) and an elementary arguement like ¢ )

( E.L. I )  There exists a datum ( Eﬂlﬁ?z) Loey

>

7

deoending on ( Nn, q } only, so that the following
are true .,
(3.132) For a coeycle lyi of growth (&Z<$ Y,

o L ® . .
there exists a cochain ﬁf%ﬁ) c (N O&éﬁk&; 7 ) of growth
/
QZ ) so that

as well as /

)

(3 133), N 1< (el - 3= Rev-e sl n sy

hold,

2-4-43
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( ) New it is easy to deduce the original
lrmma from the abeve arguements | :  TIhis pa?t ‘is
quite oebvious and might be excouded . However | we
discuss for sureness . | Start with a ceoeycle ":Y%C%V[ﬁ“q

{

;6 ) of growth ( Q , &, ) . Then, frem ( E.L.K),
we kunow the existenee of ( §' ), ( Q1) anda a

s d_
refinement map Y WEoeNE,)se that  the following

equation

Gt ) ey =097 ¢

i

‘helds“.‘ Here '\?‘fj)jy‘a&!’e in C*@’(ké@ﬁ)and (%), (a') are

N o
determined by (E’TJ'S ) . Restriet '\:?E to Cxwu

g4 2
and apply ( E.L.J.) . Then we obtain a . eeehaing’% in C(Af(iﬁd’w),)\y

se that
3., “f ~ ‘ _ T %
(3. ) {9, ]c)% goe'csz -9,
bOldsg W‘\ll’e f{?f is ~o‘)C C,,/f//&e (81’—}) CP‘-’" v k. T ) ;%.‘ﬁg(é"rﬂé,ﬁ}@;
X0 ) . Befine a refinemenfs map ro s 75(,81( e b(,s[(i’-n,)r)’ 89

that the following conditions are valid',
(3.1 ) Lo(Dryne) = DOy Yo (Opex 0)= D140 2
(r'sy =(x15' '

’ -
For a coeuple ( § , &, ) ,'ﬁ?(&,u ") means the ope

-covering of 7 -C" 4 U of open sets { stkﬂvznk &

3-1- %
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( ) Now it is quite easy to deduce the lemma from

the above three steps : (g L.T), (®8L3 ) and (ELWN) .
VR .
We start with a cocycle ¥ <C(NW&)) of algebraic growth ( &, , d, ) .

Then from ( E.L.X ), we know the existence of (5 ), (é,l ,9,/)
1 g-
and a refinement map f\;ﬁ{%)gmli‘“\so- that the following relation

(300, %) (e 8,008, = Wy s b Rpe iy

, ‘ /
is valid . In the above U;r“\ is a cochain in(jN(ﬁ\f,)\of

algebraic growth (3, ,d. ) . Of course ( 4, 3, ) is determined by

%
(E\L\V\ ). We write the wuniquely determined cocycle ‘8IZ"’$ in
Y

§ o o |
c@(N’L'ULLQL"rU)I‘ﬂ}) py (31,32 Apply ( E.LJ ) to obtain a

i
8- 3 8
a cochain Wiiv in ¢ (N (Cwo )) so that the relation
Laly

o - % . . ,
( Q l 31 ) ‘fi '18 ﬁu Y - g"f‘ukn = Mo s el Cok“at (s')
7 N . ld‘}‘@ S( qu‘)\v

in o fhe  sen (81,5 ), & o
is valid with a suitabiee infinement map 7Y, " ’ULL@* U)(a 'D‘L(Q:m),

PR
Then we define & refinement map L. MRP6lE, 80 that

the following condition is wvalid.

\
U
H‘
]
F -~
o
o
o
S

(3.1.3% ) If T, (2854 the

relation

is valid,
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we let Dm’: = 'Dfs“@w}\(? ., For a refinement map rw;_vlsc_)zz“'

#se .
, we define a map Yy (%2 DU (@“&G)( by
. L4 i
. X >m‘(2ﬁl)‘\
4 . :
( 3.1 ) 13(*7(‘:];,'5%) = Y3

o5
. i g 1% e ,
Moreover define cochains ¥ yzecmfum ~the eocuations
- $ | 5 8 |
(3.0, ) Yopimean) = Y (0,05 x0)
Then we obtain the followihg equation -
. | 4 .
(30 ) e rrth = § (%R 2009t
- 8 ceen( Lo ($955) + YN (\}”‘f")&)"f&) )
‘Finally apply (&8.L.I )] to i}:’i’ (x4 . Then we obtain

e e
a cochain gy éCH(N(‘UL/'ﬂ(ﬁxUD,‘O) so that

% :
( 3. I). ) ?Q(I): Scéck(q{?(;))
o
is valid, Quantitative properties of 93 3 (§2¢€) are determi
-ned by ( ¥.n,1 )
ned by \ sewei ) « FPFinally we proceed as follows
i SR ‘
Define a covering TL:(CxU)ot &y U to be
\ I3 5% i 8% I
;a—‘ E* <¢~x U’) ( c U‘( (cﬁxv‘)) - { GT,SJE X Ptx(i:' 13 ) < D%&P; ) }
, , ‘ ' ‘ I
The map ive stands for the injeetion map B iy, TU e(dl"’“ﬂ
s ‘6'(:’*( C%T). Then , from ( ) , We obtain the
following equation
( ) Lueod Lo Taegh = § (o™i + &, (2P

+ oy (9fa, )

3-1- 4%
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i Tv\) »>
Moreover define a cochain Y% ¢ (N-(Zfﬁd@)ﬁ) by Wir(ai;o: ‘30?211: ;

% 54 -
Then we know the relation L Yoo = 8¢e'ckk G

Then, finally we obtain an equality of +the foliowing form.

(ot ) Geer oyt F 9y
where v 5’: is an element in et N(‘U(i(@fx v) , O )
of algebraic growth { :l‘ , X, ) . ~ Quantities
( ?}I‘ , v ) are clearly of +the form ( ).

our assertion (of Dboth lemmasiiand 3.1.1 follow from
(3.1. ) easily. q%e".d“i '
n. o Next we eonsider a couple ( U, D )
ef a Tbounded domain U in C  and a divisor D in U

. Cd P
defined by B o= () A cunonical 1lifting £-pD Ot

U~ D in . 21\,1 = ¢ U is a divisor
in ¢ X U defined by 5 = L 7Walxd | Pix
a point P in D and by P we mean a point
near P . Now we  show t{he following
Lemma3,2,.3, There exists a datum ( )

dependimg on ( D, b ) only in such a manner that

the follewing are wvalid .

a- )= 94
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define an epen

covering 'D‘(_ (am-T ) bywln'@w): AS@ chm_ element W éC(/V’(er@w>

L 6‘/&2 ) if \}77\ is estimated

For a small positive number r,

~ ) 18 of algebraic growth

as

| _3
(3.1 ) W@(f&3 | £ Q, Lie:py

New we show the following

L 51 %, there exists a datm ( % ,d M upRE)

depending on ( B,b ) only so that the following

?
r'A

are true,

} Por agiven cocycle g@ C (/V@ZLA (£)-0)
( & 2 there exists a

(3.1,
B lof algebraic growth

o5 A ’ ’
cochain ¥ ¢ O M'(Cyp), @ ) of slgebraic growth (3, J; )

se that
(3.t )i ”\??2: gcew;(w-/)
Znd
(31 )a e Miry  §= L A= M {E’,@,s,)eﬂ&;&“’91=lz(@e‘§)
hold, so far as r £ r,is valid

In the above our assertien of indepen

( Remark )

seness of data (¢, (3 ) en points P is important,

called uniformity of v.a%

3=/-«7

This will De
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Proof . The above faet is easily shown by means

of lemma 3,1.l1. and the inequamity et Lo jasiewicz .

( 1 ) Note that the derivative %-‘ W’%> is estimated

as
i -2
(3.1 ) %“’l < g,.46,0) ‘o a,2, are depen-
M on @) only. ) :
~ N ~— e
For a point Q on O - D 4 we consider a
neighbourbood Lpu(8) = A (Rer«w:pwvercr’] Tather than X, (& ) .
~ S~

A neighbourhood Af’r- (¢) is adequate if -0 is

parametrized ofn 4,.() Mu—:{ﬁ; it A, B)is adequate then
there exist a unigue projection %: 4,9 4,‘1'(3)n% dot that

Je= - Ty  holds . From (31 ) it is clear

t¥hat the following is valid.

- (31 ) There exists a couple (55 8°) , a
monomial ™ iin such a manner that the statement

below is true .

(3.1, ) If  r < TIPe" then A, (&) is
adeguate . Yo M(x)D . Here (8 §°) , M are depemdim
on only., ‘
fake a point P ( mnear P, ) and consider a neighbeux-

. , .
~ hood T, (p) . given a coeycle Y eN(m’(qmzv)of

’ N% -3
algebraic growth ( &l , @1 ), we associate a cochaimu ‘fECIN@w,
3- /- ¥¢
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%) as follows

(3¢ ) ‘«}‘(A:MQ,.)) = B aes)
where ﬁ, s are poins on 9 -5 while Q’s are
projections eof @ "¢ o %-4 (s> with o - depending on(D,ﬂ)me.J.
Fronm the inaguélity éf Lo jasiewicz . we | ebtain i
cstifnatiens .
( 3.1 ) 1% %) < 4d, m|a’/ : (@(3 9. ﬁim@dgag}
with ¢ c[. D depending on (D, k) only . o

Fix | neighbourboeds ‘1:’&5(6): aetpend let fl:s(“ﬁ-obe the mien\g‘%(g)

then it is easy to see the following

( 3.4 ) There exist maps (' L* se- that
if o is in 2. ( T-"D ) 5-{nthen ‘there exists
& Dpeint Q ,G%?’D with a property : &;(’é) - Af(—g‘)'}&?E)“:Si

O0m  the ptherhand it is alse easy to see the

following

1
(3.4 ) There exists = map § with

which we know the satement Dbelow .

( ) Por a peint Q ¢ Ts(ﬁ‘:o);rii.(m),

3-/— 42



7 (e ) A~ TS‘(%ES )v = Cl> 55 & §¢) and moreeoover , at any
point Qe T, 0 , an estimation of the form Swed> z%. Mg‘d‘
Jere ( & & ) is given in a form : (23)= L85

In ‘the aboves one can take ( i’ 0[) Ay ) to
be abseluitely independent while is

After

g € 2]31(6_-\-@)

depending on (0 {) emly

the above observation , we proceed as follows s
( 1 ) Por a given cocycle of algebraic
grewth  ( . ) define a eochain in
the fellowing manner .
~
( s. L. ) For points Q¢ U-p, fix a set
I
of neighbourhoods T, (&> T T2 L8
2
( 2.1 ), Por a set IF.T-0)- , define
a map £ Qe{f‘g,(ﬁ)’a eeE(TH) o 5= LD so that
TJ& QL ) < T?( Q) holds . YL (%)
£
(3.1 )\g For a point Q’ in “ﬁi@d”\f’?r(v—n))
define a neighbourhood 'Tp( gy  so that (3 { . )
e~
is valid with vy  in T (U-D) Also we
7 7
can assume tuat T 8 ) n T.(a ) p if @
é Zixn - 1126 ( V::D ) 4

7 "-—SD



: ) T .
0of course Wwe can assume that & 5 & , & , &

are depending on (h.Donly and is particularily independent

3 o~
of D : aDéfine -+ a cochain ¥ € ¢ N((z,) )
( ‘3; = min ( (813 (&)) ) in +the fellowing manner,

~t .
R iy t(o. 0, 1T Qi QETTD)

(3 1. )3 ‘;j(g,)-. O , otherwise

-

At

. Ah '
fake the coborm&aryf:&"k( r?’) of § . The eecycle
Cec

&
condition imposed on 5"3 implies that ?\ is zero on a\Dj.

More preecisely the following equations ‘are valid®

/\S-" . ~
¢ 31 ), (9., 6,,)= 0-§5 if Qs ++-»@, Te 1nfﬁ£,(u,.pl

” e
( 3\ ’]~ ) 2 Q (00,-—"]0,“/) = ‘f,(gc,-Qﬁ}_S if = poin‘t QD' is in

but other points Qyee.., @y are oﬁgﬁ%(a})

(313) \P (Q, -—'Qﬁ:)- 0-§ other wise . L o
In  the above §'fg g )cifn) With (37 9 ) = GiEieuge BG5)
it is clear that the eellection { Nf’é, 4 0 }M
abwe defines a coeycle éG [NZ"**(Z 9, 5») Apply lemma 3,1.1, te ‘
decomose /‘%ﬁl as
14 G
(3. 1.%) ¥ Sr I
Sirg N o '
Zfben}fﬂfi-i‘? J-S is again cocycle and we @apply

lemma %,1.31. onee more . We obtain +the equation

(3.15) %= Su(FTH 4o -5
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T ——
Restriecting +the above equation to U - D and

using the ©biholemorphie property of 1‘16}5-9 v-D, our proof
is finished .

Next we discuss asymrtotic behaviors concerning

coherent sheaves : we start with a domain T in ¢

and@ a variety ¥ in U . Assume that 4&he dimension of

v is - 1, Moreover we assu e that a set of functions

( gs.eciierg, ) vanishing oen V and a su briety ¥V of V

is givemn 8o that the following condition

§o- 3
( J ) M) % 0

W,

is vali@ at each point P eV - V.

: /
in a small mneighbourhood Tg( Y .V ) of V- ¥V , ahole-

/
morphic functien,}{ in 2( vV . VvV ) is expanded in the

form

(3 I ) /&: g;; ’¢k¢' 8\)

g

where )213 ‘s are holomorphic funections on V- VvV .
we maan by V( A ) dhe omder of f wiritl V:
VI = e, SRS BN We say that b is of mer morphic type if
=k

/
/ﬁyg&s are meromorphic on V ~ V' ( lMore strictly

4

5/ ~S52



there exists a divisor D in U ~ so that h 5 ' s are

restrictions of meromorphic funetions in T- D on V )
Such a function h is of growth (4,)()2) if the following

estimation
, =)
(3.0 ) Jwrg o dCe T

is validS if & function h is of meromerphic type and
if an expansion of the form (3l )is valid with a suitable

( &9,), we say thtt b is ef type ( a ) .

given a matrix K of fype (a ) ( ile. wbesé’
ceefficients are of type ( a ) 3 ) , we examine a simple
property of soiwites of m  ellementary | ‘ébserva‘tien
which we make here 'is as fellows by *(S}g we

mean® thHé ’aﬁééf“ ‘ever V¥ — ¥V whose stalk at ‘ia
charaeterized by ‘@; ={ ,Rg = -the %em ef a holemerphie
function in T, (V: V/ ) . The sheaf “;e is the

kernel sheaf aer V - V of the equation K- § =0 ’-

-fhe first sasimple assertion which we use later is as follevs

(31 ) There exists a couple(sd ashukgVel, polynomials

P, P and a linear fumetion I ( all these
data are depending oen K only ) with which we Iknow

the following 3— |— 5\3
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( 3.1, ) There exists & finite set of  functions

9 .. %J(‘Yg:v"rc}f type l‘ a ) ihich generate +the stalk

&
at eaech point P in v V .

(3.1 )y H - "q) are estimated as
’;/ -/EC)‘?@ 7 .
g % / L - !
| M| ¢ 9.4 3 =Bem€ L &EBE
13
with #
The above statement is concerned with a simple property
of the sheaf . We ask an equatien : X % = g :
with a given element }} . Concerning such a problem

we use the following simple

( 3.1 ) there exists a datum (o, 7', M, M,

3

P, Tc ) with which the following are valid,

}

(9.1 ) For each point P & V- V'  and an

element Ye @; , defined already in ﬁ.ﬂ(ﬁé‘ﬂ)} Ef‘):n&@:’;,and satisfying
toe relation ¥ ¢ P\(&i)ls we find an element ¢ ,/7[2.\ /(@D‘J)

with the following properties

(2.1 ) K ¥ = 11';'
. 3. i< b "'a:‘g &
( ( ,1_‘ ) (%] < &’.@@)V) X‘.%\
with s e A= u*ugm;*fm@.@%@?’) SR It >
) o1dnoo e Jog - .

S=/agy
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The above two statements are easily shewn along standard
lines te argue  syxygzy ‘cr eoherentnessef holemorphie
funetion %,‘ ;;g.mely . let kkk he the number ef the reqﬁa'ti@ﬁ_
of K ( = the lengﬁx of K ), n be the dimension eof ¥
and i  Dbe t}xe dimensioen }assaeia'teé to szx( Y . It

is easy to see (7/ ) and (3. ) induetively om these indieey

¥

&n(fL we shall omit arguements |, 1gsundssume that a éivii,q:r; ",VB‘
in U is given and that a matrix 4 whese coefficien®
are meromorphic in U ( with the pele D:fw) . ‘Ftrthagg
. mere assume that a variety V (O D ) is gives .
;ﬁoy:‘ we gxe the follwming elementary

Proposition , 33172,  There existes datum ( (¥ ,Q
M }) , depending om ( DJAX )) with which the- k:t’e_llewiggf'
are valid,
(€ ) For a poinmt @ " and for anm ele-

\ . J .
ment e f(“a@)lﬁ?; r<dal @ V )gz satisfying the econdiym

4 e LB
there exists an element qzh < [L(AQQ) | \@-5 sé i
ot I‘%e = AX’Q
) ,93 > .
™ ( ) \%@\ £ !Lfl(n..&‘{.{ot(e; AP \‘i};\ |
5 / *’3’5\

fald
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Prool The above assertion <follows immeadiately
from ( ), ( )y and ( ) .
Let us consider a matrix whose ecoeffiecients are

meromorphic funetions in U ( with a pele D ), and let

C ) 0= Oy 5 Es G
be a reselution ef “:} A cochain \y“ < C\K N(ﬁiﬁ@-@i?)
ie called of growth ( ¥, , . ) if has an
expression

Cr ) e, 6l € % dios 03
where Yt..G s in tl(ﬁg(@.;-ai), ) 80 t‘nat; at each

point A& (\;mﬁ(g,‘) y the relation \?%9.,-- Qu:9y € Fa M"L‘ .

Then we show the feollowing

Theorem 3,1, ( v.a ) there exists a datum
(t. s £ .0 L ) depending on ( more strietly on
a resolution of ) enly so that the following

are valid,

(g91. ) For e given cocycle Y s &C&(N(R‘fﬂd@)}ﬁ)

algebraic growth ( S‘ ’ T{Z) ’ there exists a ( =1 )-

@ ‘}— ) ’ ' ~
cochain Vil (N(ff(b{@))}joof algebraic growth ( ‘X,/ , 957)

so that  the equality .
4/ -
C8 ) M= gce’ck("?o ) 3— (-5
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and estimations

‘ R.G%
c3.1. y )

are wvalid , 30 {gt

¢k ‘ (:\/ . - e [N . .
;& &-L = MND’ EI@Z&)Q az ‘ : Zr (a:) ‘JZJ
s e Yy, $< §, ;' Q.;sapo;,.\i'_ neaz Ec

proof . this assertien is easily proven inductively

on the length of a resolution eof . Keys are to
use prepesition 3?1.2..»inv order to . Tredugs the prssent

problem te lemma 37151, Beeause oue reductien is done aleng

standard arguements we de no} enter inte details,

We derive an immeadiate cererally ef the above <theorem,

Let us start with & datum ( X, D, By, (B ) g
that the eonditiom ( ) is true’ Por a point P near B
an  element will be called ef groth ( o, , 3. ) 50, 4
an estimation

X ) e el £ 8 s
is wvalia ., " ghe following is derived from theorem 3%
1.5L.

Cororrally 371715 % ihere exists a datum (X5 M.L.0R

) with which = assertions ( )y, ) for
the sheaf 1 is valid®

Pmof‘i" Here we reduce the assértiéng in this

1-1-59
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to theorem 3%1., This part is quite similar to

prodedures in lemma 3.1.2%  We ochoose meps o, & d, ¢,

depending on (=,D%, Jonly with which +the following are valid

(ot Y1z P is in(xspthen there exists a point

Perso that Nu(3)3Nmholds,

(2.1, ) It & point TP is not in Ns,(x ;ahi)then 1—\1;4(}3:@15
euts:':Liie N;s( 501 %
In the abeve , 1, <821,‘ (83’,_(5‘\ (s°! are determined
as $he LiCs Define a cochain ¥l >,7?)aé‘j.n .
(a1, ) 1f ag, .,er are in F.(X %) ,

53
Y (o, @;5= (s, .. T

»

( ) \3‘? = 0 , otherwise,
£
aenark that ‘? is zero en X
;hen, fron = proposition 3.1, , We obtain an expression
* fad
( ) T -0 - 2486
where \ &,‘ ~ is in A}(a._-etgzbf growth ( 5‘ ,”oj” ) .
ft & . Yo ,, V] [Ql'/(;j,‘ 4a) i,
fere | ;y () are determined as § = L5, CRENNACH SRS oh 44
- ') N ?
with A% ""r s depending on (X D Zwonly,

3|5 %
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Applying the theerem 3715 and following the precedure in-

the lemma 3 ,1,2, we knee easily our assertion® 'g\_e‘y(
We have discussed the cases lemma 3?1“.2, eerollary 351,

beeause these two results are made use ef in 32, we

~discuss  quiekly an another result m

3—/[~57
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2. 2 vohomo

"algebraic growth

the arguements

a surficient

with a tneory

( X, v, D)

otherhand, if we

forms .ror tne

v D is (

ask more mate

purpcse of vhis

theory for

subjects in

section

valo

(Q o1 v

this

details.

L ogy with algebraic division and

icondition; :

given in the scetion 3, 1 provides

analytic pasis when we are concernei

of differential forms for a triple

wnere v - D is smooth, On the

ask possible theories oI dirrerentil

triple (- X, 7V, D in  which

generally not’ ‘smootn, we -should

rials on analytic sides., 1he

section is tn propose a  cohomology

purpose and discuss our propoSed

A, new essential regture oxr

is that tne POVELS 0i tue ideal sueal

enters . besides

into

asyuwptotic

peuavioLs

~OUr prooulems

Welobo the  pole divisor Ue

¥ In  our acvual

are discussed

arguements, tne wowers of  ideals

in a somewihwt modiried rorm.



249

) 'M-L—i
—('.'I ')q.lu"’
{%”"' ? . ( d.e. &ff - ‘9 {¢ %,,m,l , J ‘
‘ Vi L ishe-wi4 L Lwruf _
Especially the  submodule &'f)?  of ‘(9-{? - _stands
v "."o w m - .
for the . ong H : '%P = \C9é ( g,d......,_ gz.) Moreover,
| o | |
we  put gj"; = ‘BP-{’?_‘ ;"-"' 2% . We define
Q - homomorphisms K(m,L )  ( i -_-1, '..’.“.‘,J,ej
- by  the following  formulas.
_( '8 , 2 1 _ } K ( m,. i )Wf;( iFv;~y; ‘.??W<-<&5§¢
1-:.'-'
— Lc-»n(%)— -
, : » i 1<V<—<1};<,b
Tt is quite éasy" to see +tnat t‘tse equation K (mr, Y
¢+K(m i) = 0 bolds. We will be concerned here With
| i |
submodules % LA defined above, let
" | | o
VY o= - be a vector in " which
% ( :F"?“Vi f)('fcn)__l ' | g \ﬁg o
satisfies the following equation.
. . <
(3.2a), x(ni)¥ -0,
We express -&___\Q'A in the following - explict form.
, S i o ‘ 'm-l o :
( 3 2.8 2, ‘}w, v o Vi 3y 3- $~
@ 1) does - nat- coﬁtain-
WU&I‘G § ‘_‘)1 (A 0,.-&.-. L3 i ) ’ -



the term 811 at all R
| ¢ 1+
Deline a vector ’1-19 v by
ey 5"” if (R
4 = 'ﬂ_....’\f‘; oo
* 3‘ .2‘ 3 ) i “ ‘%V{--‘\Zh‘ ' ’ ‘—‘(1"132.-')'1_’;‘,)
o, otherwise’,
o L L ) StL
We put ’\£ = 'g - X(m, <« ) -and
4 /<
write the vector (%E in the Torm ° = (%
I 18 clear that the eqoation
(3.23 9, & .- 27850 ¢
' T z X~ e DV 8"1
holds for AT Vv o« ']I; < vgj..
/ 7
Puking account into  the fact  that [ A D o
/
component (1<=),(,’ < ~-- W< R of the terms é:, ‘e
3 £ L ETN Y
o oLntA,
m
are divisible - by @1 , we know that the following
equations are valid,
— é"/ '
(3.23 )3 2N V- %7;-‘_4;: =0.
25 Sl £
Note tonat the above equality is equivalent to
4
= ¢ s
(3. 2.3 ) i Qﬁm %’«n-v =0 ( s=8, 4000, /)
Fog eyt
2/
T
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oW the otherhand, we note that if a vector (jv' z[)
: LV‘«;{{

has the following — properties

Gy=o (22
¢ 8¢ %) ?, =0 wgme (28Me<n <0 )
]4'V"<~(V'<L .

Y
then (4 .. ) =o.

'“'r; feviee

RS 3

From the relations (3,23 )z,’ (3. .23 )1“ and from
tne above remark, we kmow that  inductive
arguements  ( on the number [ of the  rfunctions %'L«Q

lead to the foliowing conclusion,

( &. 4,1 ) she solutionspies of the equation
XK{m i) "%w =0 : are spanned by the vectors
A
Vi-- Vi) .
l“.’\’;#-"l),.‘hiﬂ:
Thus we obtain the following exact sequenece
(5 &3 2 o
/ ZZ/:«E) Kema) Ko o — 0
( 8.2:T ) 0509 =5 ?9 — G, >0, % =
»p
This sequence will be called a _canonical syzygy attachedte®
( remark) (’ The exact  sequence . ( 3.2 1) belongs,
the author believes , to the realem of well
known facts. pecause, in an quantitative arguement dore

5004 pelow, we nake use of the above procedures
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in detvails, we made a detailed arguement as above, )

:;’h’.u‘ Tet us continue elementary arguements in local levels,
T

J’

in this case quantitative properties will be included,
s 5’

given a domain ) in € = ﬁl, cessy z,; J and a
potvdiss AL (0 5 (&) ) = {(D: Gt emen]

. L |

umn (D ) we agssume that additional
nolomorphic functions - { 3”‘, ceseeey ?ui ) in @x 4}_‘(0:(3’) are

i ) R

given, Turthermore we assume  that (441’ 8 vanish

' /
on the manifold defined by 3‘ = tevees = &: 0 in P« Z}(M; (3)),
We fix the <following explice expressions of 8”}, s.

: !

Lo
: = , wh 7.’
( 3.2.5 ) ﬁ ﬁ Z)u»l ﬁ-& j)“u where (, s

! 943 '
/
are holomorphic in @)Z;( o: (&) ) .
~1et B be a - positive rumber with whico the inequalidy
« 3.2.5), - B z | g’;,u.' l , ‘hol,ds

Tor each 3’1& in @/X'Al( 0, ( ) Y .

oo,

In an analogous way to ( m° 11 ), we let %n.;}

_ o ;@
L+ 2 be the vecvor WH“”‘MM#’N

A

\1§())1<-~~~- <'?);

Iy

Fa
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which is characterized in the following  manner,

i~
7w, L

(3. 246 ) ‘%,m_ﬂ,_ (ii,z){s......,}izgf){ 5 "“ (w)éaﬁwv
0" dgs (-

1) :.-1‘ &Z xi,
7 ‘Q‘f‘ - . —ll"(t"'
Also the  summodule % of | 29; ) will be
. ' -4
definea to be the ome spanned by %ﬂs -
Moreover, we  define sheat homomorphisms K @mi)

(.@-2’

yida
from ﬁ <) to \@‘(A—') by

1n4'"
327y = n, N = -zh @w-

1€V <xiie !"\5'4

Tt is  clear that K (m, & )oK (m, it ) =0 is valid.
But it is not true in genmeral that the exact sequemce
(3.2 1) is valid for horomorphisms K ( m, L )} 8 .
We asB a simple condition in oxder that a given

! y— (;@4) ) — el .
vector % ef(mxl;(ear.g))v yis im I‘(@mf(m:g,lgg)gg;_‘&_ssume that a

vector ’\'F { é“ % ¢ f@mgr.,sgb)satisiies the following two  cond-
‘el £ i

ations.
( 22.7 ) K{m, o 4) O F g =0, deetn

(397 )y 5 [Frenl = F. 0 5 Baer’
i%l': —-= l%;i ‘&«
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Now we show the following

Propesition. 3. 2, 1. wihere exist positive
numbers(gfk ') = (61;,2',/'«,& ) ( X =1L2,% and linear
. / ]
functions T. = \ Tz le@with  which the  following are
valid,
’
(24 ¢ ), Data ﬁ;’s 's as well as L,

's

depend on ( ¥, E, i )  only( and €0 independent of (¥h )

£ , - &
39 2 ¢ )Z Por a vector ‘f & _[Z[onxAx((mJ?ﬂ,&lsatisfying

the  conditions (3 Q2 7 ), (3.27),

e . . Find a ‘vector
H ,— e o & - . . L.
'g éf(&AJ@;Lm A M go that the <rTollowing two conditions

are valid.,

)

£
(9 98 ), K(m , i+1 ) ( = ¢y ) i)
, CHE .
# B e )~ Fm -
( 3.2.8 ), N S R -_-.f;-,_;;b-ag@ ()= =1)=d)
if ) > L( «=© ) holds.
3 = 3
=«
Proof or rroposition 3,z.1. vur proof will be done
n ~
inductively on 1L : ( i )2-0: First we show our
s - . . l/ . ]
assertion inductively on double indices ( ﬂ: y L =f-i ) )
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goncerning inductive procedures taken nhere, we  note
a simple quantitative fact ¢ Let h be a holomorphic
funetion i ,{),x Az(mxﬁl) . We assume .tﬁe following estimation.
/] ¥ )
( 299) 1B) %2 bla” 3 beR, ne®t

9len |3.;-4-

we expand Bk in @lxq{o):m) in the following ( unique ) way |

/4

ot L3 5’ SR 2
(529), Hn = &~ 3/1 + Z e, 3 A, oy
at a point Qéml'&'é;\a'ltn coordlnates(h 134( = 3= f&} ﬂ(/
o) X
estimations  of l ’ﬂ; ts are given. by
. r's L

/ ' o CAh, v Mg,:‘»su 13
( 8.2.9) 2 | tih, b <fdd oy = T
msuw =lgkd f%l f:.lwmsd M=1dg=d

" Then sy bD¥ a gquite simple cazlculation. ,; we o‘hta;ln'*

>

.
the following estimation of ./ﬁ l;

. ﬁ,—A Y
( 3.2.9) l—(;xru d - b 0% lxm b,
2= fl=d,

srom (3,29 )4: K we obtain eagily an <€xpansion ot B
of the following form .

(829 A== A g © = (hn 5

‘ 5 N’Lm" g
( 8.2.9), I»{Q.') < - b ; t,(ef_*a.derew(swf

onl7¢ 1_
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Now at is aquite easy . to

from (229 and procedures

%56

o be sure, we proceed as

then the vector

b (9.2 6.

estimated

£ o - (‘.Qu)
A‘(@NAZ(M:@ ;0 ) and is

/‘ﬂd

C 8.2 10) 1y

deduce

| <

degired results

nd¥

E
to find %’é f(&)mmul?)

’,'4‘”

‘%éfb Z‘F'Tt’)

follows : Der'ine

/ "Ji+ 1
is defined in

in wfe following waye.

45
R

(Q(6E+) d&{’ endson [-WZ/)'

Bie-=lbzd

pext, we apply the induction

"MJ-

’tg T =

desired

To tue veECTOY

easily  +tne facts

) Next we

P
—
—

For tnis purpose , we

)-'\{L =0

K(m, i

form .

T 4 oz T

Corregponding +to the above

hypothreis (

’%w’:i(-.%- %”’ o

( 8,88 )5,

show

write

explicitly ‘in

LT
1<VeVig g Ty T 1‘~',4.~vs ‘!

for L#1
rnow

. Then we

SRR S
(3_3_8)‘4_ R SN

the

assertions.

(32¢)

) fasd
inductively on L .

the equation

tne‘ rollowinge

RS

+ o+ 2 fﬁﬁu,;f% 20

44 2+ 7, 14%e<Wg< @
: “Il, < <y eF
explieid  expression of ﬂm,e%wd&n
P4



B}

' 257
L .
we say that = vector /% is of cotype.

ir the coerticients

| C fﬂ”’ﬁ_;j’lﬁl-'%f) s (i?&)»are SR Ce - - /- LrieY
our ( elementary ) discussion There will be done by

diminishiﬁg the cotype (3) of the given-

vector,

We argue by dividing +the ~cases Yo a = i, "or
a < i’ In both cases we

i & .
assume ¢ ]“{- | £ ﬁ[, o (Ig"=,..,gy=i9.-
’ ¥ A4
S S a =1, In this case , the  eguation  1s
- written in the following way .
1= ; § o i1 o
A L I N * =0
uw«‘vjfﬂrz K lﬁ%}ﬂ;sf R
then, from ( 3‘99 ’5’6

the coefficienté ( 5%_‘;%)%_;
elg3 ) are expressed in

the manner

| , ~ "
tmx,---,w;— 2 % &

L

¥ Qi -2l 3 a o wl’Aicwi;@,;
where the coefficients -f) éof ( 'S}.m,_. ) are estimated
in the foliowing  fasnhion,
¢ 83210 ), \Jf\zml, g £ Ei?(,;. b - ‘d;?:uﬁ'ds“@"‘
in . |

b

the  above, (. 5. and (%, §,) O

1/8’ only

dependiugr 6h. e

3
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i , . (4%
Define a vector % &« F (D x (bg0:1) y U )

by
1H {
) . = Z«}/[. .-
( 3\ 0? ‘o l ’% (Tl.“ T¢‘ um-l,")"iu ) = % tﬂl,,nfﬂ&‘,; 'E‘o! (,’ ’ l+}4)'
) 0 , Ot(mzw:se ‘
{ £ . -éﬂ
phen it 18 clear that the vector '%M= %" Remien- 3
(% @uantit
P * . £ @0 ¢ a—- 1 j . uantita<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>