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On the maximally overdetermined system

of linear differential equations (I)

by
M. KASHIWARA

INTRODUCTION

The purpose of this papef is to present -finiteness
théorems and severalgpfoperties of cohomologies of holomorphic
solution sheaves of maximally overdetermined systems of linear
differential equations. The proof reliés on the finiteness
theorem for‘elliptic systems due to T. Kawai [4}, as an
analytic tdol, and on the thebry of stratifications of analytic
sets introduced by H. Whitney f8] and [91, as a geometric tool.

Our goal is the following theorem.

Theorem (3.1) Let WQ be a maximally overdetermined
systeﬁ on_a complex manifold X and X=UXa be a stratification
of X satiszing the regularity conditions of H. Whitney.

If the singular support of 72 is contained in the union of
-.conormal projective Bundles of straté, then the restriction
of ‘Extégx(ﬁQ,(?X) to each stratum is a locally ;dﬁstaht

sheaf of finite rank.
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We mention that the introduction of differential operators

of infinite order is indispensable when we analyze more °

precisely, the structure of maximally overdetermined systems,
but we leave this subject to the next paper and we restrict
ourselves in the category of finite order differential operators
in this paper.

As for notions on systems of differential equations, we

refer Kashiwara [2] and Sato-Kawai-Kashiwara [6].

We will list up the notations used in this paper.

Notations
X ¢ complex manifold
'8=‘8X : the sheaf of differential operators of finite

order on X

/44 : a wherent,@X-Module

0&_ the sheaf of holomorphic functions on X, which
is a left coherent ¢8X~Module

ﬁ&lx : a left oax Module|[i$(0k) where d=codim Y

Q§ : the sheaf of holomorphic n-forms, which is a

right Hy-Module if n=dim X

real analytic manifold

R . : the right derived function in the derived category %

£, : the direct image by the map f with proper'supportﬁ




§1. Finiteness theorem for elliptic systems

In this section, we recall the finiteness theorem for
elliptic systems due to T. Kawai [4]. 7

Let M. be é real analytic manifold; X be its complexifica-
tion. We will denote by'égx the sheaf of differential operators
of finite order. f@M ‘is the restfiéﬁion of O@X to M.
Let 7! be an ellipticisystem of différential equations on
M, that is, the coherent v@M-Module whose singular support .
does not intersect with V-1IS*M = SjiX. Let & be a relgtively
compact open subset in M whose boundary is a real analytic
hypersurface in M. The following theorem is due to T.Kawai.
(41

Theorem (1.1) If X is an elliptic system on M and

if the system %QBQ induced from /¢ to the boundary 23g of @

is an elliptic system on 3Q, then
Exthm; m, &y = Extijcn;ﬁz, B

are finite dimensional vector spaces (where CZM (resp. ¢3M) .
is a sheaf of real apalytic functions (resp. hyperfunctions)
on M). |

This theorem is not sufficient for our study of maximally
éverdetermined’system. We muét discuss on the invariantness
of the cohomology group by thé perturbation of domains.

Let {Qc}céiR be a family of relatively
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compact open subsets in M which have real analytic hyper-

surfaces as their boundaries satisfying the following properties

(1.1) ch:)QCZ | | ﬁor Cy > G
(L.2) For any Cor R is a union of @  where c¢  runs

Y ¢ , ¢ o :
over the set of all numbers strictly less than o°
(1.3) For any o> {QC;'C > co} is a neighborhood system

of the closure ﬁé - of Q. -
0 0

Theorem (1.2) Let {9 .} be a family satisfying the above
conditions. If /T2 and 7]’.2aQ are elliptic, then the |

c
restriction homomorphisms

Extf?q (Qc;ﬂ?, T ~ Ext,‘bM(Qc..-;FZ;alM)

-axe isamorphisms for c 2 c'.

Proof

ot gl ci |

Set E_ = Extg (9.;:/¢, dy)-
Then there is a canonical map E; > Ez, if c > c'. Note /
the foliowing lemma (we omit its proof). -

' Lemma (1.3) Let {Vc}CER be a family of finite dimensional

vector spaces parametrized by c€R. For c > c', there

.are given the homomorphism V. » Vc’ satisfying the

Pere® Ve
following chain condition:

(1.4.1) = p

P p
€€, €,C3 ¢1¢, for ¢y 2¢cy ¢



3y
(1.4.2) P ¢ = identity

Moreover, they satisfy the following property of continuity.

=]
<‘
T
<

(1.5.1) ‘%i_ c ¢ for any o
c<cy
- > N -
(1.5.2)‘ llg v, &= VCOK for any ¢,
c>cq
Then all Perc are isomorphisms,v

By virture of this lemma, it suffices to show

S N | NS S |
Lin B = Eg,  lim B - Bg.
c>0 c<0
, . i_ pi
Lemmg (1.4) lig ?S EO
‘ c>0

Proof
Since 772 is elliptic and '”QBQ is elliptic, we have
: ‘ , » 39, e

Rr (325 RT; R Nom (72, A y) Ifa%') =0

by Virture of KashiwarasKawai‘[3],,where‘ Z =M. - ﬁﬂ.
It follows that

=

Lig H%AV(V’; R Rom (12, 00,))

= 13 i .
A - l_]_-_> Eth,\v(V: m, OLM)

= 0

where V runs over the neighbbrhood system of 30y -
There for T

in Extl _
lim Ext™(Q. mod Q43 Z?,LZM) =0
ci0 '
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The long exact sequence
s+ > Ext’(g_mod gy 772, 0Ly -—-)Extl(Qc;m, 0Ly
> Exth (90372, Ay) —

implies the desired result. Lastly, we will prove the following

, . i Zi
‘Lemmagl.SQ lim EC = EO
c<0
Proof
-Since gi-1 45 fihite dimensional, {Ei—l} satisfies
‘ e > e Te<0
.. . i L1
‘the condition (ML). Therefore %%g E_ = EO (see [1]).
Q.E.D.

‘This completes the proof of Theorem (1.2); &

We will apply Theorem (1.2) to the special case; :

Lef X be a complex manifold;.ZQ‘be a coherent ¥9X-Modu1e.
A real analytic submanifold N of X is said to be non
characteristic with respect to Zd. when the s%pgulax suppdrt»

of 772 does not intersect with the conormal bundle of N.

C€R
cdmpact open subsets of X with real analytic hypersurfaces

Theorem (1.6) Let {Qé} be a famiiy‘of reiatively
“as boundary satisfying (1.1), (1.2) and (1.3), #C be a

coherent an ‘Module. Assume that the boundary BQC is’non—

characteristic with respect to #2. Then Exg% (QC;ﬂQ,C}X)
X

are finite dimensional and all the restriction homomorphisms
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Ext,igx(ﬂc;ﬂZ, Oy) » Ext,iaxcszc.‘ 372, 0%)

are isomorphisms for c > c'.

Proof

We will consider X as real analytic manifold and (}k.
be a solution of Cauchy—Rﬁemann equation. We can léke_ X x X
as a complex neighborhood of X whéfe X is the ¢omp1ex

conjugate of X.

Then 0)( =R #m'axﬁ (rax ® Of;ﬁx)-
Therefcre-

Bxtp (8372, O%) - Exth (8803, By

Since W§OK is an elliptic system on X and ﬂZ@O’—le
c

is also eiliptic,‘the theorem follows from Theorem (1.1) and

(1.2).
Q.E.D.



§2. Finitistic sheaves

In order to clarify the main theorem of this paper, we will
introduce the following notion. In this section, A is always
a.commutative enoetherian ring and sheaves are A-Modules. In

the following sections we take € as A.

Definition (2.1) Let S be an analytic space, F .be

a sheaf on S. We will say that F is finitistic, if there

‘is a stratificaﬁibn 6f‘&Si such that F is locally constant

on eaéh‘stratum and every‘stalk is an A-module of finife type,:
It is ev1dent that the category of f1n1t15t1c sheaves is an-

abelian category, and 1f there is an exact sequence

of sheaves and two of them are finitistic, then so is the other.
.if~:Fw and G are finitistic, then ?zé'(F, G) is
also finitistic.

Firstly, we will prove the following

Lemma (2.2) Let 'F be a sheaf on S, S=UXd 'bé a
stratification which satisfies‘the reqularity conditibns of
Whitney, and F is locally constant on each stratum.
Thén,'fbr every 3XOEEXd’ there is sufficiently small open

neighborhood U of x, such that
FU) —> F,

is an isomorphism for every point x in Xa sufficiently

. s -



near Xg, and Hk(U, F)=0 for every k > 0.

Proof. |

We choose a local coordlnate It is sufficient to show
that any e- nelghborhood of xo satisfies fhe condition of the
lemma for any suff1c1ently émall €. Let Xg be an‘open
Stfatum in the support of F and jv be the inclution‘map.
Then,

O—rj!(FlX)—rF—»Fl-S_X + 0
: B B

is an exact sequence in a neighborhood of 'Xm° Since the

‘support j:(le ) is contained in XB and that of FIS-X

is contained in S-XB, we can assume that the support of F

is concentrated onto only one stratum X dominating Xa

B
Then, if U 1is an - nelghborhood and x 1is a point in X

sufficiently near Xg» then VNX is a deformation retract

B

of Uer6 for suff1c1ent1y small open ball V with center
x. It follows that H w, F) H v, F), which shows this

lemma. ‘ " Q.E.D.

Lemma (2.3) Let 'S be an analytic set, F be a finitistic

sheaf on S. Let W be the largest open set in S such that
F[W is locally constant on W " Then T=S-W 1is an analytic
subset of S with condimension >1.

Proof |

It is evident that T is nowhere dense.‘ So, it suffices
to show that T is an analytic set. Let S=Uxa be a
stratisfication which satisfies the régUlaritY~conditions of
Whitﬁey of S such that F is 10ca11y constant on each

stratum. It suffices to show that Wf\Xa%¢, then W contains

-9 -
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Xa’ because this implies that T is a union of strata.
Since X_ is conmected, it suffices to show that. WAX_ is
a closed subset. Let X, be g'cluster point of W(\Xa in Xa’
By the induction of codimension of strata, we may aséume fhét
W contains all strata dominating Xq, which implies that F.
is locally constant qh U-Xa, where U 1is a sufficient small
neighborhood of XO' By the preceding lemma, we can assume
that e

F(U) —> FX

is an isomorphism for any xtixa sufficiently near x. Since
F is locally constant on W, F(U)— Fx is an isomorphism for
somé point x in Wf\Xaf\U. It impliesva is 1ocaliy
constant in a meighBorhood of"x0 because we can assume
‘» that ’U/\X It implies

8 is connected for any stratum XB .

that X is contained in W. Q.E.D.

By using above lemmas, we can show that finitisticity is

-a 1o¢a1 property.

. -Proposition (2.3) Let F be a sheaf on S. If there

is an open covering’of S such that F 1is finitistic on
veééh over, then F is finitistic. |

Proof

Let W be the largest open subset of S 6n which F
is locally constant. Set T=S-W. T is a closed analytic
set of ' S. Then, by the induction, we can assume that Flp

is finitistic. Therefore F 1is finitistic. Q.E.D.



We will introduce the following notion.

Definition (2.4) Let F be a sheaf on S. The stratifica-

tion S=UXu of S is said to be regular with respect to F
if it satisfies the regularity conditions of Whitney and F
is locally constant on each stratum.

We will prove that "finitisticity" is invariant under
"cohomology".

\

Proposition (2.45) Let S=UX, be a stratification

which satisfies the regularity conditons of Whitney, T: be
a cloéed aﬁalytic subset of S which is a union of strata
and j be the inclusion map S-T &S .

Let F be a fihitistic sheaf on S-T locally constant
on any stratum. Then Rkj*(F) and Rkj!(F) are finitistic
sheaves on S and locally constant on each stratum. Moreover,
if S is a mahifold and Z is a submanifold of S transversal

to'each stratum; then

Ru(F) |, = RNja(F|p)
R, (B) |, = Rj, (F|,)

on Z.
Proof

By the long exact sequence

o RSy (F) > REGL(F) > RN (B g »eee

- 11 -
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it is sufficient to show the statement on the direct image.‘
We can suppose without loss of generality thaf S is aﬂ
manifold and the support of F consists of only one stratum
XB. Let Xar be the stratum contained in T and ddminated
by XB. Let d be the cpdiménsion‘of. Xé, H be the subiJ
manifold bf dimen;ion d trahsversal to Xa. Since (XB’
Xa)' is locally isomorphic to ((XBr\H)xXa, Xa);’ Rkj*(F)lim
is.  locally conmstant. Since XB/\H is triangulated by
finite cell, thgvstalk of Rkj*(F) is an A-module of finite

type.

(XB,\Z, Z,\Xa) being local isomorphic to ((XB,{H)x
(ZnX,), ZNX,), we obtain RYj 4 (F) |, = R¥ja(F|,).

Q.E.D.

As a corollary of this proposition we obtain the

. following

Proposition (2.6) If F is a finitistic sheaf on S

and T is 4 closed analytic set in .S, the _ﬁﬁ%(F) is
also a finitistic sheaf on T. More precisély, if S = UX,
is -a stratification of § reguiar with respect to F and
T is a union of strata, then it is a stratification regular
with réspect ot ﬁi%(F).

Proof

Let j be the inclusion map S-T<S. Then the exact

sequences

- 12 -
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0> HF) > F >3- Bl s 0
k k-1, .- o
MNpE) = R 5,57 e (k > 1)
ahd‘Proposition (2.5) impliés the proposition.

In the same reasoning, we obtain the following

Proposition (2.7) Let X ' be a‘coﬁplexjmanifold Y be
a submanifold, T be an“analytic subset'of X and F be a
. finitistic sheaf on X. Assume that there exists a stratifica-
tion of X, regular with respect to F such that  Y is ~

v

transversal to each stratum.and T is a union of strata, then

AXE Iy SHE, Fl).

Corollary (2.8) Under thé assumption as above; the

support of ﬁf?(F) is a locally closed analytic set of
codimension > .k/Zin S.
In fact,'if ”Xq is a stratum of codimension < k/3

"~ we can take Y whose dimension < k/2. Therefore

Pf¥ Y(FIY) = 0 becau;e the real dimension of Y is less
than k. |

- 13 -
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§3. Finiteness theorem for

maximally overdetermined system

Let X be a complex manifold of dimension n. We will

show, in this section, the following main theorem.

Theorem (3.1) If U is a maximally ovefdetermined

system on X, then E%]%éx(%z,élx) are finitistic.

Remember that a maximally overdetermined system on X
~is, by the definition, a coherent ,éix .Module whose singula;
support is of‘codimension n in P*X at each point in it.

From now, 7/ is always a maximally overdetermined system.

‘Firstly,'we will discuss'the Lagfangean énalytic set.
Lagrangean analytic set is by the definition the involutory
analytic subset in P#*X of dimension (n-1) (a fortiori, 7(
- purely (n-1) dimen#ional); An"analytic>set of ﬁure codimen-
'sion n is Lagrangean if and only if the fundamental 1-form
on"P*X-VanisheSvon the‘tangent‘cone of it at any point
(equivaieﬁtly on the non Singular lows). The Singulér support

of a maximally overdetermined system is always Lagrangean.

Lemma (3.2) Let A be a Lagréngean closed analytic

set in P#*X. Then thére is a stratification X=UX, of X
satisfying the regularity condition; a) and b) of Whitney

[ ] such that

(3.1) A C UP§ X
' a
where Pi X is the conormal projeétive bundle of X, in X.
a - .

C- 14 -
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Proof
Let 1w be the projéction from P*X onto X. Set Xy =
X-m(A). X, is a dense open set in X because dim w(A)
is less than (n-1). Let X!

1
point of w(A). Note the fdllowing fact.

be a set of non singular

-~

Sublemma (3.3) Let A be a”Lagrahgean closed analytic

set in P*X. Assume that 'Y = w(A) be a non singular set.
Theh A contains P$X and n(KT§$Y) is an analytic subset.
Hof Y with codimension 2>1. ' |

The question being local in Y, we can assume tﬁat Y
is defineg by X] S ge. = xi“?«o. Sinée A is inVolutOrY

A is invariaht'by the infinitesimal transformation

3/851, oeey a/Bgr where £ is cotangent vectbr. Therefore
A containes {(x,£); Xy= ... =xr=Q,‘£f+1= .o =En=0},i
which equals to P?X. Since -PYX is also Lagrangean, and
A—P?X does not contain P?X, w(A—P?X)Y is not equal to Y.
Q.E.D. ,

Set A; = "“-P‘*“‘Xix, X; = xi-nv(Ai); Then X = XaUX;Um(A;).
By the induction we define Xj, Xj and Aj+1 as follows.
Xj is a non singular locus of n(Aj).

XJ = Xj - ﬂ(Aj+l)

Then, since dim Xj is strictly decreasing, Xn+1= ¢, and

therefore A =¢. It is clear that {Xj} is a stratification

- 15 -
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e of X and satisfies (3. 1) By Whitney [ ], there ex1sts a
refinement of {Xj} which is a stratlflcatlon satlsfylng
the regﬁlarity«condltlons It is evident that this stratifi-
catlons satlsfles (3 1) 7

We remark that the regularlty condltlon (a) of Whltney

is equivalent to say that UP§ X is a closed analytic set
of P#*X. Since the stratification which satisfies (3.1)

appears‘frequently, we introduce the following’notion;

Definition (3.4) Let 7. be a maximally overdetermined-

system on X. The straticication-of X is said to‘be
‘regﬁlar\with reépecf to 7T if it satisfies the regularlty
condltlons a) b) of Whltney and the 51ngu1ar support of
is contalned in the unron of the conormal progectlve bundle
of strata. B - |

Now ﬁe will prove the follohing refined form fo Theoren

(3.1).

Theorem (3.5) Let % be a maximally overdetermined
system on X X= UX ‘be a‘strafification‘of X Which is
regular with respect to“ZZ. Then 5%Q& &/ &&)IX is
“‘locally constant C- Module of flnlte rank \

We will prove firstly the following preparatory 1emma

Lemma (3.6) Let X4 be a point in X _, .and choose a

o’ .

local coordinate near Xx;. Then (x, (X-y)«) does not belong

to SS(7) for xeX, ye X, such that {x-x0|<<l, ]y—x0|<<1

- 16 -



and x#y. (where X is the complex conjugate of x)
Proof -
We may assume erXé, where XB is a stratum whose
closure contains Xa' If the lemma is false there is a
sequence XBB X, and Xaa Yn whlch converge to X, and

(xn,(ih—§;)w)EESS(2QD, We may assume that (TX tendsi

B)

/ .
to T and a, (x - tends to a non zero vector v in T, .

Yn)
'where a_  is a»sequenCe in CX, By the assumption
a (x —y e CT* X)x , wh1ch is an orthogonal vector space of
(TXS)X . It fgllows that Vv belongs in the orthogonal of
T, which implies «<v,v>=0. This ‘is a contradiction.
Q.E.D.

Now we can prove Theorem (3.5). Let X, be a point in
Xa‘ We chose a local coordinate of X ‘sucﬁ_thét xo‘ is the
origin and X, 1s a vector space. Suppose that (x, (X-y)«)
GESS(%) for yeX,, xeX such that |[x|zc, |y|zc, x#y.

Set ja(t’x»)’). = lx-(1-1;)y|2 - 't2c2/2. Then axbp(t,x,y) £0

and

(x, 3, P(t,x,y)) ¢ SS(70)

for 0<tgl, |y|<c/2, ¥(t,x,y)=0.
"It implies that the boundary of Qfly = {x; P(t,x,y)<0} is
) t, ,

non characteristic to 7.

% yC R o ity gt

1 2

and @, y is independent on y. By Theorem (1.6),

_17 -
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restriction homomorphism
ig . oy Eegld .
Ext(0; s 7/;:,0)() > Ext (0 5 7, Oy)

are isomorphisms. Sincex‘{fzt y}t>0 is a neighborhood system
. Y ,

of y,‘we have
g d . 7 ~ gl &
Ext (91,0: ’ &'X) = (7rc, x)y-

for every.‘ y. It follows that &J}(?]{, @X)[Xa is locally
canstant. Since 'Exti(Ql’O; ZT, CQXj is finite dimensional,
gwxé(ﬁm,(9x)y, is finite dimensional. It completes the
proof of Theorem (3.5).

Let Y be a cpmpiex submanifold of X of codimension
. By, —_—
Remark that"ﬁ¥$(éﬁx) vanishes for any k except d.

is, by the dgfinition, a left éak—Module .ifi(ézx).

'6X|X is. nothing but &X'

Theorem (3.7) Let X = UX&_ be a reguiar stratification
with'reSPect to a maximally overdeférmined system /(o and
Y Bé a complex submanifold of ‘X which is a unibn of strata;
Then E&E%,(ﬁm,_d3ylx) is finitistic on Y rand locally
constant onxeach stratum.

This is a cordllary of Theorem (3-S)iand Proposition

(2.6) becaﬁ_se &J}é e, BY]X) is‘equél to

Theorem (3.8) Under the same assumption as above,

- 18 -



33

.

for any i and any submanifold Z transversal to every
stratum, where 2%2 iS the inducea system of 7 onto Z.
 This is a corollary of Theorem (3.7) and Propoéition
2.7). | '
Lastly, we will remark the following propositions;
&Silx is, by the definition, a maximally overdetermined

&lx Module 1%m 5%Cé_((9x/ ?k; C}X) where r is the codimen-
X .

sion of Y and ﬂ is the defining ideal of Y. If Y is
s . ey = , . £f _
defined by x;= .. =x =0 for a local coordinate, 6‘11)( =

é}x/é9kxl oo, .+ A&er + é?XD;41 +v... + éQan;

Proposition (3.9) Let 7€ be a maximally overdetermined

system whose support is contained in an submanifold Y and
whose singular support is contained in P?X, then 9 is

locally isomorphic to the direct sum of finite copies of

f
Y|X*
Proof
We choose a local coordinate (x;, .., x) such that

Y= {(xg, .-, xn);'k1= ... =x_=0}.
Let u  be a non zero section of qrc. Sinée' Ou is a

coherent sheaf whose support is contained in Y, there is k

such that x?u = ... = x?u = 0. Therefore, there is a non

zero section u of %t such that xlu = ., = xu = 0.

Since Exxi(&3ilx, é%ilx) = 0, if we prove the proposition

- 19 -
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for Qu and Wt/pgu,’thenq the proposition is true for 7.
Since 771’, is noetherian, it suffices to show it for Hu.
Let Qu = '@/ g 9 contains Xqs eeey Xo. If g’ contains
1" N - t e d "o . ’
P(x ,D) = ZPa(x' ,D")D! (where x"=(x_, 1, ..., X ), |
Dv=(D1, sees Dr)’ D't = (Dr+l’ ceey Dn),) then» g« cogtai.ns
all Pa(x”,D") since [xi’Di] = 1. It follows that
A ' _

Bu = (R et BLIB (RGN, where g = B

1 o T C
&n = @.Cn r
a void set, R/ ?" is a f1n1te sum of (& (IoT (See

]

T

Since the singular support of "/ ?”
Kashiwara [2]). It follows the prop051t10n Q.E.D.

Corollary (3. 10) If &(I@ (% 0’) = 0 for every i,
then 9= 0.

Because @)&C (\'B R = €, where 1T is th\’e
D% Y]X , Y

”,codlmen51on of Y.

This corollary means that the func_tor' /(A R/‘)ﬁ%(%,@'x)

is a faithful functor. This will be investigated more

precisely in the next paper.
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§4 Several properties of cohomologies of holomorphic

solutions of maximally overdetermined systems

Let %/ be a maximally overdetermined system on a'cbmplex
manifold X of dimension n. We fix a stratification X-=
ux, of X‘ which is regular with respect to ZZ. The
support Supp aéci(ﬂk, 6¥X) is a set of x -wﬁére
C@ati(%, Oyl # 0. Since @,&Ci(%, 0y) is locally
constant on the strata, its support is a union of strata,
which implies thaf the support is a locally closed analytic

set (and its closure is also an analytic set).

Theorem (4.1) The support of E&I?(%m,'ékx) is a

locally closed analytic set of codimension >i.

Corollary (4.2) If s is .a section of @pti(ﬁt, ,&X)’
then the support of s 1is analytic set of codimehsion 2i. '
Firstly we introduce the notation of the modified singular
support $3(9). S5 - T*X'n'SS(%t@/&m/p@mt)', where
t -is a coordinate of (€ and we embed T#*X into DP*(Xx €)
in the following way:. (x,£) » (x,0; (£,1)=)). éECWt) is
a closed analytic set in the cotangent bundle T#X. It is
clear that éé(%&ﬂ is a cone, that is, invariant by the
multiplication of complex number. Note that the image of
.the map $5(72)-X » P*X coincides with ‘SS(ﬂﬂQ. éé(ﬁ%}‘=
¢ if and only if =0 and éé(%@) is contained in the

zero section if and only if W is locally isomorphic to

- 21 -
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J

the finite number of direct sum of ‘QX'. I£f 7 = UZZk is
.a good filtration of 7, then é%(ﬁt) is the support of
the coherent sheaf on T#*X corresponding to the graded

»Module f@(ﬂtk/ﬂzk_lj. (See Kashiwara [2]1).

Proposition (4.3) in é neighbqrhood of x in X, we
have E%Z%%x(ﬂﬁ; é;Xj = 0 fo% i >Hdim(§§GWt)r\T§X). for
any coherént égx-Module /(8 (not necéésarily maximally over-
determined). T#X is a fiber on x. |

Set d=dim(SS() NT#X). If d=-=, then this is clear.
Suppose that d>1. Then there is a d-dimensional subménifold
Y through xl such that P%X?TSS(%T)A= ¢ in a neighborhood -
of x which means that Y -is'non‘characteriStié with |

‘respect to 7C. By Kashiwara‘[Z], we have -
X (T 6« = &x,&Yc%Y,&Y)X

where 'ﬁZY ‘is the induced system of 7. Since the global
dimension of ‘Agy,xt is d = dim Y (See Kashiwara [2]),
. 4 : ’

- A . )
-&(Lg,Y(Wty, Oy)x = 0 for i>d. Since din (SS(7DNTE)

" is upper semi-continuous, the proposition follows. ~ Q.E.D.

Corollary (4.4) é&lé(%%, C}X)[X = 0 for i> codim X,-
- a

This corollary immediately implies Theorem (4.1). Let
Y be a submanifold of X of codimension c. By taking a

refiniment of the regular stratification of Y, we may assume
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that Y 1is a union of strata. By replacing: 6& with

@SYIX, we obtain the same type of the preceding theorems.

Theorem (4.7) The suppdrt_of &(/Ci(%, BY[X) is a

(locally closed) analytic subset of Y of codimension > (i

(i-¢) in Y.~

[}

Corollary (4.8) Thé support of a global secfiqn of
E&J}iﬁﬁt, égYIX) is an'ahaiytic subset of Y of codimension
2 (i-c).

| Since this theorem can be proved in the same way as

before, we do not repeat it. .
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§5. Duality

Let 7 be a makimally overdetermined system on complex
manifold X of dimension n and ko be a point in X.

Then there ex1sts a free resolution , fian
p (x D) Pl(x,D) P‘(x D)
T

1 < .. s e e e < Oa N
X

- '
(5.1) oeme—A0 «— A <°—-0
in a neighborhood of 'x, where P, (x,D) is an (r;,;*7;)
matrix of differential operators. Then ixﬁéﬁﬂz,ak)x is

0
an ifth cohomology of o
P, (x,D) R Py(x,D)

aTo , 1 N
.20 O s T — 5
X,XO : X,xo - X,x

(45{x }IX ,WT) js an ‘i-th homology of

(5.3) a@(n)r — B == B

{x }IX {x }|X {x

where fﬁx }]X ‘is a left &-Module defined by ]z:{ (Cfx)
xgd 7
and 43{x }]X a right é@ Module defined by o

. : > n
% 8, Brapx = O

Since ny x is an. (DFS) topological vector space and
. "X
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94
fﬁx }IX is a (FS) topological vector space and they are
dual to each other. Since thebcohomology of (5.2)'15 finite
dimensional, i;% (ﬁq,é;xli is a dual vector space of

, Toﬂa(dg{x }IX This,duagity is obtained by the canonical

cup product

(5.4) ’@Jo@m,@x) « Tor{) oéfﬁg},x’,m

— lé{x }IX 89 C} =C.

Setting ﬁZ Q«a@ (e, K? ) Q9 n@Kil) , we call it the
ad301ntsystem of . ﬁf is also a max1ma11y overdetermlned
system and (ﬂZ ) =’=772 » and “m > 7 is a contravariant -
exact functor from the category of max1ma11y'ovéfdéfermined
systems into itself (See Kashlwara [21, Sato- Kawa1~ :
Kashiwara [6]). Remark that the ex1stence of such a functor
immediately implies that a_sta}k of maximally overdetermined .

system is a &9—modﬁle of finite length. Note'that'
% ' * B E

Since Tor”8 @fz)}lx,ﬂ) = %/tn,éi(”ﬁ*» ﬂ{.xo}lx) ’

we obtain the folloW1ng

S ) o . n"i . = ‘ .
| . Proposition (5.1) 6%129 /70 ,43{x0}|x) and
i%I;Q(WQ’CQX)x are dual vector space of each other.
ol 0 ‘ .~
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We will generalize this proposition. Let Y be a

submanifold of X of codimension d,‘k be a point in Y.

¢3Y|X is by the definition the left 29X-Modu1e
d.m . . d
ﬂYcﬁlX)_ and 68\9?))( ‘is the right @X—Module_ X)[Y(LQI;)

Since Tor (43§T%, ) = EY for i = n-d and 0  for

v i # n-d, thgre is a cup product
(5:5) Gty U2, Oy Tor,,;-a (B 704

—  Tor,. d(ﬁYlX 0y = €

Théorem’(S;Z)w Let X =*L1Xd be. a regular

S

stratification with respect to T . Let X, be a
stratum of codimension d and x be a point in X, -

Then, there is a canonical perfect pairing
0_ *
' : o
“ that is, the two cohomologies are dual to each other.

Proof." : , : .
. d-i,.... %, _ (n) .
Since. w (m ,@Xalx) = %n_d+i(ﬁxatx,m)’
the pairing (5.6) is induced from (5.5). Let Z be a
d-dimensional submanifold transversal to X, and through -

x. Then, by.Thedrem (3.8)
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 Gaxd, 7 Oy - tatg, 1 0y

b 3

-1 . | y x. .
w‘)@;(% ,ﬂxalx)x = w%;cst ﬂxa/\zlz)x .

Therefore the theorem is a corollary of Proposition

(5.1). g.e.d.
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