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On the Global Existence of Real Analytic Solutions of

Systems of Equations with Constant Coefficients
By Tetsuji Miwa

Department of Mathematics, University of Tokyo

In this note we shéll give necessary and sufficient conditions
for the global existence of real analytic solutions of systems of
equations with constant coefficients. Recently L. Hérmander [1]
has given those for a single equation. Our result is a diréct

extention of his.

1. Statements of the problem and the theorem

We denote by D the ring of partial differential operators
with constant coefficients in C™. D can be regarded as
C[cl,"‘,cn]. Let M be a D-module of finite type. Then it has

a presentation

P(z)
0 «— M «—— pb «—— pS

(1.1)

where P(z) is a txs matrix with elements in D, and we can consider
a system of equations with constant coefficients tP(D) where

D = (Dl,f",Dn) and Di = —/TTB/Bxi. Such a presentation is,
however, not unique, and it is not 'p but M that has an intrinsic
meaning. Therefore we call M a system. (See V.P. Palamodov [2],
M. Kashiwara [3], and M. Sato, T. Kawai and M. Kashiwara [4].)

Now let 9 be a convex domain in R" and A(Q) be the set of

11
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real analytic functions in Q. Ext%(M,A(Q)) »giVés’thg
obstruction of the global existence of real analytic solutions
of inhomogeneous system tP(D)u = f where f satisfies compatibility

conditions 'Q(D)f = 0. Our problem is when
Ext] (M,A(2)) = 0 | @.2)

is valid. Note that Ext%(M,A(Q)) is independent of the chpice
6f the presentation (1.1).

Before stating our theorem, let us recall some notions in
commutative algebfa. (See J.P. Serre [5] and V.P. Palamédgv;[Z].)
Let 0 = Mf\"?\Mz be a primary decomposition of the sﬁémddule 0
in M. ASs(M) is the set of associated prime ideals 6f“M, naméiy;
the set of radicals p; = rM(Mi) (i=1,+++,2). V(M)‘={V15---,V2}
is the set of charac;éristic varieties, that is, the set of |
irreducible algebraic'varietiés aésociated to ideais_in Ass(M).

We introduce the notion of COmponenté at infinity:of
characteristic varieties.i(See Sato, Kawai andeéshiwaré [4]
which introduced the notion of supports of systems;)?,Set«V“be
an irreducible algébraicrvariety in C" and p be its definingi
prime ideal. Denote by p_ the homogeneous Eﬁeél generated:by‘

{p&D ; P is the principal part of some P in p}, and set

e ]

vV = V(pm)., Vi°° (i=1l,++-,2)is called componets at infinity of
characteristic varieties of M. We write Assm(M) for the set

'{Vlw,--4,v£“}.

ns

et e

for (1.2) being true. Let K, K' be cdmpact convex sets in Q
and § > 0. We say that Phragmén-LindelSf-H6rmander prinCiple‘is*”

valid for Vm, if every plurisubharmonic function ¢(z) in c™ with

12
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n

¢ () < Hp(Img) + §|c| if geC,
$(E) <0 o if £eVARY,
also has the bound
6(6) < Hy, (Ine) if revach
Our theorem runs as follows.
Theorem Let @ be open and convex in R™. Then

Ext%(M,A(Q)) = 0 if and only if for every compact set KC @
there exist another compact set K'Q Q@ and § > 0, so that

Phragmén-Lindelof-HOormander principle is valid for any V; € Ass"(M).

Corollary Ext%(M,A(Q)) =0 (i>2) ho;ds for an arbitrary

system.

2. Outline of the proof

To utilize the analytic machinary of H6rmander, we need two
considerations. One is geometric and about the relation between
Vi and Vim, and the other is algebraic and about reducing the
‘problem to the case where M is coprimary, that is, for a € D and

mé&M, ifm# 0 and a & ry(0), then am £ 0.

- Proposition 1. Let V be a k-dimensional irreducible

algebraic variety in c? and Vv = {¢ ¢ Cn; vg € V}. Then
lim v, = v® and the multiplicity of convergence 1is constant on

V>

each irreducible component of V.

13
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To explain the meaning of convergence and to prove Proposition
1, we recall "Einbettungésatz” of R. Remmert and K. Stein [6].

A slight modification of the proof of it shows

Proposition 2. After a suitable linear coordinate

transformation, if necessary, there exist polynomials

Pél)(cl,---,ck;cz) (2=k+1l,-+-,n) with the following properties.

(a) deg P =m ana 2((o,--+,0:1) £ 0.
. .
(b) P(Q) has no multiple factors.
(C) Let V* =-{Ce Cn; P('Ql) (C) = ()’ 2=k+1,.o.,n}' ’ Then

V is identical to some irreducible component of V*.

Now let A= Y A MR oY where A, 1s the zeros of the

discriminant of P(z). For (gl,---,ck) é€ A and a large v
1 i i ‘ u oo" M = e o o |
there exist m, distinct roots Ty (;1, ,;k,v) (u | 1, ,mg)
of the equation Pcl)(vcl,---,vck;chU)(v)) = 0. Then<(cl;---,ck,
c£3§+1)(v),'~-,§§“n)(v)) is in Vv*’ and %ig Vv* = v*® = {¢ Cn;
Péz)(g) =0, £ = k+tl,-++,n . Moreover the multiplicity of
2 .

convergence is constant on each irreducible component of V#

It is easy to see that %;g Vv = V° as point sets, hence Proposition 1.

Once we have Proposition 1. the sufficiency of Theorem

can be proven following HYrmander's argument. Let

P Q Q

0 «— M <~—ovo Dt<—__- DS& IDSL ZDS.& ceee

~be a free resolution of M. Then

14



336

Ker ( HomD(DSi—l,A(Q)) ——Homp (D%1,A(2)) )

Extl (M,A(2)) s s ~
Im ( HomD(D i-2,A(9)) ———éHomD(D-l 1,A(R)) )

1 . . B
ExtD(Dsl-Z/Qi_lel-l,A(Q))n

Hence to prove Corollary it is sufficient to show

Proposition 3 If Dt1«— Dt2«— D%3 is exact,

T, ¢ (0) = 0, namely Ass(DtZ/SDtS) = {0}
"D"2/SD"3

Now we proceed to the necessity of Theorem. With appropriate
modifications for systems, we can follow HOormander's argument, but we
can prove the necessity only forAVj.With maximum dimension for

i=1,**+,%. Accordingly we need the following reduction.

Proposition 4. (Serre [5] I-17 Corollaire 3) For any

associated prime ideal p of M, there exists a coprimary submodule

NCM such that rN(O) =Dp.

Proposition 5; Let N be a submodule of M. Then»Ext%(N;A(Q))
=0 if Ext%(M,A(Q)) = 0. |

Proof. In an exact sequence
Exth(M,A(R)) —> ExtD(N,A(R)) —> Exti(M/N,A(2)),

Ext%(M,A(Q)) = 0 by the assumption,; and from Corollary EXtE(M/N,A(Q))

= 0, the result follows.
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