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Some results on totally real submanifolds

Gerald D. Ludden

1. Introduction. Let ﬁ be a Kaehler manifold with almost complex struc-

ture E and Hermitian metric é. Let M be a submanifold isometrically
immersed in M and for xe M let Mx denote the tangent space to M at x
and N, denote the normal space at x, Chen and Ogiue [1] have called M

totally real if MX/q EMX = {O} for all-x €M while Okumura'[B‘]‘has

called M anti-holomorphic  if N_ANJN, = {0} for all xeM, If M is

a real curve immersed in M then M is totally real while if M is a real
hypersurface then M is anti-holomorphic. Of course, if the real dimen—
sion of M is equal fo the complex dimension of M , then the two defini—
tions coincide and perhaps this is one of the most interesting cases,

The purpose of this talk is to discuss some properties of totally
real submanifolds,

2, Basic results. Let M be a totally real submanifold of the Kaehler

manifold M, If X is a vector field tangent to M, then JX is a normal
vector field to M and if é is a normal vector field to M, then we

can put J £ = PE + Q§ swhere P£ is tangent to M and Q £ is

normal to M, ( Note that if the real dimension of M equals the complex
dimension of M , then Q = O. ) From this, we obtain

PQ£ = 0, ng = - f —:):P;c 3
(1)

L. . - . .
where ¢ 'is an arbitrary normal vector to M and X is an arbitrary

tangent vector. If we write the Gauss and Weingarten equations as
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5XY = VyY + & (X,Y),
(2) ' - 1
. <
V== A, X+ Vg 5,

where V. is the Riemannian connection of g , then V is the Riemannian
connection of the metric g induced on M, 6 is the second fundamen-
tal form, V 1is the Riemannian connection induced on the normal
bundle and g ( Ag X, ¥) =g ( S(XTY), é ). Applying (2) to the above

equations, we obtain

—~ 4 - T o~
. - AzyX = P & (X,V), Yy (JY) = I%Y +Q &(X,Y),
(3) 1 - L _
PVy £ - Ve (PE) -~ hog X, — Thg X+ QVy £ = :S'JEX,Pﬂ
Proposition 1. If dimp M = dim, M >1 and M is totally umbilical,

then M is totally geodesic,

Proposition 2 ( [1] ) If M is a complex space form of non-zero constant

holdmorphic curvature then a submanifold M is invariant under the curva—
ture operator ﬁ(X,Y), where X and Y are tangent to M, if and only if M

is holomorphic or totally real,

Proposition 3 ( [1] ) If M is a totally real, totally geodesic
submanifold of a complex space form M , then M is of constant curvature,

Theorem 1, Let M be as in the above proposition and dimR M = dimc ﬁ.

If {Ai , Aé = 0 for any normal vectors f and é then M is of
constant curvature, If in addition M is minimal, then M is totally

geodesic,

Theoren 2, If M is as above, then R = O if and only if rY =

N oL L L
Biouy = vy, vy ]_v[X,Y] y

0, where
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%, Pinching Theorem, Apolying the formula for the Laplacian of KG'UE

S

and the technique of Chern-d» Carmo-Kobayashi [2 ] , We can obtain the

following theorem,

Theorem 3, Let M be a totally real minimal submanifold of dimension n

of a complex space form M(&), >0, If

_ 2 n
1517 %
then M is totally‘geodesic; where p = 2m — n-and n = dimRM and m = dimcﬁ.

CGorollary 1, ( [1] ) Let M .and M be as in the theorem and n = m. If
2 n(n+l) =
161 < 4(on-1) ©»
then M is totally geodesic,
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