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BORING 3-MANIFOLDS
MRIKX #FAH Bz

& General Situation. |
, 3 - manifold TR Heegaard Splitting & £zt
1. -BOTIIHH R, 9 LIt ARSI 5 20 4
FE-BOL L0, 2MT, BHEVIFTILE@TA LN
PESL HIbND  compact connected orientable 3-manifold
with nonempty connected boundary 127 v THdRH THL 7.
(WTF TRBES Lhb5u0TRY |\ 3-manifold 1347 com-
ected 0 orientable t¥%) ZITRIOLH LB
PHo-WERL. AR F-KLTD,

| V;& compact 3-manifold with comecled boundary 2V of genus
920 4%, {Tihran & disjoint proper arcs in V,
MT;Vv) T T @ V T O Teqular neighborhood & HMT .

Definition.  Hw= c2( v~ M@ W)

i=1

v 2. HV)IZ Tt $B%GHETEY < ERr solid -
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torus (hendlebody) €749 genus 13 gtk . Zod 5 a¥
poBNEE V) TEY., 3 T(Hw) 2 free group
LI alk o KE nw r BRETH .

Proposifion. ¢ m( < pu(w

@ V'S’ embedable w5 1E mev) =u)

7 XY, uw v ni(l’) tnEId Péancare Conjecture & &%
KIE=Z 05, Y% 2 CITRT CES .

Remark 1. N(@wnaV =aN(TsvInay 1R TE 2% 0
2-disks ¢, CV TH Y, ci=oci =3ct” on oHW) (213
fomotopic. ~ Ia homologoe ) TH B, ¢ T L.Roeling (RIS

(Hw; ¢l,cs, e ) & V0 Heegaard Splitting £ B¢AT VS,
(IR g+h 0 B NBX. IADD .gw(V)' * VD Heegaard ~
genus L BE3.)

2. J.Downing (D) 14 Compact 3-manifold V (9149 may mot
comected ) 1IX¥f L T, V=HY Hz , Hi.Hz ia solid tori of same
genus , LENDED ZYLERLTWS, closed 3-manifold ¥ O
MR EE L BBI- b, ov#s W b VP o Heeqaard Spliting ¥
L T1d Roeling 3% 0 13978 BE TH 2.

- Closed 3-manifold M° & Heegaard - Splitting o genus o (
geometric ) B LT 0B RERM) T T2,
W. Haken o BE 4RI (H, 194 ) @ corollary £ L T,

2
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Proposition. - ji(M#Mz2) = i(M)YE(Mz)  (#: omected san}),
®$H D, boundary EE7 compact manifold \23YF % disk sum ()
NETE & 2E 0 BIERE Z5 M 4 closed case < ruduce
T2 2;11;,'?5‘;#4;1;«1@ DLHITHD. Tahb; |

PROBLEM 1. V’=Vh\. orsF,

o @ »(\/) =}A(V)+y(\7=

( £ 12 trivial)

groap G a) presentat.on (X1, X5 Th, - ».) 3 ﬁ;"‘fé? to
yerzemz‘ors XX, X m%d\ﬁé GOrak LUV r(6) L
<. H(V) 0y Solid toras (1% THW) B¢ free group) a4 h X
Vi3 H(V) l’ B R T 2-handle % atfach L THBD *i’(@ 2
i"'vﬂ"g < ﬂ) MW To frec /zomaz‘opy class (ZF9%, M(HW) o
con,ugacy class LLT vRY) % & ‘(“:ﬁrb qL,
77/(V)= (X, Xy s Chr 1 Cm ), m=m(V)
N9 V) o presentat:on U%bv\ 2 f(?ﬁ(v»_é m(v)+g .
PROBLEMZ V? 2t S’IC embedable % 613",
P Tmv)y = = 2+ m(V). |
Haken M3 18 F.Waldhausen O propose ¥ U <,
Conjecture. (M) = POTM) M dlosed.
MWVITG = r(m)) V%, v compact,
mlobﬁﬁﬁﬁi) nfﬁa%Wan, '
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problem 2. " fes T3 % V? (embedadle into S 1< 1L T1& Ao
NEEERERAL DL problemi1 o OO Lt yes L2 L 1TH
xH0THD, |

boundary 0 genus 7§ T & %V’ I< genus g o solid torus Hj &
poundaries ) Aomeo. T & )E DY closed 3-manifold %47
28, B W(VYH) £ 9+u(V?) THB.

PROBLEM 3. 42 & o compact 3-manifold V° with commected oV
of genu 920 ITITL T U(VYHg) = g+p(V?) & 742 854
Aomeo. oy’ —iHe |IBETH2D? (ZomEb - MLEY<IIT
22U 0T, VP irreducible ¢4\ S’ i< embedable . X 002 1 x
Wy EFERSTTELZANIRS ) |

problem 3. yes THH I > W V7 1< 9 T Problem | -0 %

closed case 1< reduce T'X5 10 ¢ L M7Q L,

& Application and relation to knot .

- fRea B Y A FRESE )XY TRLOIMG 02 5, T2
LRMAgrgt 0 £ Lad. KESodo knet (simple
closed tame curve) &L. V(k)= $3= N(k:$*) % closed comple-
menl of kmot K 204X L ITT D . H3 o KT xTL T (K1Y,

Theorem. knot K in & 153TL T . K & 577 map £,

F:8xI = S map.  such that F|S0.1) :enbedding,

4
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F(sxi) =K and  £(5'x10}) =Ko : some knot 2*HHUT,
KVIK) £ u(Vk))+1 T %5 . |
(Proof) RIS VIK) I boring& 1EILTY > T, ¥R
VI(Ko) 5S'XD? 12705 2 L EREIFE N, £ < AT
NS0T Hr R 5, SPod o nonsingular 2-disk D T
DnkKo =¢», Dnks=onepoint a2t NH> T, -4 Kkis

2R E > are 7 EBR ( SHERT VIK) & boring 5 LHB)

N(KVT ;.5 x N (KoY2D;S’) L 4 ambient isotopic T

HH L %K 11'13“+ '57\’(' H5H. S'sp, ione point , $(PxI)=A arc.

Vct<> V(k)VN(A S?) (7 NCA;S :B-ball) . isstopic )
Ko-NCAs) :are , HWan= S— N(KVkovA3S%)
J &S osuatp i ABF<BLtordarr,

 N(KVAYKs i S & N(KVKovFIxD) ; 5% % N(KoV K-S A anis’)

& N( KoV (K=F(FI)Y 0T 5T) ; S’)

%%rlsr JcS-7 T - F

RN (Ko VDT S) €72 Y \f

BEEH % 6%, M%'/a ) 13" £](8'xlef) T*

% ) a’ejree At T loeal Aomeo 12 LB I EYdo £ 9.
F Nembedding 745 plviv) = u(Vike)) T2%5 v, Ko

W trivial kmol @ £ X, monlriviak Torus ot l:'ﬂ L ‘(

| Corotlary. K 1 torus bnot 45 u(Vik)) =

J((Poxf";_)
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S0 MVik) & knot o invarient L H#BH 2 XL I1d €5 A ¥
B0, unknolling number &9 INI V1, X Y<K 50T knot
0/1}%1’!Il:vz OIS E T 0, LIS L D problem2 rv
B34 HH bougorns,

Poincare conjecture )X BHEME1E5 > v, S0b bt KO
requ/ar neighborhood o) interiour 88 ) £ > TR U D3&) B
H T closed 3-manifold % 15 % Bing o 34 {0 P B proper-
ty P22 0 T E 23BN, BK X R s-maufold VOYH,
® Heegaard genus H(V(K)¥YH) 138 uWoy+1 XFRED S,
tEEABEETL D ( Heegaard genus 7+ %5 ZRBEY ) (AT
S ENCHRE L )z L T4 > = closed 3-manifold
D Heegaard splitting  (Huwi; Ci1,0s, oo ,Cun ) (Ci: simple Lop on'DH,)
1220 TIE (Szmp&Connecfea’ CHHYILEVH I L), Sas |
O V(K) 1= boring T L TT LB A, embeddtnff Hiy> S’
MBI LT feox~1 in S- f(an) =12, ¥ n 7 o
%K?JW’}Z;, 70 fomology 3-sphere @ Heeyéard Splitting o
S’ Ao embeddmy K> v Tid D.Neuman (N) DHB. %o
L% ‘S‘plzt’lmf 0 genus 1 EuzlX < DN,

e T LELYLT. 290 but Ki, Kz _é:"?c’)prbduaht
70 T % Problem 1 1SMERDL > GRBERDS .

PROBLEM 4.  u(Vikek)) = u(VIKk)) +M(ViKz)) ?

6
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£55A bnot KBS ' Link 5455 M D closed s-manifold
KILTE TD Linkou s KHHI LB Lo rBEmD
LIFTE D . Kz trefoil brot 25185 M B fomology 3-sphere
0) Heegaard Splitting £ CL THH T H S, > MId Dehn
D 1E = manifold T'. > MO S’piné — fake spin — (& H.Tkeda
(1) S H%. trefoil hnot K ¥y L T pVo)=1 Ko\ 5, £
T Heegaard genus a2 1:721?,7 . |
Example. K: trefoil knot .
ML C VK 5 NK:S? @ meridean ¥ fonditude.
m’, L’ C9H, . Solid torus of genus 1 &+ p
b DH— VKD Aomes. by hutmd =dm?, hutl)=m (fm?)¥.
vap:"-. V(K X.H. . homology 3-sphere k21 nteger.
ML Me 1Ko 0 TE M My (i) DY Group 95TV 2,

My ( WMD) =(x,0; 205 axax?))
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(Carom ooz o) =) ) ol
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~ § Motivation |

B2 & simply commected closed 3-manifod M o Heegaard -
Splitting ( Hui c-en) 18707 HE T Hn i G
1258 5 < 2-handle & attach LTS A% manifold &R b T,
HCyy, HeCip >, - 2T solid torus 4 5 1E M i3 BAS A
RETHH, L LHIhTT slep-wise 1T Hies 7 solid -
torus 1SAD7=HD C 0% (H1 213 c2° m(H) 0 primitive
element Erepresent T2 LHN) ETﬁ%be V9%, 2%,
RofBTETREFL )<, S0 Heegoard Splitting TS 2
$03FTE, DATHI0BUMBERE > LTV,

b step wise (inductive ) 173 08B HTITRL, &
AREVL NLRBEAC TIZAL AL, LALZDS I BRE
;(‘;IIQU\‘"U)J B GOUDT. BIeREE> 2> FHREZY
RTINS OMBEO U BRERHI T H L DOV
TH. BREIRINH LEbosfbG 0, Mo b L
WHYYIHTHhD. - | |

33 o genus2 o Splitting Ho<Cd



69

REFERENCES

[B'M] RBing & J.Martin: Cubes with knotted holes , Tr-ans. AMS. 155 -
(1971) 217-231. |

(D) J.Downing : Decomposing compact 3-manifolds into
homeomorphic handlebodies , Proc. A.M.s.24(i07o) 241-244

(H 1) wW.Haken : Some results on surfoces in 3-manifolds,
Studies in modern topology, 39-98 , M Assoc. Amer. (1268).

[H2)

Poincaré problem, “lbpoloqy of Mamfo'lds,(Proc. Georgia 1969)

! Various ospects of the three-dimensional

- Markham, Chicago (1970), 140 - 152..

(1) H.1keda - Non-contraclible acyclic normal spines ,
Osaka J. Math. 10(1973) 511-520. |

(N D.Neumann : ’Heégaard Splittings of _homologys-_SPheres,
Trans. AMS. 180(1973) 485-495. -

(R} L.Roeling : The genus of an orientable 3-manifold with
connected boundary, Illinois J. Math. 17(1973) 558 ~562.

10



